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region, it is diflicult to estimate the relative eGectiveness
of Joulean and annihilation dissipation as a trigger
mechanism because of the completely different spatial
distributions.
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Low-temperature measurements of the normal- and superconducting-state thermal conductivities were
made on ten tin specimens, one of which was pure (99.996%) and nine of which were lightly doped (up to
1 at.%) with mercury, lead, or bismuth. The ratios Z'/Z" of the superconducting- to normal-state thermal
conductivity are used to analyze the data. The normal-state thermal conductivity is assumed to consist of
a fractionally small lattice component Ef," consistent with the "universal-curve" formalism of Lindenfeld
and Pennebaker, added to a much larger electronic component of the Wiedemann-Franz type. The super-
conducting lattice thermal conductivity E~' is assumed to be simply related to Eg" in a manner roughly
independent of impurity concentration. Proceeding in this manner, it is shown that the variation of E'/E"
with changing electronic mean free path is consistent with a normal-state lattice conductivity having a
temperature dependence similar to that observed by other investigators on other alloy systems. Further-
more, if one guentitutkely adopts the "universal-curve" formalism, it is seen that the analysis yields a tem-
perature-dependent ratio of lattice conductivities, Er'/Eon, which is consistent with the theory of Bardeen,
Rickayzen, and Tewordt. The thermal conductivities of the pure and the three lowest impurity samples
are mostly electronic, and thus it is possible to compare their E'/Z" ratio with the theoretical E.'/Z, rantio

of Kadano6 and Martin, calculated for an isotropic gap. The pure-sample data fit the theory with a value of
3.3k&T, for the superconducting energy gap. However, a value of 3.9k&T, is found for the gap for the
three impure samples.

L INTRODUCTION
' &~ESCRIBED herein are the results of measure-

ments taken at liquid-helium temperatures on
each of one pure and nine impure samples of tin. Of
primary interest is the thermal conductivity in the
normal and superconducting states. Electrical resis-

tivity and superconducting transition temperature de-
terminations were also made to aid in the reduction and
interpretation of the data.

Ke express the normal- and superconducting-state
thermal conductivities as the sum of two terms, one
electronic (e) and one lattice (g), viz:

(normal state) En —E n+E n (1)

(superconducting state) E'=E,'+Eo'. (2)
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Previous works on tin' ' have shown that in the
temperature range of 1—4'K:

(a) For relatively pure samples (&0.01 at. % im-

purity) the electronic thermal conductivity in the
normal and superconducting states is the dominant
mechanism. In particular, the normal-state thermal
conductivity is adequately described by

1/E,n=nT'+p/T

where nT' is the ideal thermal resistivity, due to scatter-
ing of electrons by phonons, and P/T is the electron-
impurity scattering term. P is approximately pp/I. p,

where po is the residual electrical resistivity and I.o is
the theoretical Lorenz number.

(b) At about 1 at. %%uo impurit yconcentratio n, the
P/T term in Eq. (3) has become large and also the
lattice conductivity becomes a detectable portion of
the total, of the order of several percent at 4'K.

r A. M. Gusnault, Proc. Roy. Soc. (London) A262, 420 (1961).
s J. K. Hulm, Proc. Roy. Soc. (London) A204, 98 (1950).
3 M. Garfinkel and P. Lindenfeld, Phys. Rev. 110, 883 (1958).
4 S. J. Laredo, Proc. Roy. Soc. (London) A229, 473 (1955).

N. V. Zavaritskii, Zh. Eksperim. i Teor. Fiz. 39, 1571 (1960)
/English transl. :Soviet Phys. —JETP 12, 1093 (1961)g.
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(c) Between the two extremes the Wiedemann-Franz
law is closely obeyed (E"=LeT/pe), and it is difficult
to separate out the contribution of the lattice.

