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Summing up these two processes, the total Hamil-
tonian for the mixing effect is expressed as
0
H="— Y et Raf (g%, ay, — a0 ax)S%
N/ ok k
F 0¥ STat 0¥ 0 STa}

1
|,
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(A4)
where

A 0= V02 { (AS)

€c —E€ER
and

Vo= (dr)12 / POV jo(r)%dr.  (AG)

Here, it is assumed that V4(r) is spherical; P(r)
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is the radial part of ¢;(r); and 7o is the zeroth-order
spherical Bessel function.

The value 4, in (A4) is positive. Comparing Eq.
(A4) with Eq. (5) in Sec. IV, we may conclude that the
mixing of the wave functions of conduction and localized
electrons gives the negative contribution —A4, to the
exchange integral. Then the sign of the exchange
integral J’ is determined by the two competing effects,
the direct-exchange integral, which is positive, and the
effect of mixing, which is negative. Therefore a negative
J' is possible if the effect of mixing is appreciably large.
It is possible that this mixing effect for the s-d inter-
action in n-type InSb is very large, since the energy
level of the localized state seems to exist not far from
the Fermi level, as discussed in Sec. IV.
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The band-to-band optical absorption is calculated for a direct-band-gap semiconductor that has one band
degenerate » or p type. The degenerate band is treated as a high-density Fermi gas. It is shown that exciton
states, arising from the electron-hole Coulomb attraction, still affect the optical absorption. The calculations
show that exciton states cause a logarithmic singularity in the absorption at the Burstein edge. This singu-
larity is present at a moderate density of electrons or holes in the degenerate band, but it gradually disap-
pears in the high-density limit. Lifetime broadening could make the logarithmic singularity difficult to
observe at higher densities.

I. INTRODUCTION

ALEN CE-band-to-conduction-band  optical-ab-
sgrption experiments have provided much infor-
mation_about insulating or lightly doped semiconduc-

N/
i/

tors. Of particular fruitfulness has been the study of
exciton states, the electron-hole bound states which
drastically alter the shape of the absorption edge in
semiconductors where the lowest transition is direct.
The present calculation is concerned with optical-ab-
sorption processes in direct-gap semiconductors which
have one band sufficiently doped that it can be viewed
as a degenerate electron gas at low temperatures. The
case where the conduction band is doped is indicated in
Fig. 1, where the transition of interest is from the heavy-
hole band. The results of this calculation show that
exciton effects, in the form of final-state electron-hole
Coulomb scattering, still drastically affect the optical-
absorption spectra. This seems to occur even in the
limit that the conduction electrons can be viewed as a
high-density electron gas.

Elliott! showed that optical absorption in semicon-
ductors should be viewed as the creation of an electron-
hole pair. In his calculation for insulating semiconduc-
tors, the electron-hole Coulomb interaction was included
by solving Schrédinger’s equation for a hydrogen atom.
The inclusion of these Wannier exciton states provided

Fic. 1. Optical absorption in
a semiconductor with a degen-
erate conduction band. The
| onset of optical absorption is
at w=Eg+pr?/2v, where Egq is
the energy gap, pr is the elec-
tron Fermi momenta, and » is
the electron-hole reduced mass.

£

1R. J. Elliott, Phys. Rev. 108, 1384 (1957).
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an understanding of the fundamental absorption edge
of insulating semiconductors.

We now consider semiconductors which are doped so
that the conduction band becomes a degenerate electron
gas. As the density of electrons in the conduction band
is increased, these exciton effects should, in some fash-
ion, go away. This question is attacked by viewing the
conduction band as a high-density electron gas. The
influence of the electron-hole Coulomb interaction on
the optical absorption can then be investigated using
the formalism of many-body theory.

