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The effective interaction between two magnetic impurities immersed in a simple metal is calculated by
means of the method of double-time Green’s functions. A Kondo effect is looked for and found, but it is
complicated by the existence of effective magnetic fields at the impurity sites. The effect is generally to
enhance the magnitude of the interaction as 7" decreases. We find a continuing temperature dependence at
extremely low temperatures even when there are local field energies A such that A>> k7.

1. INTRODUCTION

REAT interest has been shown in the sd exchange
interaction in order to explain some of the proper-
ties of dilute magnetic alloys, as evidenced by the large
number of recent papers on the subject. One of the most
significant of these was Kondo’s paper! dealing with the
problem of the resistance minimum. Kondo showed that
in the second Born approximation, a term proportional
to InT" appears in the resistance, which could, in con-
junction with other terms, produce a resistance mini-
mum, provided the exchange integral J, is negative.

Such a logarithmic term in the scattering cross sec-
tion gave rise to a divergence at I'=0, which stimulated
Suhl? and Nagaoka® to look more carefully into the
problem for the very low-temperature region. Nagaoka
used the method of double-time Green’s functions, and
obtained the Kondo InT" term at high temperatures,
which however did not persist into the very-low-tem-
perature region. Using a self-consistency argument, he
argued that below a critical temperature T, the InT
term disappears, and the resistance saturates at a cer-
tain value. Other work on the resistance problem was
carried out by Liu* and Abrikosov.? Abrikosov also con-
sidered the effect of a local magnetic field, which we
also do here, but no connection with Abrikosov’s results
will be formulated. Yosida and Okiji® considered the
corresponding magnetization problem.

In addition to these papers, it has also been shown by
Kim? that it is possible to have a resistance minimum
even if there is no local moment. Kim used the Anderson
“mixing” model to show this. Scalapino® also used the
mixing model to calculate the susceptibility of a dilute
alloy, obtaining a resonance type of behavior reminis-
cent of Yosida and Okiji and Nagaoka. There have been
many other papers in this area too numerous to mention.

* Work supported in part by the Advanced Research Projects
Agency, through the Material Research Center at Northwestern
University, Evanston, Illinois.
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In the present paper, we turn to the problem of the
effective interaction between fwo impurities, known as
the Ruderman-Kittel-Kasuya-Yosida (RKKY) interac-
tion. From the above-mentioned work, we might expect
that a InT" behavior would exist in say the third power
of Jo terms that would become important at low tem-
peratures. We find in fact a similar behavior. The
problem is approached by calculating the average en-
ergy of the system by means of Green’s functions, keep-
ing in mind the possibility that local magnetic fields
may exist at the impurity sites. Our calculation follows
fairly closely the method used by Nagaoka.

The paper is organized as follows. In Sec. 2 we set up
the Green’s functions and the basic equations of motion.
In Sec. 3 a chain-breaking method is developed which
enables us to calculate some of the more recalcitrant
Green’s functions. In Sec. 4, the resulting equations are
solved algebraically, and in Sec. 5 the effective Heisen-
berg type of interaction is discussed.

2. THE HAMILTONIAN AND
GREEN’S FUNCTIONS

The Hamiltonian for the two-impurity problem on the
sd-exchange model in a magnetic field 3¢t is

2
H=H— EpN= Z E(ka-)nk,— Z u(fc,m iz
7=1

—(Jo/N)2 expli(k—k')-R;]28;- Sy,

where we use an abbreviated notation?

(2.1)

Nr'ke = Ok’ ofaka 5 Nre=MNxkke

Sike= o' Ck,—g;  Swrre= 27 Maeriey— M)

ZS]-- Sk/k=SHSk'k_-*‘Sj_.Sk'k++sz(”k'k+“”k'k—) ) (2-2)
where ¢ means spin, ax,’ and ayx, are electron creation
and destruction operators, respectively. The indices k
and 1 will always refer to conduction-electron wave vec-
tors, and j refers to the impurities, The energy £ is
written in terms of the unperturbed Bloch energies E(k):

E(ka)zE(k)___%'ugczext_EF. o=+ ,

=E(k)+3uiC, <t —Ep---o=—  (2.3)

9 M. Bailyn, Phys. Rev. 137, A1914 (1965).
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containing a magnetic field effect. S;. and S;_ are the
raising and lowering operators, respectively, for the jth
impurity spin. In Eq. (2.1) we have made the approxi-
mation J (k’,k)=J,.

Our major interest in this paper is to calculate the
average energy

E'= (H ,>= 2 t(ko) (o) — 22 pICHS;.)

—JoN1 L expli(k—k')-R;1(2S;Swx), (2.4)
the angle brackets signifying a grand canonical average.
In particular we shall be interested in the part of E that
has the form of a Heisenberg interaction between the
two impurities

2
E,Heis= Z Jjj’<SfSSJ"3>‘

jj'=1

(2.5)

In order to obtain the averaged operators in Eq.
(2.4) we shall, following Nagaoka,? use retarded Green’s
functions, the complete theory of which may be found
for example in Bonch-Bruevich and Tyablikov!?:

A0 BN,0))=—i(CA(N),BN\0)1)6(1), (2:6)
where
6()=0---t<0
=1.--1>0. @7)

Here # has been taken as 1, the + subscript means an
anticommutator, and A\’ refer to a complete set of vari-
ables. In equilibrium this Green’s function depends only
on time through the difference in the two-time indices
of the operators 4 and B. This difference has already
been written as {—0 for convenience.

