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curve in Fig. 3, together with the temperature de-
pendence of the low-frequency mode. The upper four
points fall closely on the modified Curie law described
by Rupprecht and Bell, but the experimental error in
cot,,' barely excludes normal Curie-law behavior. Davis"
has recently measured the dielectric constant below
80'K, and has found deviations from the Curie law
under 30'K. The one measured frequency in this region

( 12'K) also indicates a value corresponding to devi-
ations found by Davis. The extremely low "Curie
temperature" makes this crystal ideal for the investi-
gation of the "soft" mode in the paraelectric cubic
state. The temperature variation of this vibration is in

good agreement with the temperature-dependence of
the dielectric constant related by the Cochran-
Cowley" " theory of ferroelectricity in perovskite
crystals.
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A theory of a second-order mechanism giving two-magnon electric dipole absorption in rutile structure
antiferromagnets is developed. In the mechanism, the absorption arises from indirect coupling of the spins
to the Geld through the infrared-active optical phonons via the exchange-strictive part of the spin-phonon
interaction. Detailed expressions are derived for the constants in the phenomenological Hamiltonian used by
Allen et a/. in interpreting experiments on a two-magnon electric dipole absorption recently observed in
MnF2 at 110 cm '. Thus, the frequency, temperature dependence, and electric dipole character of the ob-
served line are predicted. To further compare the theory with the MnF2 experiments, a model for the ex-
change interactions is postulated which gives an expected line shape and magnetic Geld dependence which
are consistent with observations. A very imprecise intensity estimate is also consistent with experiment. The
question of the choice between this mechanism and another proposed for the MnF2 line and involving the
interaction of the Geld with the exchange via the perturbation of the electronic orbitals is discussed.

I. INTRODUCTION

'N recent experiments, ' ' electric dipole absorption
- - bands have been observed in the infrared in the
antiferromagnets FeF~, MnF2, and CoFg at the fre-

quencies 154.4, 110, and 120 cm '. In the Q.rst two cases,
phenomenological theories' ' appear to have established
that the bands, whose existence is correlated with the
magnetic-ordering temperature, are due to absorption
of photons with the production of two short-wavelength

spin waves with wave vectors near the Brillouin-zone
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boundary. Two proposals" exist to explain the micro-
scopic origin of the coupling between the electric Geld
and the spin waves. One, ' by the present author,
(introduced for FeF, in the first paper of this series)
depends on the existence of low-lying orbital electronic
levels coupled to the ground state of the magnetic ion
by the spin-orbit interaction. Such levels do not exist
in the Mn'+ ion and a similar explanation cannot there-
fore account for the observations in MnF2. The other
proposal, ' by Tanabe, Sugano, and Moriya, depends on
that part of the dependence of the exchange constant

' J. W. Halley, Phys. Rev. 149, 423 (1966), and Ref. 2. The
estimate of the absorption intensity from the TMS mechanism
(Ref. 6) which is presented in this work omits some terms which
may be important.

Y. Tanabe, T. Moriya, and S. Sugano (hereinafter referred to
as TMS), Phys. Rev. Letters 15, 1023 (1965); T. Moriya, Insti-
tute of Solid State Physics, University of Tokyo Technical Report
No. 188, Series A (unpublished). We have been informed that
some errors in the ISSP report, which we discussed in Ref. 2,
have been corrected in a revised edition.
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Fro. t. Experimental line shapes for (A) MnFs and (B) FeFs
lines. The theoretical curves are from the Allen et ul. Hamiltonian
including next-nearest neighbors only in the case (3) and many
neighbors on the opposite sublattice with an exponential depend-
ence on neighbor separation in the case (A). The two experimental
curves in (3) result from diRerent background subtraction pro-
cedures, see Ref. 2. The intensity scale is not the same in (A) and
(B).

on the electric field which arises from the interaction of
the field with the electron orbitals. This second mecha-
nism would be expected to give roughly the same ab-
sorption intensity in MnF2 and FeF2 as observed, and
for this reason the MnF~ experiments have been cited
as evidence in favor of the Tanabe et a/. mechanism for
both materials. The following remarks, however, seem
to indicate that another explanation of the MnF2 line
may be possible and necessary. (These remarks are not
intended to disprove the TMS theory, but rather to
motivate the present work by indicating that some doubt
exists about certain aspects of the TMS theory and that
anoth, er explanation may be possible. ) (1) The experi-
Inental line shapes in the two materials are remarkably
different. The contrast is shown in Fig. 1. To fit the
MnF2 line shape, it was necessary to postulate a coupling
of the electric field to coupled neighboring spins with
the coupling extending to several neighbors and depend-
ing exponentially on the distance between spins. The
FeF~ line is sharper and is better 6t by the postulation
of interactions between nearest neighbors. While it is
possible that the differing electronic structures of the
Fe'+ and Mn'+ ions (which do not dramatically affect
the range of the exchange interaction itself), might
nevertheless greatly aAect the range of the TMS
interaction, this does not seem obvious and has not
been demonstrated. (2) The total integrated intensities
differ by about a factor of 2, being larger for FeF2.
Because different numbers of neighbors appear to be
involved in the two cases, the squares of the phenome-

nological couplings differ by more. (3) The polarization

properties are different: The line shape does not change

in FeF2 for EJ c axis. This, together with the calcula-

tions of Allen et ul. , seem to indicate that, as predicted

by Ref. 5, the ratio of intensities with Ejjc axis and

FIG. 2. Schematic illustration of
physical origin of the eRect. The
three pictures represent, respec-
tively, the initial, intermediate
(virtual), and final states in one
term of the perturbation theory
calculation of the transition rate.
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EJ c axis is effectively infinite. (The observed absorp-
tion with EJ c axis can be ascribed to experimental
uncertainties arising from the spreadings of the light
beam. ' Another possible interpretation is mentioned in
Sec. V of this paper. ) In MnFs the line shape changes as
theoretically predicted by Allen et a/. , indicating a real
absorption for EJ c axis. (4) Very rough estimates'
have indicated that the intensity of the TMS process
may be too small. (5) There exists another, second
order, mechanism, considered brieQy in Ref. 5, which
should, according to the estimates presented there,
dominate the two-magnon absorption in MnF2.

