
GROUN 0 —STATE ENERGY SH IF T

all of the divergent terms, which we have not succeeded
in doing. However, from (16) and (20) we see that the
change of S, due to the s-d interaction is of the order of
unity, i.e., independent of J. Our conjecture on the
ground-state wave function then is the following: We
take S=-,'as the simplest case. Our ground states are
represented by that of the Fermi gas multiplied by the
up- or down-spin state of the localized spin. The above
result indicates that because of the s-d interaction, the
state with the opposite spin direction is mixed by an

amount of order unity. Since the exchange interaction
conserves the total spin, the spin which was initially
carried by the localized spin is now taken over by the
conduction electrons. We may quite naturally expect
that the twofold degeneracy of our ground state comes
from the two directions of the spin carried by the
conduction electrons and thus is trivial. This argument
reconciles the apparent spin degeneracy of our ground
state with the singlet spin state which was assumed in
the previous variational approach. "
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Using the observed pressure dependence of a small set of band edges in Ge and Si, the pressure dependence
of the pseudopotential form factors is deduced. Using these pressure-dependent form factors, the energy
band structure and ultraviolet spectra are computed as a function of applied pressure. The results appear
to give very reasonable agreement when compared with the observed pressure dependence of the reBectivity.

I. INTRODUCTION

AND-structure calculations in semiconductors at
atmospheric pressure have progressed enormously

in the last few years. In the case of the group-IV
elements (particularly Ge and Si) we can calculate not
only the details of the band edges, but also properties
depending on the band structure far from the energy

gap such as the principal features of ultraviolet re-

Qectivity spectra'' and photoelectric emission yield
and distribution curves. ' ' Pseudopotential band-struc-
tures are now also available for a number of partially
ionic compounds, and will presumably also lead. to a
similar interpretation of ultraviolet data. '

Application of large hydrostatic pressures with a
consequent decrease in the crystal-lattice dimension
results in observable band-structure changes in semi-

conductors. The experimental situation is described at

length in a review article by Paul and Warschauer.
In germanium, Paul and Brooks' found by analyzing
their high-pressure resistivity and electron-mobility
data that the fundamental gap increases with a co-
efficient of 5)(10 eV kg- cm ' This is the pressure
coe%cient, then, of the L1 conduction-band minimum
relative to the top of the valance band (I'ss ). In silicon,
on the other hand, the resistivity data showed that the
conduction-band minima (t),r) move down under pres-
sure. The coeKcient was deduced to be" —1.5)&10
eV kg ' cm', and was reasonably well confirmed by
high-pressure studies of the indirect absorption edge.""
The direct optical gap in Ge (I'ss. ~I's) which is
nearly degenerate with the indirect gap was observed
to shift under pressure at the rate of 12 eV kg ' cm'." '
The 61 conduction-band edge in Ge lies 0.2 eV above
the absolute minima. When pressure is applied to Ge,
61 approaches L& and eventually becomes the absolute
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minimum. Slykhouse and Drickamer" found in accord-
ance with these observations that the pressure coeK-
cient of the optical gap in Ge changes sign near 50 000
kg cm '. These data as well as anomalous electron-
mobility data at high pressures show that the 6&
minima move down in Ge at a rate nearly equal to the
value found in Si.

One notices that the above measurements all give
values for absolute (Mo) conduction-band edges, and
one can be quite confident that the interpretations in
terms of shifts of definite states relative to the valence
band are well established. In order to examine the
effects of pressure on the band structure at points other
than 3f0 edges, Zallen and Paul' ' have measured the
movement of the reflectance peaks under hydrostatic
conditions. Since these peaks are known to be due to
saddle-point edges in the joint interband density of
states, ' such measurements can be extremely useful in
indicating the behavior of the energy bands as a function
of pressure over large energy ranges. These studies in
common with the band-edge studies indicate that the
pressure coeKcients of a given level tend to be
nearly equal for the family of Group-IV and -III-V
semiconductors.

