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On the basis of the concept of ferroeleciric modes (F-modes) of lattice vibration which was introduced in a
recent paper by the author, a theoretical investigation is made into the effects of isotopic substitution on the
spontaneous polarization at 7=0, the Curie temperature 7', the Curie constants in the paraelectric and
ferroelectric regions, the coefficient of proportionality of ©,2 to 7-T', and other constants characteristic of a
crystal that can become ferroelectric. (7 stands for the absolute temperature. ‘“‘F-mode’” mentioned here is
conceptually different from ‘“ferroelectric mode’ introduced and so named by Cochran, Landauer, and
Thomas. ©, is the frequency of the ferroelectric mode in the latter sense.) The elements which undergo
isotopic substitution are not restricted to hydrogen, or rather, may preferably be other than hydrogen. The
crystal considered is assumed to have a single F-mode of lattice vibration. As a result, the expressions are
obtained for computing the rates of change of the matter constants with respect to the mass of an ion when
the masses and electric charges of all ions and the constants of the interionic short-range forces are given.
Also, a few sum rules are obtained which hold among differential coefficients relating to individual ions.
From these formulas, several qualitative conclusions are drawn. For example, it is found that if a certain ion
does not move in the F-mode of lattice vibration, the matter constants are unchanged by the isotopic re-
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placement of this ion.

1. INTRODUCTION

N this paper, we examine theoretically the effects of
isotopic substitution on ferroelectric properties. The
crystal considered is of the same character as that
considered in a previous paper!; namely, it is (first) an
ionic crystal. Its profotype is centrosymmetric. (In Ref.
1 we referred to the configuration of the ions which
makes U’ the lowest as the “prototype” of the crystal;
here U’ is that potential-energy term of the Hamiltonian
of the crystal which corresponds to the short-range
forces among the ions.) The crystal}is always kept
under the same condition of strain as it prototype. Its
ferroelectric phase, if possible, is of the displacement
type. Its transition to a paraelectric phase, if possible,
is of second order under constant strain.

The crystal is further assumed not to have such a
mode of lattice vibration (with zero wave vector) that
(nv/v)(Ss/w,)?, a dimensionless quantity, is close to
unity. (These symbols and most of the symbols which
will appear later were also used in Ref. 1 with the same
meanings. For these meanings, see Appendix or Ref. 1.)
And then the crystal is assumed to possess one, and
only one, ferroelectric (F-) mode of lattice vibration. (In
Ref. 1 we referred to a mode of lattice vibration as
being ferroelectric or paraelectric, according to whether
its (9v/v)(Ss/w.,)2>0r<1. Note that this concept of
ferroelectric modes is different from that introduced
and so named by Cochran? and Landauer and Thomas.?
We shall often abbreviate “ferroelectric mode” in the
former sense as ‘“F-mode”. This crystal, therefore,
necessarily becomes ferroelectric at temperatures below
a certain finite temperature 7', and becomes para-
electric at temperatures above T, as was proved in

1K. Aizu, J. Phys. Soc. Japan 21, 1240 (1966).

2'W. Cochran, Advan. Phys. 9, 387 (1960).

( 3 R.) Landauer and L. H. Thomas, Bull. Am. Phys. Soc. 4, 424
1959).
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Ref. 1. The qualification that the crystal has a single F-
mode implies that its “ferro-paraelectric’”’ phase transi-
tion is primitive.t (We intend, in the future, to deal
with crystals which have more than one F-mode. These
crystals may be divided into three groups, according
to the degree of degeneracy of their F-modes: In group
I, any two of the F-modes are not equal in eigenfre-
quency; in group II, all the F-modes are equal in
eigenfrequency ; group III is otherwise.)

