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Electronic Structure of Alpha Brassy
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We have investigated the band structure of alpha brass (n-CuZn) 'as a function of its composition, over a
range of 5 to 30 j& Zn, by steps of 5'P&. The Kohn-Rostoker method was used in combination with a spherical-
average model potential. The conduction bands were determined at high symmetry points of the Brillouin
zone. It was assumed that the Cud bands are unchanged by alloying. It was found that the conduction bands
are displaced to lower energies, the L2.—L1 gap across the f 111) faces of the zone is reduced by 1.3 eV at
30/& Zn, and the Fermi surface approaches the {200)faces of the zone. Our results are used to interpret the
measured optical properties (Rayne and Biondi, Green), and to give a semiquantitative discussion of the
theory of alloying and alpha-phase stability.

I. INTRODUCTION

' 'N two earlier papers' ' (heretofore denoted I and II)
we have described the electronic structures and

Fermi surfaces of ordered and disordered beta-phase
binary alloys of the IB-IIB columns of the periodic
table. In this work we present the results of our investi-
gation of the band structure of n-CuZn as a function of
composition. Several models and theories, old and new
(Mott and Jones, ' Jones, ~s Konobejewski, ' Cohen
and Heine, Friedel, ' Hume-lothery, ' Hume-Rothery
and Roaf," and Lettington") have been proposed to
explain the stability and the various electronic proper-
ties of the alpha-phase alloys. Our calculations provide
perhaps the first semiquantitative test of these models.
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We have used the Kohn-Rostoker (KR)" method in
combination with a "pseudo-periodic" potential. "
The details of this method as well as its advantages and
limitations are discussed in (I) and (II). It is suflicient
here to say that the approximation reduces to a choice
of an average model pseudo-potential around any
lattice site which takes the form

V(r)=(1 C)V (r)+CV (r). — (1)

V~(r) and V~(r) are the appropriate ™uffin-tin"
potentials for the individual solvent and solute atoms,
respectively, and C is the solute concentration.

We also apply this technique to determine the con-
duction bands of os-CuZn as a function of solute concen-
tration. The "pseudo-periodic" model breaks down in
the case of localized or semilocalized ion-core states
[refer to IIIA of (II)7. Therefore we have assumed that
the Cu d bands in the alloy are unchanged on the energy
scale from those found in the pure metal. The possible
effects of alloying on these bands are considered in the
final analysis. As in (II), the Cu and Zn potentials of
Herman and Skillman'7 (H-S) have been used to con-
struct the conduction-state potentials. The bands have
been computed for the symmetry points 11, X, and I of
the zone. The concentration C has been varied at steps
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of 5% and over a total range of 0—30%Zn concentration.
The bands have been adjusted so that for 0% Zn they
agree exactly with those obtained by Segall" for pure
Cu (using an /-dependent potential).

TABLE I. Conduction-band energies (in Ry) for a-CuZn over
a 0-30% range of Zn concentrations. Results for 0% Zn are those
of Segall. a Interpolation error is ~0.01 Ry.

0% 5% 10 lo 15% 20% 25% 30% Zn

I"1 —0.836 —0.85 —0.87 —0.88
X4 —0.029 —0.04 —0.05 —0.05
XI +0.389 +0.38 +0.37 +0.36
1.2 —0.247 —0.25 —0.26 —0.27
LI +0.189 +0.16 +0.12 +0.11

—0.88—0.06
+0.35—0.28
+0.10

—0.89—0.07
+0.34—0.28
+0.08

—0.89—0.08
+0.33—0.29
+0.05

a See Ref. 18.

The predominant effect of alloying is a general dis-
placement of the conduction bands to lower energies.
The shifts of the F~, X4.', X~, and L~ levels are of the
same order of magnitude. The decrease in L~ is some-
what larger, resulting in a reduced L2.-Lj energy gap.
Another ef'feet of alloying is the appearance of a narrow

II. BAND PROFILES

The energy eigenvalues E(k) are listed as a function of
composition in Table I. The variations are smooth, but
not entirely uniform, through the 30% range of Zn
concentration. The error involved in the graphical
interpolation of the KR secular determinants to zero
amounts to &0.01 Ry. The band profiles of Cu (solid
curves) and n-Cu07pZno &0 (dotted curves) are plotted
in Fig. 1 along the (100) (I'AX) and (111) (I'Al. )
direction of the zone.

Zn d band (not shown in Fig. 1) approximately 0.2 Ry
below the I'~ level.

The rather "rigid" displacement of the conduction
bands downward is not unusual in view of our starting
assumptions. By choosing an average potential based
on the use of the neutral free-atom poi.entials V~(r)
and Vii(r), we have tacitly assumed that the excess
4s electron of Zn spends most of i.ts time in the vicinity
of the Zn+ ion. This is consistent with Friedel's' pro-
posal that the excess charge on the nucleus of the solute
atom is locally screened out by the excess electronic
charge. Moreover, Friedel' has shown that such a model
is perfectly consistent with the "rigid-band" theory
that alloying shifts the energy of every state by a con-
stant amount.