In the present paper, we develop the theory of the
second-order mechanism last mentioned. We then con-
sider its application to MnF2 in as much detail as is
presently permitted by the available knowledge of the
needed parameters. The basic idea is simple (Fig. 2):
The electric field couples to the optical phonon modes
of the crystal and these modes couple in turn to the
spin waves via the magnetoelastic interaction. We show
in the following that the resultant indirect electric
field-spin coupling leads to an effective spin —electric
field Hamiltonian including terms of the form used by
Allen, et al. in the phenomenological interpretation of
their results. Detailed expressions for the constants
involved in the effective Hamiltonian are derived. From
these, the following additional results are obtained. (1)
By postulating a model for the exchange mechanisms
responsible for the spin-spin couplings in the usual spin
Hamiltonian for MnF2, we predict a dependence of the
constants in the Hamiltonian of Allen et al. on the dis-
tance between spins which is close (within 1 to 20%)
to the exponential dependence assumed by them for the
first four neighbors on the opposite sublattice. (2) An
extremely imprecise estimate of the intensity is con-
sistent with experiment. (3) One expects 6nite absorp-
tion with EJ c axis, as observed. (4) On the basis of the
model for the origin of the spin-spin eouplings, the line

shape is predicted to be very weakly dependent on the
magnetic field. No magnetic field dependence is ob-
served. (5) Those qualitative remarks which can be
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made on the intensity of the absorption due to the same
mechanism in FeF2 are consistent with the hypothesis
that it is weaker there than in MnF2.

These results are not as detailed as would be desirable
because of lack of experimental and theoretical informa-
tion on the magnitude of the relevant magnetoelastic
coupling constant, lack of knowledge of the force con-
stants of MnF2 and the absence of infrared experi-
mental data on the optical phonon modes of MnF2. The
precision of the intensity estimates suffers particularly
of these deficiencies. The results nevertheless indicate
that an explanation of the MnF2 experiment which is
free of the above mentioned difhculties may be possible
on the basis of this mechanism.

In the following we present the Hamiltonian (which
is the relevant part of a general Hamiltonian discussed
in the first paper of this series with the addition of the
magnetic dipole-dipole interaction) and then compute
the effective electric field-spin Hamiltonian. Postulating
a model for the origin of the exchange interactions in

MnF2, we then deduce experimental consequences and
compare with experiment. A discussion points out areas
for further work, discusses the relation of this kind of
absorption to ordinary parallel pumping, and sum-
marizes conclusions.

II. HAMILTONIAN

From the general Hamiltonian discussed in the first
paper of this series we select those parts which are
relevant to the second-order process (Fig. 6 of Ref. 5)
considered there. To this we add the dipole-dipole
interaction, which may be important because it deter-
mines the anisotropy field in MnF2. We then have

X Xp+Xz p

where

Xs Xmagnons+Xphotons+Xphonons i

(ex-st) ~~ (di-di)
&s I=~~phot-phon~~~phon-spin ~&~phon-spin

The terms in KD are

Xmagnons —p &SO&k (Khttrg+pgtph) i
k

X,h. ..=p @os„phAg&»tAh&»;
k s p4

Xphotons=p ll&~ k~ Oak &kX ~

k, X

In the erst
Qk =QkCk —Skdk,

Ph = Nhd&t —'VhCg

where ck and dk are related to the spin operators by
relations given in Ref. 2 and uk and vk are chosen to
diagonalize the electric-field-independent part of the
spin Hamiltonian which is quadratic in the operators
ck, d'k. The expression ~k is the spin-wave frequency.

I'n. 3. Diagrams
for the thoro terms in
the sum over m for
the transition rate
LEq. (1}j.Diagrams
are de6ned in Ref. 5.

Because we are including the magnetic dipole-dipole
interaction, noh will depend on the direction of k. In

mph „„Ak' ' is a boson operator destroying a phonon
of wave vector k and branch il and is related to the dis-
placement Xl, b of the bth atom in the lth cell by the
relation

Xl, s= Q LC&'&(il,k')e 'h'x' s"'Ah ts&+H.c.j,

where Xl, s' & is the equilibrium position of the bth
atom in the lth unit cell and C&s&(p,k') are constants
determined from the diagonalization of the Hamiltonian

1
Pl, s Pl, 5+2 Z Xl, b'Gl, b;Pb' Xl', b' y

t, b ~b

where Mb is the mass of the 6th atom in the cell,
Gl, s, l qi is the tensor describing the elastic interactions
and Pl, s is the momentum of the bth atom of the lth
unit cell. In C "&(il,k), p labels the branch of the phonon
spectrum to which Ak (» refers. For the rutile structure,
there are 6 atoms per unit cell, hence 3X6= 18 modes
of which 3 are acoustic for each value of k'. The general
problem of the determination of the C&'&(is,k) is con-

sidered in Ref. 7. In the present problem, we only need
their values for infrared active optical phonons with
k'= 0. )The reason that these phonons are the only ones

relevant to the process under consideration becomes
evident in the sequel. See, for example, Eq. (1) below:
The intermediate state

~
m) contains one k=0 phonon

mode and the part of the interaction Xz coupling ~i)
to ~m) (in the first term of Fig. 3) or ~ns) to

~ f) (in
the second term of Fig. 3) is the electric-dipole interac-
tion between the external field and the phonon field.
Thus, the relevant phonons are infrared active. )
Standard group-theoretical arguments' show that the

7 J.M. Ziman, Electrons and Phonons {Oxford University Press,
London, 1962), pp. 27-31.

G. Parisot, thesis, I'"aculte des Sciences de 1'Universite de
Paris, 1963 (unpublished).
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infrared-active optical phonons have point-group sym-
metry A2 (one mode) or E„(three doubly degenerate
modes). For the A2 mode, symmetry restrictions com-
pletely determine the C'"(p,k) which are written down
in Appendix A. The problem of determining the
C&b&(p,k) for the E„modes, which are not completely
determined by symmetry, is discussed there.

In the photon term of the zero-order Hamiltonian,
aI, ), is a photon destruction operator related to the vector
potential A of the electromagnetic field at the position

X;by
1 /2mb&;) '"

A(X )= Zl I
&»(&b»e-'k x~+~»tt:"").

QVk, b«k )
The first term in the interaction Hamiltonian is the

photon-phonon interaction arising from the electro-
magnetic interaction

Zb1
Xphot phon-=p ~pt, b'A(Xi, b "+Xi,b),

M bCI

in which Zb is the change of the bth ion of the unit cell. Supposing [ Xt, b [/ ) Xt, b&0& j((1, this leads to

2~X y'&2
Xphot-phon='l

~
p &bi&ok„LQ Zb(C&'&(p) —k) ekg)&bkkA k'n'+p Zb(C&'&(p, ,k) ek&)&bkktAk&»

&&20&kkQI k» p

—p Zb(C&'&" («t, k) ek&)&bkbAk&»t —p Zb(C&'&(p, —k) ek&)&bkktA k&»tj.