The equations of motion are obtained by a time
differentiation

]
t;«A ()| B(N0)))=3(:)(C4 (M), B(N0) 1)
+{([4(\),H]1-| B(N0))),

where the — subscript means an ordinary commutator.

The Green’s functions just defined and the averages
in Eq. (2.4) can be linked together through the energy-
Fourier transform of the former:

(2.8)

00

dt e{((A(M)| B(\0))).
(2.9)

(40| BO)))=(2r) /

—

Now the theory of Green’s functions! shows that the
thermodynamic average of the product AB is related
to the Fourier transform of the retarded Green’s func-
tion through the formula

dw f(w)Im((A(\, 0+10)| B(\))),
(2.10)

10V. L. Bonch-Bruevich and S. V. Tyablikov, The Green Func-
tion Method in Statistical Mechanics (North-Holland Publishing
Company, Amsterdam, 1962).

(AMN)B(Nt))=2 /

—o0
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where

fw)[explew/ksT)+1732. (2.11)

The Green’s function in Eq. (2.10) has been analytically
extended to just above the real axis.

The plan then is to take the Fourier transform of Eq.
(2.8), solve, and substitute into Eq. (2.10). To specify
just what Green’s functions we shall need, we refer to
Eq. (24) and notice that the following averages are
required

<a‘kc1'ak0> )

(mjvak’vtakv> I}
(Sjlfak' .—vfaka) )

(2.12)

where all the operators refer to the same time, and
where for convenience we define

o=+

Mmis= sz' .

=—Sj, o=—. (2.13)
Thus from Eq. (2.10) we need
Go(Wk| )= {{ows' ()] (D)), (2.14)

Y, (jk'k| )= ((ax o' (9)S;e (1) | 0x5(0))), (2.15)

Z,(jK'k| )= ((aw ' ()m;, () | ax,(0))).  (2.16)
It will be convenient to use also the sum
r=v+z. (2.17)

The averages in Eq. (2.12) are not needed individually
but only in certain groups:
(mey= (s +nx)
=2y Im/f(w)G,(kk[w-l—iO)dw, (2.18)

(28 Swx)y=23 Im/f(w)P,(jk’k|w+i0)dw. (2.19)

Furthermore, we do not need both these groups in-
dividually, since they are simply related through use of
the G Green’s-function’s equation of motion. From Eq.
(2.22) below, it is easily seen that

[o— (ko) 1Go(kk| w) = — (21)~1— JoN—t
X % expli(k—k)-RT.(kklw). (220)

Going back to Eq. (2.4) we see finally that we need
E=2% Imfdw wf(w)>" G,(kk|w+10)
' k
2
— 2 w3 (S, (2.21)

=1

Thus a calculation of the diagonal elements G, (kk|w)
of the conduction-electron Green’s function is all that
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is required to determine the average energy of the system. We shall be content to have our results in terms of the
averaged (m;,)’s.

To complete this section we shall write down the basic equations of motion. First we need

[io— £('e)J6.KR)+ 7oV T expliCk—D) - RyI0(j6) = = (2n) b (2.22)
This in turn requires ]
[o—£(k'0) ]V (jk'k)+ToN ! Zl exp[i(k'—1)- R;J{S*G.(Ik)
— {(mjs?art+Siamiets ot | axe))— To(F1K) } TN -1 Zl exp[i(k'—1)-R;]
X{(Si0Si —at1s’ — Sjatjrs01,—o' | xa))— JoN 1 %“, exp[i(l'—=1)-R;]
X{USiet1s 0 —otar e—Sjo01,_ ot rr ot a1,—o— 2Mjetist A —ofar —o| ars))=0. (2.23)
[w—E('0)1Z,(jk'k)+-ToN ! Zl exp[i(k’—1) - Ry ){(mjs2ars"+Siomjoets,—o' | axa))
+JoN ! Zl exp[i(k’'—1) - R J({mjomjr st1ot+m;i0Sir001,—o | Qo)) — TN 2 % exp[:('—1)-R;]
X{(Si~et1o' ot ar —o—Sjet1,—otaw sfav o] axe)) = — 2m) M mjo)dw k. (2.24)

Here j is one impurity (at R;) and 4 is the other im-
purity (at R;/). These are rather frightening equations,
but as in Nagaoka’s paper, after the chain-breaking is
managed, only a finite number of unknowns occurs, and
the equations can be solved exactly for them. The prob-
lem of chain-breaking will be discussed in the next
section.

It should be noted that in Egs. (2.22)-(2.24) and in
what follows, the energy dependence of the Green’s
functions is omitted in notation for convenience, but is
always to be understood.

3. CHAIN-BREAKING, AND A THIRD
POWER OF J, CALCULATION

Equations (2.23) and (2.24) involve Green’s functions
of higher order for which we must either get new equa-
tions of motion, or else chain-break into approximate
linear combinations of the basic functions in Egs.
(2.14)—(2.16). Nagaoka followed Zubarev!! in the man-
ner of chain-breaking, keeping coefficients that con-
served the total spin. He verified that the results were
exact to terms involving the third power of J.