Zimmerman' explained the lattice-conduction con-
tribution in his high-resistivity silver-antimony alloys
in terms of Pippard's theory of ultrasonic attenuation. ~

Lindenfeld and Pennebaker' extended this model to
explain the lattice conductivity of their copper alloys
and pointed out that this could be expressed as a uni-
versal curve to which the normal-state lattice con-
ductivity of any metal could be compared when properly
scaled. More recent data on indium' and silver" alloys
have supported these concepts.

By experimental testing ' " " two theoretical calcu-
lations based on the BCS model of superconductivity'4
have been shown to be at least qualitatively correct.
They are: (1) the calculations of Kadanoff and Martin"
regarding the temperature dependence of the ratio
E;/E, ", and (2) the calculation of Bardeen, Rickayzen,
and Tewordt" (BRT) which gives the ratio of lattice
conductivities E,'/E, " as a function of reduced tem-
perature t= T/T, .

It is the goal of this work to investigate the thermal
conductivity of tin in the region of impurity concentra-
tion where the electronic thermal conductivity is limited
mainly by impurity scattering, and the normal-state
lattice conductivity is still a very small part of the total
conductivity. As we shall see, the small fractional size
of E, will make necessary a rather unconventional
form of data analysis. The effective anisotropy of the
superconducting energy gap, which has been shown to
have large effects on quantities like the superconducting
transition temperature, " is changing rapidly in this
impurity region. We will attempt to examine the
temperature-dependent ratio E,'/E, " as a function of
impurity, that is, changing electronic mean free path,
for any effects which might be caused by this variation
in gap anisotropy.

II. EXPERIMENTAL DETAILS

The samples wpre prepared by vacuum-melting ap-
propriate amounts of Johnson-Matthey 99.999'Po pure

' J. E. Zimmerman, J. Phys. Chem. Solids 11, 299 (1959).
7 A. B. Pippard, Phil. Mag. 46, 1104 (1955); J. Phys. Chem.

Solids 3, 175 (1957).
P. Lindenfeld and %. B. Pennebaker, Phys. Rev. 127, 1881

(1962).' P. Lindenfeld and H. Rohrer, Phys. Rev. 139, A206 (1965).
'0 M. H. Jericho, Phil. Trans. Roy. Soc. London A257, 3g5

(1965)."R.E. Jones and A. M. Toxen, Phys. Rev. 120, 1167 (1960).
"A. M. Toxen, G. K. Chang, and R. E. Jones, Phys. Rev. 126,

919 (1962).
"C. B. Satterthwaite, Cambridge Superconductivity Confer-

ence, 1959 (unpublished).
'4 J. Bardeen, L. N. Cooper, and J. R. SchrieRer, Phys. Rev.

108, 1175 (1955)."L.P. KadanoB and P. C. Martin, Phys. Rev. 124, 670 (1961)."J.Bardeen, 6. Rickayzen, and L. Tewordt, Phys. Rev. 113,
9g2 (1959).

'7D. Markowitz and L. P. Kadanoff, Phys. Rev. 131, 563
(1963).

Sn and the desired impurities and extruding the result-
ing slugs into long wires approximately 1.5 mm in
diameter. Sections to be measured were clipped o6 and
annealed at 200'C for several days. One pure and
nine impure specimens were prepared. Lead, mercury,
and bismuth were each used to dope three of the impure
specimens to nominal impurity concentrations of 0.01,
0.1, and 1.0 a,t. 'Pz. Electrical resistivity, critical tem-
perature, and thermal conductivity measurements were
performed on all of the samples. Upon completion of
the measurements, portions of each specimen were
analyzed spectroscopically for impurity concentration.

The samples were also examined metallographically
at the University of Connecticut Metallurgy Labora-
tory and were found to possess a polycrystalline struc-
ture. The grain size was observed to vary inversely with
the impurity concentration, the largest grains occurring
in the pure sample where they were found to be one-
fifth the length of the specimen. There was no significant
decrease in the grain sizes for the samples with approxi-
mately 0.1 jo impurity concentration, but the samples
of higher impurity concentration were observed to have
grains as small as 0.1 mm.

