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The elastic scattering of protons by C" exhibits the following resonances with an appreciable fraction of
the single-particle width: 8~=0.461 MeV (s1/2), 1.748 MeV (d5/2), and =6.7 MeV (d3/2). A narrow d5/2 re-
sonance is observed at 4.808 MeV and an anomaly in the d3/2 phase shift at =5.3 MeV. It is demonstrated
by means of a coupled-channel calculation that these last two features are due to the resonance in the in-
elastic channel (C"*+p) corresponding to the 0.461-MeV s-wave resonance in the elastic channel. The experi-
mental s- and d-wave phase shifts and damping parameters are accurately reproduced after adjustment of
the depth of square-well potentials. The coupled-channel calculation also demonstrates that a resonance
may be switched from one channel to another by changing the strength of the coupling.

I. INTRODUCTION
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HE scattering of protons by C" has been carefully
studied up to a proton energy E„=9 MeV. ' '

Below E„=4.800 MeV only elastic scattering is pos-
sible, and the collision matrix diagonal element has
the form e"' so that the real phase shifts 6 for the
partial waves completely specify the scattering. Above
this energy both elastic and inelastic scattering are
possible and the matrix element may be written
ae"', where n&1. Thus two real quantities, the phase
shift 8 and the "damping parameter" n, for each partial
wave may be used to describe the processes.

The s~/2 phase shift is experimentally observed to
pass through a resonance at 8~=0.461 MeV (Fig. 1).
Unfortunately, the numerical values of the experimental
phase shifts over the resonance were not tabulated in

the original paper. ' The points at higher energies on
Fig. 1 are experimental values.

As shown by the points on Fig. 2, the d5/2 phase shift
is experimentally observed to pass through a resonance
at E„=1.748 MeV with width F=66 keV, ' and a
further narrow resonance occurs at E„=4.808 MeV
(7=12 keV). ' The experimentally observed behavior
of the d3/2 phase shift and damping parameter is shown
by the points on Fig. 3. There is a very wide (I'=1.72
MeV) resonance at which the phase shift passes through
~/2 at E„=6.7 MeV."The corresponding compound-
nuclear state apparently has little or no inelastic-
scattering width. ' Further activity of the d3/2 phase
shift is observed between E„=5.2 and 5.5 MeV, cor-
responding to a J =3/2+ compound-nuclear state with
large inelastic width. ' It can be seen from Fig. 3 that
the phase shift does not pass through ~/2 in this
anomaly. ' ' The behavior of the phase shifts for other
partial waves is not relevant to this paper.

The differing behavior of the two neighboring anom-
alies in the d3/2 shift is interesting. In terms of the
nuclear scattering amplitude f,=i(1 U, ,), whe—re U
is the collision matrix, the difference is that the path
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FIG. 1. The s-wave phase shifts for (C"+p). The dots are
experimental values and the solid curve was calculated as de-
scribed in the text. Note the expanded energy scale below 1 MeV.

' H. L. Jackson and A. I. Galonsky, Phys. Rev. 89, 370 (1953).
2 C. W. Reich, G. C. Phillips, and J.L. Russell, Jr. , Phys. Rev.

104, 143 (1956).' S. J. Moss and W. Haeberli, Nucl. Phys. 72, 417 (1965).
4A. C. L. Barnard, J. B. Swint, and T. B. Clegg, Nucl. Phys.

86, 130 (1966).
'A. C. L. Barnard, J. S. Duval, Jr., and J. B. Swint, Phys.

Letters 20, 412 (1966).
8 J. S. Duval, Jr. , A. C. L. Barnard, J. B. Swint, and T. B.

Clegg, Nucl. Phys. (to be published).
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FIG. 2. The dots are experimental values of the d5/2 phase
shifts for (C12+p). Note that the energy scale has been expanded
between 4.80 and 4.85 MeV. Above 4.8 MeV, 7r radians have
been subtracted from the phase shifts plotted. The curves were
calculated as described in the text.