This calculation shows that exciton effects on the
optical absorption persist even into the regions where
the conduction band is a high-density electron gas. Were
it not for lifetime broadening, a real electron-hole
bound state would exist. Its binding energy would be
approximately

Ep=(2pr*/v)e V4,

A= In(1+4pr¥/k.3),

2wpras
ap=eoh?/e%,

where » is the electron-hole reduced mass, pr is the
electron Fermi momentum, and %, is the Fermi-Thomas
screening wave vector. This bound state would appear
in the optical absorption at a frequency #w= E¢+pr?/
2v— Eg, where E¢ is the energy gap, and the usual ab-
sorption edge occurs at Eqg+pr?/2v. Since the minimum
energy an electron-hole pair can have is Eg+ pr®/2m.,
the exciton state is metastable unless Eg> p p?/2mp.

As will be shown in Sec. ITI, this bound state obeys
a Schrodinger equation with a nonlocal interaction. The
existence of the bound state is related to the exclusion-
principle restrictions on the electron’s scattering. The
nature of the bound state is similar to the Cooper pair?—*
state in the theory of superconductivity, because the
properties of both states depend upon the sharpness of
the Fermi surface.

The binding energy Ep vanishes as pr becomes large.
The exciton state gradually disappears in the high-
density limit. Because the bound state is so near the
Fermi energy, lifetime broadening eliminates the pos-
sibility of seeing a distinct line in the absorption spectra.
When the lifetime broadening is small, an absorption
resonance does appear at the Fermi energy. This reso-
nance has a logarithmic character. The calculations of
Sec. ITI demonstrate the nature of this resonance for
various values of electron conduction-band density.

As indicated in Fig. 1, the onset of optical absorption
is shifted to higher frequencies in degenerate materials

2L. N. Cooper, Phys. Rev. 104, 1189 (1956).

3 A. A. Abrikosov, L. P. Gorkov, and I. E. Dzyaloshinski,
Quantum Field Theory in Statistical Physics (Prentice-Hall, Inc.,
Englewood Cliffs, New Jersey, 1963).

4L. V. Keldysh and Yu. V. Kopaev, Fiz. Tver. Tela, 6, 2791
(1964) [English transl.: Soviet Phys.—Solid State 6, 2219 (1965)];
D. J. Thouless, Ann. Phys. (N. Y.) 10, 453 (1960).
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because the absorption must lift the electron above the
Fermi energy. This was first observed by Tanenbaum
and Briggs.® This “Burstein shift” was immediately
confirmed and explained by Burstein.® Successive opti-
cal experiments™3 have confirmed the model, although
some tunneling datal*15 indicate that the band may also
shift rigidly down. All optical-absorption experiments
in degenerate semiconductors have been confined to the
low-energy absorption tail.

In order to see the exciton effects described below,
the optical absorption has to be measured above the
absorption edge. This is barely feasible in one quantum
absorption because of the high absorption constant. But
the measurements could be done by two-quantum ab-
sorption, 1617 or else by one of the ac-optical measure-
ments—piezoreflectance’® or electroreflectance’®*—
which also provide detailed information about e..

II. ELECTRON AND HOLE ENERGIES

Before considering the Coulomb states of an electron-
hole pair created optically, we consider the energies of
each of them individually. The effects of electron-
electron interaction have been widely studied. The en-
ergy of an electron in a degenerate conduction band was
considered by Parmenter,? who examined the electron’s
interaction with a single impurity. This leads to a down-
ward shift of the band.??:28 The randomness of the im-
purity locations allows the possibility that they can be
locally bunched, which leads to low-energy band tailing.
This has been studied by Kane,?* Bonch-Bruevich,?
and recently by Lax and Halperin.?

A single hole in a degenerate electron gas is subject to
the same interactions as the electron. Its energy is

5 M. Tanenbaum and H. B. Briggs, Phys. Rev. 91, 1561 (1953).

8 E. Burstein, Phys. Rev. 93, 632 (1954).

7 H. J. Hrostowski, G. H. Wheatley, and W. F. Flood, Jr., Phys.
Rev. 95, 1683 (1954). .

8 R. Breckenridge, R. Blunt, W. Hosler, H. Frederikse, J. Becker,
and W. Oshinsky, Phys. Rev. 96, 571 (1954). :

9 W. Kaiser and H. Y. Fan, Phys. Rev. 98, 966 (1955).

10 W. G. Spitzer and J. M. Whelan, Phys. Rev. 114, 59 (1959).

1 W, J. Turner and W. E. Reese, J. Appl. Phys. 35, 350 (1964).

1D, E. Hill, Phys. Rev. 133, A866 (1964).

