
INELASTIC SCATTERING OF PROTONS BY C'' ii39

IV. CONCLUSIONS

The main features of the behavior of the s~~2, d@2,
and d5~2 phase shifts and damping parameters for
Ct2+p at E„~6.5 MeV have been explained by a
coupled-channels calculation. The d5~2 resonance at
E„=4.808 MeV and the d3~~ anomaly at E„=5.3 MeV
have been shown to be caused by a low energy s-wave
resonance in the (Ct2*+p) channel, closely correspond-
ing to the 0.461-MeV s~~2 resonance in the elastic
channel. The diagonal parts of the potentials used
have the following relation. '
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This relation is consistent with the existence of a spin-

orbit interaction with the usual sign.
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The absorption of pions from a low-energy S state, by a nucleus with the emission of two fast nucleons,
is treated in an impulse approximation in which the pion interacts only with the pair of ejected nucleons.
We consider the particular reaction Li (~,2n)He . The two-nucleon absorption process is given by a theory,
previously applied to the pion absorption by a deuteron, which is developed from low-energy pion-nucleon
scattering theory. The relative motion of the absorbing nucleon pair is treated in detail, including effects of
short-range repulsion and tensor potentials. Distributions of the emitted nucleons in momentum and angle
are calculated in this theory, and are compared with other results for some theories and with experimental
data.

I. INTRODUCTION

HE reaction in which a nucleus absorbs a slow
pion and emits two fast nucleons has been attrac-

tive for theoretical consideration since kinematical
conditions seem favorable to some form of impulse
approximation. The notion is that two colliding
nucleons in a nucleus may convert the rest energy of
the pion to kinetic energy with little transfer of mo-
mentum to the residual nucleus. lf the probability is
high that these two nucleons will escape with little
further interaction with the residual nucleus, it is in-
viting to try to treat the problem in two parts: the
absorption of a pion by two nucleons, and the motion
of the two nucleons in a nucleus. This approach was
first introduced in the work of Brueckner, Serber, and

t Work supported in part by the U. S. Atomic Energy
Commission.*Permanent address: Norges Tekniske Hggskole, Trondheim,
Norway,

Watson' who attempted to relate the rate for pion
absorption in nuclei to the absorption of a pion by a free
deuteron.

More recently a model along these lines has been
applied to the absorption of S-wave pions by various
light nuclei, by Eckstein' for He4, by Divakaran' for
He', by Sakamoto' for Li', and by M. Ericson' for
several cases. These calculations have in common a
model interaction which includes both the pion inter-
action with a nucleon pair, and the short-range cor-
relation of the nucleon pair in its initial state. The
strength parameters of the assumed interaction are
fixed to give the experimental cross sections for thresh-

' K. Brueckner, R. Serber, and K. Watson, Phys. Rev. 84, 258
(1951).

' S. G. Eckstein, Phys. Rev. 129, B387 (1963).
' P. P. Divakaran, Phys. Rev. 139, 3387 (1965).
4 V. Sakamoto, Nuovo Cimento 37, 775 (1965).
' M. Ericson, Compt. Rend. 258, 1471 (1964).
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old production of pions in nucleon-nucleon collisions,

N+N ~ N+N+rr

which is the time-reverse of pion absorption. However,
this determination has the kinematics appropriate to
the nuclear absorption only for the limiting case in
which the full rest energy of the pion goes into relative
motion of the pair of nucleons; the dependence of the
absorption amplitude on the center-of-mass energy
given to the pair cannot be determined empirically, so
it is assumed to have some simple form in these papers. ' '
A second limitation of this approach is that it is as-
sumed that only pairs in relative S states in the target
contribute to the absorption, and that the short-range
correlation for all such pairs is the same. These assump-
tions, while possibly reasonable, cannot be checked
within the model.