On the theoretical side, considerably less work has
been done on the calculation of deformation potentials
than on the energy bands at atmospheric pressure.
Goro6 and Kleinman'9 used an orthogonalized-plane-
wave (OPW) technique to derive pressure coefficients
for Si. Bassani and Brust, ' on the other hand, used an
analytic fit to the pseudopotential formalism in an
attempt at a similar calculation in Ge. Both calculations
gave correct trends but were not entirely satisfactory
from a quantitative viewpoint. More recently, Herman, "
using a full OPW technique carried to a point of high
self-consistency, calculated the deformation potentials
for both Ge and Si. The calculations are limited to a
few symmetry points and lines. They can therefore be
compared only with the Mo band-edge data. At these
points the agreement between theory and experiment
appears satisfactory.

The aim of the present paper is somewhat explora-
tory. We shall attempt to construct the pressure
dependence of the pseudopotential parameters in a
manner analogous to the procedure already employed
to calculate the atmospheric band structure of Ge and
Si. This can be compared with simple theoretical models
which predict the lattice-constant dependence of the
pseudopotential. Having settled on an appropriate
choice for dVp(~E~)/dP we will then calculate the
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deformation of the entire band structure as a function
of lattice constant. In order to test the new band struc-
tures we will calculate ultraviolet spectra and com-
pare them with experiment. We shall see that although
we make no attempt to fit the pressure coefficients of
the reflectivity peaks in our empirical adjustment,
reasonable agreement with the optical data is achieved
throughout. In particular, we shall demonstrate that
for complicated saddle-point edges (Mt, Ms type),
in many cases, reflectivity peak pressure coeKcients can
rot be directly correlated with the deformation potential
of a single energy gap. Attempts to do so have led to
considerable confusion in the literature. Wc find instead
that one must take account of broadening eBects to get
meaningful results.

II. THE PSEUDOPOTENTIAL AT
HIGH PRESSURES

A. Choosing a Pseudopotential

The use of pseudopotentials in semiconductors has
been rather thoroughly discussed in the literature2'
The general theory of pseudopotentials with emphasis
on metals is the topic of a recent book."We will here
adopt the method which has already proved successful
in Ge and Si at atmospheric pressure. '4 Briefly we use
a local pseudopotential expanded as

Vp ——Q Vp(Eg) exp[(2sri/a)Eg r],

where Eg are nondimensional reciprocal lattice vectors
and u is the lattice constant. We retain only the lowest
three indepertdeet Fourier coefficients permitted by
crystal symmetry, i.e., V(3), V(8), and V(11). The
neglect of higher Fourier coefficients would seem rea-
sonable on the grounds that the pseudopotential is
reasonably smooth even into the core regions where
the strong repulsive and attractive terms nearly cancel.
Kane' has given strong support to the three-parameter
model by studying the eGect of higher Fourier coefB-
cients on the band structure. He concludes that the
higher Fourier coefficients are rot linearly independent
of the first three in terms of their influence on the band
structure. Herman" has reached the same conclusion.
The effect of higher terms in the series is simulated by
slightly readjusting the lower coeKcients.

In order to get an appropriate pseudopotential for
the compressed crystals we follow an empirical pro-
cedure. As discussed in the introductory section, pres-
sure coeKcients for I'25. ~ F2. and F25. —+ I-~ are well
established experimentally for Ge as is the I'25 —+ X~
shift in Si. In the following calculation we will fit our
pressure-dependent pseudopotential to the observed
values of these coeKcients. We note that the 1 g5. ~ I'g.
pressure shift is quite similar over the whole family of

ss lvV. A. Harrison, Pseldopoteltt'als eN the Theory of Metals
(W. A. Benjamin, Inc., New York, 1966).
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Group-IV and -III-V compounds. " In the following
work we have chosen to use a shift for this edge in
silicon which is characteristic of the family of zinc-
blende semiconductors, although we admit that we
introduce some uncertainty into the calculation at this
point. That gives us two out of the three conditions
necessary to establish a unique set of coefficients to
characterize the pressure dependence of t/'~. In order
to complete the set we will use the shift of 125.—+ F15
as computed by Herman. "We expect these values to
be reasonably close to experiment, since Herman's
self-consistent OPW calculations for atmospheric pres-
sures lead to energy gaps which agree with experiment
within 20% where comparison is possible. Further-
more, his pressure shifts agree with the three experi-
mental edges in Ge and Si within 10%.We then have
a tentative set of parameters to begin our calculations.
We do not expect our present pseudopotential to be the
optimum choice. In order to examine its validity for the
present study we subject it to three criti cut tests. (i) We
require that our full-zone calculations give an account
of the observed shifts with pressure of the ultraviolet
peaks. This test will serve to assure us that our deformed
band structure is a good approximation to the physical
situation. (ii) As a weaker condition we require quali-
tative agreement with Herman's results at symmetry
points. We only require that the fit be reasonable since
we have no way of assessing the absolute error in
Herman's calculations. (iii) We shall require that the
pseudopotential deform under pressure in a way con-
sistent with that indicated by general considerations.