Because this is quadratic in Ak s and ak&„ it can be diagonalized exactly with Xph, „+Xph,t. This procedure is
necessary when considering photons with cokk~&ok„ for some k and bt, as was first pointed out by Hopfield. s In the
present case, the photons considered have ~»(co» for the optical phonons of interest and the term 3'.ph t ph z can
be treated in perturbation theory at least without qualitative error.

As discussed above and shown in the sequel, for the present problem we need only the part of XpI, t pI, cor-
responding to coupling of k=0 photons to the phonon fields. The only phonons which couple are those with
symmetry As„and E . We thus have, displaying only the relevant parts

Xphot-phon=2 (A&oA2„t p Zb(CI (Aso, 0))&bksA —k 0 " +p Zb(Cs (A2n, 0))&2k' Ak 0
AMk)tQ

—P Zb(C, '"*(A2„,0))&bk,Ak=o' '"'t —Q Zb(C, '"*(A2,0))&bk, tA k 0' '"'tj
b b

6

+Q ko»2„&'&I Q Zb(C &'& (E &" 0))&bk,A 0&~ "»+Q Zb(C, &'& (E &'&, 0))&bk tAk 0&~ '*'&

—g Zb(C &b&*(E &t& 0))&bk Ak 0&sn&'»$ p Zb(C &b&*(E &t) 0))&bk $A k 0&& &'&&t

+Q Zb(C„&'&(E„&'&,0))ak„A k 0&s"&*»+Q Zb(C„&'&(E„&'&,0))&bk„tAk 0&s "&
b b

—Q Zb(C &'&*(E &'& 0))uk Ak 0&~J'&t—Q Zb(C &'&(E &'& 0))a tA &~ &*'&tj)+
b b

To derive the phonon-spin term, we consider both the terms arising from exchange striction and from the dipole-
dipole interaction. To derive the former, consider the Heisenberg exchange Hamiltonian

Xon=g Q'&t, b;t, b St, b SVb ~

l, l' b, b'

Here the prime on the sum over b, b restricts the sum to the magnetic ions in the unit cell. We suppose that
J&,», b depends analytically on the displacements of the ions. Then expanding J&,b &, b in a Taylor series and keep-
ing only the zero-order and linear terms gives

Xpho - p' &'"-'"&=p p' p Q Xv, b-. (~x, b"Ji b i, b )0Si b Sv 0'
l'lr b'bl Ill bll

p'p p LC&b"'(&t,k')Lexp( —ik'. Xt",b &0&))Ak. »+Bc.j (Vx,-b Jt, b,.v, b)0St„b Si,b.
)I I b bt bl 1 Ql~

' J. J. Hopfield, Phys. Rev. 112, 1555 (1958).
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At the Brillouin-zone boundary, the only two-magnon absorption coming from this will come from the
part Sl, b Sp b '+Sz, bsSp, b" of the dot product. 'o Displaying only the terms referring to the k=p phonons of
interest

( C&JZ b;P, b )
BCphonspin('" "&=g p'

~
Q Cs("&(As„ip) ~A„, o(~s &+~ p Cs("&"(A, ,p) ~A&i, o(~s &t

l l b b . (P b OISPb bbi J il, b 8SVz bsi )t

6 C&JZ b. li bi ( (&JZ b P

+P Q C (b")(g (l) P) Ab, (zz ('&)+i Q C„(b")"(g (o P) A (zz ('&)t

8$211 b»

~~Z, b; Z~, b (&~Z, b; P, b')
+i p c(b" (z ' 0)

'' '
A .-'»+ g c -*(z ' 0)

l bir&/Pi biz

X(Sl,b*S, ,,*+S,, , S, , )+ ".
The part of the phonon-spin Hamiltonian which arises from the dipole-dipole interaction is derived from

egg
~d'p-dip= p (~Z, b; P, b' (Sl, b Svb') ,3(Rl, b;l', b' 'Sl, b)(RZ, b;v, b' Sv b') j

Zsbs2 sb gZ be ZI bI

by expanding in a Taylor series for small displacements giving

1
BCpnon-spin(d' d'& = (—3)z&Z') Q Q' (Sl, b*SP, b *+SZ,Z,"Sv, b ")

i=1 l, b; 2', b' ~ 2 b. ZI

XL(C (b) (Q (o Q) C (b ) (P (i) 0))XZ b P b +(C (b) (g (o 0) C (b ) (g (o 0))P'z b P

( 5(Xl,b;l', b' + JZZ, b;P, b' )
X~ 4— Ab o' "' '+H.c.+(Sz,b'Sz, b

"—Sz, b"Sv, b ")
~Z, b; 2', b'

( 5 (XZb; P, b' , J Zb; P, b' )&,
(C (b) (jv (&) 0)—C (b') (g (o Q))XZ b. l, bi~ 2——

RZ, b; V, bl

5 ( J Zb; P, b' +, Xl, b; P, b' )
& (,

)+(C (b&(P (i& Q) C (b'&(g (i& 0))P'z b. v b,
~

—2+
~Z, b; Zl, bi

( 5XZb P Z

+H c +2(S.l.bSvb*,+SZ,b*SZbs, ) (C, ("(& "' o)—c "'(& "0))J Z, b;Z .b I
1—

~l, b; Zl, b' 2

( 5~z, b; P, b'
&&

+(c„(b&(E ('& 0)—C„('&(8 ('& 0))Xl,b. v, b
~

1——
I

A'=o' »"&+H.c.
Z, , b, ,.,b' i

Here R, b,,b, =Xl b(o& —Xz, b. (o& is the vector between ions l, f) and l', O'. The terms in &phon sp,n
' ' involving the

A,„mode vanish when the fact that all the magnetic ions are in phase in this mode (Appendix A) is t»e»nto
account.

III. EFFECTIVE-SPIN' HAMILTONIAN

We calculate the two-spin wave absorption rate with this Hamiltonian taking as initial and final states

)i)= ~1 photon with k=p); j f)= (2 spin waves with k and —k).

