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Resistance Anomaly and Negative Magnetoresistance in n-Type
InSb at Very Low Temperatures

YosHIPUMI KATAYAMA* AND SHQJI TANAKA
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(Received 15 June 1966)

The electrical resistivity and the magnetoresistance in n-type InSb containing more than 1.8)&10' cm
carriers have been measured from 4.2 to 0.1'K. The resistivity increases logarithmically as the temperature
is lowered and the relation p =a —b logyo(T+To) is obtained experimentally, where a, b, and T0 are param-
eters which depend on the carrier concentration. The magnetoresistance at low magnetic field is negative
and does not depend on the direction of the magnetic field. The temperature dependence of the magneto-
resistance also includes a parameter To which is nearly equal to To in each sample. Interpretations of the
experimental results are made on the basis of the localized-spin model. As a result, it is concluded that the
conduction-electron scattering by the localized spin through an s-d exchange interaction may be dominant
at very low temperatures in n-type InSb with low carrier concentration, and that an antiferromagnetic
interaction between localized spins may exist. A g factor of the localized spin which is expected to be a few
times larger than that of the isolated donor electron suggests that the localized spins arise from the same
origin as discussed by Toyozawa.

I. INTRODUCTIOÃ

N anomalous electrical resistivity and a negative

~ ~

~

~ ~

~

~

magnetoresistance have been reported in noble
metals containing traces of transition elements' and in
heavily doped germanium. ' For example, copper with
a small amount of manganese impurities shows a mini-
mum in its resistivity-temperature curve at about 20'K,
and at lower temperatures its resistivity increases as
the temperature decreases. This long-puzzling phe-
nomenon has recently been interpreted by Kondo' as
arising from the scattering of the conduction electrons
by the localized impurity electrons involving the s-d
exchange interaction, in which higher order terms of
perturbation were taken into account. The negative
magnetoresistance in dilute magnetic alloys which
accompanies the resistance anomaly has also been
interpreted by Yosida4 as a result of the s-d exchange
interaction mentioned above. Furthermore, he found.
theoretically a relation between the magnetization of
magnetic impurities and the negative magnetoresistance
in magnetic dilute alloys.

In germanium the temperature dependence of the
resistivity at low temperatures is very complicated, and
crystals appropriately doped with impurities show
negative magnetoresistance. ' Although the conduction
in heavily doped germanium at low temperatures takes
place in an impurity band, ' the phenomenon resembles
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~ The resistance minimum and the negative magnetoresistance
in dilute magnetic alloys are summarized in D. K. McDonald,
in IIarjdbuch der Physik, edited by S. Flugge (Springer-Verlag,
Berlin, 1956), Vol. 14, p. 137.

' H. Fritzsche and K. Lark-Horovitz, Phys. Rev. 99, 400 (1955);
W. Sasaki and Y. Kanai, J. Phys. Soc. Japan 11,894 (1956);W.
Sasaki and R. de Bruyn Ouboter, Physics 27, 877 l1961l; Y.
Furukawa, J. Phys. Soc. Japan 17, 630 (1962).

~ J. Kondo, Progr. Theoret. Phys. (Kyoto) 32, 37 (1964); 34,
204 (1965).

4 K. Yosida, Phys. Rev. 107, 396 (1957).
' C. S. Hund, Phys. Rev. 79, 727 (1950).

that in the dilute magnetic alloys. Toyozawa' showed
theoretically the possibility of the existence of localized
spins in the metallic impurity band and tried to explain
the negative magnetoresistance by introducing a scat-
tering process like the s-d exchange interactions.
Recently Sasaki has investigated experimentally the
conduction phenomena in heavily doped e-type Ge
and has discussed his results on the basis of the localized-
spin model.

In e-type InSb the existence of the localized spins
has also been discussed by Khosla and Sladek, ' and by
the authors. ' Khosla and Sladek have found an anoma-
lous thermoelectric power of e-type InSb at low tem-
peratures and have analyzed their results with Kasuya's
theory'0 on the assumption of the existence of the local-
ized spins. In our previous paper' the remarkable re-
sistance anomaly with a logarithmic temperature
dependence, and the negative magnetoresistance in
rs-type InSb at very low temperatures (0.1 to 4.2'K)
were reported, and they were interpreted on the basis
of the s-d interactions between the conduction electrons
and the paramagnetic localized spins. It was also sug-
gested that an antiferromagnetic interaction among the
localized spins via the conduction electrons exists.

In the present paper we will report the experimental
results and their interpretation in more detail. After a
brief description of the experimental procedures in
Sec. II, the anomalous electrical resistivity, the negative
magnetoresistance, and their carrier-concentration de-
pendences are described in Sec. III. In Sec. IV, inter-
pretations of the experimental results are made; the
logarithmic temperature d.ependence of the electrical
resistivity and the negative magnetoresistance are

' Y. Toyozawa, J. Phys. Soc. Japan 17, 986 (1962).
7 W. Sasaki, J. Phys. Soc. Japan 20, 825 (1965).
'K. P. Khosla and R. J. Sladek, Phys. Rev. Letters 15, 521

(1965).
9Y. Katayama and S. Tanaka, Phys. Rev. Letters 16, 129

(1966).
' T. Kasuya, Progr. Theoret. Phys. (Kyoto) 22, 227 (1959).
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TABLE I. The list of e-type InSb samples which were measured in the present experiment, and parameters a, b, TQ, 10'.