When the operators become more and more compli-
cated, it beomces more and more difficult to know just
what linear combination of the basic Green’s functions
to take. Our approach will be to let the third power of
Jo terms guide from the outset the details of the chain-
breaking. The importance of these terms was first
demonstrated by Kondo! in the scattering problem. He
showed that these terms could explain the resistance
minimum, and in fact the deluge of papers on this and
related problems is a testimonial to the significance of

1D, N. Zubarev, Usp. Fiz. Nauk 71, 71 (1960) [English
transl.: Soviet Phys.—Usp. 3, 320 (1960)].

Kondo’s paper, and in particular to the importance of
the terms of higher power than the second. We shall
need G, therefore, accurate to at least three powers of
Jo. From Egs. (2.22)—(2.24) this means that ¥ and Z
are needed to two powers of Jo, and the undecoupled
Green’s function in the ¥ and Z equations to one power
of Jo. Thus we shall calculate the various equations for
the latter to the desired power of J, and see if some
chain-breaking can be inferred.

Before doing this, we should like to demonstrate di-
rectly that the third power of J, terms are of signifi-
cance for the Ruderman-Kittel problem. To do this, we
have worked out the exact third-power expression G?
for G, omitting reference to magnetic fields. After a
mountainous calculation, we found

Z' Go*(kk|w) = —77[w— (k) T+ TV [w—£(k) ]
X{(S1*+S52")[2h(0)(1+2g(0))+4u 1+ (S1:532)
[4cos(k- R)R(R)(1+44(0))
—4h(R)(2g(R)+h(R))+8u1} ,(3.1)

where

h(R)=—JeN 1 % explsk- R][w—£(k) T2,

gR)=—JN-13 exp[ik-R]
X [wo— £ T LAER)—1], (32)
HO—1E) =t
= (/N 12
= et =),

R here is Ri—R..
If one sets (m;,)=0, and (S12)=(S22)=S(S+1) in Eq.
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(3.1), the remaining terms give

3T 2S(S+1)c

i l=ImG(kk) = [1+4 Reg], (3.3)

F

where ¢ is the impurity concentration. This expression

for the relaxation time (in this case equal to the lifetime)

is Kondo’s famous result. On the other hand, the first

term in the second square bracket of Eq. (3.1) may be

inserted into Eq. (2.21) to give a contribution to Eq.
(2.5)

187J 0? x cosx—sinx

J15=2T 1, 0= s

E F x4

x=2krR, (3.4)

which is the standard Ruderman-Kittel-Kasuya-Yosida

1 2
G,(Kk)V=[w— g(k'a)}l{ —5—5kr,k—|— §1 JoN"Ym;)exp[i(k'—k) - R [w— E(ka)]_l} ,

R. BRESEMANN AND M.

BAILYN 154
expression. This method was used by Kim and Naga-
oka.!? The next term in the second square bracket is
third power in Jy and usually neglected, but it looks a
good deal like the standard term except for the appear-
ance of the Kondo g factor. This suggests a possible
temperature dependence in the effective Heisenberg
interaction, and it is this effect that we wish to pursue in
greater detail in what follows.

We now return to the problem of chain-breaking
Egs. (2.23) and (2.24). We need for this purpose G, 7,
and Z to first power in Jo, as well as certain averages
which are to be evaluated by the Green’s-function
method also. Without the tedious details, we present
the results for these quantities, the superscript in paren-
thesis indicating the power of Jo up to which these
expressions are valid:

(3.5a)

1 2
Zo(jk'k) V=[w—£(k's) ] { —:2—<7ﬂaj>6k'k+ "Z=1 JoN Ymqimq; Yexp[i(k’—k) - Ry [w— £(ko) ]_1} , (3.5b)

Vo(jK'k) D= TN Lw—E(k'c) ' [w— (ko) Tlexp[i(k'— k) - R){(S;,—oSio)+ 27 (EK'a)) (m;0)}
(m,a) P = f(E(0))or+T N 2. exp[i(1-T1)-

(e o) P = FED)moi)o+ToN 1 L explill=1) Ry Womsomjo o) —————=,

(Siet1,—o'ar,o)= TNt exp[i(I—1)-R;11{ (Si0S;, o)

(3.5¢)
FED)— f(0))
R, Y.y S~ JED) 3.5d
T o0
AEW)— 1) (350
£1)— £()

SJEO-—JE) - JEOD- o)

£1)— () £1)— £

Next, as an example of how the chain-breaking works, consider one of the undecoupled functions in Eq. (2.23)

to first order:

((mhmz,al,fl dk.7>> DW= |:w— E(lo‘)]“l{ - (mlamz.,)élk—i- |:w~ E(ka)]—lfol\'/'—l él expD(l— k) . Rjr]<M1¢M2¢m]".r>} . (3.6)

But to this order, from Eq. (3.3) we have

{m1gmaerst | axe)) @ = (m1,)Z ,(20k) D4 (m5,) 2, (11k) D — {m1,mas )G, (1K) D,

3.7

The chain-breaking approximation consists of assuming that this relation is good to all orders, i.e.,

{(migma,an,t | ko)== (m1,)Z ,(20k)+ {maeq)Z ,(11k) — (m1me0)G, (1K) .