13 J, 1. Pankove, Phys. Rev. 140, A2059 (1965).

( 14 R) N. Hall and J. H. Racette, J. Appl. Phys. Suppl. 32, 2078
1961).

15 W, Bernard, H. Roth, A. P. Schmid, and P. Zeldes, Phys.
Rev. 131, 627 (1963).

16 J, J. Hopfield, J. M. Worlock, and K. Park, Phys. Rev. Let-
ters 11, 414 (1963); J. J. Hopfield and J. M. Worlock, Phys. Rev.
137, A1455 (1965).

17D, Frohlich and H. Mahr, Phys. Rev. Letters 16, 895 (1966).

18W. E. Engeler, M. Garfinkel, and J. J. Tiemann, Phys. Rev.
Letters 16, 239 (1966); W. E. Engeler, H. Fritzsche, M. Garfinkel,
and J. J. Tiemann, Phys. Rev. Letters 14, 1069 (1965).

1 ¥, "H, Pollak, M. Cardona, and K. L. Shaklee, Phys. Rev.
Letters 16, 942 (1966); 16, 48 (1966).

20 B, O. Seraphin, Proc. Phys. Soc. (London) 87, 239 (1966).

21 R, H. Parmenter, Phys. Rev. 97, 857 (1955); 104, 22 (1956).

22 See articles by V. L. Bonch-Bruevich, P. A. Wolff, E. O. Kane,
E. M. Conwell, and B. W. Levinger, in Proceedings of the Inter-
national Conference on the Physics of Semiconductors, Exeter (The
Institute of Physics and the Physical Society, London, 1962).

2 P, A, Wolff, Phys. Rev. 126, 405 (1962).

2 E, 0. Kane, Phys. Rev. 131, 79 (1963).

2 B, I. Halperin and M. Lax, Phys. Rev. 148, 722 (1966).
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shifted from the multiple interactions with multiple
impurities, because this raises, rather than lowers, the
hole energy. But valence-band tailing does occur from
hole interaction with phonons.

Another term which appears differently for the hole
than for the electron is the hole exchange energy

Sn(k+q)
’”(k)"_z/ PRGN

When one does the sum over gn, there results one term
proportional to the number of holes r1(k-+q), and one
term from the branch cuts of e(g). For the electron’s
exchange energy, Wolff?® noted that the 95, term is the
most important, whereas, for the single hole, 7rz=0.
The contribution from the dielectric function is

1 do &y
x(k)_—_/ e“"“’-—I/‘(Z'lr)3
u(g) I 1

m .
thato—fxrq  €(q, 0+10)

The random-phase approximation is used for e(g).

Changing to the dimensionless variables x=g/pr,
=cosf, and y=(w+x2%)/2ux, the cuts in e(g,w) are

analyzed as before.?® The exchange energy becomes

2;;(k)=%EBD/_1 dw[/_I dy(1— ;vz)/
X da— fo “dex / f dy(Zy—x)}

X H
(x247)? (iba— &)/ u+22y— 2K x0— x\
v=Fks?/pr?=0.6634r,.,

3 \'3em,
rse=( > )
4:7('710 )

A= 1+me/m;.,
K=kme/ppm;,,

€Y

Egp=e'm./2eh?=donor binding energy.
In deriving this expression, the denominator ez?+ % in
1 —er
Im =
e(g, w+18) er?ter?

is approximated by the Fermi-Thomas expression. The
integral (1) was evaluated for the real part of 3. (k)
on the mass shell, 7k, = ;. The results for £=0 are shown
in Fig. 2. The exchange energy is negative and, except

26 G, D. Mahan and C. B. Duke, Phys. Rev. 149, 705 (1966).

G. D. MAHAN

153

.
o
o

=0)/Egy

5,k

1 | Il 1
0 0.2 04 06 0.8 10
Mc /My

Fic. 2. The exchange energy of a £=0 hole in a degenerate #-
type semiconductor. The energy scale is in units of a donor binding
energy Epp. The electron-density parameter 7, is defined in (1).

for the dependence upon 7, of the order of the donor
binding energy.