The first nonvanishing term in the absorption is in second order

(s~Kri»z)(m~xr) f) '
~('-z) =—z b (h(d, I&o&r) . —

IZ+;m

' This follows from the fact that eq in the relation between cq, dIt, and n@ given after Kphpt n at the beginning of this section
vanishes near the Brillouin-zone boundary. See, e.g., C. Kittel, QNzzrzlzzm Theory of SoHds (John Wiley 8z Sons, Inc. i New York,
1963), pp. 58—61.
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There are two terms in the sum, corresponding to the two diagrams shown in Fig. 3.Denoting the absorption for the
E field of the radiation parallel to the &; axis of the crystal by Wt&(t ~ f):

&&+&, b; I,b'
tW«(i~ f)=—i ~P P P C (")'(Ato,O) P C, (")(Ab„,O)

fggh&&Q o&~t„—o&h&&&& i, l' b, b' b" l",b" (Is&I b )

X {ground spin state
l (S&,b*S, b *ps»ps& b ") l2 spin waves) I'I)(&)'to&' &'i&of).

For the E field parallel to the x axis, the absorption, labeled Wt('(i ~ f) is

2&r 2&rS &)
&

Z E 2' ZZb-C"'(E "'0)
&&i&phbQ] i=& L, V b, b' &Ot~—&&&&p &&& b"

~jl, b;l', b' (&+i,b; P, b' 31»B2 C.""(E-"'o) + & C "'*(E "'0) +~
) I I bl I gg)l I bl I l, b "t, b

i t+tb; V, b,' )
X [(C (b)+(E (i) 0) C (b') (E (i) 0)xt b iI b~b+ (C (b)*(E (i) 0) C (b)*(E (i) 0))F', b, ]

t 5 (l l, b; l', b' ++tb; l', b,' )
X~ 4— (ground spin~ (St,b*S&,b +St, b&&S&, b ") ~2 spin waves)

~l, b; l', b'

terms involving the dipole dipole interaction and (ground spin
~
(St,b'St, b

*—S&,b»S&, b &&)
~

2 spin waves)

or(ground spin
~
(S&b'Spb , "+S,tb&&S&b, ) t

2 ,spin waves)

X && (&)b&o;
—kpr) .

The matrix elements of Stb*S& b
*
, SibpS—&b,p and , St, b*Spb "+St,b»S&. , b in this expression will vanish in the case

in which the sums over I, f&; l', b' are confined to pairs on opposite sublattices (in lowest nonvanishing order in the
Holstein-Primakoff transformation). This is the reason that the corresponding terms appearing in the effective-
spin Hamiltonian written down below do not appear in the effective spin Hamiltonian of Ref. 4 which is con6ned
to pairs on opposite sublattices and displays only terms contributing to two magnon absorption.

The preceding results show that an equivalent absorption is obtained from the effective-spin Hamiltonian

BC ff= g g' {(EIIi, b, P b ) (St St. , b"+St,b SP,b. )+(E II&, b., P, b ')(St, b Si,b"—S, SP, b )

+( E& ,i,.bP, b")( St, b SPb "+Si, "S,b *)). (2)

Here only the H~, b ~, b involve exchange-striction, whereas II~, b ~ b
' and II~, b ~,b" arise from the magnetic dipole-

dipole interaction. We show the explicit expressions only for a few representative terms:

&t, b;t', b'( )
~~l, b; l'b'

P Zb-C, ('")(E ('&,0) Q C,
"()(A „g, )0

~(&pphot —OOat~) b'" ' )tt b&&l

6

ll&, b;&'. b
"=2 Z C (b )(E (') 0)P& b P b

(')
i=& ~(&ophot —&oz„«&) b'"

II&, v, bb' 2 . g Zb«'Cs (E &0)pl, b;v, b'
1 &)t(O&phot

—O&E &&&) b'"

E
II&, b; t', b' Zb C (b ) (E (~) 0)Pi b P bb

( )

i=& It(&pphot —&OE„&'&) b"'

Dl, b;l', b' +l„b;$',b'
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in which

~Jl, b; l'b' ~At;, & a~ 3—pa'P'""'= g C*" '(g""0) +, P g &' & (g"&'0)
i 5 /gpss pit V, b gyps isa (gi g. p y )
)(L(g (~) (g (~) 0) g (i ) (g (~) 0))g i y, i y + (C '|~) (g (~) 0) g (~ ) (g (~) 0))P'i g, p

( (I ib;i', , b' +Nb;i', , b' ))
XI 4—Sl

Ei,y;p, y

with similar expressions not, however, involving
~R b Jl, b;l'b' for ~l, b;l', b' and ~l, b;l'b'

pressions for II),b., ) b &», II),b. ) b
&~', II),b. ) b

& &" are ob-
tainedfromthoseforII~, b., ~, b

& ), II~, b., ~ b &", II~,b., ~, b
' &"

in (3) by the replacement of the subscript x by y. The
first term in the expression (2) has the form given by
Allen et u/. , if II2=0. The absence of the II2 term arises
from the fact that the symmetry of the spin-spin inter-
actions considered (isotropic exchange and the dipole-
dipole interaction) is higher than that of the magnetic
crystal. The last two terms in (2) arise from the dipole-
dipole interaction only a,nd do not contribute to two-
magnon absorption if the sums are restricted to spin
pairs on opposite sublattices. These last two terms con-
tribute only to the absorption for EJ c axis. In Appendix
8 we show explicitly how the geometry of the crystal
structure gives II~, b~, , b

"the transformation properties
cited by Allen et al.

IV. MODEL FOR EXCHANGE MECHANISMS
IN MnF2 AND EXPERIMEN'TAL

CONSEQUENCES

In MnF2, the anisotropy field, which arises from the
dipole-dipole interaction, is about one-fifth of the ex-
change field. Further, the relevant contribution of the
dipole-dipole interaction to the spin-phonon interaction
arises from the phase differences between the displace-
ments of the magnetic ions in the unit cell when an
optical phonon is excited. Even when, in the case of
EJ c axis, these phase differences can be nonzero, they
can be expected to be small compared to the phase
differences between the magnetic and Quorine ions when
an optical phonon is excited. On the other hand, the
exchange interaction, being dominated in many cases
by superexchange, will depend strongly on the differ-
ence between the displacements of the Quorine and
magnetic ions. We thus anticipate that the important
contributions to the II's in Eq. (2) will come from the
exchange-strictive and not the dipole-dipole terms and
we will concentrate attention on the exchange strictive
terms in the sequel.