Temperatures were monitored with ~~-W, 47-0 Allen
Bradley carbon resistors which were calibrated during
each run against the helium bath using the 1958 He
vapor-pressure tables. " A suitable mathematical ex-
pression relating the resistance to temperature for
calibration purposes was found to be

lnR=A+8/T+C lnT,

where A, 8, and C are adjustable parameters. The
resistances were measured with a specially constructed
double Wheatstone bridge having sufficient sensitivity
to provide a resolution of &0.001'K over the tempera-
ture range of 1.2—5'K.

Thermal-conductivity measurements were taken in
the usual manner —in an evacuated can with the sample
suspended by one end from a copper stud in direct
thermal contact with the helium bath. Two carbon
resistors were cemented onto the sample 6 to 8 cm
apart, and a Chromel C wire heater was wound at the
bottom end. TeQon-coated copper wire (f36) served
as thermometer and heater leads. The resistance ther-
mometers were calibrated against the bath by filling
the can with He exchange gas. The can was then
evacuated overnight to a pressure of 6)(10 ' Torr, and
on the following day thermal conductivity measure-
ments were made. Below the superconducting transition
temperature, normal-state data were taken by applying
a longitudinal magnetic field to the sample with a dc
solenoid. Heater powers supplied to the sample were
such as to maintain temperature differences between
thermometers of 0.020—1.0'K.

'8 F. G. Brickwedde, H. van Dijh, M. Durleux, J. R. Clement,
and J. K. Logan, J. Res. Natl. Bur. Std. (U. S.) 64A, 1 (1960).
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FIG. 1. Total normal- and superconducting-state thermal con-
ductivities E" and E' versus temperature T, for Hulm's pure
sample and the pure sample of this work. (Q)—E" for Hulm's
pure, (E)—Z" for sample Snl, this work. (+)—Z' for each
sample. Dashed line—Wiedemann-Franz law.

The length between thermometers was determined
with vernier calipers, and the sample diameters were
measured with a traveling microscope. The uncertainties
in these two quantities resulted in an A/L error of
&1%. A correction for heat loss down the electrical
leads from the hot end of the specimen was made and
typically amounted to several percent of the total heat
input. A much smaller correction was made for joule
heating in the electrical leads to the heater. Radiation
and gas conduction losses were negligible.

It was found necessary to make magnetic corrections
on the normal-state conductivity for only two samples,
Sni and Pb1. Following Hulm2 and employing a formula
due to Sondheimer and Wilson, "a correction was deter-
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FIG. 2. Total normal- and superconducting-state thermal con-
ductivities E"and E' versus temperature T, for the samples with
lead impurity: Pb1, Pb2, and Pb3. Lead concentrations are given
in atomic percent in parentheses. (0) E", (E)—E', dashed—
line—Wiedemann-Franz law.

's E.H. Sondheimer and A. H. Wilson, Proc. Roy. Soc. (London)
A190, 435 (1947).

mined by measuring the thermal conductivity as a
function of magnetic field at several temperatures above
the transition temperature. The correction ranged from
2s jo at 1.5 K to 4%%uo at 4.2 K for Pb1 and from O'Po

to 14jro for Sn1.
For most samples, the scatter of the conductivity

from a smooth curve drawn through the data was less
than 1/o (see Figs. 1, 2, 3, and 4). The worst case was
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FIG. 3. Total normal- and superconducting-state thermal con-
ductivities E"and E' versus temperature T, for the samples with
bismuth impurity: Bi1, Bi2, and Bi3. Also shown are two samples
of Garfinkel and Lindenfeld, GB.L (0.11 Bi} and GAL (1.1 Bi}.
Bismuth concentrations are given in atomic percent in parentheses.

"C.A. Reynolds, B. Serin, and L. B. Nesbitt, Phys. Rev. 84,
691 (1951}.

that of the pure sample Sn1, which exhibited a scatter
of 2-,"jjo. Geometrical uncertainties contribute to make
the absolute magnitude of the conductivity somewhat
more uncertain in each case, but fortunately these type
of errors caricel in the ratio of the superconducting- to
normal-state conductivities, E'/K".