The shift of the Fermi level from the value calculated
by Segall" for Cu has been measured with respect to
the reduced I'q level (see dotted line in Fig. 1). It is

reasonable to assume this shift is also given by the
rigid-band approximation. It is important to note,
however, that the increase of EI; with respect to the top
of the d band is considerably less than it would be if the
d band were treated in the same way as the conduction
bands.

The reduction of the L2.-J & energy gap is significant
because of its bearing on the Fermi-surface topology.
Cohen and Heine' have predicted a decrease in this gap
together with a sphericization of the Fermi surface.
Actually, the computed decrease of the L&. energy
coupled with the increase in Ep imply a slight increase
in overlap area of the Fermi surface with the (111)
faces of the zone. The lowering of the X4. energy plus
the increase in EF indicate the approach of the Fermi
surface to the (200) faces.

III. OPTICAL PROPERTIES
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Biondi and Rayne" have measured the optical ab-
sorbtivity of alpha brass over a range of composition
extending to 30% Zn. The absorption edge occurring
at 2.2 eV in Cu shifts to approximately 2.6 eV in the
case of n-Cup 7pZnp 3p. This edge has been attributed to
direct electronic transitions'0 andjor indirect transi-
tions" between the d band and the Fermi level near L2..
The calculated increase of E~ with respect to the top of
the d band in the present work is 0.48 eV, as compared
with the optical result of 0.36 eV. The theoretical bands
agree with those proposed semiempirically by Letting-
ton" from the analysis of the optical data with respect
to their shapes and shifts. However, the downward
displacement of the X4. level is not as large as that
predicted by Lettington. "This prediction was based on
the observed reduction of 1.3 eV in the position of the
secondary high-energy absorption peak which lies at

Fro. 1. Comparison of energy bands of a Cu0. 70Zn0. 30 (dotted
curves) with those of Cu (solid curves).
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"C. N. Berglund and W. E. Spicer, Phys. Rev. 136, A1030

(1964); ibid. 136, A1044 (1964).
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4.2 eV in pure Cu. Transitions across the L2-Lr gap
ave also been associated with this absorption. ""The

computed decrease of this gap is 1.3 eV, agreeing with
the observed value.
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Pro. 2. Semiquantitative density of states of a Cup, 7pZnp 3p

(dotted curve) compared with that of Cu (solid curve).

IV. ALPHA-PHASE STABILITY AND
THE DENSITY OF STATES

I.et $(E)dE denote the number of conduction elec-
trons (in a binary alloy of given composition) with
energies in the range E to E+dE. In the rigid-band
approximation one assumes that upon changing the
composition by increasing the number of solute atoms,
the Fermi level is increased by a corresponding amount

h, t e shape of the density of states curve, remaining
unaltered. The total energy h(E) of all conduction
electrons with energy less than or equal to E, is given
by the area under the curve ES(E) versus E. In his
interpretation of the Burne-Rothery rules for alloys
Jones linked the stability and the free energy of the
alloy phase to minima of the function h(E). These
minima can in general be determined by inspection of
the density-of-states curve E(E) versus E. Obviously
the shape and size of the 3rillouin zone play a decisive
role.

This approach has often been mentioned and used
by Jones and others using very general models. We are
attempting here to apply the method using the actually
calculated bands of n brass. In Fig. 2, we give approxi-
mate profiles of the density of states curves for pure Cu
(solid line) and for Cue rsZns „(dotted line), with cor-
responding Fermi levels.

It is suggested that the reader refer to Fig. 1 in order
to better understand the shifts in the D.S. (density of
states). Here one notices that for Cue. ;sZno se the Lr,

~, X4, and Fr level are shifted to lower energies
(dotted line) with respect to the pure Cu levels (solid
line). It should also be noticed that the largest contribu-
tions to the density of states at energies between —0.35
and 0.0 Ry come from the profiles centered near L2.
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and X4, respectively. It is for this reason that the peaks
in Fig. 2 have been so labeled.

Thus as the energy gaps between the d bands and con-
duction states (X4,Lr&r ) are reduced upon alloying, the
corresponding peaks in the D.S. are shifted toward
lower energies. On the other hand the Fermi level with
respect to the I'~ state must increase in n CuZn as a
result of adding one additional 4s electron per atom of
Zn (notice: this shift in Er is taken with respect to
the shifted I'r). As implied above, the Fermi level is
increased, and eventually ( 45%) shifted into a region
of decreasing D.S., where the alloy structure becomes
unstable and assumes a new phase, the new phase being
one which can support a larger Fermi surface with less
expended energy. In Cu however, the Fermi surface
already contacts the zone boundary at the hexagonal
face centers (I'L direction). As result of this, Hume-
Rothery and Roaf" conjecture that when the Fermi
surface increases in the I'X direction (adding more elec-
trons in the L direction would cost the energy of the
gap as they would have to go in the second zone), the
phase change might occur after contact of the Fermi
surface with the square face centers. An experimental
indication of this is suggested in the optical measure-
ments of Biondi and Rayne and also those of Green"