There are already several experiments and theories
reported by other authors concerning the isotope effects
on ferroelectric behaviors. But these are all concerned
solely with the replacement of hydrogen by deuterium,
in contrast with our present work. Let us here write
down the main known experimental facts. According to
Bantle® and Sliker and Burlage,® while the Curie tem-
perature of potassium dihydrogen phosphate [KH,PO,4]
is 123°K, that of potassium dideuterium phosphate
[KD,PO,] is 222°K. (The value of Bantle is 213°K.)
Kaminow” found, from his experiment on partially
deuterated KH,POy, that the Curie temperature varies
nearly linearly with the mole fraction of deuterium.
(Kaminow distinguished between two terms, “Curie
temperature” and “transition temperature.”” The latter
is synonymous with our “Curie temperature.”) Ac-
cording to Habliitzel,® while the upper and lower Curie
temperatures of Rochelle salt [KNaC4H,04-4H,0] are
+24 and —18°C, respectively, those of deuterated
Rochelle salt [KNaC4H;D:06-4D,0] are +35 and
—22°C. According to Pepinsky ef al., deuterated

4 1 .

PhyIsi.' ﬁxu’1%6?£ 23S((1361§Pan 19, 918 (1964); 20, 959 (1965);

®W. Bantle, Helv. Phys. Acta 15, 373 (1942).

¢ T. R. Sliker and S. R. Burlage, J. Appl. Phys. 34, 1837 (1963).

71. P. Kaminow, Phys. Rev. 138, A1539 (1965).

8 J. Habliitzel, Helv. Phys. Acta 12, 489 (1939).

?R. Pepinsky, K. Vedam, and F. Jona (unpublished). See

F. Jona and G. Shirane, Ferroelectric Crystals (Pergamon Press,
Inc., New York, 1962), p. 326.
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methylammonium aluminum sulfate dodecahydrate
(MASD) [CH;3;ND3AI(SO4)2-12D,0] has the same
Curie temperature, —96°C, and the same spontaneous
polarization, 1.0 uC-cm™2 at the same temperature,
—98°C, as nondeuterated MASD [CH3;NH;A1(SO4).
-12H,0]. According to Waku ef al.,** while the Curie
temperature of potassium ferrocyanide trihydrate
[K4Fe(CN)s-3H0]is —24.5°C, that of the deuterated
compound [ K Fe(CN)g-3D,0] is —18.0°C. According
to Blinc ef al.,'* whereas sodium trihydrogen selenite
[NaH;(SeO;)s] undergoes a ferro-paraelectric phase
transition of second order at T.=—80°C, the deu-
terated compound [ NaD;(SeO;)»] makes a transition to
an apparently antiferroelectric phase at 7',=—2.5°C.
Blinc and Vovk?!? found, from their experiment on par-
tially deuterated NaH;(SeOs3)s, that the dependence of
the Curie temperature on the mole fraction of deu-
terium is not linear but hyperbolic.

Tt is not easy to determine whether a ferroelectric is
of the displacement type or of the order-disorder type.
The citation of ferroelectrics above has been made
irrespective of type.

In our theory, the elements which undergo isotopic
substitution are not restricted to hydrogen, or rather
may preferably be other than hydrogen for the reasons
explained below. Hydrogen atoms often form “hydrogen
bonds.” In the present theory, we shall assume that
the constants of the interionic short-range forces are
all unchanged by any isotopic replacement. This as-
sumption is ordinarily considered to be quite reasonable.
In the case, however, where the hydrogen atoms which
form hydrogen bonds are replaced by deuterium atoms,
this assumption may not be valid. Then, what about
the hydrogen atoms not forming hydrogen bonds? In
the present theory we assume that the change in the
mass of any ionic species by isotopic substitution is
considerably smaller than the average mass of the ionic
species. When hydrogen is replaced by deuterium, this
assumption is obviously not valid. (This assumption is,
however, for convenience sake rather, and can be with-
drawn; for hydrogen, we have only to go back to the
system of Ref. 1.)

In Sec. 2, we shall lay the foundation of the theory.
In Sec. 3, we shall discuss the effects of isotopic substitu-
tion on the Curie temperature and other properties
which are mutually equal in their rates of change by
isotopic substitution. In Sec. 4, we shall discuss the
effects of isotopic substitution on the coefficient of
proportionality of @+, to I'—7T, and other properties
which are mutually equal, but different from the Curie
temperature etc., in their rates of change by isotopic
substitution. In Sec. 5, we shall summarize the results
of the present theory.