The technique used to determine the superconducting
transition temperature T, was similar to that described

by Reynolds, Serin, and Nesbitt. ' In independent runs
on the same sample T', was found to be reproducible
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TABLE I. Experimentally determined quantities associated with several specimens of pure and impure tin.

At. % R'
Worker Sample Imp. type At. %b

p4. a P273
(pQ cm) (pQ cm) ~X104

Present
Present
Present
Present
Present
Present
Present
Present
Present
Present
Hulm
Hulm
Hulm
68zL
G 8zL

Sni
Pb1
Pb2
Pb3
811
812
Bi3
Hg1
Hg2
Hg3

Pure
0.011 Pb
0.10 Pb
0.98 Pb
0.007 Bi
0.08 Bi
088 Bi
0.011 Hg
0.10 Hg
1.1 Hg

Pure
0.033 Hg
0.33 Hg
0.11 Bi
1.1 Bl

~ ~ ~

0.011
0.14
0.52
0.0074
0.05'7
0.78
0.011
0.031
0.23

0.00213
0.00564
0.0500
0.00478
0.00578
0.0721
0.796
0.0203
0.113
0.475
0.0011
0.0141
0.165
0.0721
0.758

13.06
12.71
13.19
13.55
12.61
11.91
13.31
12,87
11.28
13.35

0.03163
0.03444
0.00381
0.03382
0.03458
0.00609
0.0636
0.00158
0.0101
0.0543

3.720
3.716
3.713
3.752
3.725
3.'709
3.700
3.718
3.686
3.646
3.'71

3.68
3.72

5.34
6.98

8.6

10.1

3.92
5.70

0.0976
0.228

~ ~ ~

0.395

~ ~ ~

0.71

0.048
0.656

0.282
0.120

0.070

0.039

0.42

a Calculated from amount of impurity added to melt.
b Results of Jarrell-Ash spectroscopic analysis.
o These values are referred to in the text as po.

to within &0.004'K. This, the largest error, was small

enough to permit a comparison of the data to the results
of Lynton et a/. 21 relating impurity concentration to
change in T„and the agreement was quite satisfactory.
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FIG. 4. Total normal- and superconducting-state thermal con-
ductivities X"and X' versus temperature T, for the samples with
mercury impurity: Hgi, Hg2, and Hg3. Also shown are two sam-
ples of Hulm, H. (0.033 Hg) and H. (0.33). Mercury concentrations
are given in atomic percent in parentheses.

(However, for more information concerning change in
T„see a later work of ours, Ref. 22.)

Electrical-resistance measurements were subsequently
made at 273 and 4.2'K on 5-cm lengths of the samples
cut from between the resistance thermometers. The
conventional four-probe method was employed, using a
Leeds and Northrup K-2 potentiometer. Length and
diameter measurements were made with a traveling
microscope. Geometrical errors and uncertainties in the
resistance determinations led to experimental uncer-
tainties in ps73 and pp of 0.7 and 1.5%, respectively. In
Table I we list the quantities associated with each of
our specimens as well as some results by other investiga-
tors which are pertinent to the discussion to follow.
p, =ps/(ps73 pp) is the usual residual resistivity ratio.
The values of dp„/dx inferred from the data in Table I
are 0.04, 0.08s, and 0.15s per at. 'Po for Pb, Bi, and Hg
impurity, respectively. We note that the low po value
for Pb3 is anomalous. This presumably is caused by the
occurrence of a lead-enriched phase along the grain
boundaries in this specimen which could be super-
conducting at 4.2'K.