Additional calculations have been done on the wave-
vector dependence of Y, (k). For m,=m,, a plot of
> (k) versus k looks very similar to that for holes in-
teracting with optical phonons. For low k(k<pr), the
hole mass is increased. And, for k> pr, >, (k) falls off
rapidly as an inverse power of 2. When the hole mass is
heavier, ms>m., the & dependence of Y, (k) becomes
less pronounced.

For the exciton calculations, the electron and hole
bands are assumed to be parabolic. This is valid since
most of the effects discussed above give rise to a band
shift or a change in the effective mass. The omission of
band tailing is allowable, since the present concern is
with effects at and above the absorption edge.

III. OPTICAL ABSORPTION

Elliott! showed that it was proper to view the absorp-
tion as the optical creation of an electron-hole pair. In
his calculation, the final-state Coulomb interaction be-
tween the electron and hole was included by solving the
Schrodinger equation for a hydrogen atom. This simple
procedure is no longer possible when the conduction
band is degenerate. Because the electron’s scattering is
limited by the exclusion principle, the resulting Schro-
dinger equation is nonlocal. The present calculation is
done using the diagrammatic methods of many-body
theory.?

The optical absorption is related to a two-particle
correlation function, which is evaluated using the
Matsubara formulation.? Denoting electron operators
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by C,', and hole operators by d;!, this correlation func-
tion is, for allowed dipole transitions,

8
dT eiw”(f—r’)

[¢41]
m(kiwa)=— 2
Vo Jo

XA :Co(r)di—p(7)d" g (7')Co*- (7)) (2)

In the case of forbidden band-to-band dipole transition,
one instead evaluates the current-current correlation
function. The constant ap contains the square of the
band-to-band matrix element and other factors. For
optical absorption, we can immediately set the electron-
hole center-of-mass wave vector k equal to zero. The
electron and hole Green’s functions are

1
Ge(p)= ’

1Pn— fep

£ep=€cp— e

Gu(k)= y  Enk=€rx—ln.

1kn— .E},,k

After evaluating 7(iw,), the retarded function mse(w)
is obtained by letting i — w— Eg¢— pe— pa-+16. The op-
tical absorption is

A (w)=2 Immreet(w) . @3)
In the absence of any electron-hole Coulomb scattering,
the correlation function (2) becomes

3

P o
(Zw)ase(p,zpn)gn(— D, wn—ipn).

¢4}
O (iw,)=— 5
B »n

This diagram is shown in Fig. 3(a). Doing the Matsu-
bara sum over p, gives

W(O)(’iwn)= "(Iof (;lap)a [l—nFe(P)_th(p)] .

It is assumed that the density of holes is negligible,
nrn=0. Analytically continuing iw,— w—Eg—pue— s
-+ 18 gives the absorption, from (3),

ddp

(2m)?

Wn— Eep_ghp

AO(w)=2ray / (I—nrpe(p))d(0—Ea—p%/20) . (4)

The result (4) is
A O (w)= (ao/27)(20)3/2(w— Eg)?%0(w— Eg— pr*/20),

0(x)=1 x>0 ©)
=0 x<0.

This is the standard result that the absorption is pro-
portional to the square root of the energy above the
band gap, and the electron’s exclusion principle requires
that w> Eg+pr®/2v.