An alternative approach which avoids some of these
objections, and which is still based on the notation of a
two-nucleon absorption process, has been advanced by
several authors. ' The pion absorption interaction is
assumed to be the nonrelativistic pseudovector pion-
nucleon interaction

00(i) ~ e; (v.—v;), (2)

p+ p —+ or,+s-+, (3)

which is equivalent to the absorption of x at rest by
the deuteron. The situation is reviewed by Woodruff,
who proposed that a process which competes with that
given by absorption through the one-nucleon inter-
action (2), is the S-wave scattering of the pion from one
nucleon before absorption by the second. The present
authors showed' that the combination of these processes

'P. Huguenin, Z. Physik 167, 416 (1962); T. Ericson, Phys.
Letters 2, 278 (1962); M. Jean, Nuovo Cimento Suppl. 2, 400
(1964); G. M. Shklyarevskii, Zh. Eksperim. i Teor. Fiz. 45, 698
(1963) [English transl. : Soviet Phys. —JETP 18, 480 (1964)];
R. I. Jibuti and T. I. Kipaleishvilli, Nucl. Phys. SS, 337 (1964);
R. M. Spector, Phys. Rev. 134, 8101 (1964); T. Kohmura,
Progr. Theoret. Phys. (Kyoto) 34, 234 (1965).' See, e.g., J. D. Jackson, The Physics of Elementary Particles
(Princeton University Press, Princeton, New Jersey, 1958), p. 24.

A. E. Woodruff, Phys. Rev. 117, 1113 (1960).
~ D. S. Koltun and A. Reitan, Phys. Rev. 141, 1413 (1966),

which will be referred to in this paper as I,

where v, and v; are the velocities of the pion, and the
ith nucleon, respectively. The strength of this inter-
action is fixed by the effective-range formula for p-wave
pion-nucleon scattering. With such an interaction, the
two-nucleon absorption can be computed for all kine-
matical situations, and for different assumptions about
pair correlations in complex nuclei. Of course this de-
mands confidence in the pseudovector interaction as
given.

The problem with this second approach is that it does
not seem to be consistent with the known cross sec-
tions for pion production at threshold (1), particularly
for the reaction

does yield the correct cross section (3), when the initial
and Anal nucleon states are solutions of a phenomeno-
logical potential, like that of Hamada and Johnston. "

In the present paper we apply the theory developed
in I (Ref. 9) to a particular example of two-nucleon
absorption:

s +Li' —+ He4+2n.

As in other treatments, we use an impulse model so
that the reaction amplitude can be factored into a part
for the absorption of the pion by the "valence" nucleons
of Li', and a factor for the recoil of the He'. This treat-
ment differs from those discussed above in the following
particulars:

(1) The interaction between the pion and the two
absorbing nucleons is calculated from more elementary
pion-nucleon interactions, but is more complicated
than the pseudovector interaction (2). The derived
interaction is a two-nucleon operator, and is consistent
with the threshold cross section (3).

(2) Two-nucleon correlations are included explicitly
for the absorbing pair in the initial and final states. In
the final state, the pair is considered free of the recoiling
He nucleus, so the relative motion of the pair is given by
the Schrodinger equation for a two-nucleon system at
the relative energy appropriate to the kinematics. We
integrate the equation using the potential of Hamada
and Johnston. "

In the initial state the absorbing pair is treated by the
method of Dawson, Talmi, and Walecka, "in which the
relative motion of the pair is modified from that given
by the harmonic-oscillator shell model, by integrating a
Schrodinger equation for each state of relative motion
with a combination of harmonic oscillator and phe-
nomenological two-nucleon potential. This induces not
only a short-range correlation into the pair motion,
but also orbital angular-momentum admixtures through
the tensor potential, like the 'Di component of the
deuteron. Both types of correlation were found im-
portant in the process' (3).

The details of the theory are given in Sec. II. The
results, in the form of distributions of neutrons in mo-
mentum and angle, are given in Sec. III, and compari-
son with experiment and with other theories is discussed
in Sec. IV.