1135



A. C. I. . BARNARD

180 1 I I 1 I I I I

150—

o 120-

90-

60O

0

30—

0 1

0 1

I

2 3 4 5 ~ ~4 5 6 7 8 9 10
Incident Proton Energy —Lab ( MeV)

rIG. 3. The open circles are experimental values of the d3/.
phase shifts for (CI2+p). The dots are the experimental damping
parameters. Note that the energy scale has been expanded from
E~=5.j to 5.6 MeV. The solid and dashed curves were calculated
as described in. the text.

of the amplitude in the complex plane includes or ex-
cludes the center of the unitary circle (C on Fig. 4).
The points on Fig. 4 show the measured values of the
d3/2 scattering amplitude as the energy increases over
the two anomalies.

The E„=0.461-MeV resonance in the s~&2 phase shift,
the E„=1.748-MeV resonance in the d5~2 phase shift
and the E„=6.7-MeV resonance in the d3/2 phase shift
are of the single-particle type and are qualitatively
reproduced by a simple potential scattering calculation.
If the nuclear force is represented by a "square-well"
potential of radius E, and the Coulomb force neglected
in this region, the radial wave functions for r(E are
spherical Bessel functions. For r&E the functions are
ingoing and outgoing Coulomb waves and the functions

are matched in value and slope at r =R Such a calcu-
lation gives resonances wider than those observed ex-
perimentally, since the coupling to other channels,
both open and closed, is neglected.

Such single-channel calculations completely fail to
reproduce the 4.808-MeV d5~2 anomaly and the 5.3-
MeV d3/2 anomaly. It will be shown in this paper that
these experimental observations are reproduced by a
calculation which includes coupling to the inelastic-
scattering channel (C"*+p), which will be called
channel 2. The coupling is only included when the
channel is open. The threshold for channel 2 is E„
=4.800 MeV, assuming Q= —4.43 MeV. Since C"*
has J = 2+, a d3/2 or d5/2 compound-nuclear state may
decay into (C12e+p) with the / value of the outgoing
proton /2=0 or 2, so that two inelastic channels should
be considered. However, close to threshold the former
is expected to dominate because of its higher penetra-
bility. In the calculations reported in this paper, the
maximum number of channels was two (one elastic
and one inelastic).

II. GENERAL RESULTS OF COUPLED-CHANNEL
CALCULATION

If two channels are considered, the Schrodinger equa-
tion may be written

where V~2 and V2j are the matrix elements which
couple the two channels. The process will be con-
sidered as scattering of a single particle by a potential
well, so that the tj's are single-particle wave functions
and no antisymmetrization is performed. If the po-
tential is taken to be spherically symmetric, the 1P's

separate in the usual way and the equations for the
radial functions uI and N2 are

1 d d——r' —lt(it+1—) ut+Kll u1= It12 u2 (2)
r2 dr dr

where

——r' —l2(is+1) us+%22—'us=f21'ut, (3)
r2 dr dr

E;;= (2222,/h2) (E;—V,,),
K;,= (2m~/fi2) V;,

Re

If all three potentials, V11, V22, and V12 (= V21) are
taken to be "square wells" of radius 8, and 1&=l2, the
solutions for r(R have been given by Tombrello and
Phillips7:

Fro. 4. The d212 scattering amplitude f, =s(1 U;;) plotted i—n
the complex plane. The points are the experimental values over
the 5.3 and 6.7 MeV anomalies, numbered in order of increasing
energy. The solid and dashed curves were calculated as described
in the text. As the energy is increased the progression is along
the curve in the direction of the arrow.

u1 (r) = 1111j1(&tr) +&22

E2P

'T. A. Tombrello and G. C. Phillips, Nucl. Phys. 20, 648
(~96O).
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u2(r) =aii
EgI' —Kg'

ji (E ir)+ a,2ji (E&r), (5)
+122

ui ~ [ ui +—nie" &"+""ui+] (7)

and in channel 2, where there are only outgoing waves

I,~ &2e2'( 2+~»N2+.