B. The Pressure-Dependent Pseudopotential

Using the three pressure coeKcients as discussed
above we evaluated dV~(~E()/dP in Ge and Si, and
used the values of VJ (~E~)~=~,t as determined in
Ref. 2. The results are shown in Table I. Using the
values in Table I we have computed a number of energy
gaps and compared our results with the extensive OPW
calculations in Table II. It is seen that the present
results and the values as deduced by Herman are in
surprisingly close agreement.

We may attempt to get a qualitative idea of the
expected pressure dependence of the pseudopotential.
To do so we can treat the pseudopotential in a rigid-ion

TABLE I. Pressure coefficients of the pseudopotential
as deduced and used in this paper.

dV (E)/dP in Ry/kg cm~
Ge Si

—0.5X10-3
13.7X10 8

13.7X10 8

6.83X10-s
14.7 X10—s

14.7 X10—8

"The corresponding edge in the III-V crystals corresponds to
j. 15 —+ F~ transitions.

TABLE II. The pressure coefhcients of several
symmetry point gaps.

Gap
Herman

(Ge)

dEe/dPX10', eV/kg cm '
Herman Present work Present work

(si) (Ge) (si)

~25' ~ ~1
F25~ ~Xy
~25' ~ ~2~
I 25' ~ ~ 15
I'3. ~l.g

L3& + L3
X4 —+ Xy
W2 —+ W1
Z2 ~Z3

4.6—1.0
13.5
0.9
6.6
3.0
3.3

12.0b
5.8

4.1—1.4
11.9
0.6
5.2
1.1
1.4
5.7
3.1

—0.9
13.9
1.0
6.2
2.1
2.5
6.3
4.6

4.5—1.4
13.8
0.6
5.8
1.1
1.8
5.2
2.6

a W' corresponds to the point in the reduced zone (1.0,0.5,0.0); the point
chosen on the Z axis is located at (0.5,0.5,0.0).

b This is the only sizeable discrepancy between the present work and the
OPW work assuming Herman's table does not contain any copy errors.

where C is the compressibility.
We may then use Eq. (2) to get an approximate set

of pressure coeKcients. The rigid-ion —model indications
appear to give values in rather close agreement with
our empirical form factors at large E where we expect
the form factors to be characteristic of the bare-ion
potential, i.e., for dV(8)/dE and dV(11)/dE. As a
further check we compare the empirical form factors
under pressure with the OPW scattering factors in
Fig. 1 as computed by Harrison. "Again we see the
comparison is reasonable.

III. THE PRESSURE DEPENDE5'CE OF
THE ULTRAVIOLET SPECTRA

A. Theory

As in our previous studies' 4 of the ultraviolet spectra
we shall direct our attention to the calculation of the
imaginary part of the frequency-dependent dielectric
function, em(co). We wish to observe in our calculational
framework the shifts of the uv structure as predicted
by our form-factor models. To do so we need to use a
pressure sufhciently low so that we can be assured that
the energy-band deformations are reasonably linear in
the applied pressure. We have somewhat arbitrarily
taken P= 61 000 kg cm ' for both the Ge and Si work.
This allows shifts in the uv spectra 0.1—0.5 eV. We
find that to get good computational resolution a rather
small histogram interval is necessary, and this was
chosen to be 0.02 eV.