II. THEORY

We are interested in the amplitude M(ki, ks) for the
reaction Lis(s. ,2n)He', where the pion is initially in an
S state, with negligible momentum with respect to the
target, and k», k~ are the momenta of the two emitted
neutrons. We shall express this amplitude in terms of a
transition operator T which describes the absorption
interaction in terms of nucleon variables. Assuming the

T. Hamada and I. D. Johnston, Nucl. Phys. 34, 382 (1962)."J.F. Dawson, I. Talmi, and J. D. Walecka, Ann. Phys.
(N V ) 18~ 339 (1962)) 22) 133 (1963)
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interaction is weak, we have, to lowest order,

M(ki, k2) = (He', ki k2
~

T
~

Li ) (5)

where F gives the overlap of the Li' ground state with
the recoiling He4, plus a proton-neutron pair in the
state n(1,2). I' is a function of the recoil momentum of
the He' nucleus. In approximation (6) we have con-
sidered only the factoring of the Li -state function into
He4 core plus valence particles in the shell-model sense.
Correct treatment of antisymmetry introduces addi-
tional amplitudes in which the recoil He4 is "made" of
2 core +2 valence or 3 core +1 valence particles.
However, amplitude (6) is largest from symmetry
considerations, and is the only term we have retained.

In making approximation (6), we are also neglecting
certain three-body processes in which one of the emitted
particles was not directly involved in the absorption.

It is convenient to express both initial and 6nal two-
body states in (6) in terms of relative and center-of-
mass coordinates and momenta:

r = ri r2, —R= -', (ri+r2),
k= —',(ki—k2), K= ki+k2.

The final state is taken as a product

p(k, K; r, R) = exp(iK R)$~(r), (7)

where Q~(r) is a solution of the free two-nucleon scat-
tering equation for relative energy 8=k'/m (nucleon
mass =m). Spin is implicit in the relative wave function.

The initial two-nucleon state is based on the
harmonic-oscillator shell model, modi6ed by the method
of Dawson, Talmi, and %alecka. "That is, we assign
the absorbing pair to the first p shell, coupled to I =0,
S=1 L(Op)' 'Sij and write the wave function in rela-
tive and cm coordinates. "

P (r,R) = (g,') f p„(r)g-i, (R) gi, (r)po,—(R)j (8).
In the absence of a two-body interaction, P,(R) and
g„,(r) are S-state solutions of the harmonic-oscillator
wave equations in c.m. and relative coordinates, re-
spectively. But in the presence of a two-body potential,
the g„,(r) are taken (see Ref. 11) as solutions of the
wave equation for the harmonic oscillator plus two-

'2 See, e.g., Y. A. Brody and M. Moshinsky, Tables of Trans-
formation Brackets E',Monogra6as del Instituto de Fisica, Mexico,
1960).

which is to be understood as a elcleur matrix element:
The matrix element for the pion is implicit in our defini-
tion of T. Following the theory of I, T includes con-
tributions from absorption of the pion by a single
nucleon, and from the scattering of the pion from one
nucleon and absorption by a second. Thus T is a sum
of one- and two-nucleon operators )see I, Eq. (4)].
Our impulse approximation consists of factoring (5)

m=(ki, k~l T(12)l~(12))1'

body potential, in relative coordinates. The wave func-
tion (8) may be thought of as an improvement, in the
variational sense, over the shell-model function, in the
presence of the two-body potential. Thus for a phe-
nomenological potential applicable to nucleon-nucleon
scattering, @„,will have 5- and D-state components
like the deuteron:

(9)

and it will exhibit short-distance structure due to short-
range repulsion.

%e have used radial wave functions of this type,
which were calculated by Kim, " for the Hamada-
Johnston potential. We have taken the single-particle
harmonic-oscillator length P=(h/mi0)'~' as 1.6 F to
make use of Kim's calculations, which are appropriate
only for that value.

The operator T(1,2) is given by the theory of I, with
appropriate modifications due to the c.m. motion of the
absorbing nucleon pair in the target nucleus. %e ob-
tain T from I, Eqs. (6), (7'), and (8') by taking the
nuclear isospin matrix element for the transition
T=o —+ T= j.,

T(1,2) =nP (0)S t V+yg(r)$+c. m. modifications, (10)

WIth

2i(4~) iI2~-i(2&)—i/&j
y= (24+3Z2)m/p,

&(r) = &(pr) ' exp( —r)

where p, and es are the pion and nucleon masses, re-
spectively, S is the total spin of the two nucleons, and
V is the gradient in nucleon relative coordinates.
Elimination of the pion field in (5) introduces the pion
initial-state wave function P at the positions of the
nucleons. For low-pion momentum on a Li target the
wave function can be approximated by a constant,
equal to the value at the origin, P (0).As in I, we have
taken the phenomenological pion-nucleon scattering
constants f'=0.088, Xi ——0.005, X2=0.045. We have
dropped in (10) a term which was kept in I, which is a
recoil correction in the rescattering of order p/4m 0.04.