If only one channel is open, ai=1 in Eq. (7), and Eq.
(8) is modified to contain decaying exponential func-
tions. A complex phase may then be removed from the
expression in parentheses in Eq. (7) to leave the
quantity inside real. Then a» and a» may be taken
real, apart from the unimportant over-all complex
phase. However, if both channels are open, n~&1 and
G» and a» must be taken to be complex. Matching
value and derivative for the complex radial wave func-
tions in channels 1 and 2 gives four complex conditions
on the four complex constants u», a», o.&e""I+"», and
n2e"("+"» where co~ and cv2 are known.

I'ze. 5. The solid
curves are the phase
shifts for an incident
l=0 neutron wave in
the elastic channel
(C"+n), the energies
being indicated by the
lower scale. As the cou-
pling potential V12 is
increased from top to
bottom, a resonance
"appears" in this chan-
nel. The dashed curves
are the phase shifts for
an incident wave in the
inelastic channel I',C~*
+e). The resonance
"disappears" from this
channel. The phase shift
scale is in hundreds of
degrees, but the curves
are arbitrarily shifted
relative to this scale.
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where

Z p =-', (Kii2+E 22') a-', L(&ii' —&22')'+4&i2'&2i']"'

(when i=1 the+ sign. is taken, when i=2 the —sign
is taken). The j's are spherical Bessel functions and aii
and a22 are arbitrary constants.

Outside the range of nuclear forces (r)R) the po-
tential is the Coulomb potential and the radial equa-
tions are uncoupled, with the usual (real) Coulomb
functions Ii~ and G~ as solutions in each channel. The
I subscript will be suppressed. Ingoing waves (u ) and
outgoing waves (u+) are constructed:

u+ = e+'"(FaiG), (6)

where co is the difference between the Coulomb phase
shifts for the channel / value and 3=0. If the incident
beam is always taken to be in channel 1, the combina-
tion of I+ must be

I'zG. 6. The be-
havior of the scat-
tenng amphtude I.n
the complex plane
for an incident l=0
neutron wave in the
elastic channel (C12
+n) as the energy
is increased. The
progression is in the
direction of the ar-
row. The various
curves are for dif-
ferent values of V12,
the values used ap-
pearing close to the
curves.
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III. FITS TO THE EXPERIMENTAL DATA

Throughout these calculations the nuclear force was
represented by a square well of radius R=4.5 F and
l=0 wave functions were used for r(R.

As a preliminary, single-channel calculations were
made for s- and d-wave protons incident on C". In this
s-wave case, choosing V= —69.87 MeV gave a reso-
nance at E„=0.464 MeV with width I'=36 keV com-

Some sample results of the calculation will now be
given, particularly concerning changes in the qualita-
tive behavior of the phase shifts with energy as the
coupling potential V~2 is changed. Channel 1, which
has the incident wave, is first taken to be (Ci2+u),
i.e., there is a neutron beam incident upon carbon-12
in its ground state. The / value is taken to be ly=O.
Channel 2 is first taken to be (Ci2*+n) with l2 ——2. The
solid curves in Fig. 5 show the results as the coupling
between the two channels is increased. With V].2
nI.=1 and the phase shift in the incident channel de-
creases monotonically with increasing neutron energy.
Weak coupling (U»=0.2 MeV) produces an anomaly
in the phase shift b~, but it does not resonate, i.e., it
does not pass through n/2. For stronger coupling
(Ui2 ——0.4 MeV) as the neutron energy is increased 8i
resonates.

Although it is not possible experimentally to use a
C"* target, it is simple to calculate for this case by
having an l'=2 incident beam in the inelastic channel.
The phase shifts for this wave are shown as dashed
curves in Fig. 5 for the three values of V~2. It can be
seen that for V~2=0 there is a resonance in this phase
shift, but the resonance "disappears" at the same value
of V~2 for which it "appeared" in the phase shifts for
an incident wave in the elastic channel. Thus the
coupling moves the resonance from one channel to the
other.