(3.8a)

We have worked this out in detail since it is an important one. Notice the sign before the last term on the right.
This decoupling is perhaps not unique, but it is the simplest relation that is satisfied to first power in J,.18

Another example is the following

<<Slual—d1ak'u'fdl’ ' | akv>> D= ]ON_1<Slw51 ,—v) { exp[z(l—— l/) . le

f(E('0)

Suwr

+exp[i(l—k)- Ry]

fE) =& dwx
g—t  w—¢ko)

w—E(k'0)— £(ko)+& w—E(K'o)— &+ ¢

JE1—-£®)]
&¢—¢

Ok

w—£(k'a)

X {exp[i(1—-1)-Ry]

+exp[7(1—k)-Ry]

‘l — 27 oN~Ymi,)

_ G- )]

Ovi
w—E£(k'o)—E(ko)+ & w—E(k'o)— §+E'}
= (S1:51r—0) PG, (k'k) O+ (nir1 o) OV , (1) ® ,

where £= £(lo) and &= £(l's). Removal of the superscript (1) gives then the chain-breaking approximation.

2D. J. Kim and Y. Nagaoka, Progr. Theoret. Phys. (Kyoto) 30, 743 (1963).
13 This decoupling specifically requires that (m;,) be of zeroth order. This is a fundamental assumption in the paper.
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We now list all the approximations used in the decoupling. The first has already been given in Eq. (3.8a). Then
we have

{(m15S2,01-4" | ko)), = (m1,)V ,(21K) , (3.8b)
{(S16S2,—s015" | xs)) =0, (3.8¢)
((S10mM20@1,— | o)) = (20 )V o (11K) , (3.8d)
{S1,—ot1s w6 a1 | Oko)) = (S1,—Sk170)Go (1K) — {S1,_sS11 0 )G (K'k) (3.8¢)
{S1,001,—sT A ot a1 o] ko)) = (o) V (1K) — (S1oS11r o )G (K'K) (3.8f)
US10015T 0w —sTar o | Qka)) = (S1oSkr1 -0 )G o (1K) — (114 ) ¥ ,(1K'K) , (3.82)
{S1001,—s"aw ot av | aro)) = (v ) Vo (1K) — (11 )V, (1K'K) , (3.8h)
{(m1,010 Tt —oTav —o| Gio)) =2 (v st 1w _YZ (1K) — (S1.Sw 1. )G, (IK) , (3.81)
{(S1s*ar' | axs)) = (S1.2)G, (k) , (3.8
{(S1emis01, | o)) =—3V ,(11K). (3.8k)

Equation (3.8k) is exact to all orders for S=%. There seems to be no simple chain-breaking relation for arbitrary
spin for this quantity. We therefore shall have in mind a restruction to S=% in what follows. Equations (3.8¢)-
(3.8k) do not differ from what Nagaoka had; however the equations they now satisfy exactly to first order may
have terms referring to both impurities. Equations (3.8a)—(3.8d) are new.

Just as we ended the previous section with the equations for G, ¥, and Z, we shall end this section with the same

three equations, but chain-broken:

1
[w—£K'o)]1G(K'K)+ TN 3 exp[i(k’—k”)- Ry T(5k"'k) = — s o,
K

[o— &K jo) 1V o (7K' K)+T N T[S = m16") — 2(Sk P - ;)

(3.9)

2r

+(Sw,ePSj—0)] > expli(k'—k") - R;JG.(k"k)— JoN ' 3 exp[i(lk' — k") - R;1[ (i o P —5)Y o(jk'k)
K’ K’

— (4 Pt P — )T (k" k) ]~ JoN ;o) 3 exp[i(k'—k")- Ry ]V ,(jk"k)=0. (3.10)
kl'

[w—£(K'a)1Z,(jk'K)+ TN 2 Z:;; exp[i(k'—k”)-R;]

X{{mje*— S~ PSi0)Go(k k) + (i o V= 3)V o (7K "k) }+T N7 3. expli(k’—Kk”) - Rjr J{— (mjom;: 1) Go(K'k)
kII

+ (i o) Zo(FK )+ (m30) Lo ('K k) } 4 P(j0) G o (k'k) = — (mjo)Ber(2r) 7.

Here j is one impurity, j' the other, and

e e D=7 exp[i(k”"—k') R nwwre, (3.12)
kll

S @=3" exp[i(k”"—K)- R;ISww. (3.13)
k”

The energy denominators in Egs. (3.9) and (3.11) are
defined by Eq. (2.3), and the one in Eq. (3.10) is defined
by

where

E(jo)=JN71Y, (nee@P—my, ).  (3.15)
k

The expression on the right in Eq. (3.15) can be shown
(see Appendix B) to contain the Ruderman-Kittel for-

(3.11)

mula, to terms of second power in Jo, plus a self-energy
term. Finally, in Eq. (3.11)

p(jo)=J oN_liki [(S5~oSie?) = (SieSk,—?)].  (3.16)

Equations (3.9)-(3.11) are still rather frightful, but
at least only G’s, Y’s, and Z’s appear as unknowns.

4. SOLVING THE EQUATIONS

In order to solve Egs. (3.9)—(3.11) we must introduce
certain sums:

G,(i/D=Y exp[—ik'-R;]G.(K'k),
V,(j7D=X exp[—ik'-R; ]V, (7kT),
Z,(jiM=2 exp[—ik'-Ry1Z,(jkT).