The c.m. modifications in (10) have been estimated
to be small, and are therefore omitted. One term is
linear in the c.m. momentum K, and gives a small cor-
rection for E(k. Also the form of g(r) should vary
with c.m. motion, but the calculation proved insensitive
to such variation.

The result is that T(1,2), under these approxima-
tions, reduces to an operator in relative coordinates
only. %ith our assumption that the initial state is
'Si+'Di, PEqs. (8) and (9)j, the final relative motion

'3 Y. E. Kim, Phys. Letters 19, 583 (1965), and (private com-
munication).
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state will be 'E1, as in the deuteron absorption:

tt s(r) = W (v2/pr)iur r(r)
Xe'"'(2s'X3)'I'~ '&r), (Ms= +1) (11)

The calculation of the amplitude (6) now involves an
integral over relative pair coordinates, which is done as
in I, but for a range of relative momenta in the 6nal
state. The integrals over pair c.m. , and He4 c.m. co-
ordinates are simply Fourier transforms (in E) of the
respective harmonic-oscillator functions in con6gura-
tion space, for the initial state, because of the plane-
wave assumption (7). Thus for the He' recoil,

I'(E) = constXexp( —psEs/g),

while the Os and 1s states of c.m. motion (8) have trans-
forms, up to an over-all constant,

~o.(&) ~o.(E)=-p(-E'p'/4),
~.(&) -~.(E)= —(V'-', )(1-lE'P)

Xexp( —E'p'/4) . (12)

Substituting (7), (8), and (10) into (6), we may express
the ampbtude squared, summed over spin projections:

p ~

M
~

s=&si's(E)y. s(0)

X
~
Is,(k)gr, (E)+It,(k)(gs, (E)~', (13)

where

TABLE I. The partial relative integrals E,(N) and their sumI „defined in Eqs. (13) and (14), with initial-state wave functions
of form (9) as calculated by Kim (Ref. 13) and final-state wave
functions (11) calculated for several values of relative energy
E=k'/rs, with the Hamada-Johnston potential (Ref. 10). I~,'
are the integrals with the meson-scattering terms omitted. We
include for comparison the integrals for the deuteron initial state
at 8=p,c'~140 MeV.

R (Mev) ss X1 Z2 Ks X4 Ins Its
140

Deuteron
120

100

70

Os
1$

Os
1$
Os
1$
Os
1$

—0.034-0.082—0.084—0.058—0.138—0.115—0.270-0.270—0.625

0.121
0.085
0.088
0.121
0.093
0.132
0.114
0.113
0.113

—0.147—0.098—0,128—0.155-0.099—0,164—0.098—0.177-0.088

—0.026-0.020—0.036—0.026—0.022—0.028—0.023—0.031—0.027

—0.094—0.115—0.161—0.118—0.166—0.175—0.277—0.365—0,627

0.087
0.003
0.003
0.063—0.045
0.017—0.156—0.157—0.512

parison, we have included the values of K; for the
deuteron calculated in I (but here normalized ItI'= 1).
We have also listed the sums I„„and for comparison,
the sums I„,=Er(ts)+Es(ts) in which pion scattering is
omitted.

The relative and c.m. momenta of the two neutrons
are related through the energy equation (including
recoil)

k'+-,'E'= mhE,

where

AE= ta+M(Lis) —M(He'+2m) .