I'or the case of the incident wave in the elastic
channel, the behavior of the scattering amplitude in
the complex plane is shown in Fig. 6. It can be seen
that the two types of behavior observed experimentally
in the d8~2 scattering amplitude (Fig. 4) occur for
different coupling strengths.
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pared to experimental values E„=0.461 MeV, I"=34
keV. The calculated phase shift is shown as a solid
curve on Fig. 1. For the d-wave cases, V= —71.00
MeV gave a resonance at E„=1.740 MeV, to corre-
spond to the d5~2 resonance at 1.748 MeV and V
= —64.25 MeV gave a resonance at E„=6.7 MeV
corresponding to the d3~~ resonance in this energy
region. Both d-wave calculated resonances were wider
than those observed experimentally, since coupling to
other channels, open and closed, was neglected.

Two-channel calculations were then made for ener-
gies above the inelastic threshold by setting the cou-
pling potential V» to a nonhero value. Since the number
of channels in the calculation was limited to two, one
of which was the elastic channel, it was necessary to
assume that the inelastic channel was either L= 0 or /= 2.
In practice both would be involved.

d3~~ Phase Shifts

Channel 1 was taken to be (C"+p) with /i ——2 and
channel 2 was first assumed to be (C"*+p) with /2= 0.
The potentials V~~ and V22 were fixed at —64.25 and
—69.87 MeV respectively, the values determined by
the single-channel calculations above. Thus the po-
tential for (Ci2~+p) with /=0 was taken to be the
same as that for (C"+p) with /=0. The calculated
results for n~ and 8~ as a function of energy appear as
dashed lines on Fig. 3. It can be seen that the calcu-
lated anomaly is about 120 keV below the experi-
mentally observed location. In this calculation the only
adjustable parameter was V~~, which was adjusted to
fit the observed strength of the anomaly.

In the next calculation all three potentials V~~, V~2,

and V» were adjusted to give a good fit to the experi-
mental data in the region of the 5.3-MeV anomaly.
The calculated values of n~ and 8q as a function of
energy are shown as solid curves on Figs. 3 and 4.
For ease of reference, the input quantities used for the
calculation are listed in Table I. The potentials V~~

and V22 were only slightly changed from their single-
channel values, the changes being +50 and +340 keV,
respectively. The coupling potential was V» ——0.49
MeV. It can be seen that the agreement is satisfactory
over the 5.3-MeV anomaly, but deteriorates above

TABLE I. Parameter values used to calculate the
d3/2 curves in Pigs. 3 and 4.

about 6.5 MeV. This is believed due to the neglect
of the l=2 inelastic channel in the calculation. The
use of "square-well" potentials also presumably re-
stricts the quality of the fits obtainable.

Calculations were also made with a slightly stronger
coupling potential V» and the results are shown as
dashed curve on Fig. 4. The path of the scattering
amplitude in this case includes C and passes up to the
next Riemann sheet.

The calculations were repeated assuming that the
l=2 inelastic channel was dominant at the 5.3-MeV
anomaly. However the calculated anomaly in this case
was much narrower than the experimental anomaly,
and so it is believed that the l=0 channel is in fact
dominant. This is as expected for low energies in the
inelastic channel and is in agreement with the results
of Hearse et a/. ,

' who were able to fit C"(p p'y)Ci2
angular correlation data at the 5.3-MeV anomaly as-
suming l=0 in the inelastic channel.

TABLE II. Parameter values used to calculate
the d:y2 curve in Pig. 2.

Channel 1:

C12(p p) C12

Channel 2:

C»(p p') C"* (Q= —4.43 MeV)
R=4,5 P

U11=—71.00 MeV
U„=—70.94 Mev
U12=0.49 MeV

l1—-2

l2=0

d5~~ Phase Shifts

The single-channel value of the 3=0 potential gave
a resonance at 0.464 MeV in this channel. If V22 is
chosen slightly more negative than this potential, the
resonance in the inelastic channel will appear very close
to threshold. Experimentally the resonance is found at
E„=4.808 MeV, compared to the threshold of approxi-
mately 4.800 MeV. Calculations were made with a
potential for the inelastic channel of V22= —70.94 MeV
(i.e., deeper by 1.07 MeV than in the single-channel
case) and the same coupling potential Vi~=0.49 MeV
that gave the best fit to the d3~2 anomaly. The results
for b~ as a function of energy are shown as a solid
curve on Fig. 2. The input quantities used for the
calculation are listed in Table II. A narrow resonance