Sample
No.

Carrier
concentration

(cm ')

1 8X10~4
6.0X10'4
6.5X1014
1 6X10'5
2.8X10"
5 0X10'5
2 OX10"
3 3X10"

Hall mobility
(10' cm'/V sec

at 4.2'K)

1.0
1.1
1.0
0.93
0.80
0.85
0.40
0.37

Fermi energy
eg (meV)

0.9
2.0
2.1
3.8
5.7
8.5

21
135

(n cm)

3.47
0.75
0.38

96X10 2

3.2X10 2

1.3X10 2

91X10 3

48X10 5

b
(n cm)

2.53
0.23
0.25

4.5X10-'
3 5X10 '
1.8X10 3

50X10 4

TQ

(K)
0.08
0.3
0.5
1.0
3.8

10
6

TQ
('K)

0.1
0.3
0.4

10

a The magnetoresistance was not symmetric when the direction of the magnetic field was reversed.

interpreted on the basis of the localized-spin model.
Comparisons with the experimental results are made
in Sec. V, and fairly good agreements are obtained. In
this section, the interaction mechanism between the
localized spins is discussed. The origin and the nature
of the localized spins are also discussed, following
Toyozawa's theory.

II. EXPERIMENTAL PROCEDURES

The samples measured in the present experiments
were single crystals of e-type InSb with carrier con-
centrations in the range of 1.8&(10' —3.3X10' cm ',
which are listed in Table I. They were cut in the form
of prisms with dimensions of about 3X1X10 mm',
and sample surfaces were polished chemically with
CP-4A solution after being ground by carborundum.
Spots for electrodes were rhodium plated, and thin
copper wires were soldered to the plated spots with
indium. All electrodes were checked to be Ohmic at
liquid-helium temperature. According to Table I, the
Fermi temperatures of all the samples are higher than

10'K, and this indicates that carriers are degenerate
below liquid-helium temperature.

Temperatures between 4.2 and 1.3'K were obtained
by controlling the vapor pressure of liquid helium, and
the lowest temperature (0.1'K) was attained through
adiabatic demagnetization of chrome alum. The tem-
peratures below 1.3'K were determined from the
temperature dependence of the paramagnetic suscepti-
bility of chrome alum, which was measured by a
Hartshorn bridge.

III. EXPERIMENTAL RESULTS

The measurements of Hall eRect, electrical resistivity,
and magnetoresistance were made with electric fields
weaker than 1 mV/cm, where carriers do not become
hot.

The Hall eRect was measured in magnetic fields
weaker than 70 Oe by using a Helmholtz coil, and the
Hall coeKcient is independent of the magnetic field
below 70 Oe. Carrier concentrations of the samples are
listed in Table I. The Hall coeKcients in the low
magnetic field are independent of temperature between
1.3 and 4.2'K.

N

2.5—

20

I.O-
No. 8

l4 -30 cm
l4

0I5

01?

2 3 4 5

Temperature t'K )

FzG. 1. Resistivity
of e-type InSb as a
function of the tem-
perature T. The re-
sistivity is normal-
ized to the resistivity
at 4 2'K in each
sample.

A. Electrical-Resistivity Measurements

The electrical resistivity of the samples increases
gradually as the temperature is lowered, and rapidly
below 1'K for the samples with small carrier concen-
trations, as is seen in Fig. 1. The temperature de-
pendence of the resistivity becomes weaker as the
carrier concentration increases. For the sample num-
bered 8, no temperature dependence of the resistivity
was observed down to 0.1'K. To clarify these features,
the resistivity of each sample normalized by the re-
sistivity at 4.2'K is shown in Fig. 1.

The resistivity is seen to increase logarithmically as
the temperature is lowered and to approach a satu-
ration at very low temperatures, as is shown in Fig. 2.
As the carrier concentration increases, the saturating
temperature shifts to the higher side. Empirically, the
following expression for the temperature dependence
of the resistivity was obtained:

p= a b logio(T+To), —
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6.0-

Fzo. 2. Resistivity of n-type InSb as
a function of log~oT: (a) Sample No. 1
(I= 1.8)&10'4 cm '); (b) Sample No. 4
(n=1.6&(10"cm ').
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where a, b, and To are positive parameters which
depend on the carrier concentration m.' The above
expression fits the data on all the samples very well.
In Fig. 3, the parameters u, b, and To are plotted against
the carrier concentration. In the samples with low
carrier concentrations, the carrier-concentration de-
pendences of these parameters are approximately

8 CI- S
b~e ",

TO~S '

It is noticeable that the parameter To, which charac-
terizes the saturation at very low temperatures, in-
creases with the carrier concentration.