(4.1)



476

We also need

G ()= % exp[—ik’- R [o—¢K'o) ]G, (kK'k). (4.2)

Now by multiplying Egs. (3.9)-(3.11) by exp(—ik’-Ry)
and summing over k’, we get equations depending only
on the set of functions in Eqs. (4.1)—(4.2). Similarly we
multiply by exp(—ik’-R;) and sum. The resulting set of
equations involves then a finite (and small) number of
unknowns, which can be solved for without approxi-
mation. The equations obtained in this way are the
following:

Ga(lk) =aa(1k)+ha(0) I‘,(llk)-‘—h,(R) Pa(22k) )

Y, (11k)=[¢g'+,1,(0)+¢"- 1,(0) T (11k)
—&'110(0) Y ,(11K) — (m2, )11, (R) ¥, (12k)

4.3)

+K1,(1]0)G,(1k), (4.4)
Y¢(12k) = I:g,+,lv(R) +g,——.1a (R)]I‘a(l lk)
— 20 1eR)Y ,(11Kk) — (m2,)k1,(0) ¥, (12Kk)
+K1,1|R)G,(1k), (4.5)
Za(l 1 k) = <m10>a<7(1k) +g’v,n(0) Yﬂ(l lk)
+La(1 | O)Ga(lk) + <mld>ha(R) I‘U(ZZk)
+ (2o s (R)Z,(12k)
— (m1emag)ho(R)G,(2k)+p(10)Go (1K), (4.6)
Z,(12k) = (m15)ets(2k) ¢’ ¢,«(R) V4 (11k)
+ Lo (1| R)Go (1K) + (21, ), (0) T 5 (22k)
+ (140 o (0)Z (12k) — (mromze Yo (0)Go (2K)
+p(10)G.(2k). (4.7)

In these equations, a large number of abbreviations have
been used, which will now be enumerated. First there
are the o’s, K’s, and L’s:

a,(1k)= (27)~! exp[—iR1- k] w—£(ke) 1, (4.8)
K1,(1|R) = (S1*—m1,2h.1(R)

—2v"1,(1|R)+v'—.1,(1|R), (4.9)

L,(1|R) = (m1,Hh,(R)—v'_; ,(1| R). (4.10)

These are abbreviations used simply to shorten the other
equations.

Next there are the g’s, #’s, and v’s. These are sums
defined as follows:

glu’ .10<R) =—J N1 exp(zk R)
k

X <”kv' (1)*%”}"_— g(kld)]_l ) (41 1)
h(R)=—TJoN713 exp(ik-R)
k
X[w—&(klo) T, (4.12)
Yo 1.(1|R)=—TJeN"1Y exp(ik-R)
k
X (Squ . Sl,_,')[w—— E(kld)]“l ’ (4.13)

R. BRESEMANN AND M. BAILYN
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using Eqgs. (3.12) and (3.13) .The subscripts and super-
scripts on these quantities are not altogether randomly
placed; they mean the following. The superscript on g
and v refers to the superscript on the # and Sk that ap-
pear in their summands. Similarly the first spin index
¢’ on g and v, refers to the spin index on the # and Sk.
The second subscripts on g and v, and the only subscript
on % refer to the £(klo) in the energy denominator. If
instead of the subscript 1o we had simply o, then the
energy denominator would be simply w— £(ke). Thus

g o, o(R)=—JoN"13 exp[ik-R]
k

X(nxo O—5)[w—E(ko) . (4.14)

As regards the first spin subscript on g and v, we shall
adopt the convention that if it does not appear at all,
then the following sums are meant:

g 1R)=32 g'v1.(R), (4.15)
v 1e(1|R)= =T N1 X exp(ik-R)
XS ®-SH[w—t(kla) T, (4.16)

This completes the definitions of the functions that ap-
pear in Egs. (4.3)-(4.7). If one of the g, &, or y appear as
a function of 0 rather than of R, then they are obtained
from the above formulas by setting R=0.

The g function is related to Kondo’s similarly notated
function (but containing an extra % in the numerator of
the summand) and gives rise to the log-T" dependence in
the resistivity, if we replace {(#x) by a step function, and
neglect local field effects at the impurity. If the latter
are taken into account, then at very low temperatures
g becomes temperature-independent. In Appendix A we
derive these two expressions, and infer an interpolation
formula. In any case it is clear that we must be careful
to take into account situations where a local field occurs,
especially since in the Heisenberg interaction, we are
dealing with these very fields.

Before proceeding, notice the various orders of small-
ness indicated by the three types of sums g, %, and ¥.
Because of the log-T behavior, g must be taken to zeroth
order in smallness even though the factor Jo appears in
it. (As is well known the real part of 142g is actually
set equal to zero in defining the resonance temperature.?)

However £ is always of the order of J ., where %, is
the density of states at the energy E. The important
E’s are near the Fermi surface, and in that case Jyn, is
quite small. We therefore treat % as of first order in
smallness.

Finally, v will also be treated as first order. It looks
as if it might be second order, since it contains one factor
of Jy in its definition, and another factor in the lowest
order terms of its summand. The latter we regard as a
true first-order effect, but the sum over % gives rise to
a logarithmic term that may nullify the effect of the
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the other factor Jo. Thus we conclude that v is of first
order.

While we are on this topic of orders, notice that the
p and E(jo) of Egs. (3.15) and (3.16) are of second order.

In what follows and in fact in what preceded we make
a distinction between powers of Jo and orders of #.Jo.
The chain-breaking approximations referred only to the
powers of Jo, but not necessarily to the orders of Jx..