III. RESULTS AND DISCUSSIOÃ

A. Thermal Conductivity

Figures 1, 2, 3, and 4 exhibit the thermal-conductivity
data, both those of the normal and of the supercon-
ducting states, of the present specimens. The data of
other investigators taken on samples with comparable
impurity concentrations and identical impurity type
are also shown for purposes of comparison. The straight
dashed line associated with each set of data is the line
the normal-state data would fall on if the Wiedemann-
Franz Law were perfectly obeyed. We note that the

n E. A. Lynton, B. Serin, and M. Zucker, J. Phys. Chem. "J.E. Gueths, C. A. Reynolds, and M. A. Mitchell, Phys. Rev.
Solids 3, 165 (1957). 150, 346 (1966).



THERMAI. CONDUCTIVITY OF IMPURE Sn

IO

E

E
O

M lO.—

Cfl

2
10

I

lo

I

(O

T/~ ( K/ohm cm)
lo

8

Fxo. 5. The universal curve of Lindenfeld and Pennebaker
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in which the longitudinal and transverse modes are independent
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and Q's are representative points taken from the curves for silver,
copper, and indium and scaled to a tin curve. The dashed line is
drawn through these points and has a slope of n —1, where n is
the exponent of the temperature dependence of Ep /see Eq. (6)g.

P. G. Klemens, in Ewcyclopedia of Physics, edited by S.Flugge
(Springer-Verlag, Berlin, 1956), Vol. 14, p. 260.

impurity concentrations in Fig. 4 appear to be out of
order when compared against Hulm's impurity con-
centrations. This is not unreasonable, as his impurity
concentration is that added to the melt from which the
specimen was prepared. Inspection of Table I reveals
that the amount of Hg added to the melt in our case
was significantly larger than the value obtained from
spectroscopic analysis.

At intermediate impurity concentrations, the normal-
state thermal-conductivity data is very nearly linear
in T, suggesting that the normal-state lattice conduc-
tivity is negligible, and that the electronic thermal
resistivity is dominated by electron-impurity scattering.
However, the slope of the E"-versus-T line differs from

Js/ps in most cases by several percent. It is not clear
what causes this deviation, but errors in geometrical
determinations could be a contributing factor. The
Wiedemann-Franz line associated with Pb3 was con-
structed arti6cially since, as previously discussed, the
p4. 2 measurement was anomalous.

Since the specimens with 0.1—1.0/~ impurity exhibit
a normal-state thermal conductivity nearly linear in T,
it is clear that a meaningful separation into electronic
and lattice components by conventional means" would
be extremely dificult, as the diGerence of two very large
quantities would be involved. However, the supercon-

ducting-state lattice conductivity E,' forms a much
larger fractional part of E', and we can obtain some
information about E," by employing a more uncon-
ventional technique.

As mentioned in the introduction, Lindenfeld and
Pennebaker have applied Pippard's theory of ultra-
sonic attenuation to a theory of the normal-state lattice
conductivity with a reasonable degree of success. Their
experimental results on copper as well as those of Jericho
on silver' and Lindenfeld and Rohrer on indium
strongly suggest that a "universal" function relating
Eo"/Tps to T/ps exists for dilute alloy systems when
the scattering of phonons by electrons dominates the
lattice thermal resistivity in the normal state. In Fig. 5
we show such a plot scaled for tin. The extended solid
line represents a theoretical E, relationship for the
case when the transverse and longitudinal modes oper-
ate independently and their respective conduction
processes can be added. The data in Fig. 5 are repre-
sentative points taken from curves relating Eo"/Tps to
T/pe for copper, silver, and indium which have been
scaled to a tin curve in the manner suggested by
Lindenfeld and Pennebaker. It is seen that the sugges-
tion of a universal function is experimentally substanti-
ated, as all of the scaled data seem to lie on the same
curve. Even though there appears to be some disagree-
ment between the absolute value of theory and experi-
ment on this plot in the region of long electronic mean
free paths, the data for the various host metals are at
least consistent in this respect. Possible reasons for this
apparent disagreement between theory and experiment
have been discussed previously. ' '

Figure 5 suggests that we should expect to 6nd E,"
=CT" where n=2.4. Furthermore, if indeed the mag-
nitude of E," is roughly given by the dashed line in
Fig. 5 as a function of po and T, E," will be a frac-
tionally small part of E", amounting to only 4%%uq of
E" at T=4'K for our most impure specimen. This is
consistent with our earlier observation that, because of
the linear variation of the E"-versus-T curves, the
lattice conductivity did not form a large part of E"for
any of our specimens. However, we use the variation
of the ratio E'/E" with pe to obtain some information
about E," in these specimens.