The Coulomb interaction between the electron and
hole alters the simple result (5). The Coulomb interac-
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Fic. 3. The ladder diagrams which are summed in evaluating
the correlation function (2). Figure 3(a) gives the absorption co-
efficient (5) in the absence of electron-hole Coulomb interactions.
For insulating semiconductors, with negligible electron or hole
concentration, the ladder diagrams give all the important terms
for the electron-hole Coulomb interaction. For degenerate semi-
conductors, vertex corrections which are not ladder diagrams also
contribute to electron-hole Coulomb scattering.

tion is discussed using the Hamiltonian

=2 £CotCot+2 Enditdut 20 V(9)Cprq'Codiq'di «
P k

q.,k,p

Electron-electron interactions are included by screening
the Coulomb interaction

V(g)=—4me*/Leo(q*+E.7)]. (©)

The final-state Coulomb scattering?” between the
electron and hole is included by summing the ladder
diagrams indicated in Fig. 3. For absorption in insulat-
ing crystals, where the conduction band is empty, the
result obtained by summing these ladder diagrams is
identical to Elliott’s method of solving the hydrogenic
Schridinger equation. The equivalence of the two ap-
proaches is shown below. Other vertex corrections be-
sides the ladder diagrams have a contribution which
depends upon the density of electrons or holes. They
give no contribution to the Elliott result for insulating
semiconductors. Their contribution to the absorption
in degenerate semiconductors is discussed in the next
section.

The sum of the ladder diagrams is expressed as a ver-
tex function

. a’p 1 .
W(Wn)=a0/ (27")355 Ge(pyipn)
Xgh(l’; wn“ipn)r(l),wn) ) (7)
asp’ 1
pion=1- [ 2o 2
XG0 ipw)Gu(p' jiwn—ipn )T (P’ iwon) . (8)

That T'(p,iws) does not depend upon p. in (7) or (8)
is a convenient result of the instantaneous nature of the
Coulomb interaction. It also allows the Matsubara sums
to be done immediately:

) / d* (1—np(p))T(p,icsn)
71'(10)”)=—(¥0 y
(2m)® dwntpetun— p%/ 2

d*p" V(p—p)(L—nr(p)IT (D’ yiwn)
@r)?  dwntpetm—pY

)

s =1+ [
®)

2 J. Gillespie, Final State Interactions (Holden-Day, Inc., San
Francisco, 1964).



886

Rather than solve the integral equations for the p vari-
able, it is easier to transform the equations to an r
variable. Define

: @ e *(1—nro(p))T(pyiwon)
m(t,iw,) = —ap / - O
(27")3 z""n"l‘,“e",‘lih*1)2/2”

‘The function (7’) is just the special case of 7(r,iw,) as
7 — 0. The vertex function (8") can be written as

I'(p,iwn)=1—ag™ / V() (t jiwa)e~ 2.

The function =(r,iw,) satisfies a differential equation
with a nonlocal interaction. The kernel for this interac-
tion is

d3
xo- [ (Ziseip'r(l—%m(ﬁ))

1

2%’

=5(0)+

[rpr cosrpr—sinrpr],

and the equation is

—V2
l: — W= U yh]w(r,iwn)

2v

+ / 'V )a(r jiws) K(t—1")=aK (r). (10)
The solution is obtained by first finding the exciton wave
functions ¥, (r) and eigenvalues E from the equation

—ve
)+
2

ar'VE @K (x—r)=Ey(). (11)

Outgoing wave boundary conditions should be used for
¥ (r) when Ey> pr?/2v. The solution to Eq. (10) is ex-
pressed in terms of the functions ¥ (r)::

*@a(r
(tyion) =t f k) s OOy
N Ex—iwn—pe— s
This equation can be immediately related to Elliott’s
result when the conduction band is empty. Setting
npe=0, then K (r)=0(r), and (11) is just the hydrogenic
Schrédinger equation. Using (3), the absorption is

A(w)=2 Tres(r=0, iwn — w—po—un+Ec+148), (13)

A (w) = 277'0[0 Z)\ Nl)‘(O) I 25(E)\+Ea—w) 5 (14:)

which is Elliott’s result for optical absorption in insulat-
ing semiconductors.
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The absorption is still given by (13) even when the
conduction band is degenerate. When taking the imagi-
nary part of the retarded Green’s function in (13), the
contributions from the imaginary part of the wave func-
tions and K (r) all cancel. This cancellation is shown be-
low. For the degenerate case, the absorption is given by

A(w)=2mas f K@ DHEWA0)(Eot-Ba—e).
(15)

In the Elliott result (14), the optical absorption is re-
lated to the square of the hydrogenic, relative wave
function at the origin.?" This gives the probability
that the electron and hole are on the same lattice site.
In the absorption for a degenerate conduction band, the
electron-hole interaction is nonlocal. Correspondingly,
the optical absorption is not just related to the exciton
relative wave function at the origin. The result (15)
shows that one must add in the parts of the wave func-
tion in space which are near =0. This is an additional
consequence of the nonlocal interaction.