3. Magnetoresistance

The transverse and longitudinal magnetoresistance
effects of the samples were measured with magnetic
fields weaker than 70 Oe between 0.1 and 4.2'K. In
these measurements, the temperature of the demag-
netized paramagnetic salt did not increase appreciably
on the application of the weak magnetic field, and so
the temperature of the sample was believed to be kept
unchanged during each run of the magnetoresistance
measurement. Magnetoresistance measurements for

IO

stronger magnetic fields (np to 3 kOe) were also made
between 1.3 and 4.2'K.

For each measurement of the resistivity in the
presence of the magnetic field, four readings were taken
with opposite directions of sample current and opposite
directions of magnetic fieM to eliminate thermal elec-
tromotive forces and to see whether the magneto-
resistive ratio is an even function of the magnetic-field
strength. In some samples, the magnetoresistances were
not symmetric when the direction of the magnetic field
was reversed, and they were rejected from the magneto-
resistance data in the present paper.

A typical example of the magnetoresistance is shown
in Fig. 4. The transverse magnetoresistance is negative
in the weak magnetic fields, reaches its minimum at
about 500 Oe, and then gradually turns positive as the
magnetic field increases.

In Fig. 5 the angular dependences of the magneto-
resistance at various magnetic fields are shown. The
angular dependences of the magnetoresistance were not
observed in magnetic fields (weaker than 70 Oe), and
weak angular dependences were observed in the mag-
netic fields stronger than 500 Oe. It was also found that
the transverse magnetoresistance in the weak magnetic
field does not depend on the direction of the magnetic
field lying in the plane perpendicular to the sample
current.

In a magnetic field weaker than 50 Oe, the magneto-

FIG. 3. Plot of the
experimentally ob-
tained parameters u,
5, and To against the
carrier concentration
So

0

I- lo'-

10'

IO

p =a-b Iog,o(TITo)

FxG. 4. Transverse
magnetoresistance of
n-type InSb at 1.3
and 4.2'K. (Sample
No. 1.)
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Fio. 5. Magnetoresist-
ance of e-type InSb at
1.3 and 4.2'K. The mag-
netic Geld is rotated in
the plane containing the
sample current and a
line perpendicular to the
sample plane. (Sample
No. 1.)

the Fermi temperature TI: of the conduction electrons
is very high in comparison with the temperatures at
w111cll tllc plcscllt experiments wcic performed (Table
I). The carriers, then, are highly degenerate even in
the sample with the smallest carrier concentration.

Moreover, the effective Bohr radius a~* of the con-
duction electron is as large as 640 A, so that the
parameter r, =r„ /aii* is only 1.7, even in the sample
with the smallest carrier concentration (r, is the
average distance between electrons). Comparing this
value with those usual in metals (r, =3—7), we can say
that the carrier concentration in e-type InSb is very
high.

a,P——
I I )p 0

resistance is negative and can be expressed in the form'

hp/p=——Lp(H) —p(0)]/p(0) =S(T)H', (3)

as is shown in Fig. 6. The magnetoresistance coe%cient
S(T) depends on the temperature T and the carrier
concentration N. The coefFicient S(T) increases as the
temperature is lowered. According to the localized-
spin model which vrill be discussed in the next section,
S(T) is proportional to the square of the susceptibility
of the localized spins. Thus, S(T) is plotted against
temperature in Fig. 7, and it was found that

l0

/ t.3'K
I

-- 05 /
x '1 I

/~z K

-50 0 50

Magnetic Field H (Oe)

Fxo. 6. The low-Geld
magnetoresistance as a
function of magnetic
field II. (Sample No. 1.)

a'oove 1'K, and S(T) is almost constant below about
1'K. In the above expression, To' is a positive param-
eter with the dimension of temperature, and increases
with the carrier concentration.

The parameter To' was actually determined more
easily as follows. (—Ap/p) '" is plotted against tem-
perature at a constant magnetic field, and To' is ob-
tained by extrapolating the experimental points, as is
shown in Fig. 8. It is interesting that the parameter
To' is nearly equal to the parameter To appearing in
the expression (1) in each sample. The values for Ts'
and To in these experiments are given in Table I.

IV. INTERPRETATIONS

The carrier concentrations of all the samples in the
present experiments are independent of temperature
below 4.2'K, as is seen from the results of the Hall
measurements. The observed resistance anomaly and
the negative magnetoresistance, therefore, must arise
from an electron-scattering process which appears in
e-type InSb at very low temperatures.

At 6rst we will discuss briefly some aspects of the
electron conduction in InSb. The effective mass m* of
the electrons in the conduction band is only 0.013
times the rest mass mo of a free electron. "Accordingly,

"G.Dresselhaus, A. F. Kip, C. Kittel, and C. Wagoner, Phys.
Rcv. 98, 556 (1955).