In Fig. 6 we show the ratio E'/E" for the more
impure specimens measured in this work. The upward
trend of E'/E" for the most impure specimens as f

=T/T, is reduced is presumably a manifestation of
E,', which forms a large part of E' at these low tem-
peratures. The calculations of Klemens and Tewordt"
indicate that the BRT ratio

has a po dependence, but in the dilute impurity range

"C.Feldman, Phys. Rev. 139, A211 (1965).
» P. G. Klemens and L. Tewordt, Rev, Mod. Phys. 36, 118

(1964).
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where ps~0 means the limiting value of E'/E" as
the impurity is reduced to zero and the inhuence of
the electron-phonon scattering is neglected. Figure 7
demonstrates this well at t=0.75. The data of Guenault
demonstrate the effects of the anisotropy of E,'/E, "
for nearly pure specimens. Hulm's samples were cast
and consisted of several large crystals, and thus are
expected to have the tetrad axis nearly perpendicular
to the specimen axis. Comparison of his data to the
data of Guenault for the perpendicular direction would
indicate that this is the case. The present specimens
were extruded wire and the orientation was in question.
The p2~3 values listed in Table I would indicate that
they should be considered to be more nearly parallel,
if the anisotropic electrical resistivity" is indeed a
measure of an average orientation of the small crystals
which make up the specimens. One can see that in the
limit of decreasing po, they indeed appear to be more
parallel if judged against Guenault's results in Fig. 7.
If we conditionally assume that all of the present speci-
mens have essentially the same orientation, the line
drawn through the present data in Fig. 7 yields an
estimate of (E'/E")„s.

Combining Eqs. (7) and (9), and using the Wiede-
mann-Franz relation E,"=TLs ps, we see that

Fro. 6. The ratio of the total thermal conductivities K'/E"
versus reduced temperature t= 7/T„ for the six higher impurity
samples. ln

E' E'i-
E" K"i„s

QTn —I

=ln
Lp

+ (3 I) lnps. —(10)

of this work this variation is expected to be so slight
that we will ignore it.

As suggested by Fig. 5, we assume that an approxi-
mate relationship between E,", T, and po exists in the
very dilute range of the form

in(E, "/Tps) =A+ (ts—1) ln(T/ps), (6)

where m is the temperature dependence of E,". Thus,
combining Eqs. (5) and (6), we have

ln(E '/TppR (t))=A+(tt —1) 1n(T/pp). (7)

At constant ts' Eq. (10) describes a straight line,
exponent of the temperature dependence of E,"being e.
Figure 8 shows several plots of the type described by
Eq. (10) at t=0.45, 0.60, and 0.75. The slopes (3—n)
of the three lines are 0.70, 0.68, and 0.63, respectively.
Thus, Eq. (10) seems to be roughly satisfied, with rt

approximately independent of T. The points at low pp

A fractionally large normal-state lattice conductivity is
not apparent in any of the dp, ta in Figs. '1, 2, 3, and 4.
In fact, from Fig. 5, we expect that E,"/E"&0.03 for
all of our specimens, so that, to a very good
approximation,

E'/E"= E '/E"+E '/E'
K'
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The results of Guenault' show that the ratio E;/E,"
is strongly influenced by (a) the crystal orientation,
and (b) the ratio of the electron-phonon scattering to
electron-impurity scattering. The influence of (b) should
not be seen here, as the values of po and T which con-
cern us make this ratio small for all samples. Thus for
specimens having the same crystal orientation, we ex-
pect that

(E'/K") = (E'/E'") s+E '/E"''

FIG. 7. The ratio of the total thermal conductivities E'/E"
versus residual electrical resistivity pp at t=0.75. (0), the experi-
mental points of this work. (g), experimental points of Hulm.
Q, experimental points of Guenault: marked J for the case when
the c axis was perpendicular to the specimen axis and hence to
direction of current or heat flow; marked

~~
for the case when the

c axis was parallel to the specimen axis. The solid curve is drawn.
through the data in order to obtain (E'/E ) pp p.