10 S, Waku, K. Masuno, and T. Tanaka, J. Phys. Soc. Japan
15, 1698 (1960).

11 R. Blinc, A. Jovanovic, A. Levstik, and A. Prelesnik, J. Phys.
Chem. Solids 26, 1359 (1965).

12 R, Blinc and D. Vovk, Phys. Letters 19, 177 (1965).
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2. FOUNDATION OF THE THEORY

It is considered that the following quantities are
unchanged by isotopic substitution:

C)\)\',

If AMs and AQ are the changes in the masses Mg
of the ions and a matter constant Q of the crystal by
isotopic substitution, then

C)\)\r)\u)\nr, eg, ag, v, .

AQ ZaQAM-}—lZ 70 oam
= [ L —_ A A ,+...
8 aMﬁ ? zﬂﬂ’aMgaMﬁr f .
a0
~x (= )aats,
B aM,s

or

AQ/Q~3 8 InQ/dM sAM 5
5

=§ (a an/a lnM,g) (AMﬂ/Mﬂ) .

In this degree of approximation, the effects of isotopic
replacement of the individual ionic species are simply
additive. Our primary work hereafter is the calculation
of Q/0M s, d InQ/dM s, or 9 InQ/d InM . For conven-
ience we shall assume in almost all that follows that
solely the ionic species of 3= 1—the first ionic species—
undergoes isotopic substitution.

We must first calculate dw,2/0M; and du,B/dM;. For
this purpose, the following theorem in matrix algebra
helps: If 4 is a real symmetric matrix which depends
on a parameter My, and if ¢, and %, are the oth eigen-
value and oth normalized eigenvector of 4, then

6%/3M1=Ln (1)
and
axa’ Z Lva'
= Kot s 2
My o) ay—a, @
where

Loor=(x,,[04/0M 1Jx.)
= Z (aA W/aMl)x,,*x.,:“ ;

AN

in Eq. (2), the oth eigenvalue must be nondegenerate.
[A4x is the (\\') element of 4 ; x,* is the A\th component
of x,; the parentheses with a comma (,) containing
two vectors mean the scalar product of these vectors.]

In order to evaluate dw,2/dM: and du,?/dM., we
have only to put

A= (MM )2Cxn,  Go=0.2, x> = (/M) u>.
L, is calculated as

Lotr'= '—%Ml Z 6131(%0)\ Z C)x)\'ua')\,'i_ua")\ Z C)\)\’ua)\()
A A\ A

= % (wo'2+wa’2)u:71 N uv'l y
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since!
Z C)\)\’uo')" =wu-2M)\uv)‘ . (3)
xl

Therefore, with the aid of (1),

6w,,2/0M1= ‘_wo'zlluo'lll2 (4&)
or

(8/0M;) Inw 2= — ||u,!|?. (4b)

And with the aid of (2),

T wo2+wu'2
+opr—=—% 2 —

o (#0) W2 — Wyr?

(ust- u,u,f ’

which is rewritten to

du,p W,2

o maa e ufen, )
1 o/ (F0) Wg"— Wy

sincel

> (utu, ) uf=d8g1ut/ M.

o

We must next evaluate 8S,2/0M; and dD;/dM;. By
means of the definition of S, and Eq. (5), obviously,

aS ws?
— (ust ut)S,—3us[S;,

oM, e (=) 02— w,?
so that
9S4 wf
—==2 3 (ufl'“vl)(sf'so)
an, a(Zf) wf2——w,,2

—llus|PS#. (6)
Also by means of the definition of Ds,+,/¢+ and Eq. (5),
Dy

w?
—=—4 3 (us-u)Dysso—2|lusl|?2Dys. (7)
oM,

0 (1) 02— w,?

The matter constants characteristic of a crystal that
can become ferroelectric are mainly

<P >T=02, T ¢y [3<P >2/ aT]T=Tc—07 Cpara )
Cferro, Q+2/(T‘—" Tc), —.2/ (Tc_" T), ATc/wz .

