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It is pointed out that the theorem on gauge invariance of transition amplitudes in quantum electrody-
namics given by Feynman and used by many others is incorrect. The invariance of physical scattering ampli-
tudes under the gauge transformations of the photon propagator is briefly discussed.

N his classical paper! Feynman proves the following
theorem on the gauge invariance of the transition
amplitudes. Transition amplitudes obtained directly
from Feynman diagrams are not influenced on the mass
shell by any terms proportional to either k, or %,
in the photon propagator D,,” (k). Since 1949, this
theorem has been widely used by various authors.?
The purpose of this article is to show that the theorem
is false and to explain why all physical scattering
amplitudes are invariant under gauge transformations
of the photon propagator.

Dyyf(k) = Dy f (k) +Ruko f (£7) .

Feynman’s proof is based on some identities,® which
are derived under a tacit assumption that none of the
factors (m—ps)~* becomes singular on the mass shell.
This assumption is not valid whenever there are radia-
tive corrections to external electron lines. Such correc-
tions are present in all higher orders of perturbation
theory, and therefore, the theorem is valid only in the
lowest order of perturbation theory (for example, for
Mgller or Bhabha scattering).

As a simple example, consider the scattering of an
electron in an external electromagnetic field 4, in the
second order of perturbation theory.* In this case, the
longitudinal part k.k,f(k%) of the photon propagator
contributes on the mass shell, the following terms to
the transition amplitude:

_"Y"g,‘(?r“ Pz)fd4k F&).
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This difference from a zero result is to be expected on
the basis of renormalization theory. Unrenormalized
S-matrix elements obtained from Feynman diagrams
have no direct physical meaning. They appear in
physical-scattering amplitudes always multiplied by
renormalization constants Z, and Z;. While Z3 is
gauge invariant, Z, is gauge dependent.® The unre-
normalized transition amplitudes, proved erroneously
in Ref. 1 to be invariant, must, therefore be, gauge-
dependent in order to secure the gauge invariance of
the product: renormalization constants times un-
renormalized matrix elements. Gauge-transformation
properties of the propagators in quantum electro-
dynamics® enable one to prove directly that this
invariance is, indeed, obtained.

Finally, we would like to mention that various proofs
of the invariance of the unrenormalized S operator
under the gauge transformations of the photon propa-
gator are also incorrect. All such proofs” employ inte-
gration by parts and the boundary terms are not taken
properly into account. When these terms are computed
correctly, they contribute precisely the factors needed to
make the renormalized S-matrix elements invariant
under the gauge transformations of the photon
propagator.
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