We are now faced with solving Eqgs. (4.3)-(4.7). This
is an algebraic problem of no unusual difficulty, although
it becomes enormously tedious. We shall write the
answer down directly for G without going through any
of the intermediate steps. We mention, however, that it
is somewhat simpler if one solves first for I' and then for
G. The answer is

1 1 JoN71 1
Gg(k/k) =— 51{' T JE—
21 w—§(k'e) w—E(K'o) D,

XE exp RY(CTIA (i)
FCGROFAD

Here the denominator D is symmetric in j and 7/ (5
is always the impurity that is not j here)

Do=D,(jj)=[1+4.(G) 1+ 4.(5'5)]
—A4.(77)4.(7'7).

(4.17)

(4.18)
The expression for C is

Ca(]k) =av(jk) [<Mj¢>+B¢(j)j
+p(jo)[w— &(ko) J2(2m) " {exp(—ik-R;)
+exp(—ik- Rk, (R)(mjr, )} (4.19)

in terms of a B to be defined below; and 4(5'7) is
A4.57)=2m Xk‘, exp(iR; - k)Co(5k)

= —ha(R)[{m;e)+Bo(5) 1+ (jo)

dhe(R dh.(0
x[ ®, i (4.20)

Fka(R)

dw w s )>:| ’
The quantity 4(47) splits up into two parts
A,(§9)=2{mss*js(R)g ;" (R)+4.'(7)
A’ being also in terms of B
A4 (7)=—2¢,;6(0)—[g%.4(0)— g7¢55(0)+€1]
2¢7,je(0)+€2
1+g7%,50(0)+ €3

d
) i) A —T k.,
X (miam;s o ) +2(jo) dE[h 0)]

(4.21)
—ho(0)Bo(5)+[ho(R) *

J .
+h,(R)EE[h,(R)]<m,-,,( ’)} . (4.22)
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Also
(m].,”m):_y@_ .

(4.23)
114,(0){mj o)

There have been used here a number of quantities
which ultimately will play no role and will eventually
be neglected. Thus B is a first-order quantity:

Bo(5)=—(SHhie(0)+2v" jo(§]0)+(mjs?)
X [hv(O) - hiV(O)]+'Yj—v,ja(j I 0) - 'Yj—v,V(jl 0) +es
K;.(710)+e

I T (424)
1+gja',j¢r(0>+ €3

+ [gja,c(o) - gjv,jnr(o)'l" 51]

and a series of ¢’s have been defined that are always of
higher order than other terms that appear in the same
bracket:

1= hjo(R) (g0 (R) (e ) ]+ (R) g7 .« (R) (mrs7) ],

e2=—2(m;r,)his(R) g’ js(R)

€= — <mj'a(+)>hjv(R)gjv,ja(R) ’

es=—(my1s )i (R) K, (7R)
+{mjr s ) (R)L,(j|R),

es=— (Mo i (R) Ko (7| R).

(4.25)

Notice that all the ¢’s are proportional to {m;.,) and
disappear in the one impurity problem.

The result in Eq. (4.17) is exact subject to the chain-
breaking approximations. It is however limited to S=3.
It is clear that if we remove all terms involving R and
mj we should get the corresponding solution for the
one impurity problem. It is easily seen that in this case

1 1 JoV1
Go(k' )= — b 1 —
r w—§i(Ko) w—EKo)

o (7R [(mioe)+Bo() 1+ p(jo) (27 (w— E(ka))* T
1+gja,c(0)
1+gja-,ja(0)

: o d
1—2¢7,;5(0) —ha(0)Bo()+£(jo) dEhv(O)

(4.26)

Here B is still quite complicated. This result differs
from Nagaoka’s by containing all the local field effects.
If these are now eliminated (so that {m;,)=0, j=1, 2)
we get

1 1
Go(k k) = — 81—
W)= = w— £(K)
JoN 1 a,,(jk)B,(j)

27)

o £(IK) 142g70)— h(0)Bo(j)’
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where now B simplifies to

B,(5)=—(SM0)+2v(4]0). (4.28)

5. THE EFFECTIVE HEISENBERG INTERACTION

It is clear from the preceding section that the solution
in Eq. (4.17) is quite formidable. Fortunately for what
we seek, most of the complications disappear to lowest
order, and it is therefore in this approximation that we
wish to continue the calculation. We are after terms
proportional to {m;,m; ), and the lowest order of such
terms is second. Remember that a factor of g does not
raise the order.

A first simplification to note is that the terms contain-
ing p in the 4’s and C’s are generally of third order, and
will be neglected. Second, the 4(j7)A4(5'7) term in D,
Eq. (4.18), is second order, and it can be seen that it
can never produce a Heisenberg term in second order,
if the denominator can be expanded. Such an expansion
is valid only if 1+A4 does not go to zero. We shall as-
sume that this restriction is permitted. The result of
these approximations is that

1 1
Go(K k)= —rgy— ————
21 w—§£(K'0)
IS eplkR)
w—§£(k'a) =1 Pl !
X{— (7K h(R) X o (/) X o(§')+ar(iR) Xo(5)},
(5.1)
where

<mi<r>+Btr(j)§<miv>+Ba(]')
144,  144/3)
j’a(+) jaR fde
o )
1+4.(5)

X(5)=

:l . (5.2)