The magnitude of the derivative J~, b. ~. b will depend
strongly on which neighbor is being considered. To
establish a simple model which will permit semiquanti-
tative predictions of the behavior of the derivatives of
J~,b., ~ b we consider the neighbors of the spin on site 9

of Fig. 4(a). The flrst 7 magnetic neighbors are repre-
sented by that labeled 12 (2 in all; 1 kind), that labeled
5 (8 in all; 2 kinds), that labeled 18 (4 in all; 2 kinds;
the label on 18 in fig. 4a is illegible: 17 is to 18 as 5 is to
6), that labeled 11 (8 in all; 2 kinds); that labeled 28 (8
in all; 2 kinds); that labeled 17 (16 in all; 4 kinds) and
that labeled 23 (32 in all; 4 kinds). Of these, 5, 11, 17,
and 23 are on the opposite sublattice and 8, 18, and 24
are on the same sublattice as the spin on site 6. To fit
the spin-wave dispersion relation, " one includes the
neighbors 12, 5, and 18 of which 5 contributes the larg-
est exchange. We note from the scale drawings of Fig.
4 (b) that (i) no fluorine ion lies close to the line between
12 and 6; (ii) the fluorine ion labeled 1 is on the line
between 6 and 11; (iii) no fluorine ion is collinear or near
collinear with 6 and 18; (iv) the fluorine ion 14 is nearly
collinear with 17 and 6; (v) the fluorine ion 1 is more
nearly collinear with 6-24 than with 6-12 but less than
with 6-11; (vi) the fluorine ion 20 is nearly collinear
with 6-23. Finally we know that 5-6 exchange is usually
attributed to superexchange. On the basis of these facts
we postulate that the neighbors 5, 11, 17, and 23 are
magnetically coupled to 6 via superexchange through
the Quorine" ions 1, 1, 14, and 20, respectively, whereas
the magnetic coupling between 12 and 6 and 18 and 6
arises from direct wave-function overlap. "Concerning
neighbor-type 24 we can make no plausible assumption
about the total exchange, but we suppose that part of
the 6-24 coupling coming from superexchange arises
from superexchange through the Quorine ions 1 and 15.

Specializing to the case of E~~c axis, we consider the
sects of these postulates on the predicted magnitudes
of II~, b,. p, b ".We note that, with the excitation of an
A2 phonon, the magnetic neighbors remain in phase
and oscillate against the fluorine ions (Appendix A).
Thus, the exchange depending on direct overlap will be
unaBected, but that depending on superexchange will

"G. G. Low, A. Okazaki, R. W. H. Stevenson, and G. Turber-
6eld, J. Appl. Phys. 35, 998 (1964)."A corresponding intervening fluorine is found for all equi-
distant neighbors, but the derivatives have different signs,
depending on the position of the neighbor. See Appendix S.

"The postulate concerning the neighbor 12-6 is certainly too
simple. However, the existing theoretical studies (Ref. 14) of the
angular dependence of the superexchange interaction indicate a
large antiferromagnetic exchange between these ions, while a
small and ferromagnetic interaction is observed. It has been sug-
gested for this reason that there may be a large ferromagnetic
contribution from direct overlap.
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l2

23-

l7'-

4l

p20

23

(8)

FIG. 4. (A) Neighbors in the rutile structure. In the text, neighbors of the ion labeled 6 are considered. Ions in each u»t cel»re
labeled in the same order. The numbering of the ions in the unit cell containing 6 is the same as that employed in R.ef. & an«»ewhere
(B) Sketches (to scale) of the first four neighbor positions. (C) Coordinate systems used in Appendix B.

be strongly affected. On the basis of the preceding
paragraph, one then expects large II~, ~,. ~. , ~. (') for
neighbors of the types 5, 11, 17, and 23, zero II&,&., &. , &

('
for neighbors of types 12 and 18 and a II&,&., &. , &.('
somewhere between these two extremes for neighbors
of type 24.

A rough idea of the relative magnitudes of the
II&,& &. , &

') for the neighbors of types 5, 11, 17, and 23
can then be obtained by the assumption

II(,b, t, b, &*) expL

+ iX(,b
(s) —X);(s) i)kf, (4)

where Xs(s) is the position of the fluorine contributing
to the superexchange. This is consistent with established
ideas of superexchange" except that it neglects the
dependence of the superexchange constant on the angles
between the three participating ions. On the basis of
the foregoing, the obvious extension of (3) will probably

"P.W. Anderson, Phys. Rev. 79, 350 (1950);P. W. Anderson,
in Magnetism, edited by G. T. Walker and H. Suhl (Academic
Press Inc. , New York, 1963), Vol. 1, p. 25. There is, however,
some experimental evidence that, for small pressure-induced
changes in the lattice constant, TN and hence the exchange inter-
action varies as 1/ ~X&, b&'& —Xt, b

&'& ~"pD. Bloch (privatecommuni-
cation) g. This is not necessarily in contradiction with the hypothe-
sis (4) if, as has been suggested, the 1/R' variation arises from
shifts in the ionic energy level structure with lattice constant,
since the energy level structure does not change in going from one
neighbor to another. In other words, if we write J &xi&s (Es,—Ee)s/U,
then (E„Es)schanges with pressure (poss—ibly as 1/R's) whereas

changes in going fro~ One pair t{) @nother (proba&ly
exponentially).

overestimate the II&, &., &. &.(' for the neighbor type 24,
while setting the II&, &. &. , &. (') for neighbor type 12 equal
to zero is probably an underestimate.

The fact that the neighbors of types 5, 11, 17, and 23

are on the sublattice opposite to that of the ion 6 means

that the only dependence of the line shape on the mag-
netic field in lowest order will arise, in this model, from

neighbors of the type 24. A very rough upper limit on
the importance of this effect is obtained by estimating
the relative contribution of the type 24 neighbors to the
total line intensity via the relation

s&e—b(lxss xlsl+Ixs —x&sl)+e—b(ixss-x&i+Ixs —»l) js24L
0.05,

s (e
—b (Rs, e+Rn, s ))2

where X„is the number of neighbors of type ts. (Table
I. The k used here is discussed in the next section. )
The effect of a magnetic field of 50 kG will be to broaden
that part of the absorption contributed by the type 24

neighbors by about 20 cm—'. Since this contribution is

expected to be broad in no magnetic field, a small effect
is expected.

For EJ c axis, the II's involve sums over 6 modes,
instead of one, and the dipole-dipole terms in Eq. (2)
contribute. The symmetry does not require, however,

that the Mn'+ and F—ions move precisely out of phase
in this case. The first two facts are likely to increase the
EJ c axis absorption relative to that with Ei~c axis and

the last, is likely to reduce it, but no quantitative con-
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TABLE I. Comparison of dependence on position
of II~, b, ~., b

&') in various theories.

