
P H YSI CAL REVIEW VOLUME 154, NUMBER 2 10 FEBRUARY 1967

Anomalous Thermal Expansion and. Magnetostriction of
Holmium Single Crystals*

J. J. RHvNz

U. S. Naval Ordnance Laboratory, 8"hite Oak, Silver Spring, Maryland

AND

S. LEGVOLD AND E. T. RODINE't

Institute for Atomic Research artd DePartmertt of Physics, Iowa State Uuiversity, Ames, Iowa

(Received 30 June 1966)

The a-, b-, and c-axis linear strains of single-crystal Ho have been measured from room temperature to
O'K in zero field and in applied fields up to 30 kOe. Pronounced bumps appeared in the thermal-expansion
coefficient at the magnetic ordering temperatures of 132 and 20'K. The exchange magnetostriction contribu-
tion to the total c-axis strain was isolated and compared to the predictions of the molecular-field theory
applied to spiral antiferromagnets. Strain data taken with an applied field show the sects of "fanning" of
the moment about the applied-field direction and of the onset of basal-plane anisotropy below 75'K. The
dependence of the basal-plane magnetostriction on field angle was measured in the temperature range of
magnetic order. Saturation values of the second-order magnetostriction constant were compared with the
results of single-ion magnetoelastic theory. A value of 2.5)&10 ' at T=O'K was calculated.

I. INTRODUCTION

ESULTS on the anomalous thermal expansion and
magnetostriction of hexagonal close-packed hol-

mium single crystals are presented here.
The giant magnetostrictioris reported here as well as

those reported for Tb, ' Dy, '3 and Er 4 arise from
changes in the balance between elastic and strain-
dependent magnetic energies. These rearrangements
occur both spontaneously (e.g. , anomalous thermal ex-
pansion) and on the application of an external field.
In the rare earths the magnetostrains may be sorted into
those arising principally from the exchange energy and
those resulting primarily from the single-ion aniso-
tropy energy. Previous results on Ho' revealed Qeld-
induced exchange magnetostrictions as large as 0.35%%uz

and anisotropic magnetostrictions of order 0.2%. These
latter magnetostrains are smaller than those found in
Tb and Dy due to the smaller asymmetry of the 4f ion
cloud in Ho.

Magnetic-moment' and neutron-diGraction6 studies
on holmium have established that the metal is para-
magnetic above 132'K, and has a spiral antiferro-
magnetic ordered phase from 132 to 20'K. The moments
are constrained to the basal plane by a large axial
anisotropy. The interlayer turn angle decreases linearly
with temperature from 50' at the 132'K transition to

*Work was performed in the Ames Laboratory of the U. S.
Atomic Energy Commission. Contribution No. 1914.

t Present address: Systems Research Laboratories, 500 Woods
Drive, Dayton, Ohio.

' J. J. Rhyne and S. Legvold, Phys. Rev. 138, A507 (1965).' A. E. Clark, B.F. DeSavage, and R. M. Bozorth, Phys. Rev.
138, A216 (1965).' S. Legvold, J. Alstad, and J. Rhyne, Phys. Rev. Letters 10,
509 (1963).

4 J. J. Rhyne and S. Legvold, Phys. Rev. 140, A2143 (1965).' D. L. Strandburg, S. Legvold, and F. H. Spedding, Phys. Rev.
127, 2046 (1962).' W. C. Koehler, J. W. Cable, E. O. Wollan, and M. K. Wilkin-
son, J. Phys. Soc. Japan 17, Suppl. B3, 32 (1962); W. C.
Koehler, J. W. Cable, E. O. Wollan, and M. K. Wilkinson, Bull.
Am. Phys. Soc. 5, 459 (1960).

30' at 20'K and remains essentially constant below
20'K. At 20'K an increase in the fourth- and sixth-
order axial anisotropy energy terms produces a tran-
sition to a warped conical ferromagnet of mean cone
angle 80' from the c axis. Alternate moments assume
positions slightly within and outside the surface of this
cone. Below 75'K anisotropy is present in the basal
plane with the b(1010) axis as the easy magnetic
direction

In the spiral region, magnetic fields above a critical
value applied in the basal plane produce "fanning" of
the magnetic moment about the Geld direction and still
higher fields produce a complete breakdown of the
periodic state into ferromagnetic alignment along the
field direction. At the lower temperatures intermediate
periodic states are stable in particular ranges of applied
field. These effects have been discussed in the neutron-
diffraction work of Koehler et al. and have been calcu-
lated theoretically by Nagamiya et al.'

II. EXPERIMENTAL PROCEDURE

In this experiment crystal strains were measured by a
standard procedure using Budd electrical-resistance
strain gauges as described previously. ' The accuracy of
the method was checked by measuring the thermal
strain of an annealed copper disk from room tempera-
ture to O'K. These tests were made with several dif-
ferent gauges. Comparison of the results with the data
of Beenaker and Swenson' indicates an over-all accuracy
of better than O'P~.

The holmium crystals were grown by a thermal strain
anneal method. ' Basal-plane and b-c-axis —plane disk-
shaped specimens about 9 mm diam and 1.5 mm thick
were spark-cut from the bulk crystals.