We shall see in the analysis to follow that it is im-
perative to include lifetime-broadening effects in order
to correctly evaluate the pressure shifts of the uv

model. In this case the pseudopotential is simply a linear
superposition of atomic potentials. We then can easily
derive the following formula:

dV~(K) I dVI(E)
=C V~(K)+-II 3



650 D. BRUST AND L. LI U

where I'„,(k) is the lifetime broadening, and

.0 2 k(~„,(k))f., (k) =
3m ~.„,(k)

lL0
CJ

U

-.5 - o

-6 —--

-7-

.0

(a)

i.e., the interband oscillator strength. For our present
purposes we shall treat I as a constant. The results of
the present discussion are generally not highly sensitive
to the precise value of l' and we are probably well
justified in treating I' as a constant, at least in the
vicinity of a given peak. . We have chosen 7=0.14 eV
which is not far from the value deduced from hot-
carrier'4 and photoelectric-emission data."This choice
is probably somewhat high even at room temperatures,
and, as we shall see, certain sharp features of the
silicon calculation are broadened into the background
but can be reclaimed by taking 1 =0.04 eV. We may
also note that I' is su%.ciently small so that we may take
co„,(k) =~ over the whole range for which the Lorentzian
factor in (3) is appreciable. We then have

2 l1

-3-
f-O
O4
ts

X
-.5— 0

-.6 =

~ 7

(b)

~ I-

-.2

-.4

-.5

-.6

structure. Including Lorentzian broadening, expression
(1) of Ref. 2 becomes

f , (k) I', (k)
ZE, , (3)

m -' & ~ L~.(k) —~]s+Lsi'-(k)7

Vie

(c)

FIG. 1. Pseudopotential form factors in Ry. (a) Ge interpolated,
(b) Si interpolated, (c) after Harrison (Ref. 22).

2x'e r
es((o)= p (M„,)sg

3m'co', . s Lce„,(k) —&Oj'+ (-,'I' )s

This is the form used in constructing es(re). As discussed
in Ref. 2 we treat

~
M„,(k)

~

' as a constant. Throughout
the work that follows we take )M4s(k)]'=2~HI;, ; (k) ~s

= constant. We also cut o8 the Lorentzian function for
ce, (k) —s))I'.

The histograms have all been constructed by a
Monte Carlo procedure as fully described in Ref. 4.
According to the discussion of that reference we have
used a simple cubic interpolating mesh with a lattice
constant equal to 1/20 that of the host reciprocal
lattice, and 16 000 Monte Carlo points were used in con-
structing all the histograms. Bands 3, 4, 5, 6, and 7
were included in the calculation, i.e., the two highest
valence and three lowest conduction bands.

In Figs. 2(a)—2(f) we have drawn the behavior of the
dielectric function with respect to pressure. In Fig. 2(a)
the peak near 2.2 eV (Er) in Ge is shown at atmospheric
pressure and at our choice of high pressure. We have
previously found' that the peak is associated with an
M& critical point (c.p.) in the 4—5 interband density of
states located on the A. axis. Accordingly we have shown
the 4-5 contribution to es(co) separately from the back-
ground of the remaining pairs of bands. The arrows
indicate the approximate location of the peaks. We may
point out that the inclusion of the Lorentzian factor
has tended to put the peak at somewhat higher energy
than that of the corresponding Van Hove singularity.
Because of this asymmetric broadening effect, the

~4 W. Shockley, in Proceedings of- the International Conference on
Semiconductor Physics, 1960 (Czechoslovakian Academy - of
Sciences, Prague, 1961).

'5Theoretical estimates as well as an account of the experi-
mental situations are to be found in Ref. 5.
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Pro. 2. Pressure dependence of &he op&ical spec&ra of Ge and Si. es (cu) is shown in arbirrary unirs. ghe scaie is chosen in each iigure
for convenience. The high-pressure case is calculated at 61 000 kg cm ' for both Ge and Si. The background refers to contributions from
all pairs of bands (3,4,5,6,7) exclusive of the 4 ~ 5 transition. For a discussion of line shapes, intensities, oscillator strengths, and
pressure coeKcients refer to the text. Ke have separated a normalization factor in the high-pressure case for drafting convenience. '
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I"xo. 3. Sketch of
the deformation-po-
tential contours for
the 4 —+ 5 transitions
in Ge. The plane
chosen is the 110
plane. Shaded areas
refer to regions over
which the corre-
sponding pressure
dependences remain
constant. Units are
in 10 ' eV/kg cm s.