If the absorption peaks (see Biondi-Rayners) are
attributed to the d band —X4 transitions and the absorp-
tion edges to the d band —Ls. transitions [i.e., in the
vicinity of k= (1,1,1)j, upon extrapolating the changes
in these energies as Zn is added one notices that the
Fermi surface crosses the square face centers at approxi-
mately 40% Zn or an electron to atom ratio of 1.4, which
is the n-phase limit (see Fig. 3). (A similar interpreta-
tion of the optical data has been given by I ettington. ")
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V. CONCLUSIONS

Our theoretical model of alpha brass is subject to a
number of uncertainties. The "pseudo-periodic" ap-
proximation has, to date, only been applied to ideal one-
and three-dimensional free-electron models, and is
valid in these cases only to first-order perturbation
theory. Actually, the energies E(k) are formally com-
plex, the imaginary part being associated with the
diffuse scattering and lifetime of the Bloch wave func-
tion. ' The effect of going to higher-order perturbation
theory is to smear out the energy levels, effectively
narrow the energy gaps, and cause the "tailing" of the
density of states into the gap regions. It would be
valuable to attempt a calculation of these effects in a
real material.

Another uncertainty is the effect of alloying on the d
bands. We have completely excluded such effects in our
calculations because of the limitations of the "virtual-
crystal" model. It is evident that the individual d
bands of Cu and Zn (Mrr, iii emission spectra) retain the
forms characteristic of the pure metals. " However,
it is impossible to infer from this data whether any
shifts of the d bands relative to conduction bands occur
as a result of alloying. Cohen and Heine' have suggested
on the basis of Friedel's' theory that the Cu d band
might be displaced to lower energy in the alloy. This is,
of course, contrary to the present model and would
require a somewhat different interpretation of the optical
properties.

$1Vote added iii proof. After submitting the manu-

script, we became aware of an independent calculation
of the electronic structure of alpha brass by Soven, '4

who has used Beeby's"" t-matrix formulation for the
density of states of a disordered alloy. However, Soven's
final approximations involve: (1) the replacement of
the actual averaged atomic t matrices by averaged
pseudopotentials (based on the "muffin-tin" approxi-
mation) for the conduction states, " (2) the separation

"J.Chft, C. Curry, and B. J. Thompson, Phil. Mag. 8, 693
(1963)."P.Soven, Phys. Rev. (to be published).

'5 This is essentially the adoption of the 6rst Born approxi-
mation, in which the "phase shifts" of the Korringa-Kohn-
Rostoker method are assumed equal to the matrix elements of

or partitioning of the conduction-electron and Cu
d-electron secular problems, (3) the use of the Kohn-
Rostoker-type structure constants in evaluating the
Green's functions, and (4) the assumption of the rigid
displacement of the Fermi level with respect to the
bottom of the conduction band. These approximations
are formally equivalent to the ones we have made in
this paper in applying to first order the "pseudo-
periodic" or "coherent-scattered-wave" model for dis-
ordered alloys originally introduced by Korringa'4 in
1958. One may compare Soven's calculated shifts in
the peaks of the density of states as a function of quasi-
momentum and atomic composition (see Fig. 8 of
Ref. 24) with the level shifts indicated in Table I of
this paper. The downward displacements of the X4
and L~. conduction levels are in almost exact agreement
with those determined by Soven to 30/z Zn concentra-
tion. However, our computed displacement of the I.I
level is more than twice that indicated by Soven. We
do not understand the source of this discrepancy.
Soven has taken an important step further in approxi-
mately establishing (to the accuracy of the first Born
approximation) that the conduction states of alpha
brass are well localized in momentum space, i.e., they
are well represented by coherent or propagating Bloch
waves. This, to a certain extent, encourages our use of
the Korringa'4 statistical model of a disordered alloy.
Moreover, Soven has been able to estimate the effects
of alloying on the more localized Cu d bands. Stern"
has recently emphasized the possible importance of
charging effects in alloys. Such effects could be esti-
mated theoretically in real alloys by carrying the
Korringa-Kohn-Rostoker model to self consistency. "
We should not expect charging to be too large for the
conduction states of alpha brass because the ampli-
tudes of the Cu and Zn wave functions are quite similar
beyond the "muffin-tin" radii. The maintenance of the
individual Cu and Zn d bands in the alloy is an extreme
example of the charging effect associated with the more
locahzed or core-like states. )
of the average muKn-tin pseudopotential. This procedure is
strictly valid only if the partial-wave components of the con-
duction states are nearly free-electron-like."E.A. Stern, Phys. Rev. 144, 545 (1966).