I.,(k) =P E,(ts),
i=1

ut, t(r) d u (r)
Et(0)=- dr r'

p r dr

u, ,(r) d 3 w„(r)
Es(n) = (2)

—'I'— dr r'
k p r dr r r

p
Es(ts) =y— dr ut, t(r)g'(r) u„(r),

k p

p
E4(ts) = (2)'~'y — dr ut, r(r)g'(r)w (r),

k p

g'(r) =—g(r)
dr

In general, the summed squared amplitude (13) is a
function of two kinematic variables: if we choose K as
one, then either the c.m. angle 8, or the lab angle g, will
serve as the second (see Fig. 1).The angular-momentum
selection rules of the impulse approximation can be
shown to lead to simple dependence of the squared
amplitude on s= cosg. For example, in the present case
of Li', the assumption of pure S-state c.m. motion of the
absorbing pair LEq. (8)1, leads to independence of ex-

(14) pressions (13) on the variable s, that is, to isotropy of
the intensity on the sphere (in the c.m. system). A
more general study of such angular correlations will be
presented in another paper. "

In Fig. 2 we show the calculated distribution in K for
intensity g ~

M
~

' LEq. (13)j, as well as for P ~

M'~ ',
the distribution for no meson scattering. We plot the
intensities on a logarithmic scale, with arbitrary over-
all normalization, against X=EP/K2= E/(170 MeV/c) .

The three-body phase space is particularly simple in
We can also calculate the squared. amplitude for

absorption, in which we do not include the possibility
of scattering of pions between nucleons, by omitting
Es and E4 from I, in (13). This corresponds to the
o v interaction alone; we shall designate the squared
amplitude by P ~M'~'.

He

FIG. 1. Kinematics of the
three-body final state for the
reaction Li'(s, 2I)EIe4.

III. KINEMATICS AND RESULTS

The value of the integrals E'; for several values of
relative energy E=k'/m, are given in Table I.For com- '4 D. S. Koltun (to be published).



I"IG.2.The intensi-
ties (squared ampH-
tudes) P (Mjs for
our theory (solid
line), and P lM')2
for no meson scatter-
ing (dashed line),
as functions of mo-
mentum X=IP/K2=E/(1 70 MCV/c).
The over-all normal-
ization is arbitrary.

Frequently experimental results aI'c given in tcI'ms of
the laboratory angle f. The distribution in E, y= cosf
is given by

B'W(E,y) E(k'—-„'E')' Q (
M

(
'

{18)
ysL($2+ IE2)sos ($2 IE2)sj1/2

This distributioll has becIl measured for Ll (2r &2'+)Hc

by a Liverpool group, "but only for y= —1 (f= 2r), for
which (18) becomes

B2W(E, —1) {ks——,'E')'
P (M(E) )2. (19)

k

Our theoretical result is compared to the experimental
distribution in I'ig. 4.

0 O.5 l.o

MOMENTUM X

terms of E and s(cos8), so that the distribution of
neutrons may be expressed

B2W(E,s)= const X P i
M'(E, s) i

2kE2.
BEB

(16)

The spectrum in momentum E of the emitted-neutron
pair, or alternatively of the recoiling n particles is ob-
talllcd fl'olll (16)

8W{E)
P )M~2&E2.

BE
(17)

o G5 t.o 2,5

MOMENTUM' X

FIG. 3. The spectrum in momentum E of the neutron pair,
8W'/8E, for our theory (solid line), and jOXBS"'/8E for no
meson scattering (dashed line). Again X=E/(I70 MeV/c),
and over-all normalization is arbitrary.

2.0

This quantity is plotted, with arbitrary normaliza-
tion, in Fig. 3, both for our theory, BW/BE, and for the
no-scattering theory, BW'/BE.

MOMENTUM X

FIG. 4. Comparison of the momentum and angle distribution
as a function of E at y=cosP= —j., for our theory (solid line)
and experiment of Ref. 15 (bars).

rV. ComCLUSromS

In discussing the results of our calculations, we must
distinguish those characteristics which are largely a
fea. ture of the impulse model, and those which depend
on the detailed mecharjsm we have assumed. The
dominant behavior of the distribution g ~M(E, 8)~2
II1 Gill model ls cxhlbltcd 1Il Eqs. (12) and (13):Tile
distribution is independent of 8 and drops rapidly with
increasing E. This general behavior results only from
the assumptions that the center-of-mass motion of the
absorbing nucleon pair is described in the initial state
as an 5 state in a harmonic-oscillator potential, and in
the final state by a plane wave. Thus similar behavior
can be expected in other impulse theories in which
similar assumptions about Li' are made.