"J.E. Gueths, M. A. Mitchell, and C. A. Reynolds, Bull. Am.
Phys. Soc. 11, 74 (1966).

"The variation of 7; with composition is too small to affect
this equation to any signiGcant degree.
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FIG. 8. Plots of the difference between the ratio of the total
thermal conductivities E'/E" and (Z'/E")» i 'versus residual
electrical resistivity pp at three values of reduced temperature.
Estimated uncertainties due to scatter in E' and E"are indicated
by the error bars. The slopes of the solid lines are taken to be
(3—e), where n, is the exponent of the temperature dependence
of Ep Lace Eq. (10)g.

are especially susceptible to smaH errors in (E'/K )» s
and orientation effects. Thus the lines have been drawn
with the greatest emphasis on the highest po data. The
effects of the o.T' scattering term in K," are not yet
apparent in Figs. 7 or 8. At even lower values of po
than those considered here, this term tends systemati-
cally to decrease the ratio E'/E" until electron-phonon
scattering. is the only source of electronic thermal re-
sistivity. Since the error in each of these curves is rela-
tively large, we take an average value of e to be 2.35.
The dashed line in Fig. 5 is a line exhibiting a ternpera-
ture dependence of E," of this value.

Using this temperature dependence for E,", we have
analyzed the three most impure specimens by drawing
the best line through the normal-state data of the form
suggested by the analysis up to this point,

K"/T= 1/P+DTt s'

The results of this analysis, as well as those of some
previous investigations on tin, are shown in Fig. 9.
Shown also are the solid and dashed lines which were
introduced in Fig. 5. The agreement between the data

lO'-

E
D

co E
0

i i i i 'I

IO
i i i i i i i I

and the quasitheoretical (dashed) line of Fig. 9 leaves
much to be desired, but order of magnitude agreement
is certainly realized.

From Eq. (10) and curves of the type in Fig. 8, we
also expect to obtain information about R,C as a func-
tion of t. In particular, if we assume that C is given by
the "universal" (dashed) line of Fig. 5 (C=2)&1P '),
we can obtain R, (t). In Fig. 10, we have plotted values
of E., obtained in this manner at five reduced tempera-
tures. It is seen that they compare favorably with the
BRT prediction.

To summarize, we see that a complete separation of
the normal and superstate data into electronic and
lattice contributions has not been realized, due to the
small size of K,"/K" and possibly large orientation
effects. However, the data certainly appear to be con-

sistent with data on other alloy systems and with the
concept of a universal curve relating E," to po and T.
Furthermore, upon using the theoretical Lorenz number
and a constant obtained from the universal curve, the
ratio Eg'/IC, " is in good agreement with the BRT
predictions.

B. The Suyerconducting Energy Gap

Ke now expect that E," and E,' should become
fractionally smaller portions of the total conductivities
as po decreases. The normal-state data of the four lowest
impurity samples Sn1, Pbi, Bii, and Hg1 were conse-

po Chin GAl

FIG. 9. Comparison of the normal-state lattice conductivities
of tin with the universal curve. The extended solid and dashed
lines are the "theoretical" lines of Fig. 5. Individual data points
have been omitted to avoid confusion. That the present results
are parallel to the dashed line is perhaps fortuitous, as the slope
is, to:a degree, preselected by the type of analysis described in
the text. The results obtained by Garfinkel and Lindenfeld and
Hulm on their specimens in this region of pp are also shown.