Here, (P)r—¢ is the square of the spontaneous polariza-
tion at 0°K (the brackets mean the statistical expecta-
tion value) ; Cpara and Cherro are the Curie constants in
the paraelectric and ferroelectric regions, respectively;
the meanings of the other symbols are given in the
Appendix. According to Ref. 1, @2~ T—T', right above
T.; Q2~T,—T right below T.; AT, ~ «?(w<wy).
Therefore, 0,2/ (T—T.),Q2-2/(Te—T), and AT/w? mean
the coefficients of proportionality. In Secs. 3 and 4 we
shall investigate the effects of isotopic substitution on
these matter constants.

EFFECTS IN FERROELECTRICS
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3. ISOTOPE EFFECTS ON (P)r_¢,
Tcy Cpara, AND cfen-o

From Eq. (36) of Ref. 1, we see that

[6<P>2:| nk
OT drro  w(1—T&/372)

All of the factors appearing on the right-hand side are
unchanged by isotopic substitution. Hence, d(P)*/dT
at T just below 7' is unchanged by isotopic substitution.

From Egs. (28), (34), (41), and (42) of Ref. 1, it is
seen that

(6/3M1) In(P)T=02= (a/aMl) lnTc
= ((9/ oM 1) lnCpm= (6/ oM 1) thfe"o
=2(8/0M1) InSP2— (3/0M 1) InDy.  (8)

Thus, the rates of change of the matter constants
(P)r=0?, Ty Cpara, and Cierro by isotopic substitution are
all equal. It is convenient to use the same symbol, say
G, for any of these matter constants:

G=<P>T=02’ Tc; Cpara., or Cferro-
From Egs. (6), (7), and (8), we obtain

a wg
—1InG=4
aMl a(#£f) (1012—'(_0,,-2

X (Dy116/Ds—S85-S:/SA) . (9)

This formula enables us, in principle, to compute
d InG/dM when the atomic constants Mg, eg, Cr, and
Cyaner are given. [Before applying Eq. (9), we must
calculate the eigenvalues and eigenvectors of the matrix
(M\M)"12Cy\..] We see as a qualitative corollary of
Eq. (9) that if u/t =0, i.e., if the first ion does not move
in the F-mode of lattice vibration, G is unchanged by
the isotopic replacement of the first ion. Also, we find,
in the case of us'£0, that individual modes of lattice
vibration contribute additively to the change of G,
but that the following modes make no contribution:

(ufl . “al)

(a) the three acoustic modes,

(b) optical modes in which the first ion does not
move,

(c) optical modes in which the first ion moves per-
pendicularly to the direction along which the first ion
moves in the F-mode,

(d) optical modes whose eigenfrequency is consider-
ably higher than that of the F-mode,

(e) optical modes such that S;-S,/S2=Dyss./D;.

For (a), it should be noticed that S, and Dy, are
zero for the acoustic modes. The reasons for (b)-(e)
may be obvious. The condition in (e) is rather
accidental.

We consider two special cases: case A, where all of
the paraelectric optical modes have a considerably
higher eigenfrequency than that of the F-mode, and
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case B, where only one of the paraelectric optical modes
has a lower or slightly higher (but unequal) eigen-
frequency than that of the F-mode. We apply Eq. (9)
to_these cases. In case A, obviously,

3 InG/dM,1~0;

hence G is unchanged by the isotopic replacement of
any ionic species. (The equation, as such, says that G
is unchanged by the isotopic replacement of the first
ionic species. It should, however, be noticed that any
ionic species can become “the first” ionic species.)