The donor level calculated by the effective-mass
approximation lies only 0.7 meV below the bottom of
the conduction band. Furthermore, the activation
process of electrons from the donor levels in e-type
InSb is not observed in the samples with carrier con-
centration higher than 10" cm ', and the impurity
conduction occurs only in the ultrapure samples with
the carrier concentration of the order of 10" cm '."
Therefore, it is probable that the impurity band does
not exist independently of the conduction band in our
samples, and that the conduction takes place in the
conduction band. This conjecture is supported by the
fact that the mobihty of the carriers in the sample used
in the present experiments is large even at low tem-
peratures (see Table I).is

Kondo showed3 that the logarithmic temperature
dependence of the electrical resistivity in dilute mag-
netic alloys at low temperatures comes from the scat-

'2 D. N. Nasledov, J. Chem. Phys. 57, 479 (1960)."It may be said that this statement is also supported by the
following two theoretical investigations: P. A. Wolff LPhys. Rev.
126, 405 (1962)g has treated the band structure of very degenerate
semiconductors by using many-body perturbation theory and has
obtained the result that the influence of impurity potential is
small for electrons near the Fermi surface and becomes important
near the bottom of the band. According to F. Stern and R. M.
Talley's calculation /Phys. Rev. 100, 1658 (1955)g, the impurity
level has a finite width which is comparable with the depth of the
isolated donor level in I-type InSb with carrier concentration
@=2X10'~cd 3
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tering of the conduction electrons by localized para-
magnetic spins through s-d exchange interactions. The
resemblance between the temperature dependences of
the resistivity in e-type InSb and those in dilute mag-
netic alloys suggests that a similar electron-scattering
mechanism contributes to the resistivity in e-type
InSb also. This is consistent w'ith the observed negative
magnetoresistance in m-type InSb reported here.

Besides the scattering of the electrons due to the
s-d interactions, the scattering of the electrons by
ionized donor potentials contributes to the electrical
resistivity in m-type InSb, though it has no temperature
dependence.

We assume, then, that the observed electrical re-
sistivity in m-type InSb is determined by two electron-
scattering mechanisms: (a) the ionized-impurity scat-
tering, and (b) the scattering by the localized spins
due to the s-d interactions. As the wavelength of the
conduction electron is not very short in comparison
with the average distance between donors, it might be
possible that multiple scattering or the scattering due
to the combination of the above two mechanisms affects
the resistivity to some extent. To simplify the problem,
however, we will neglect these effects in the following
calculations.

et al. 's numerical results in the carrier-concentration
range higher than 10" cm ', because in this range the
carriers are degenerate even at 80'K. On the other
hand, the carriers are degenerate below 4.2'K, but are
not degenerate at 80'K in the carrier-concentration
range lower than 10" cm ', and so Bate et al. 's results
cannot be used at 4.2'K. We therefore calculated the
electron mobility at 4.2'K by the Brooks-Herring
formula and joined it smoothly to Bate et al. 's results
in the high concentration range. The electrical re-
sistivity determined from the ionized-impurity scat-
tering, p~, is independent of temperature in the tem-
perature range where the carriers are degenerate, as
in the present experiments.

B. Scattering by Localized Spins

As was discussed by Kondo, ' the probability for
scattering of the conduction electron by the localized
spins depends strongly on the energy of the conduction
electron, because of the dynamical character of the
localized-spin system. In his calculation of the re-
sistivity of dilute magnetic alloys, he dealt with the
perturbing Hamiltonian of the s-d interaction given
by Kasuya'7 to the second Born approximation, and
found a logarithmic temperature dependence of the
resistivity.

The interaction Hamiltonian given by Kasuya, how-
ever, cannot be applied in its original form to the
localized-spin system in m-type InSb, because the
character of the localized spin in m-type InSb is dif-
ferent from that of the localized spin in dilute magnetic
alloys. In dilute magnetic alloys, the localized spin is
well localized in a unit cell with the volume 0, while
the localized spin in e-type InSb is considered to
spread over a wide region of volume 0', containing
many unit cells. The perturbing Hamiltonian for the
s-d interaction in m-type InSb is, then, given by

0
~oao

0
0 I.O 20 5.0 4.0 5.0

Temperature ('K }

JI
H'= ——P e'&" "'&"'{(a*'+aq.+—a*" a'. )S*,

+a a+&a' —S n+~ ~—~k'+S n}, (5)

A. Ionized-Impurity Scattering

The conduction-electron scattering by ionized donors
in InSb at 80'K was fully discussed by Bate et a/. '4

They made use of Kane's model" for the conduction
band of InSb, and obtained a formula slightly different
from the Brooks-Herring formula. They had further
improved the formula by taking into account a correc-
tion of the screening based on Takimoto's treatment. "

In order to estimate the electron mobility due to
ionized-impurity scattering at 4.2'K, we used Bate

FIG. 8. The tempera-
ture dependence of
(—hp/p) '~'. (Sample
No. 2.) (T= 1.3-4.2'K.)
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"R.T. Bate, R. D. Baxter, F. J. Reid, and A. C. Beer, J. Phys.
Chem. Solids 26, 1205 (1965).