The 8 dependenCe fOr the reaCtiOn Lis(2r, 22I)HC'
has not been measured, but the E dependence measured
in the Liverpool experiment'5 is compared with our
calculation in Fig. 4. The fact that the calculated dis-
tribution is wider than the experimental, is probably
attributable to our use of Kim's calculated wave func-

"H. Davies, H. Muirhead, and J. N. %'oulds, Nucl. Phys. 78,
663 (1966).
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tions, which restrict us to his choice of the harmonic-
oscillator length parameter P= 1.6 F, which parameter
is too small for the p-shell nulceons in Lis."We could,
however, vary this parameter separately for the c.m.
functions in (8), and fLt the experimental width, if we
chose to interpret Li' in a cluster-model sense.

Some features of the results of our theory diRer from
those of other impulse models, because of our cxpliclt
treatment of two-nucleon correlations, and the absorp-
tion mechanism (10) developed in I. For example, we

have compared the eRect of including meson scattering
before absorption, to its neglect, in Table I, Figs. 2 and
3. From the table we see that the latter assumption
leads to a smaller rate than does our theory, which was
also true for the deuteron absorption. In the 6gures we

see that neglect of scattering shifts the minimum and.

considerably increases the relative strength of the
second maximum in the distributions. Thus it would be
possible in principle to distinguish between our theory
and those of Ref. 6, if it could also be shown that other
corrections to both types of approach do not overwhelm
the diRerences. Of course much greater experjmental
accuracy wouM also be required.

%e also may compare our results with those based
on the absorption mechanism given by Eckstein. ' '
The main diRcrence is in the dependence of the relative
motion integrals I„,(k) on the relative momentum k

t see Eq. (13)$.Epstein assumes I~ k, while our values
of I, decrease with k, as is shown in Table I. As a re-

suit, our prediction of the absolute rate and momentum
spectrum (17) is higher than for such theories, assuming
they agreed. at the threshold energy, 8=140 MCV.

Several other consequences of our assumptions should
be noted. As in the deuteron absorption, the contribu-
tion of the 'D~ state is very important. The wave func-
tions we have used in these calculations have 6%
D-state probabihty, based on Kim's calculations. A
diferent treatment of the tensor force in the I i' wave
function would alter our results.

Aside from tensor-induced contributions, the in-
clusion of two-nucleon scattering potentials in the
initial and final states enhances the rate over that given

by an ordinary shell-model initial state and plane-wave
final state.

A more fruitful approach to testing the various reac-
tion models is to calculate branchings to diRerent 6nal
target states, as has been done by Kopaleishvili et al. '7

It would be more useful to have these branchings, both
theoretical and experimental, as a function of E, par-
ticularly for small E, where impulse models are expected
to work best.
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Two- and Four-Quasiparticle States in Spherical Vibrational Nuclei
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Expressions are derived in the modi6ed Tamm-DancoB (TD) approximation which take into account the

mixing of zero-, two-, and. four-quasiparticle states for the description of the collective vibrational states of

spherical nuclei. The proposed method is free from two very import:ant defects inherent in the higher random-

phase approximation (HRPA), namely, nonorthonormality and redunancy of the four-quasiparticle basic

states. The relative merits of the present method over the existing one (HRPAl are discussed.

1. DTTRODUCTION

' 'N recent years a uni6ed theory of nuclear structure
- has emerged. One now starts from a basic independ-

ent-particle model and then derives the collective prop-
erties of nuclei by suitably treating the residual two-

body interactions. A straightforward diagonalization of

* Preliminary reports on this work were published in the Pro-
ceedings of the Low-Energy Nuclear Physics Symposium (1964
and 1965) held by the Department of Atomic Energy, Govern-
ment of India.

t Present address: Institute of Theoretical Science and the
Department of Physics, University of Oregon, Eugene, Oregon.

the residual forces becomes unmanageable whenever

the nucleus is away from a closed shell; this is because
of the numerous near-degenerate configurations that
are possible for a few nucleons moving in an unfilled

major shell. The task has been greatly' facilitated by the
development of the quasiparticle theory' of the nucleus,
which neatly takes into account the strong "pairing inter-
action" between nucleons by the Bogoliubov-Valatin
transformation resulting in independent quasiparti-

' M. Baranger, Phys. Rev. 120, 95'7 (1960); this work lists all
other earlier publications.