Coupling from
Neighbor No. of mechanism of

type neighbors Allen et al.' This theory Ref. 5'

12
5

18
11
24
17
23

2

8
4
8
8

16
16

0
1.00

0
0.323

0
0.126
0.063

0
1.00

0
0.332
0.254
0.094
0.080

1.82
1.00
0.387
0.164
0.182
0.057
0.031

a Reference 4.
b +lith model described in Sec. III for J~, b;p, br.
e An estimate like that of Sec. IV indicates that the contributions from

12, 18, and 24 in this column will make 14% of the absorption intensity
magnetic-field-dependent.

Absorption Intensity
~10+2. (5)

Clearly, no 6rm conclusions about the intensity can be
drawn. One possible way to improve this situation is
discussed in the last section.

however, that the estimates of G are in the range' "
10—'~ erg&G&10—"erg

within which the needed G' lies. A slightly better esti-
mate of the intensity is possible from the work of
Benedek and Kushida on the observed pressure de-
pendence of the covalency mixing coefficients f via
%MR on the F"nuclei and leads to"

clusions can be drawn because of lack of detailed in-
formation about the E„modes.

The order of magnitude of the absorption intensity is
easily related to a spin-phonon coupling constant de-
6ned by

V. COMPAMSON WITH EXPERIMENT

Allen et al. showed that the MnFg line shape could
be approximately fitted with Eq. (1), restricting the
sums on /, b; l'b' to spin pairs on opposite sublattices
and taking

+l bl' b'~e (6)

where
~

e~ is the strain involved in the optical phonon
mode. Taking

~

e~~10 'we find that in. order to produce
the experimental result

Absorption Intensity
~1

where AFMR is the antiferromagnetic resonance ab-

sorption intensity, we would need G' 10 "or 10 "erg.
Unfortunately, no experimental numbers for this G'

are available. The sums of the form

LThe last two terms in (2) give no two magnon absorp-
tion for pairs of spins on opposite sublattices. j Allen et
al. used k'=1/0. 4a. This relation is compared with that
of Eq. (3) for neighbors of types 5, 11, 17, and 23 in
Table I, where we take k=1/0. 33a. We predict zero

Hg, b,. ~ b
&'& for neighbor types 12and18 in agreernentwith

Allen et al. but a Gnite II~, b,. p, b
'& for neighbor type 24.

The k used was chosen by averaging the three k values
found by matching the two expressions (4) and (3) for
the neighbor types 11, 17, and 23. The difference be-
tween (3) and (4) is seen from Table I is seen to alter-
nate in sign and thus the discrepancies appear to com-
pensate. As an indication of the importance of this effect

)/I bfl

Jl, b; l', b'

C,&"(A s,0)

which are involved are not the same as those involved
in measurements of the variation of T~ with pressure"
or of the variation of J with lattice constant. Though
some of the former measurements do give variations of
J with separation of the magnetic ions, the perturba-
tion of the crystal structure involved is a homogeneous
one and therefore the change in J is expected to be much
smaller than in the present case, where the distortion
(an optical phonon) moves the positions of the ions
within the unit cell with respect to one another. Simi-
larly, all the other numbers which are available for the
spin-phonon coupling constant G refer to a homogene-
ous distortion or to an acoustic phonon and not to an
A2 optical phonon. As discussed above, G' is expected
to be larger than such a G. It is perhaps worth noting,

"P. Pincus and J. Winter, Phys. Rev. Letters 7, 269 (1961).
G is estimated from nuclear spin-lattice relaxation times and the
temperature dependence of the electronic magnetization.

"M. Papoular (private communication), from ultrasonic at-
tenuation experiments. Estimates of spin-lattice couplings from
ultrasonic attenuation in similar materials give the same order of
magnitude and are consistent with estimates from e6ects of uni-
axial stress on the paramagnetic resonance frequency. See E. S.
Tucker, Phys. Rev. 143, 264 (1966), and references cited there

"G.B. Benedek and T. Kushida, Phys. Rev. 118, 46 (1960).
Two difEculties attend the deduction of the parameters needed
in the present paper from the Benedek-Kushida results: (1) Un-
certainties in the covalency formulation of the superexchange
theory (Ref. 14) make the J's deduced from the observed f's un-
reliable. (2) The dependence of the f 's on the various nuclear co-
ordinates cannot be separated, since the only stress applied was
isotropic pressure. We can deduce from the Benedek Kushida
results that the approximation 8f/Sr f/a is roughly correct with
a 0.5 L. Then with

1 BJ 88f
JOE f Br

or
BJ 2J
Br a

we Gnd Eq. (5).
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we note that TABLE II. A& phonon frequencies and lattice
constants for various materials.

~ Q X„'(II„(Allen)' —II„(this theory)')
~

0.07.
Material a (X)a zogz„(cm ')

~P X 'II (this theory)'~

Most of the discrepancy comes from neighbor type 24,
where we have overestimated II~, ~ ~, p &'&. The Allen
et al. theoretical line shape fits the experimental data
to within about 20%. On the basis of the foregoing,
one can expect a fit using the relation (3) to work as
well."

No change in the line is observed in a magnetic field
of 50 kG and the observed intensity falls within the
estimated limits. The shift in the line for EJ c axis
indicates a real absorption.

In FeF2, the mechanism considered here would be
expected to contribute to the two-magnon absorption
intensity, in addition to the contribution from the mech-
anism considered in detail in Ref. 5. No detailed
theoretical comparison of the absorption intensity due
to the mechanism considered in this paper in the two
materials is presently possible due to lack of experi-
mental information. The following remarks can be
made, however: (1) The exchange interaction will have
longer range than the coupling arising from the Coulomb
interaction which gives rise to the absorption mecha-
nism considered in Ref. 5. Even without considering
screening effects, the 1/~ Xt, s "&—Xt, s &o&