Once again we assume an expansion is possible, so that
14+ A4’ must not go to zero. The expansion of X utilizes
the separation of 4 in Eq. (4.21). This was the reason
for the separation. Glancing at Eq. (5.1) and Eq. (2.21),
we see that a Heisenberg type of term in the energy can
come about through an X linearly, or quadratically. And
in fact from Eq. (5.2) we see that X does have a second-
order Heisenberg contribution

. (mjomijr o) )

Xo(f) | meie= —2————T;e(R)g’ io(R)  (5.3)
{14+4./(5)7
and so does the quadratic term. Summing up, and plac-
ing in Eq. (2.5) we find

ElHeis= Z ]jj’<szSj’z> ) (5 4)
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where

Jijr =El; 2’; Im i dw f(w)w[ —I:d%hv(R)z]

—00

d
X[O4+-A4/ DI+ ()22 [;;h,(O)]

Xy o R 30 R+ AT - 55)

This completes the derivation of the basic expression
for the effective Heisenberg interaction to second order.

It should be noted that this is considerably simplified
from the rather monstrous expressions at the end of
Secs. 2 and 3. We can get a further simplification by
integrating by parts the first term in curly brackets. The
integrated out part will vanish at the limits, and the
term proportional to wdf/dw will give zero also since
df/dw acts as a delta function (at w=0). The result is
then

]jle](R)=Im/w dw f(w)

d
>< {Z [ha(R)jz[ﬂl,a-(w)+w§_‘:81,o'(w):l
4 w

+zzwmwwmww@$<w>

'=1c

where we have isolated the R-dependent factors, the
others abbreviated by

1
BI,,=2—[1+Aq’(l)]‘1[1+Au’(2)]’1, (5.7)

1 dh.(0)
B2,j10=— y [1+4,/(") T2

T w

(5.8)

Up to now all the approximations have been made
with powers of Jo or orders of Jon, in mind. Equation
(5.6) must be regarded as a first term in an expansion of
powers of Jgn. for example. In the next step, we shall
appeal to another kind of approximation, namely that
stemming from R being large. This is the typical situa-
tion envisaged: a very dilute alloy, with indirect inter-
actions having nevertheless a surprising and significant
effect. For very large R, one can employ asymptotic
expansions for the integrals in Eq. (5.6) and a further
simplification ensues. Namely terms containing the
factors wf(w) will provide higher order (in the sense of
higher powers of 1/R) effects than terms containing just
f(w) by itself. We shall not derive a complete defense of
this statement; it can be verified by appeal to the
methods described by Lighthill! for example. A plausi-

14 M. J. Lighthill, Introduction to Fourier Analysis and General-
ized Functions (Cambridge University Press, New York, 1958).
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bility argument can easily be made however. The factor
h(R) in the free-electron approximation is a swiftly
oscillating function of w!/2R, and f(w) at low tempera-
tures can be regarded as a function with a discontinuity
at w=0. An integral containing a product of these fac-
tors will, for large R, “oscillate away’’ over most of the
region of integration, the region right near the discon-
tinuity being the exception. Thus the rest of the inte-
grand can be (approximately) removed at the value
w=0. But in the terms referred to above, the rest of the
integrand contains a factorw, and hence whenremovedat
w=0 gives just 0. This means of course, zero to lowest
order in powers of 1/R. A term like the one containing
Bi(w) in Eq. (5.6) will not however disappear in lowest
order when that is done, and hence the asymptotic ex-
pansion of Eq. (5.6) starts off as follows:

J(R)~Im T B1,6(0) | dw flw)[h(R) . (5.9)

—00

If we set B1=1, we get exactly Kim and Nagaoka’s!?
expression for the standard Ruderman-Kittel-Kasuya-
Yosida expression [containing however a magnetic field
effect which we neglect since it provides corrections of
order (ujCext/Ep)l/?]:

JR)~JR) @3 3 Re[1+4,/ (1) [1+4./(2) T,

(5.10)
where [see Eq. (3.4)]

187 J % cos2krR

TR)© = .
Er (2k#R)?

(5.11)

In obtaining this result, we have considered only the
real part of 8; to be significant, the imaginary part being
of higher order in Jon. (at least until the resonance
appears).

Equation (5.10) is then our corrected effective Heisen-
berg interaction. To zeroth order we have [see Eq.
(4.22)]

1+gj¢,o'

1+gja,ja'(0) .

We remember that the subscript jo means that the en-
ergy denominator contains reference to the effective
field at the site of the jth impurity. Thus the numerator
of the fraction in Eq. (5.12) does not contain this effec-
tive field effect (it does however contain reference to an
external magnetic field if there is one). The difference
between these two cases is significant because, as shown
in Appendix A, at low temperatures, if there is no local
field, then g is approximately,

go-(O) =—Jn, 1n(Ep/kBT) y W= 0
and if there is a local field it saturates to a value

8.is(0)=—Jom. In[Er/|N\;|], =0,

Aal(j)= —-Zgj,j,(()) (5-12)

(5.13)

(5.14)
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where \; is the magnetic field energy. An interpolation
formula (Appendix A) is then

2.ic(0)=—Jm. n[Ep/(ksT+|N;])], @=0 (5.15)
= —Joﬂc ln[b,(T):] .