The exciton Hamiltonian (11) is solved by the method
developed by Noyes.?8~% The Hamiltonian is changed
into an integral equation.

A= O@)+ / BV W)

X / & er e (1=nrd(p))
(r)*  Ex—pYw+is

The equation for the exciton bound states, which have
E\<pr?/2v, has the ¢, term missing. For the exciton
scattering states, which have v,> p#?/2, set Ex=k?/2v.
Since the absorption depends upon y)(r=0), only the
s-wave part of ¥, is needed, and this is called ¢o(%,7).

4 00
dollyr) = jolkr)F— / P20r V(@ )gollr)
mJo
X / = p2dp jo(pr) jo(pr’)

or R p2+id
This is Fourier transformed

2wk o
dolb,p) = [ Pdr jo(pr)goller)
™ 0

which gives
2ve? 1—nro(p)

k,p) = 8(k— p)— — ————
po(k,p)=08(k—p) mea W pitid

00 P,2+P2+k82
0 2pp

28 H, P. Noyes, Phys. Rev. Letters 15, 538 (1965).
2 K, L. Kowalski, Phys. Rev. Letters 15, 798 (1965).
30 A, J. Layzer, Phys. Letters 13, 121 (1964).
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The generalized Legendre function®® is
0 (p'2+p2+ks2> (o) k!
\ 2y (p—p)+ke

This is abbreviated by Qq(p,p’). The equation for higher
partial waves ¢i(k,p) is given in terms of Q:(p,p"). Noyes
showed that the solution to (16) is32

2¢ (1—nrpe(p))

=1In

2

¢o(k:P)=5(k‘P)—7r_eo k2—p2+z6 l(k)f(k’?) )
where
) =(t+-Ma (),
2e% ®  (1—nr k,p)0o(k,
)= e dﬁ( nr(9))f (ks p)Q0f 1>)’ a7

WEoQo(k,k) 0

and f(%,p) is generated by the equation

E2— p24id

2¢ *  (I—npp))f(ksp)
Slo) = Qu(p )+ — / " ‘

meo k2—p'?
X [Qo(j%k)QO(k:ﬁl)_QD(Pyp,)QO(k:k)]/QO(kJe) .

The function f(k,p) is real, and for k=3 it is given by
the first term of this equation. It is also necessary to
define

(18)

A2(]3) =

Zew 2 (I—nrd$)f(k,p)
e / pd?( nre(p))f( 2 (19)

mTeok k*—p?-i6

Note that ImA;(k)=ImAs(k). Now the exciton wave
functions can be expressed in compact form. The wave
function at r=0is

br=0=> [ pp ol =1
bolk, r= -k/o pap Golke,p)= 14-As(k)
Similarly,
’ 7 ¥ =(1— _—A—z—(—k—)*—
fdrK(r Wa¥()=(1 nFe(k))I:]- 1+A1(k)*:l ’

This last equation is just valid at zero temperature,
and for the scattering states with 2> pp. Using the last
two equations, the scattering states contribute to
w(r=0, iw,) in (12) the amount

ay [® k2dk
ws(iwy) =—
272 J pp B2/ 20— iwn—pe— s

[14As(k)—Aa(R) I

[ 14As(R) |2

31 Handbook of Mathematical Functions, edited by M. Abromo-
witz and I. A. Stegun (National Bureau of Standards, Washington,
D. C., 1964).