Channel 1:

C12 (p p) C12

Channel 2:

C"(p,p') C"* (Q = —4.43 MeV)
R=4.5 F

V11=—64.20 MeV
V22 = —69.53 MeV
U1g =0.49 MeV

l1 ——2
l2= 0

in the d5~2 phase shift appears at an energy E„=4.807
MeV and width 2=8 keV. The calculated damping
parameter o, & does not here deviate from unity, in
contrast to its behavior over the 5.3-MeV d3~2 anomaly.
These calculated results for n& and B~ are in good
agreement with the values found experimentally.

' R. C. Bearse, J. C. I egg, G. C. Phillips, A. A. Rollefson, and
G. Roy, Nucl. Phys, 65, 545 (1965).
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IV. CONCLUSIONS

The main features of the behavior of the s~~2, d@2,
and d5~2 phase shifts and damping parameters for
Ct2+p at E„~6.5 MeV have been explained by a
coupled-channels calculation. The d5~2 resonance at
E„=4.808 MeV and the d3~~ anomaly at E„=5.3 MeV
have been shown to be caused by a low energy s-wave
resonance in the (Ct2*+p) channel, closely correspond-
ing to the 0.461-MeV s~~2 resonance in the elastic
channel. The diagonal parts of the potentials used
have the following relation. '

I ~(5i~) I
&

I
i (»i2) I

&
I V(dw2) I

~

This relation is consistent with the existence of a spin-

orbit interaction with the usual sign.
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The absorption of pions from a low-energy S state, by a nucleus with the emission of two fast nucleons,
is treated in an impulse approximation in which the pion interacts only with the pair of ejected nucleons.
We consider the particular reaction Li (~,2n)He . The two-nucleon absorption process is given by a theory,
previously applied to the pion absorption by a deuteron, which is developed from low-energy pion-nucleon
scattering theory. The relative motion of the absorbing nucleon pair is treated in detail, including effects of
short-range repulsion and tensor potentials. Distributions of the emitted nucleons in momentum and angle
are calculated in this theory, and are compared with other results for some theories and with experimental
data.

I. INTRODUCTION

HE reaction in which a nucleus absorbs a slow
pion and emits two fast nucleons has been attrac-

tive for theoretical consideration since kinematical
conditions seem favorable to some form of impulse
approximation. The notion is that two colliding
nucleons in a nucleus may convert the rest energy of
the pion to kinetic energy with little transfer of mo-
mentum to the residual nucleus. lf the probability is
high that these two nucleons will escape with little
further interaction with the residual nucleus, it is in-
viting to try to treat the problem in two parts: the
absorption of a pion by two nucleons, and the motion
of the two nucleons in a nucleus. This approach was
first introduced in the work of Brueckner, Serber, and

t Work supported in part by the U. S. Atomic Energy
Commission.*Permanent address: Norges Tekniske Hggskole, Trondheim,
Norway,

Watson' who attempted to relate the rate for pion
absorption in nuclei to the absorption of a pion by a free
deuteron.

More recently a model along these lines has been
applied to the absorption of S-wave pions by various
light nuclei, by Eckstein' for He4, by Divakaran' for
He', by Sakamoto' for Li', and by M. Ericson' for
several cases. These calculations have in common a
model interaction which includes both the pion inter-
action with a nucleon pair, and the short-range cor-
relation of the nucleon pair in its initial state. The
strength parameters of the assumed interaction are
fixed to give the experimental cross sections for thresh-

' K. Brueckner, R. Serber, and K. Watson, Phys. Rev. 84, 258
(1951).

' S. G. Eckstein, Phys. Rev. 129, B387 (1963).
' P. P. Divakaran, Phys. Rev. 139, 3387 (1965).
4 V. Sakamoto, Nuovo Cimento 37, 775 (1965).
' M. Ericson, Compt. Rend. 258, 1471 (1964).