~

e dependence
of the interaction arising from the process proposed by
us for FeF2 in Ref. 5 leads to a more rapidly decreasing
coupling for the first four neighbors on the opposite
sublattice (Table I). Thus a sharper line is anticipated
if the mechanism proposed by us for FeF2 dominates
the mechanism considered here in FeF2. A sharper line
is observed in FeFs. (2) The Van Vleck spin-phonon
interaction contributes weakly (of order )/A less than
to 1/Tr) to the present absorption mechanism and
hence certain estimates" of the spin-phonon coupling
constant which include the Van Vleck contribution
(which will be larger in FeFs) cannot be used in compar-
ing the intensities in this case. (3) Inspection of Eqs. (2)
shows that if cokq lies near or~,„, a large absorption in-

tensity will be found. Some observed frequencies co&,„
for other Quorides of the rutile crystal structure are
shown in Table II along with lattice constants for the
corresponding materials. We note, however, that as
expected physically and with the exception of FeF2,
or~,„ is decreasing with increasing lattice constant and
that MnF2 has the largest lattice constants of the ma-
terials listed. Thus it seems quite possible that co~,„lies
closer to ~1,), in MnF2 than in FeF2, resulting in a larger
contribution for the mechanism in MnF2. Since ~g,„
and col, ), are of the same order of magnitude and the

"Considering superexchange in the TMS theory would also
predict a more complicated behavior of the II~, q,.g, f,

&'& than that
postulated by Allen et ul.

NiF2
CoF2
ZnF2
FeF2
MnFq

3.0836
3.1769
3.1335
3.3091
3.3099

4.6506
4.6951
4.7034
4.6966
4.8734

372~3b

350&10b

294c
440~

J. W. Stout and S. A. Reed, J. Am. Phys. Soc. 76, 5279 (1954).
b Reference 8.
OA. S. Baker, Phys. Rev. 136, A1290 (1964).
&M. Balkanski et al. , J. Chem. Phys. 44, 940 (1966).

factor 1/(to~, „—zoz, q) enters the intensity as the square,
it is possible that such an effect could result in a dif-
ference of as much as an order of magnitude in the in-
tensities. (4) In FeFs, the relative position of the
Quorine ions is somewhat different with respect to the
magnetic pairs than it is in MnF~. This will lead to a
different dependence of J~,~, ~ ~ on the Quorine displace-
ments. (5) It is experimentally possible that a broad
line of the sort observed in MnF2 lies under the sharp
peak observed in FeFs. (6) The experimental arrange-
ment' in the FeF2 experiment allowed the possibility
that a substantial portion of the absorption labeled
EJ c axis came from radiation with E~~c axis. That being
the case, a small, shifted absorption with EJ c axis in
FeF2 arising from the mechanism described in the pres-
ent paper would be masked by the large, unshifted
absorption due to the mechanisms described in both
papers with E~~c axis. Finally, because of differences in
lattice constants, the peak in the EJ c axis absorption
may be closer to that for E~~c axis in FeFs than in MnF&.
It is to be emphasized that remarks (3), (5), and (6)
are speculative and that the question of the relative
intensities due to the mechanism described here in the
two materials is important and unresolved.

'z M. Sparks, Ferrozlagzzetio Relaxation T/zeory (McGraw-Hill
Book Company, Inc., New Y'ork, 1964),p. 166.

vr. DrScUSsroN

There has been some confusion about the relation of
the coupling mechanism and absorption process con-
sidered here to the usual amplitude-dependent parallel
pumping absorption" which has long been observed
and understood in ferromagnetic insulators like yttrium
iron garnet. The only thing which the two absorption
processes have in common is the same final state, con-
taining two magnons. There is no amplitude dependence
or threshold power for any of the three proposals so far
advanced for the coupling mechanism in the rutile
antiferromagnets. This is because the threshold behavior
of the ordinary parallel pumping absorption is a conse-
quence of the magnetic dipole character of the field-

spin coupling. As a consequence of this magnetic dipole
character, an rf magnetic Geld parallel to the T=O
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magnetization cannot couple to the spins unless there is
already some magnetization normal to this saturization
magnetization. Thus a large increase in absorption is
expected when the rf field feeds this perpendicular
magnetization faster than it leaks away through magnon
relaxation and a threshold results. In the two-magnon
experiments considered here, the absorption is electric
dipole and the coupling mechanism is (in each proposal)
not dependent on the existence of any magnetization
normal to the saturization magnetization. Thus the
superficial similarity of Fig. 3 to diagrams arising in
Suhl instability studies (with a phonon substituted for
a magnon in the intermediate state) does not mean
that a threshold behavior is expected. Another im-

portant difference is that the phonon considered here is
virtual (its energy is not the same as that of the incom-

ing photon) whereas the k=o magnon involved in the
usual Suhl instability study is real.

Though giving results consistent with the MnF2
experiment, the considerations presented in this paper
suffer at several points from inadequate knowledge of
the parameters involved The model chosen in Sec. III
for the exchange interactions is certainly too simple.
Despite extensive"" experimental studies of the ex-
change interactions in MnF2, the required information,
that of the variation of the exchange constants Jg, b. ~, b

with the excitation of an infrared optical phonon, does
not appear to be deduceable in any reliable way from
the available results. It is possible that the needed
numbers can be more directly measured by epr experi-
ments in Mn: ZnF2 and Fe:ZnF2 under uniaxial stress
in various directions. " Such information vrould, in
particular, make possible a more detailed consideration
of the important question of the relation of the absorp-
tion intensities due to this mechanism in FeF2 and MnF2.

In conclusion, the theory presented here is consistent
with the MnF2 experiment insofar as a comparison can
presently be made. The strongest qualitative evidence
favoring our picture over that proposed by TMS lies
in the contrasting line shapes of the MnF2 and FeF2
lines. Ke suggest that the picture suggested here is com-
pelling enough so that further work on two-magnon
absorption in rutile structure antiferromagnets should
take into account the possibility that this mechanism
may play an important or dominant role.
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APPENDIX A: LONG-W'AVELENGTH OPTICAL
PHONO NS

From Ref. 7, the displacement X1,b is related to the
phonon destruction and annihilation operators via the
relations

Xi, b= P Xq, b exp[ i—q X1&2/);

1
P/ b

—— P P, , b exPPi41 Xi&'&j;

Pq,„=g (e, , b,„* P, , b);
(iaaf' )1/2

X, ,„=g (M b) '/'(e, , b,„X,, b);

1 1/2

A q&» = P~—
i~ X~*;

(2/24e~)'" k 2l23

1/2

(2h4e~) '/2 (2h//

Here eq b „is defined so that the value of X, , b when the
pth mode of wave vector q is excited is

Xq, b
" = eq, ~, b exP[2441q ~f5.(~ )1/2

+q„ is the phonon frequency. The problem of diagonaliz-
ing K is reduced to an eigenvalue problem in which the
eigenvalues are the coq„and the eigenvectors are the
eq,„,b. The normalization condition on the Pq,„b's is

Q eq,„,b eq,„,b=8„,„'.
b

At the point q=0, decomposition of the representation
of the point group which is provided by the nuclear
coordinates shows that there are 7 infrared active modes
transforming as the representations A2 (1 mode) and
E„(3 doubly degenerate modes). In the case of the
A 2„mode, the form of the normal coordinate
Xq—p (p 2 p) is found by use of the Van Vleck basis
generator, the point group character table and the
normalization condition, together with the requirement
that the center of mass of the unit cell be stationary for
an optical mode. One finds

(XM)'/2m
Xq=p, (g2„,p&—

(Mm+ 2m')'"

X (-,' (si+s2+ sq+ s4) —(sb+ sb) }.