7T. Nagamiya, K. Nagata, and Y. Kitano, Progr. Theoret.
Phys. (Kyoto) 27, 1253 (1962).

J. J. M. Beenakker and C. A. Swenson, Rev. Sci. Instr.
26, 1204 (1955).' H. E. Nigh, J. Appl. Phys. 34, 3323 (1963).
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III. THERMAL EXPANSION AND EXCHANGE
MAGNETO STRICTION

Figure 1 shows the a-, b-, and c-axis strains in Ho as
a function of temperature from 300' to O'K. Curves are
shown both with and without applied magnetic fields.
The temperature derivative or "thermal expansion
coeKcient" curves for the zero-6eld u- and c-axis strains
are shown in Fig. 2.

Above 132'K, the zero-Geld curves show a normal
anisotropic lattice contraction with decreasing tempera-
ture characteristic of hexagonal materials. The basal-
plane contractio~ is isotropic within experimental error.
At 132'K helical ordering of the moment begins and an
anomalous departure from thermal-like contraction is
observed. As discussed below, a rapid expansion along
the c axis occurs with an accompanying increased iso-
tropic contraction of the basal plane. At 20'K a sharp
slope change occurs as the moments order into the coni-
cal ferromagnetic state. The moment and turn angle
remain essentially constant during this ordering and
thus, in contrast to the ferromagnetic ordering in Dy
and Tb, no large discontinuous lattice distortion is
observed. This has been shown also in x-ray studies by
D arnell. '0

Because of the dominant magnetic contributions
to the strain below the Neel temperature, it is not
possible to measure directly the thermal expansion
in this region. A reasonable separation of the mag-
netic and thermal contributions can be effected by
extrapolating to low temperatures the thermal strain
observed well above the Neel point. Subtraction of
this extrapolated thermal strain curve from the
total observed zero-field strain yields the magneto-
strain contribution. The result of such a separation
for the magnetic contribution to the c-axis strain
in Ho is shown by the points in Fig. 3. The Gruneisen
relation

was used to extrapolate the observed high-temperature
thermal expansion coeKcient below the Neel tempera-
ture. The isothermal compressibility E and Gruneisen
constant y were assumed constant. The Debye tempera-
ture of 183'K obtained from sound-velocity measure-
ments" was used in evaluating C,.

The analysis of the magnetic exchange energy as-
sociated with the spiral structure is clouded by the
recent work of Manlier and Houman" who measured
inelastic neutron scattering on terbium and found that
the signs of the first two interplanar exchange parame-
ters for the c direction were both positive. It may be
argued, however, that the spiral structure is stable in
terbium only from 220 to 232'K whereas in holmium

"F.J. Darnell, Phys. R.ev. 130, 1825 (1963)."K.A. Gschneider, ir., Rare Farth Alloys (D. Van Nostrand,
Inc., New York, 1961), p. 38.

» H. B. Mgller and J. C. G. Houman, Phys. Rev. Letters 16,
737 (1966).
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FIG. 1. The a-, b-, and c-axis linear strains as a function of
temperature in zero applied field and in fields applied in the
basal plane as indicated. G indicates the strain-gauge direction.

the stable range extends from 20 to 131'K, so it is
not unreasonable to assume for holmium the simple
form:

Eex= —M~ LJr cos8+Js cos28). (2)

J~ and J~ are the corresponding exchange constants for
layers whose moment directions are displaced by turn
angles 8 and 28. Under the condition J~)0, J2&0, and

~
Js

~
)Jr/4 the spiral is stable and the equilibrium turn

angle is given by cosgs ———Jt/4Js. The dependence of Jr
and J2 on the c-axis parameter produces the exchange
magnetostriction accompanying changes in 00. This
effect may be calculated by expanding J& and J2 in a
Taylor series, including the contribution of the elastic
energy to Eq. (2) and minimizing with respect to the
c-axis parameter. The result to 6rst order for the equi-
librium c-axis strain is"

al

l

cM,' dJy dJ2
cose+ cos20

7 dc dc

Here M, is the saturation magnetic moment at tempera-
ture T, c the c-axis lattice constant, and I" the elastic
constant for the c-axis distortion. In evaluating this

"E.W. Lee, Proc. Phys. Soc. (London) 84, 693 (i964).
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expression for Ho, the O'K value of the magnetic mo-
ment used was from Strandburg et al. ' with the tempera-
ture dependence established by Koehler et al. 6 from
neutron diffraction. The magnetic values could not be
used directly because of the lack of complete ferromag-
netic alignment above 50'K in the fields used. The
temperature dependence of the lattice constant' c
appearing on the right side of Eq. (3) is small compared
to experimental error and was not included. Values of
the single-crystal elastic constants are not yet available
for Ho. Equation (3) was 6t to the experimental data
at 30 and 90'K which yielded values of