pressure shift of an 3Ej peak will depend both on the
pressure coefficient of the c.p. as well as on the effect of
stress on the unbroadened line shape. We may think of
this effect in terms of the energy contours. Since the
interband-energy contours are not closed around an
Mt c.p. (as they are for Ms c.p.), states far from the
c.p. contribute to the line shape of the peak. These
states may have substantially different deformation-
potential constants. Hence the peak can have a pressure
coeKcient which differs from that of the critical point
itself. In particular we note, however, that the shift of
the A3 —+A~ peak in Ge is rather close to that of the
A3 —+A~ c.p. itself. This is easily understood through
examination of Fig. 3. Here we have drawn a few im-
portant contours of constant interband-gap defor-
mation potential. We may note that the region around
and including the A axis has nearly a uniform pressure
shift for the 4—5 transitions. Our previous work' has
shown that the contours of E4s(k) =2.0 eV are concen-
trated in the region. The entire region shifts under
pressure in a nearly rigid manner, thus accounting for
the observed pressure shift of the optical peak. Finally
we note that our peak gets weaker at higher pressure.
This is explained by the presence of a factor 1/a&' in
Eq. (5), since the joint density of states maintains a
nearly constant strength under pressure. We have
taken the momentum matrix element as constant with
respect to hydrostatic stress. '

Next we turn to the large peak under 4.3 eV in
Ge(Es). Our previous analysis indicated the origin to
be a pair of c.p., one near X(Mr) and the other on the
Z axis (cVs). Rane' has recently made a very careful
mapping of the energy contours (in Si) in the 110plane.
He 6nds, in addition to our previous identi6cations,
additional c.p. nearly degenerate in energy with our
previous pair. As we see from examinations of Fig. 2 (b)
the lifetime broadening has caused all traces of the
quasidegenerate c.p. to vanish into one rather well-
rounded peak. It is clear immediately that one cannot
associate the pressure coeKcient of a single c.p. with

'~ We take the dimensionless momentum matrix element as
constant so that the matrix element in Eq. (5) varies like 1/o'.
We also note that an additional factor of 1/o' enters into the
formula for ss(ru) as a consequence of the decrease in the unit-cell
size with compression.

that observed for the peak. We note that the region
around X and U has a pressure coefficient smaller than
that of the peak. The region around E also makes an
important contribution to observed intensity, and the
shift must be taken as an appropriate average of all
contributing states as we have done by use of Eq. (5).

Finally we note that the shift of the L3 —+ L3 peak
is slightly different in the present analysis from that of
the L3.—& L3 transition. We have not attempted the
type of energy-contour analysis used above. Again one
must use care before making assignments.

The discussion of Si follows that of Ge and we will
not give an extensive discussion. We do note, however,
that the narrow peak we previously found4 has been
broadened into the background. We have found that
taking 7=0.04 eV brings the peak back into sharp
relief, and it shows the same pressure coeKcient as the
shoulder. Our calculations indicate that the peak rapidly
decreases in intensity under pressure. %'e are not yet
certain if this is a peculiarity of our model arising from
the extreme sensitivity of this peak to the energy-band
details. This point requires further analysis.

B. Comparison of Theory with Experiment

Using the results presented in Fig. 2 we have deter-
mined the pressure coefficients of the peaks and edges
in the ultraviolet spectra of Ge and Si. The results are
given in Table III. We have also shown the experi-
mental" results obtained by multiple-reflection methods
under pressure. In general the comparison appears quite
reasonable. We note that a large ( factor 2) difference
exists between the experimental shifts of the Eg peak
for Ge and Si. Although we note a similar decrease on
going from Ge to Si, it is smaller than experiment.

A number of experiments have also recently measured
the piezo-optic effect" " and the piezo-electro-optic
effect" in semiconductors. These methods, in some
cases„have given values for the shifts of critical points
associated with the hydrostatic component of uniaxial
stress. Here one may hope to separate the different
pressure dependence of the c.p. contributing, for
example, to the E2 peak.