# The normalization of f(k,p) has been changed from Noyes’s
definition in Ref. 28.
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The optical absorption from these continuum energy
states is

[14-A4(k) — Ax(R) T2

Ag(w)=49(w)
Tt a®)

| b= (2v(w— Eg))!'2 .

(20)

The functions A(k) and Ax(k) are defined in (17)-(19).

The other contributions to =(iw,) arise from the
bound exciton states, which occur for Eyx<pr?/2v. For
a bound exciton state of energy Ej, the absorption is just

(@)= 270 / KW W03 (Bot B

The magnitude of the absorption of these bound, states
is determined by the wave functions y;(»). These can
only be obtained by solving (11), which has not been
done. However, it is easy to show that the wave function
has a large extension in space, and that the relative
charge density at large distances has an oscillatory com-
ponent proportional to cos2ppr. The energies at which
the bound states occur can be obtained from the poles
of #(%). This exciton binding energy Ep=£k;%/2» is found
from
14+As(k;)=0.

Since ImA;(k)=0 for k;<pr, this equation gives the
bound-state poles at real energy. The binding energy
for weakly bound states can be estimated by approxi-
mating A;(%) in (17):

1

A1(k) =

f(pr,pr)n
k

Tappr pr:
This gives a binding energy, measured relative to the
Fermi energy, of

Eg= (ZPF2/V)6—1/A ,
A= 1(/27TPFGB)IH(1+4PF2/k¢2) .

It is interesting to compare these bound exciton states
with Cooper-pair states in superconductivity. Both sets
of bound states exist because the sharpness of the Fermi
surface limits the electron scattering. Yet the exciton
binding energy decreases in the limit of high electronic
density, while the superconducting gap usually in-
creases. Also, the exciton pole is at a real frequency in
the scattering amplitude, while the Cooper pole is at a
complex frequency.

The two parameters which determine A;(%) and Ax(k)
are 2/mappr and k,2/pr? They can both be related to
the parameter 7,=7,/m,:

2/mappr=0.3317r,,
k2 p = 0.6634r,(m./v).

In doing these numerical computations, we set m,/v=1
in the expression for %,%/pr% This should not cause
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Fic. 4. The functions ReA;(k) and ReAq(k) plotted versus
E=Fk?/2v—¢r, in units of er’, where ex’=pr?/2v. The screening
parameter 7,=1 is defined in (1). Various values of the damping
parameter T are indicated in parentheses. Increased damping just
rounds over the logarithmic singularities. The functions are de-
fined in (17) and (19). They are dimensionless, so their value is
given in absolute units. They were evaluated numerically, and just
the leading term of f(%,p) in (18) was used.

serious errors, since the screening parameter is always
contained in a logarithmic functions. Besides, the ap-
proximation m./v=1 is not far wrong for heavy holes.
In evaluating A:(%) and As(k), we approximate f(k,p)
by the leading term in (18). The higher order terms in
(17) are of order ~0.167,, and are unimportant in the
high-density limit ,— 0. Even at lower densities, the
important logarithmic singularities involve f(pr,pr),
which is entirely given by the first term of (18). The p
integrals in (17) and (19) were done numerically.

Finally, the finite lifetime of the hole must be in-
cluded. The absorption process creates holes with wave
vectors pr, and here the hole lifetime is a significant
parameter. Both the hole and electron lifetimes have
been included in a phenomenological way by introduc-
ing an energy uncertainty I'pr?/2v. The dimensionless
constant T has been inserted in the equations by chang-
ing the logarithmic and step functions to

In|Q| — In(Q24-T1/2,

1 kz—ppz
1 )= = 1 e (E25).
m™

prT

The effect of damping upon the functions ReA;(%) and
ReAy(k) is shown in Fig. 4 for r,=1.0. As expected, in-
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FiG. 5. The optical absorption calculated from (20) for three
values of 7, and several values of I'. The energy scale is measured
from the Burstein edge at ex’= pr%/2v above the energy gap, and
the energy is listed in units of ez’. The absorption is given in arbi-
trary units, but the same units were used for each value of 7,.
Higher 7, raises the back shoulder (the flat trailing edge) of the
absorption to a higher value. Exciton effects cause the logarithmic
resonance at the Burstein edge. This resonance decreases for in-
creasing electron density (7, — 0) or increasing T'.