1 dJy
—=0.023 cm'/erg,

Y dc

IV. MODIFICATION OF STRAIN BY
APPLIED FIELDS

Above 132'K the strain data (shown in Fig. 1) ob-
tained in the presence of a magnetic Geld show small
departures from the zero-field curves which were pro-
portional to B' at the higher temperatures as expected
for a paramagnet from thermodynamics. The applica-
tion of a Geld in the spiral magnetic region produces
distortions of the interlayer turn angles from their
equilibrium values ("fanning") and a corresponding
additional exchange magnetostriction which can be
obtained by averaging Eq. (3) over the perturbed
moment directions. The observed effect in the region
between 132 and 75—80'K is shown by the data in Fig.

dJ2 =—0.013 cm2/erg.
F dc

The resulting strain curve, calculated using Eq. (3),
is shown by the solid line in Fig. 3 for the range 20 to
120'K. It should be noted that the major tempera-
ture dependence arises from M' and that the above
numbers can only give an indication of the magnitude
of the c-axis derivative of the exchange constants. The
degradation of the fit at the higher temperature can
be ascribed to uncertainties in extrapolation of the
thermal-expansion data, to possible errors in the value
of the magnetization, and to inadequacies in the
molecular-Geld approximation.
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text).
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1. Below the latter temperatures it is estimated from
magnetization data' that complete magnetic alignment
is achieved in the 30-koe applied fteld. The giant 0.77'Pg

positive c-axis magnetostriction below the Neel temper-
ature which arises from changes in the inter-layer
exchange eaergy assisted by the applied Geld and aniso-
tropy is the largest such distortion of the three spiral
rare earths Dy, Tb, and Ho.

As shown in Fig. 1, for temperatures down to 75'K
the transverse basal-plane magnetostrictions (i.e.,
G~~u, H~~b and G~~b, H~~a, where G represents the
strain-gauge direction) are identical indicating negli-
gible basal-plane anisotropy. Below 75'K a rapid
increase in basal-plane anisotropy occurs as is evidenced
by the increased strain appearing in the transverse
magnetostriction observed with the Geld applied along
the easy magnetic direction over that found with the
6eld applied in the hard (u axis) direction. A correspond-
ing anomaly is also observed in the c-axis strain in the
same temperature region.

For data taken in the presence of a Geld, no sharp
change is observed at 20'K as the additional Geld energy
precludes the formation of the warped conical state.

ht
=~X ~ sin'0 (4)

using the notation of Callen and Callen. ' Theta is
referred to the b-axis direction. The magnetostriction
constant y&' represents a coupling between the strain
and a second-order spin operator. The contributions
of fourth- and sixth-order hexagonal spin operators
have been calculated and produce terms proportional
to sin 20. Their contribution was experimentally evalu-
ated in the study of the magnetostriction of Tb.

The Callens" have shown on the basis of a classical
single-ion model that the temperature dependence of
the second-order magnetostriction constant X&' is
represented by

Is Is&2 (m) )
)~'s(r) =)~v s(r=O)It )sLZ (tie))

where I is a modified Bessel function of the second kind,
2 ' is the inverse of the Langevin function, and m is
the reduced magnetization. This expression closely
represents the temperature dependence of the basal-
plarje magnetostrictioo in Tb and Dy from O'K to
above room temperature.

Figure 4 shows the anisotropic magnetostrain which
accompanies the rotation of the applied magnetic field

"E.R. Callen and H. B. Callen, Phys. Rev. 129, 578 (1963).

V. ANISOTROPIC MAGNETOSTRICTION

The expression for the a-, or b-axis strain accompany-
ing a rotation of the magnetization through an angle 0
in the basal plane is given to lowest order by
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FIG. 4. Basal-plane strain as a function of the angle of the 6eld
applied in the basal plane relative to the 5 axis. The algebraic
sign of the 74.6'K a-axis strain curve has been reversed for com-
parison to the b-axis results.

through 180' in the basal plane. The s,lgebraic signs of
the a-axis strains at 74.6'K have been reversed for
comparison to the b-axis curves shown for 14j..3, 100.2,
80.6, and 70.2'K. At 118'K (not shown) the magneto-
striction was zero within 1 part in 10'. Above 75'K the
data show negligible departures from sin' 8~' behavior
indicating again the absence of appreciable basal-plane
anisotropy above this temperature. The sharp increase
of the anisotropy is indicated by the extreme distortion
of the 70.2'I curve. These distortions become morc
pronounced for lower temperatures and lower Gelds as
expected.

The strong inRuences of basal-plane anisotropy and
of exchange "fanning" of the moment makes it impos-
sible, with the available Gelds, to determine true satu-
ration values of X&', over the entire temperature
range of magnetic order. It is thus not practical to
attempt a comparison of the temperature dependence
of the experimental magnetostriction to the single-ion
theory. However, from the values of )»' obtained in
the temperature range 70-80'K where the above effects
are minimal, an anticipated T=0'K value of )t&'(0) =
2.5)&10 ' was calculated. This is less than one-third
that obtained for Tb(8.7X10 ') and Dy(8.4&&10 ')
due to the smaller single-ion anisotropy produced' by
the more symmetric 4f charge distribution in Ho as
shown by Tsuya et al."
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