'5 E. O. Kane, J. Phys. Chem. Solids 1, 249 (1956).' N. Takimoto, J. Phys. Soc. Japan 14, 1142 (1959).

TOO I.O

I I

2.0 5.0 4.0 5.0
Temperature ('K }

"T.Kasuya, Progr. Theoret. Phys. (Kyoto) 16, 45 (1956).
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Pk (rl) Pd~ (r2)e pk' (r2) Af (rl)
dridr2, (6)

where yk is the Bloch function of the conduction
electron normalized in the entire crystal, and y~„ is
the wave function of the nth localized spin spread over
the volume 0'.

The calculation of the electrical resistivity of m-type
InSb due to the s-d interactions was performed by using
the perturbing Hamiltonian LEq. (5)] in a similar way
to that in Rondo's theory; the result is

p, r,;„=cp~(1+4' (ep) (1V/1P)J' 1n (k T/e~) ), (7)

and
iV 3sm*J"S(S+1) V

pM gl 2g fpA

where S is the magnitude of the localized spin, m(ep)
is the density of state at Fermi energy, and c is the
fraction of localized spins per unit cell. ln Eq. (7), the
first term comes from the first-order Born approxi-
mation, and the second term from the second-order
approximation.

Summarizing the above discussions, we can write
the electrical resistivity of n-type InSb at low tem-
peratures as follows:

P =Papin+PI

=cpis 1+4m(ep) —J' ln(kT/ep) +pr.gf

C. Negative Magnetoresistance

The negative magnetoresistance observed in m-type
InSb cannot be explained by the usual mechanisms of
magnetoresistance. As was pointed out by Yosida, 4

however, there is a possibility of interpreting the
negative magnetoresistance by introducing the s-d
interactions discussed in Subsection B. According to
Yosida's theory, the magnetoresistance in low magnetic
fields is expressed by

—d p/p=nM', (10)

where M is the average magnetization of the localized
spins, and n is a constant. The magnetoresistance co-
efficient S(T) in the preceding section, then, is repre-

where R denotes the position vector of the nth localized
spin, whose spin operator is denoted by S„, and u&+
and u*l,+ are the annihilation and creation operators of
the conduction electron with the wave vector k and
+ or —spin. 1P is defined by 1V'0'=im, where iV is
the total number of unit cells in the crystal. J' is the
exchange integral between a conduction electron and a
localized spin, and may be written

J~—g~~—s(k—k') Rn

TABLE II. The exchange integral J' and the concentration of
localized spins estimated from the experimental results.

Sample
No.

Carrier
concentration

(cm ')

1 8X 1014

6.0X 1014

6.5X1014

1.5X10»
2.8X10"
5 OX10"
2 OX10"

(J'/s')
(eV cm')

—4.'1 X10 's
—1.9X10-»
—2.2X10 "
—1.2X10 "
—3.0X10 "
—5.5X10~0
—1.0X10 '0

Concentration of
localized spins cS

(cm ')

4 6X10"
1.3X1014

0 9X10'4
1.3X10'4
8 OX10'4

a The derived concentration of localized spins exceeds the carrier con-
centration of the sample. This seems to come from neglecting pl in the
above estimation, which is a major part of the resistivity for samples with
large carrier concentration.

V. COMPARISON WITH THE EXPERIMENTAL
RESULTS

The observed temperature dependence of the elec-
trical resistivity and the negative magnetoresistance
of e-type InSb at very low temperatures in the present
experiments will be discussed along with the inter-
pretation described in the preceding section.

A. Temyerature Dependence of the
Electrical Resistivity

The observed logarithmic temperature dependence
of the electrical resistivity is well explained in the
temperature range T))Tp by the s-d exchange inter-
action if the existence of the localized spins in e-type
InSb is assumed.

As was discussed in the preceding section, the elec-
trical resistivity p consists of pI, due to the ionized-

impurity scattering, which is independent of tempera-
ture, and p,p;„, which gives the logarithmic temperature
dependence. In the temperature range T))Tp, the
observed resistivity is given by the expression (1) as

p= u —5 logypT. (12)

In order to investigate the resistivity due to the s-d

interaction, we must subtract the resistivity pz from

Eq. (12). Transforming Eq. (12) into

p = a b logio (em/k) b lo—gio (k—T/ e p)

=a' b' ln(kT/e p), — (13)

we can say that a'=a b logi0(eF/k) consis—ts of pr and
the first term of Eq. (7) which comes from the first
order s-d interactions. u and u' are plotted in Fig. 9.
In this figure, u' has somewhat more scatter in the high

sented in terms of n as follows:

S(T)=(xx',

where x is the susceptibility of the localized spin
system. Therefore, if the spin system is completely
paramagnetic, (—Dp/p)"' should be given by a function
of H/T.
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carrier-concentration range, and this comes from ambi-
guity in the determination of the parameter b in the
experiments, as the temperature dependence of the
resistivity is weak in the high carrier-concentration
range. In order to estimate the numerical values of the
exchange integral J' and the concentration c of the
localized spins by the comparison of Eq. (13) with
Eq. (7), the exact values of pr in each sample must be
used. An exact numerical estimate of p~ in each sample,
however, cannot be made, since there remain unknown
factors such as the eGect of compensation, the effect
of screening of the impurity potential at low tempera-
tures, the multiple scattering, and so on. Since in the
sample with the lowest carrier concentration the re-
sistivity has the strongest temperature dependence, it
is expected that pq is only a small fraction of a'. Thus
pr is neglected. in the comparison of Eq. (9) with the
empirical expression Eq. (13).

The ratio of the first and the second terms of Eq. (7),
4e(&z) (E/Q') J', corresponds to b'/a' in Eq. (13). The
Fermi energy eg in each sample is given in Table I,
The density of states at the Fermi energy N(ep) was
calculated with the effective mass m*=0.013nso. The
results obtained for J'/1P and c are shown in Table II.
In this table, J'/1P decreases and c increases as the
carrier concentration increases. But taking into account
pg, which is neglected in the above calculation, we may
expect that the carrier-concentration dependence of
J'/E' becomes weaker, and then the dependence of c is
changed to some extent, especially in the high carrier-
concentration range. With such a treatment of the
temperature dependence of the electrical resistivity,
only the ratio J'/1P is obtained, and not J' and E'
separately. However, we estimate the magnitude of
the exchange integral J' in the lowest-carrier-concen-
tration sample, taking the eGective Bohr radius as the
spreading of the wave function of the localized spin.
Then J' is of the order of —1 meV. In the Appendix,
we discuss the possibility that the exchange integral J'
is negative, a possibility which arises when we take
into account the mixing of the wave function of the
localized spin and that of the conduction electron.

The existence of the parameter To in the expression
(1) for the electrical resistivity may come from the
presence of the interaction among the localized spins
via conduction electrons, and this will be discussed in
the following subsection.

B. Negative Magnetoresistance

As was mentioned in the preceding section, the
magnetoresistance of n-type InSb at low temperatures
is negative in weak magnetic fields, reaches its mini-
mum at about 500 Oe, and then turns positive as the
magnetic field increases.

According to Yosida's theory, 4 which was described
in the preceding section, the negative magnetoresistance
is proportional to the square of the average magneti-
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zation of the localized-spin system. Thus, it is expressed
as

—hp/p= nM'= rN&'H'.

Moreover, the conduction-electron scattering by this
process must be independent of the direction of the
magnetic field, since the s-d interaction is isotropic and
the conduction band in e-InSb is spherical. This leads
to the negative magnetoresistance which does not
depend on the angle between the magnetic field and
current directions.

In the present experiments, the magnetoresistance
is negative and proportional to the square of the mag-
netic field, as is shown in Fig. 6, and it does not depend
on the angle between the magnetic field and the current,
in contrast with the positive magnetoresistance in
higher magnetic fields, which shows an angular de-
pendence. Such a coincidence between the experimental
results and the theory seems to indicate that the
negative magnetoresistance in m-InSb comes from the
s-d interactions between the conduction electrons and
the localized spins.

In order to investigate the magnetic properties of
the localized spin, the values of (—Ap/p)"' are plotted
in Fig. 10 against H/(T+To') for a magnetic Geld H
weaker than 70 Oe and for temperatures between 4.2
and 0.2'K. Here To' is the parameter which appeared
in the expression (4) in the description of the tempera-
ture dependence of the magnetoresistance coeScient
S(T). It should be noted that the experimental values
of (—hp/p)'r' are better described by a function of
H/(T+To ) than of H/T. This means that the tem-
perature dependence of the susceptibility of the localized-
spin system obeys the Curie-gneiss law, and the param-
eter To' can be taken as the paramagnetic Curie tem-
perature of the localized-spin system.

Furthermore, it is seen from Fig. 10 that (—hp/p) ~'

as a function of H/(T+To') has a form similar to that
of the Brillouin function. From the curvature of this
function and the saturation characteristics of the
magnetoresistance at higher magnetic fields, the g factor
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of the localized spin in n-type InSb is estimated to be
of the order of 10' (about 200 in the sample No. 1).
Such a value of the g factor is several times larger than
that of a conduction electron, g= —55, at the bottom
of the conduction band "

Toyozawa' discussed theoretically the possibility
that as a result of the collective nature of the localized
spin, the localized spin in semiconductors has a mag-
netic moment several times as large as that of an
electron bound to an isolated impurity. In e-type InSb
containing a carrier concentration of more than 10'
cm ', the r, is rather small, as was noted before, and
this means that the collective nature of the localized
spins may be confidently assumed.