creasing I just rounds over the logarithmic singularities.
The functions ReA;(%) and ReAs(k) increase in magni-
tude for larger r,, and decrease with smaller 7,. The mag-
nitude of ReAs(k) is always larger than ReA;(k). For
r,<1, and for a reasonable value of I'~0.1, no true
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bound states exist, since 1+ReA;>0. The resonances
observed in the absorption refer to metastable states.
It is not necessary to solve the bound-state problem in
order to calculate the optical absorption. One can just
use (20) with the damping constant included.

The optical absorption was evaluated using (20). The
results for 7,=0.5, 1.0, and 2.0 are shown in Fig. 5.
Different values of T are indicated in the figures. Energy
is listed in units of e'=pr?/2v. The energy zero is er’
above the energy gap, which is the onset of the Burstein
edge. At low densities (r,=2.0), the exciton peak is
quite noticeable, but it gradually disappears in the high-
density limit 7, — 0. Yet exciton effects are still notice-
able at 7,1, which is a high-density electron gas. Since
n-type GaAs at 5X10Y doping corresponds to 7,1,
these effects should be observable in semiconductors.

IV. DISCUSSION

The calculations of the preceding section show that
exciton effects alter the absorption edge of degenerate
semiconductors. By viewing the absorption process as
the optical creation of an electron-hole pair, the electron-
hole Coulomb scattering was calculated in the final
state. This scattering causes logarithmic singularities in
the absorption spectra. These singularities decrease in
intensity as 7, — 0, which is the limit of high density.

The existence of real electron-hole bound states was
also considered. Were it not for the electron and hole
lifetimes, stable bound states would exist. Using a finite
lifetime causes the bound states to become metastable,
and smoothes over the logarithmic singularities in the
absorption spectra. Of course, for a large enough damp-
ing constant, this structure in the absorption is suffi-
ciently smoothed over that it is eliminated.

It is important to appreciate that the exciton problem
is different in degenerate materials from that of an elec-
tron bound to an ionized donor. One usually solves the
donor problem by considering a one-electron Schré-
dinger equation with a local potential. The finite hole
mass prevents the exciton problem from being approxi-
mated in the same way, and leads to the nonlocal in-
teraction. For example, when evaluating the electron’s
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self-energy via Coulomb scattering from holes, one gets
terms which are logarithmically divergent in the mo-
mentum integrals for energies near the Fermi surface.
These divergences all cancel as ms—, which corre-
sponds to the donor problem. The occurrence of the
logarithmic divergences for finite 5 are related to the
existence of these weakly bound exciton states. As hole
masses in III-V semiconductors tend to be small, even
for heavy holes, it seems appropriate to use the for-
malism for finite #24.

The only electron-hole scattering terms which were
considered in the calculation were the ladder diagrams
of Fig. 3. Other types of terms, which we call nonladder
diagrams, will also affect the optical absorption. There
is no possibility that these omitted terms will cancel the
logarithmic singularity which results from the ladder
diagrams. Just note that the diagram of Fig. 3(b) con-
tributes a logarithmic singularity by itself: Since it is
the only vertex correction in that order of coupling con-
stant, it cannot be cancelled by any other diagram. The
first nonladder diagram of interest is similar to Fig. 3(c),
except that the two Coulomb lines are crossed—or it can
be alternatively drawn so that the Coulomb lines are
vertical while the electron line is looped. It also contrib-
utes a logarithmic singularity to the optical absorp-
tion, although there is one less power of the logarithm
than from Fig. 3(c). That is, it contributes the same
type of logarithmic singularity as Fig. 3(b), but the
coupling constant is one higher power in 7,. This means
that it is pointless to try to solve for f(%,p) in (17) to a
high power in 7, without, at the same time, including
contributions from these nonladder diagrams. But the
ladder diagrams are the most important contributions
to the electron-hole interaction for 7,<1, and it is in
this regime that the present results are valid.
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