The other normal-mode coordinates involving the s s
are those transforming as Z, (doubly degenerate), 81„
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(doubly degenerate) and the uniform Ao„mode. By
the same procedure

( 1V )1/2

!X((=0,(Agm, 44)
=

I

'4 (4m+ 2M) i

x (m(Z1+ Zo+ zo+ Z4)+M (so+so));

(m1V q'/'
X =0.(B,.»=l I (»—zo)

2

(mN) '/'
Xo=o (Bg» I I

(Zo Z4) 2&2i

(m1Vq'/'
Xo=0, (B1,1& ! I

(z1+zo zo z4) 2

2

(M1V y'/'
Xo=o, (B}m,2) I ! (Zo —Zo) ~&2i
Here z; is the z component (taken along the c axis) of
the ith ion in the unit cell as numbered in Fig. 4(a)
(ions labeled 1 through 6). m and M are the masses of
the fluorine and magnetic ions, respectively.

Inverting these gives

1
zo= x(B,.»I

( 2M1V i (2+M/m)

(M+2m)'" (4M'+2m "
X X(A,„,o)! 0 X(Agm, 44) I

mM1V i
1 j2

~6 X(B1+ 2) 23' (2+M/m)

M+2m '" (4M+2m))'/0
X X(A2t0, 0) ax(&2ts, ts)

mM1V 1Vm'

Together with the relation

2/2

x, (}„—— il— (A 0(/4) t A 0(/4) )
2cog p ~

( 1 '/' (z4= X(B,»l
(2mlV E4m1Vi

1 ( (Mm+2m' '/'

I X(A2. , o) I

(2+4m/24} L I m'242g )
(4m+2M)& '/'q

+X(A2., )I )I1VM'

These give the C, (0) (A 0„0) which are needed for evalua-
tion of the absorption intensity with EI c axis:( 1 1/2

z1=X(B,1) I +X(B}m 1)
(2m1V (4m1V) 2/2

1 (Mm+2m'~'/'
C, (') (A2„,0) = !!

(2+4m/M) ( m'M1V i1 ( (Mm+2m') '/'

(2+4m/24} L m'2422 ) ( ( j/ 1/2)

x I 'I
/(4m+22g}}U') L 12m'~ .)

x(A2g, u) i i C,")(A2,0) =C, (2) (A2„,0) =C, '» (A2„,0) =C, (4) (A2„,0);

1 '/' ( 1
Zo=X(Bg, » —X(B2m 1)I

2m' (4mlVi

—1 (Mm+2m' '/'
C, (') (A2„,0)=

(2+3//m} } m'2422 )
1 ( (Mm+2/L') '/'

X(Agm. o)
(2+4m/24} L m'2422 ) C, ('& (A 2„,0)=C."&(A 0„,0) .

xl il
& E2~„„)'

((4m+ 2M) ) '/' )
+X(A„, )I( 1VM2

X(Bg 1)l I +X(B2'
E2m1Vi

'"'
(4m1V) /

( Mm+2m' '"
X(Agm, o)

(24-4m/2g} L
'

m'2424 )
(4m+2M''/0~

+X(A2. , -)l
1VcV'

Note that, as stated in the text, the fluorine ions oscil-
late against the magnetic ions in this mode.

No comparably simple solution is available for the
modes E ('& (i = 1, , 6) which appear in the expres-
sion for the absorption with EJ c axis. In that case, 8
simultaneous equations involving the unknown force
constants in the tensor G(, 0,.1,0 must be solved for
the e~,„,q, since the form of the normal coordinates is
not fully determined by symmetry. (Two equations
are eliminated by removing the uniform modes. ) From
symmetry, one can only conclude that the („*) com-
ponents of ions (2 and 4) and (1 and 3) are always in
phase for these modes.
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APPENDIX 3: SYMMETRY PROPERTIES
OF THE ~l, b, l. b

&'&

The result of Allen et al. shows that the only parts of
the IIl, b, l. , b

('& which do not vanish when the sums in
Eq. (2) are done are those having the following trans-
formation properties

11$ p, p gp(*) —Z[((()(!X$ y(0) X41 gp(0)!)
(l, b;l', b')/ (l, b;l', b')/ (l, b;l', b') ~

(.py(*)=Q(4)(!X&((o)X&,&, (0)!)0(l,b(', '4'). (Il 1)

11$ b, $, (,, (w) = 11(&)(!X[ $(o) X, y(o)! )~ ((,b;(', b')

where

&r ""' ~' = sgn(X4 (,
(')—X),(, "'), etc

For E!!c axis, we show explicitly how the nature of the
mode and the geometry of the crystal give

Ol, b, l, b
(' the rightproperties for the6rst four neighbors

on the opposite sublattice under the assumption that the
exchange interaction is entirely due to superexchange
with the Quorine ion lying nearest the line between the
two magnetic ions. The demonstration is essentially
the same for each set of neighbors. Ke show the re-
quired change in sign in detail for the pairs 6-5 and 6-41.
The relevant factors in IIl, b, l, b

(') are
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From the geometry it is clear that
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under the assumptions indicated and using the expres-
sions for the C,(')(A~,O)'s derived in the preceding
appendix. Transforming the derivatives to the two
coordinate systems indicated in Fig. 4(c), we have
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Combining these results, one has
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as required by the relation (81).Physically, the result
is seen more clearly by sketching the two pairs in motion
when the 2 2„mode is excited. The relative phase of the
fluorine ion and the magnetic ions is opposite in the two
cases when the motion is decomposed into a component
along the line between the magnetic ions and another
normal to it. By similar sketches for the other relevant
pairs, identical proofs of all the special cases of relation
(81) can be constructed for the 6rst four neighbors.