Referring to Eq. (5.12), we see that if there is no
effective field, then

4./())=—2g(0)=22T . In(Ep/kzT), w=0 (5.16)
and if there is, then
Al ()=—a[1=Tm. In(Er/ksT)], «=0, (5.17)

where
—2J o In[6;(T)]

@, je= . (518)

1—Jon. In[6;(T)]
Here b;(T) as T gets lower and lower depends less and
less on T" and approaches a certain finite value. We shall
assume that the denominator in Eq. (5.18) does not
vanish. However, we envisage the possibility that
Jone Ind; could become of the order of magnitude 1, so
that ¢ ;, could be of order of magnitude 1. It could be
smaller, but we shall treat it as not a negligible
quantity.

By analyzing the various cases and temperature de-
pendences of the quantities involved, we have reached
the following conclusions on the basis of the results just
obtained.

(1) If no local molecular fields exist, then Eq. (5.16)
inserted into Eq. (5.10) shows that a logarithmic tem-
perature dependence will occur that is quite similar to
what arises in the resistivity. Our results indicate a reso-
nance (we have left out the imaginary parts and hence
the resonance width, but it is there) at a critical
temperature

1427 o W[ Ep/ksT]=0 (5.19)

just the same as for the resistivity. Below this resonance
it is not clear that our evaluation of the g’s is correct,
since some self-consistency correction is probably neces-
sary.® This effect will be to raise the magnitude of the
RKKY interaction if J, is negative, and to lower the
magnitude if Jo is positive. If J, is negative, then as
T. is reached the effect is much larger than could ever
occur if J, is positive.

(2) If a local molecular field exists, then no matter
what the sign of Jy is, a critical temperature signaling
a resonance will occur at T'':

2(] oﬂc)z
1—a jy——————In[Eg/ksT/]=0. (5.20)
1—J o, Inb;(T.)

We assume here that the denominator 1—J g, Inb; is
positive, however.

Let us consider the temperature effect for J, negative
and a local field existing. At large T, J(R) equals J(R) ©,
As T drops, J gradually increases (both because of the
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linear and the quadratic terms in Jo in 4’) until a maxi-
mum is reached, after which it falls. The maximum
would not be infinite because of the resonant widths left
out of our expressions.

Consider now the case where J, is positive, and a local
field exists. Again at large T, J(R) equals J(R)®. As T
decreases, we imagine that at first the terms linear in J,
will have the largest effect, and these terms will decrease
J. However, eventually these terms reach a final value
given by Eq. (5.14), and then the explicitly 7-dependent
term in Eq. (5.17) takes over. The effect of this term
will be to raise J(R), so that as T decreases, first J de-
creases and then it increases to a maximum value, after
which it finally decreases again.

These consitute the conclusions of the paper. There
are two further comments we wish to make. The local
field itself is usually thought to contain the RKKY
term in it. For just two impurities, we could then formu-
late a self-consistency condition, and try to determine
J as a function of m; treating the local field energy A
as a known function of the unknown J. The temperature
dependence might alter significantly because of this new
place for the unknown. A calculation of this sort is de-
ferred to a later paper.

Finally, a remark about accuracy. In the local-field—
dependent expressions, the important 7-dependent term
in Eq. (5.17) contains two powers of Jo. If we expand
the denominator containing A’, this T-dependent term
will occur in J only in fourth power of J, or higher. Since
our approximations were valid exactly only to third
power of Jo, could it not be the case that this local field
effect is spurious? We see no convincing answer to this
criticism. What we have obtained is an estimate of the
powers of Jy effects higher than the third, but we can
not assume that the estimate is rigorous. We should have
to perform the chain-breaking at one higher power of J,
in order to be absolutely certain. Such a calculation
seems almost prohibitive in complexity, but the indica-
tions are that the very low-temperature behavior might
require it for the future.

APPENDIX A: EVALUATION OF ¢

We consider g at w=0 containing a local field energy
A in general in the denominator. We shall estimate on
the basis of approximating = as a step function. We
have then to evaluate

g=— IV E ALERTEr A~ EWT
—J, [ 4E nE) [ E) (E—Er—N1, (A1)

where fo is the Fermi function relative to the Fermi en-
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ergy Ep. Integration by parts gives

g=Irt+1,, (A2)
where
Li=—1J /dE PN il
1=— n|——|, A3
of i —=, )
dfe |E—Ep—\
To=—1J, / dE ne—In|—— (A4)
dE Ep?
Using a free-electron model
370
Ii=—~—{ayInxy—x_Inx_]J, (A5)
where !
Ept+al2
xiz[ J i1, (A6)
Er

I, is therefore of order Jgn, and is neglected.
The other integral becomes on simple manipulations

Iy=—J o (Er)[Is+In(Er/ksT)], (A7)
where
® a 1
13=/ de [— ]lnle-klkeTl
o Ldeet1
= —lnl }\//eBTI s AN>kpT
=0(1), A—0. (A8)

Since for A — 0 we neglect this integral anyway, we infer
an interpolation formula

Iy=—In[14|N/ksT| ], (A9)

whence
g=—Jm(E )ln[—*——]. A10
T kT ] (A10)

APPENDIX B: THE EVALUATION OF E(jo)

From the definition in Eq. (3.15), and the relation in
Eq. (3.5d) we have to second order .

E(ja)=z<fo/zv>2{ ()

FED)—~ D))
X (-1 -Rl——— 2 7
i oD RI= =

- SEM—FGM) |

Y

The first term is the Ruderman-Kittel effective field

from impurity ;/, and the second term is the effective

field from that part of the conduction electron polariza-
tion caused by the jth impurity itself.

+m B1)