336 P EA RSON et al.

T/K, "=rrTI+P. (12)

In Fig. 11, we see that the data for these specimens
satisfactorily exhibit the linear dependence of Eq. (12).
The values of Ir and P obtained from this analysis are
listed in Table I.

Other investigators'5"" have compared the varia-
tion of K'/E" with t for very pure specimens to the

quently 6t by least squares to the conventional form
for the electronic thermal conductivity
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FIG. 11. T/X, " versus T'. A test of Eq. (12) for the four low-

impurity samples. The fact that E" can be used instead of E,"
indicates that the conductivity is essentially electronic. The
straight lines are least-squares 6ts to the experimental data.

20-
sample purity increases, a increases. The values of u

for the four least impure specimens are listed in Table I.
In Fig. 12 the data for Sn1 is compared to the theo-

retical curve with a= 0.5 and (2A (0)/kIIT, )=3.3. Com-

parison to the theory for Pb1, Bii, and Hg1 is made in

!0 I.O
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FIG. 10. The ratio of the lattice conductivities E;/Ep versus
reduced temperature. The solid curve is the theoretical one of
BRT for 2&i(0)/ksT, =3.5. (x)—the points calculated from the
data of this work as indicated in the text. The dashed curve is a
curve through these points.

NK 0.5—

04

03-

theoretical predictions of KadanoG and Martin with a
reasonable degree of success. Theoretically, the ratio
of the electronic parts of the thermal conductivity,
K,'/K, ~, is given by an integraP' involving two pa-
rameters: 26(0)/k&T„where A(0) is the energy gap
for the formation of quasiparticle excitations at absolute
zero, and a, the ratio of the electronic thermal re-
sistivity due to phonon scattering to that due to im-

purity scattering evaluated at the critical temperature.
a can be expressed in terms of the normal-state pa-
rameters in Eq. (12) as u= (Ir/P)T, '. Of course, as the

0.2—

O.l-

I I I I I I I

0.2 OB 0.4 Q5 0.6 0.7 O.B 0.9 lg

FIG. 12. A plot of total thermal conductivity X'/Z" versus re-
duced temperature. (o)—the experimental values for the pure
sample Sni. The solid curves are plots of the Kadanoff and Martin
theoretical values of Z, '/X, " for an energy-gap parameter
2a(0)/l'IsT, =3.3 and for three values of u=(a/p)T, ', n=O, 0.5,
and 10.
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Fto. 13. A plot of the total thermal conductivity ratios E'/E"
versus reduced temperature. (+,o,o) experimental values for the
three 0.01% (nominal) specimens Pb1, Bi1, and Hg1. The upper
solid curve is the KadanoB and Martin theoretical calculatiori of
E;/E, " for an energy-gap parameter 2a(0)/kttT, =3 3and.
a=(n/P)T, '=0 The bottom. curve is that for an energy-gap
parameter of 3.9 and a=0.

were a fractionally larger portion of the total for the
0.01% samples than in the pure specimen. Also we
cannot reasonably attribute this shift to a change in
net crystal orientation. An examination of p»3 values
in Table I and a comparison of these values with
measurements of p»3 versus crystal direction" indicate
that there is no significant change in net orientation
between the pure and the nominal 0.01 at. % samples.

One might be led to conclude that the isotropic
BCS-type energy gap that is assumed in this comparison
depends on impurity concentration. However, Ander-
son" proved that an isotropic gap is unaffected by
impurities. Further, he showed that for the case of an
anisotropic gap, the primary eGect of impurities is to
smooth out the anisotropy. Since then several experi-
ments, notably on optical absorption2 and on ultra-
sonic absorption, '0 have demonstrated directly the
smoothing of gap anisotropy by impurities. The data
reported in the present paper indicate that thermal
conductivity is also incapable of explanation on the
basis of an effective isotropic gap, but rather requires a
full investigation of energy-gap anisotropy and, its
reduction by impurities. Such an investigation is carried
out in the paper following by Ulbrich et ul."
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