The existence of the positive parameter Tp' in the
expression (4) for the negative magnetoresistance,
which corresponds very nearly to the parameter Tp in
the expression (1) for the temperature dependence of
the electrical resistivity, suggests the presence of the
antiferromagnetic coupling among the localized spins.
An estimate of the magnitude of the interaction among
localized spins was made as follows: First we assume
that the interaction among localized spins in e-type
InSb at very low temperatures comes from the indirect
interaction via the conduction electrons. This type of
interaction is calculated from the second-order effect
of the s-d exchange interaction between the localized
spins and the conduction electrons (Ruderman-Kittel-
type interaction). Yosida's theory, " which deals with
dilute magnetic alloys, is modified in the same way as
in Sec. IV, and the second-order perturbation energy
is given by

2g
~'&"=(3n/E')' —J"P F(2kpR, )(S„S ), (15)

n, m

"G. Bemski, Phys. Rev. Letters 4, 62 (1959)."K. Yosida, Phys. Rev. 106, 893 (1957).

where
F(x)= (x cosx —sinx)/x'. (16)

Here, R, is the distance between the localized spins
n and m (represented by the spin operators S, and S,
respectively) and k'is the wave number of a conduction
electron at the Fermi surface. Equation (15) gives the
ferromagnetic interaction between the localized spins,
while the interaction in m-type InSb is considered as
antiferromagnetic, as was mentioned above. Vosida, "
however, has pointed out that the spatial dependence of
the exchange integral would change to antiferromag-
netic the coupling between the localized spins. For the
sample with the smallest carrier concentration, the
estimated To' from Eq. (15) is about 2'K, and this is
not far from the value Tp =0.1 K determined from the
experiments. In this estimation, the distance E
between the localized spins is replaced by the average
distance between the localized spins, the concentration
of which is obtained from Table II. But the carrier-
concentration dependence of Tp, determined experi-
mentally as in Eq. (2), cannot be explained reasonably
from Eq. (15). This is, we think, due to the fact that
the direct application of Eq. (15) to the localized-spin
system in e-type InSb is not plausible. It is actually
quite diflicult to take into account the effect of the
random distribution of the localized spins in the above
estimation, even if the Ruderman-Kittel-type inter-
action is dominant. Moreover, the wave function of the
localized spin in e-type InSb is spread over a large
volume, and it may be very complicated, as can be
expected from the mixing between the wave functions
of the localized spins and conduction electrons, or from
the collective nature of the localized spins. Therefore,
the expression for the indirect-exchange interaction in
such a case may be greatly different from Eq. (15).

Besides the indirect-exchange interaction between
the localized spins, the direct-exchange interaction may
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contribute to the coupling among the localized spins in
n-type InSb. Toyozawa' has suggested that the direct
exchange may play a major role in the low carrier-
concentration range in e-type Ge.

C. Localized Spina in n-Type InSb

As was discussed in the earlier part of this section,
the experimental results are well explained by assuming
conduction-electron scattering by the localized spins
through an s-d exchange interaction. The origin and
the character of the localized spins will now be discussed.

In dilute magnetic alloys, the origin of the localized
spin is the magnetic impurities, the wave function of
which is almost limited in the unit cell." In the de-
generate semiconductors, on the other hand, the
localized spin should be related to the randomly dis-
tributed donor states, since no magnetic impurities
are added in the doping. Toyozawa' discussed in detail
the possibility of the existence of the localized spins
in the case of the metallic impurity band of e-type Ge.
In this case, he showed that the localized spins appear
as the result of electron correlation and random array
of impurity sites. If the site is isolated enough, there
is the possibility that the eGect of electron correlation
overcomes that of electron transfer, resulting in the
appearance of localized free spins. If, however, the site
is too isolated from other sites, it does not act as a
scatterer, since the other electrons are hardly able to
move through the site, and, consequently, its spin
direction does not inhuence the transport properties.
Therefore, the appearance of the localized spin on a site
depends on the impurity distribution around it.

In n-type InSb, on the other hand, the electronic
conduction occurs in the conduction band, and so the
correlation between the conduction electron and the
electron bound to the impurity site is very weak.
Consequently, the well-isolated neutral donor may also
be able to behave as a localized spin which scatters the
conduction electrons. If a well-isolated neutral donor,
surrounded by a volume eo in which no other impurity
exists, is taken as the origin of the localized spin, the
concentration c of the localized spins is expressed in
terms of n, that is,

c~me "o".

The concentration c expected from Eq. (17) decreases
very rapidly as e increases, while the c, estimated from
the experimental results, increases. This suggests that
the isolated neutral donors play a minor role as the
origin of the localized spins. Since it is thought that
the bottom of the conduction band has a character like
the impurity band, the model for the localized spins
discussed by Toyozawa may be preferable in e-type
InSb. The large g factor observed in the present ex-
periments seems to support such a conclusion.