In case B, Eq. (9) reduces to

9 4o g Dyyso
—InG= (ust-u,t) .
aMl wlz_wa f

(Whereas w,Swy, in order that the mode o should be
paraelectric, it is necessary that .5,<<Sy.) We can deter-
mine the senses (no¢ directions) of the vectors u; and
#, (in the matrix-algebraical sense) as we please. The
sign of Dy;s, depends on the choice of the senses of #;
and #,. We agree to choose these senses so that Dys;,>0.
(Dy is positive independently of the choice of the sense
of #;.) Then, from Eq. (10), we can make a qualitative
statement that dG/dM, is positive or negative accord-
ing to whether the signs of w;—w, and us-u,! are the
same or different.
Equation (10) can_be rewritten as

1 oG 40)'{2 D/ffa

llf1 ‘ut oM, wfz_wvz Df

(10)

Since the right-hand side is not particularly concerned
with the first ion, it is evident that

(usf-u,f)10G/OMg: (11)

Now, suppose that the second ion undergoes isotopic
substitution in place of the first ion. From (11) it fol-
lows that the signs of dG/dM; and dG/dM, are the
same or different according to whether the signs of
us-u,! and up-u,? are the same or different. [Once
we have determined the sign of Dyss, the signs of
uf-uf(B=1,2, ---) are all definite. It is possible that
the signs of u/-u,! and u/-u,? may be different.]

We try to estimate the order of magnitude of
9 InG/d InM, in case B. If

wo/w;=15, Dissa/Ds=3%, Muu/-uwt(=Millus|?)=1%,
then, by means of Eq. (10),
3 InG/d InM,=1.

Let us consider the case where G=1T".. Rewriting the
above relation to

AT./T.=%(AM:/M)),

independent of 8.

if we put

M,=16, AM,=1, T.=400°K,

KEITSIRO AIZU
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then we have
AT,=5°K.

If the second ion (and only the second ion) is the same
element as the first ion, and is situated similarly to the
first ion in the structure of the crystal, we cannot
perform isotopic substitution on the first ion exclusively,
but on both the first and second ions simultaneously.
In this case, therefore,

AT, dInT. A]lllI dInT. AM,

T, oMy My oM, M,
Z(aInTchMl
3 InM, M1>

=2(AM /M ).

Hence,
AT.=10°K.

AT, is positive because we have assumed that u,! makes
an acute angle with uy, and that AM;>0.

We come back from the special cases A and B to the
general case. It may be obvious that Eq. (9) holds also
if My, us, and wu,! are replaced by Mp, usf, and u,?
with arbitrary 8, respectively. If we multiply both sides
of this variation of Eq. (9) by M and take the sum
with respect to @8, then

Y M4(8 InG/oM )
8
wp Dysre Sy S,
> (S Mpugpoup) =202
o) wP—w2 B Dy S
-0

(because >~ pMgusP-u,f=0 for o= f). Hence, we obtain
the sum rule

Zﬂ: Ms(3G/oMg)=0. (12)
This suggests that all dG/0Ms (8=1,2, --+) cannot
take arbitrary values independently of one another.
We find as a qualitative corollary of (12) that if, among
dG/dMg (B=1,2, - --), there is a positive (or negative)
one, there is necessarily a negative (or positive) one.

4. ISOTOPE EFFECTS ON Q,%/ (T—T.),
Q_2/(T.—T), AND AT/’

From Egs. (59), (63), and (66) of Ref. 1, it is seen
that

d Q2 d Q.2 d AT,
In: = In: =———1In
oM, T,—T

T—T, oM, oMy o
= (8/0M) Inw2— (/0M 1) InT,. (13)

[Incidentally, it should be noted that (7.—7)/Q_2:
(T—T.)/02:ATo/w?=1:2:3.] The rates of change of
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the matter constants Q.2/(T—7T.), Q-2/(T.—7T), and
w?/AT, by isotopic substitution are all equal. For con-
venience, we shall use the same symbol, say K, for any
of these matter constants:

K=02/(T—TJ), Q3/(Te—T), or «*/AT..
From Egs. (13), (4b), and (9), we obtain
(0/0My) InK=—[u/|®
wf