IV. GENERAL DISCUSSION

We have used the calculated wave functions and
energy gaps to evaluate the change in the transverse
effective mass in Si. The principal contributions come
from the 55~ —& d~~ band gap. The change appears
quite small ( 1%) for the chosen pressure,

"E.Adler and E. Erlbach, Phys. Rev. Letters 16, 87 (1966).
"U. Gerhardt, Phys. Rev. Letters 15, 401 (1965).
"W.E. Engeler, H. Fritzsche, M. Garfinkel, and J.J.Tieman,

Phys. Rev. Letters 14, 1069 (1965).' 0- W. Gobeli and E. O. Kane, Phys. Rev. Letters 15, 142
(1965).

s' L Balslev, Phys. Rev. 143, 636 (1966).
32 I'. H. Pollak, M. Cardona, and K. L. Shaklee, Phys. Rev.

Letters 16, 942 (1966).
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Ge (theory)

Si (theory)

Position of peak
or edge

(eV)

2.15
3.8
5.3

3.4
4.3
5.2

Shift of peak
in units of

10 'eV/kg cm '

7.5
4.0
2.0

3.9
2.8
1.3

TABLE III. Comparison of theoretical and experimental pres-
sure shifts of the principal features in the Ge and Si ultraviolet
spectra.

broken the integral (6) into various contributing
regions. In particular, nearly the entire decrease of the
static dielectric constant in Ge appears to come from a
region ((3.6 eV) which includes the As ~ &r peak. It
appears reasonable then to explain the decrease of et(0)
with pressure in Ge as due to the increase of the 4.3 ~ h. ~

gap. In silicon our value is too small. We may trace
these errors to the fact that the pressure coefIj.cient of
the 3.4-eV edge is less than observed by a factor of

~~. Correcting for this would lead to a value of et(0)
in better agreement with experiment.

Ge (experiment) 2.2
4.3
5.6

7.5~1.0
5.5~1.0. V. CONCLUDING REMARKS

Si (experiment) 3.4

5.4

5.2+0.5
2.9+0.5

a R. Zallen (private communication).

We have also attempted to make a rough estimate of
der(0)/dP, where et(0) is the static (real) dielectric
constant. This was evaluated for Ge and Si at atmos-
pheric pressure in Ref. 2 using the well-known formula

2 "es(co)
et(0) = 1+— dt's,

0 CO

as follows from the Kramers-Kronig relations. In the
preceeding work Eq. (6) was evaluated using only
es' '(ce) in the integrand, i.e., the nearest occupied and
unoccupied bands. For Ge and Si we got, respectively,
12 and 8 compared with the experimental values of 16
and 12, indicating a reasonably constant contribution
from distant bands. This suggests that one estimate the
pressure dependence of e&(0) by assuming the entire
shift arises from the deformation of es' '(ot) under
pressure. Using a relatively rough numerical integration
procedure we find

deto'(0)
=—34&(10 'kg cm—'

dP
and

dets'(0)
=—3.4)&10 6kg cm ',

dP

compared with the experimental result of —22)&10
kg cm' and' —7)&10-' kg cm ', respectively. ' We have

We have shown that, starting with a reasonably good
set of pressure coefficients for three symmetry-point
splittings, a very reasonable picture emerges for the
optical and ultraviolet spectra of Ge and Si. We
emphasize that none of the peaks have been fit by our
parametrization procedure. In particular we find the
atomic form factors as a function of pressure. The form
factors vary in a manner quite similar to what is ex-
pected from erst-principles considerations. In particular
we note that Phillips's" arguments concerning the
validity of the pseudopotential appear to work sur-
prisingly well even at high pressures. We may also note
that spin-orbit splitting has not been included in the
present discussion, although in principle one may easily
include it.'4

Finally we may note that we used three independent
coeKcients in our adjustment procedure. The calcula-
tions indicate that d V~(3)/dE is rather small compared
with the other two. Furthermore the optical energy
gaps are considerably less sensitive to changes in V(3)
than in U(8) and V(11).' It would, therefore, not be an
entirely unreasonable procedure to take d Vr (3)/dE= 0
and work with a two-parameter model.
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