P. W'. Anderson, Phys. Rev. 124' 41 (1961) P A VfolByi'. 124, 1030 (1961).

APPENDIX: THE NEGATIVE VALUE
OF THE EXCHANGE INTEGRAL J'

The exchange integral J' between the conduction
electron and the localized spin in m-type InSb is ex-
pected to be negative from the observed temperature
dependence of the electrical resistivity. In dilute alloys,
it was shown by Kondo, " taking Gd metal as an ex-
ample, that the effect of mixing wave functions of
conduction electrons and localized electrons may lead
to a negative exchange integral J. The sign of J is
determined by the balance between the direct-exchange
interaction, which is positive, and the negative contri-
bution from the mixing eGect. We discuss the problem
of the negative J in n-type InSb along lines similar to
those of Kondo's treatment.

We shall consider the two-electron problem, one
electron in the localized state denoted by the orbital
wave function q, (r) and the spin function 0'(t'), and
the other in the conduction band denoted by p&(r) and
&(t'). The unperturbed state 4, is expressed in the form

4,= (1/V2) P 5pPp~(r~)y;(rm)X(f~)0(f's). (A1)

First we consider a perturbation process in which a
conduction electron with wave vector lr and s compo-
nent of spin f is transferred to an empty level of rp;, and
then returns to a conduction band with wave vector k'.
For the sake of simplicity, we consider only an s-like
function for q;. Then the corresponding excited state
and the second-order perturbation energy are

and

(A2)

(A3)

where e,——ep is the energy necessary to take an
electron near the Fermi surface and to replace it on q;.
The quantity V,g is the perturbation which causes
electron transfer.

We consider next a process in which the localized
eI.ectron is excited to a level in the conduction band
and then returns to the localized state y;.

"J.Kondo, Progr. Theoret. Phys. (Kyoto) 28, 846 (1962).
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Summing up these two processes, the total Hamil-
tonian for the mixing eGect is expressed as

and

Ap= Up'
Ce 6g 6e 6P

(AS)

V02= (4s)'" P(r) V,g(r) jo(r)r'dr. (A6)

Here, it is assumed that V,q(r) is spherical; I'(r)

Ap
O'= P—e"~ "'&"&((a*~.+a~+—a*/~ —GQ—)S*

g n, k, k'

+a*I, ug~S+, +u*g.+ay S }, (A4)
where

is the radial part of q, (r); and jo is the zeroth-order
spherical Bessel function.

The value Ao in (A4) is positive. Comparing Eq.
(A4) with Eq. (5) in Sec. IV, we may conclude that the
mixing of the wave functions of conduction and localized
electrons gives the negative contribution —Ap to the
exchange integral. Then the sign of the exchange
integral J' is determined by the two competing eBects,
the direct-exchange integral, which is positive, and the
eBect of mixing, which is negative. Therefore a negative
J' is possible if the eGect of mixing is appreciably large.
It is possible that this mixing effect for the s-d inter-
action in e-type InSb is very large, since the energy
level of the localized state seems to exist not far from
the Fermi level, as discussed in Sec. IV.
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Excitons in Degenerate Semiconductors
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The band-to-band optical absorption is calculated for a direct-band-gap semiconductor that has one band
degenerate n or p type. The degenerate band is treated as a high-density Fermi gas. It is shown that exciton
states, arising from the electron-hole Coulomb attraction, still affect the optical absorption. The calculations
show that exciton states cause a logarithmic singularity in the absorption at the Burstein edge. This singu-
larity is present at a moderate density of electrons or holes in the degenerate band, but it gradually disap-
pears in the high-density limit. Lifetime broadening could make the logarithmic singularity diKcult to
observe at higher densities.

I. INTRODUCTION

VAL EN C E-band-to-conduction-band optical-ab-
sorption experiments have provided much infor-

mation about insulating or lightly doped semiconduc-

FIG. l. Optical absorption in
a semiconductor with a degen-
erate conduction band. The
onset of optical absorption is
at eo=Eg+pp'/2v, where Eg is
the energy gap, pJ is the elec-
tron Fermi momenta, and g is
the electron-hole reduced mass.

tors. Of particular fruitfulness has been the study of
exciton states, the electron-hole bound states which
drastically alter the shape of the absorption edge in
semiconductors where the lowest transition is direct.
The present calculation is concerned with optical-ab-
sorption processes in direct-gap semiconductors which
have one band suKciently doped that it can be viewed
as a degenerate electron gas at low temperatures. The
case where the conduction band is doped is indicated in

Fig. 1, where the transition of interest is from the heavy-
hole band. The results of this calculation show that
exciton sects, in the form of final-state electron-hole
Coulomb scattering, still drastically a6ect the optical-
absorption spectra. This seems to occur even in the
limit that the conduction electrons can be viewed as a
high-density electron gas.

Elliott' showed that optical absorption in semicon-
ductors should be viewed as the creation of an electron-
hole pair. In his calculation for insulating semiconduc-

tors, the electron-hole Coulomb interaction was included

by solving Schrodinger's equation for a hydrogen atom.
The inclusion of these Wannier exciton states provided

' R. J. Elliott, Phys. Rev. 108, 1384 (1957).