-4 3

(=) WA—w,

Dssse Si-S,
e D1 ) (14)
Dy S72

(us- lla‘)<

2

This is the formula for computing  InK/dM; when the
atomic constants Mg, eg, Can, and Cynaee are given.
From (14), just as for G, we find as qualitative corol-
laries that if the first ion does not move in the F-mode
of lattice vibration, K is unchanged by the isotopic
replacement of the first ion, and, in the case of u'50,
that individual modes of lattice vibration contribute
additively to the change of K, but that the modes
(a)-(e), which are given'in Sec. 3, make no contribution.
We consider the special cases A and B which were
introduced in Sec. 3. In case A, Eq. (14) reduces to

0 InK/oM 1~ —|lu/|2. (15)

It is seen that only the magnitude of u,' takes part in
@ InK/dM,. 1t is further found that

—120InK/6 InM,=0 (16)

(since Mi||us|P<X sMgl|usf||?=1). This shows the
limits of value of 9 InK/d InM;.
In case B, Eq. (14) reduces to

4w Dyjssq
8 InK/0M 1~ —||us|*~ 2(“1‘1 “u,l)
w

—w, i

an

From this we get the following qualitative information.
Let the senses of the vectors #; and %, be chosen so
that Dyss,>0. Then, if the signs of w;—w, and u,'-u,!
are the same, dK/dM is negative; while if the signs of
ws—w, and usl-u,! are different, dK/dM; is not neces-
sarily negative.

We come back to the general case. Equation (14)
holds also if M4, u/, and u,* are replaced by Mp, usf,
and u.? with arbitrary B, respectively. If we multiply
both sides of this variation of Eq. (14) by M and take
the sum with respect to 8, then

> M@ InK/dMg
B

wf
=—2 MgluflP—4 X
8 (AN wA—w,?

X (Zﬁ: Megus-u,f)(Dyss0/Dy— S5 S:/S)

=—1.

(18a)
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This sum rule can also be written as
> 0InK/d InMg=—1 (18b)
8
or
(18c)

> MpK/0Ms=—K.
B

From (18c), a qualitative corollary follows that at least
one of 0K/dM g (B=1,2, --+) is nonzero and negative.
(There is not necessarily a positive one.) If we denote
by # the total number of ions per unit cell, we notice
from (18b) that the value of d InK/d InMg is —1/% on
the average.

5. SUMMARY OF RESULTS

We now summarize the results obtained in the pre-
ceding sections.

(1) a(PY?/oT at T=T.—0 is unchanged by isotopic
substitution.

(2) The rates of change of (P)r—¢?, T, Cpara, and
Crarro by isotopic substitution are all equal.

(3) 4InG/dM+ can (in principle) be evaluated by
means of Eq. (9) when the atomic constants Mg, eg,
C)\)\', and C)‘)‘I)\u)‘m are given. [G=<P>T=02, Tc, Cpam:
or Cferro-]

(4) If the first ion does not move in the F-mode of
lattice vibration, G is unchanged by the isotopic re-
placement of the first ion.

(5) Individual modes of lattice vibration contribute
additively to the change of G.

(6) The modes (a)-(e) [see Sec. 3] make no con-
tribution to the change of G.

(7) A sum rule, Eq. (12), holds among 4G/dMp
6= 1,2,--).

(8) Among 6G/dMg (8=1, 2, - --), if there is a posi-
tive (or negative) one, there is necessarily a negative
(or positive) one.

(9) In case A [see Sec. 3], G is unchanged by the
isotopic replacement of any ionic species.

(10) In case B [see Sec. 3], d InG/dM can be evalu-
ated by means of Eq. (10) a simpler formula than Eq.
9.

(11) In case B, dG/dM, is positive or negative, ac-
cording to whether the signs of ws;—w, and us*-u,! are
the same or different. [Here, the senses of the vectors
us and u, (in the matrix-algebraical sense) are assumed
to be chosen so that Dysz,>0.].

(12) In case B, (u/f-u,f)~10G/dMg is independent
of 8.

(13) In case B, dG/0M and dG/dM 4 are the same or
different in sign, according to whether u,-u,! and
us-u,? are the same or different in sign.

(14) The rates of change of @,2/(T—T.), 22/
(Te—T), and «?/AT. by isotopic substitution are all
equal.

(15) 8 InK/dM; can (in principle) be evaluated by
means of Eq. (14) when the atomic constants Mg, e,
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Cxv, and Cynearr are given. [K=Q,2/(T—T,), 92/
(T.—7T), or w?/AT.,.]

(16) If the first ion does not move in the F-mode of
lattice vibration, K is unchanged by the isotopic re-
placement of the first ion.

(17) Individual modes of lattice vibration contribute
additively to the change of K.

(18) The modes (a)—(e) make no contribution to the
change of K.

(19) A sum rule, Eq. (18), holds among 0K/0Mpg
(ﬂ=1) 2, - )

(20) At least one of dK/oMg (8=1,2, ---) is non-
zero and negative.

(21) The value of 9InK/dInMs is —1/n on the
average. [# is the total number of ions per unit cell.]

(22) In case A, 9 InK/dM; can be evaluated by
means of Eq. (15), a much simpler formula than
Eq. (14).

(23) In case A, the value of 4 InK/d InM; is between
0 and —1.

(24) In case B, 9 InK/9M; can be evaluated by
means of Eq. (17), a simpler formula than Eq. (14).

(25) In case B, if the signs of w;—w, and us'-u,! are
the same, dK/dM; is negative; if the signs of w;—w,
and u/'-u,! are different, 6K/dM1 is not necessarily
negative. [Here, the senses of the vectors %, and », are
assumed to be chosen so that Dysz,>0.]

APPENDIX

Most of the symbols used in this paper were also used
with the same meanings in Ref. 1. These meanings are
as follows (For details see Ref. 1.):

B is the number assigned to each of the ions composing
the basis of the crystal;

1 is the number assigned to each of the rectangular
coordinate axes;

A is a single index standing for the double index (7,8) ;

Mg is the mass of the Gth ion;

eg is the electric charge of the Bth ion;

ag is the electronic polarizability of the Sth ion;

a is the sum of all ag, i.e., the electronic polarizability
of the unit cell;

9 is the volume of the unit cell;

v is the constant of the internal electric field;

7= (1—va/v)™;

gq; is the displacement of the Bth ion;

KEITSIRO AIZU
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U’ is the potential energy per unit cell causing the
short-range forces among the ions;

Chwarethe coefficients in the second-order termsof U’ ;

Cyaanvnr are the coefficients in the fourth-order
terms of U’

(U’: % Z C)\)\,q}‘g)\:—f—% Z CM'A“A"'QAQ)\'Q)\"Q)\”')§
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o is the number assigned to each mode of lattice
vibration;

w, is the eigenfrequency of the oth mode;

u,? is the relative displacement of the th ion in the
oth mode of lattice vibration [The oth eigenvalue and
the Ath component of the oth normalizedeigenvector
of the matrix whose (\,\) element is (M \My)"12Cyy
are put equal to w,? and (/M))u.*, respectively.];

Dogrorrgrn=

Z u,)"u,')"Mou)‘”u,/n)‘,”C)\)‘/N:)‘/n;
AN NN 7Y

Dy is an abbreviation of the symbol Dyss; (The F-
mode of lattice vibration is referred to as the mode of
o=1.);

So=3pesu,f;

P is the dielectric polarization (per unit volume);

T is the (absolute) temperature;

T. is the Curie temperature;

k is the Boltzmann constant;

]nE/ ¥** exp(—1at)dx;

w is the frequency of the external alternating electric
field;

X is the dielectric susceptibility;

Q, is the resonance frequency for X at 7> T, associ-
ated with the F-mode of lattice vibration, or the fre-
quency of the Cochran-Landauer-Thomas ferroelectric
mode of vibration;

Q_ is the resonance frequency for X at T< T, associ-
ated with the F-mode of lattice vibration;

AT, is the difference between the two temperatures,
Ty and T, at which X becomes maximum for w= const
(Toy=T,.=T, when w=0).

The following two symbols did not appear in Ref. 1,
but their meanings are written down:

Crara is the Curie constant in the paraelectric region;

Crerro is the Curie constant in the ferroelectric region.



