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The coupled Green’s-function equations for the Heisenberg ferromagnet are approximated by two coupled
differential equations. The approximation agrees at low temperatures with Dyson’s spin-wave theory. Com-
puter solutions of spontaneous magnetization for spin 4 and a face-centered cubic lattice represent a better
fit to the magnetization of nickel than that afforded by an earlier first-order theory. Compared with the
latter, the parameter 6, = £7./J for cubic lattices and for spin % is found to give closer agreement with values
obtained from high-temperature series expansions. The renormalized exchange interaction, calculated
for all temperatures below the Curie temperature, falls off with increasing temperature, and apparently
represents a poorer fit to the experimental data than the results of the first-order theory.

I. INTRODUCTION

N this paper we apply the double-time temperature-
dependent Green’s-function technique to the
Heisenberg Hamiltonian, utilizing a second-order ap-
proximation, in which the set of coupled Green’s-
function equations is approximated by two coupled
differential equations. This represents an improvement
over a previous investigation! which approximated the
coupled set of Green’s function equations with a single
first-order differential equation, in a manner introduced
by Callen.? Our approximation agrees at low tempera-
tures with Dyson’s spin-wave theory.? Computer solu-
tions indicate that the transition to spontaneous
magnetization found in the earlier first-order approxima-
tion in Ref. 1 persists in the present improved ap-
proximation. The theoretical zero-field magnetization-
versus-temperature curve for S=% represents an im-
proved fit to the experimental magnetization of nickel
compared to the result obtained from first-order theory.
The Curie point 8,=%T,/J for the face-centered cubic
lattice is found to be equal to 4.00, in exact agreement
with the theoretical value of 6, given by Rushbrooke

et al.* from a high-temperature series. The renormalized .

exchange interaction J is calculated for all tempera-
tures below T'.. At T=T,, Je;: is not zero as first-order
theory predicts, but is still about 559, of its zero-tem-
perature value. In Sec. IT we derive the first two coupled
Green’s-function equations whose solution constitutes
the present approximation. The details of the solution
are given in Appendix I, and utilized in Sec. III to
obtain expressions for the renormalized magnon energies
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and lifetimes. Section IV contains the derivation of the
spin-spin correlation functions, the spontaneous mag-
netization, and the magnetic specific heat at low tem-
peratures. Here we demonstrate the equivalence with
Dyson’s theory. Section V is devoted to obtaining
numerical results at general temperatures for the
spontaneous magnetization and the effective exchange
interaction.

II. TEMPERATURE-DEPENDENT
GREEN’S FUNCTIONS

The Heisenberg Hamiltonain is given by

Je=—uH Y Si—3> 3 J38:+S;, 1
J i 7

where the sums over ¢ and j range over all of the atoms
in the solid. The first term on the right-hand side of
this equation represents the interaction of an externally
applied magnetic field H, with the magnetic moment
w associated with each unit of spin (%/2). The direction
of H defines the z direction in space and S is the z
component of the total spin angular momentum operator
for atom j. The last term of Eq. (1) represents the
spin-spin coupling of each spin to other spins in the
solid.

It is assumed that the wave-function overlap is
appreciable only for nearest-neighbor atoms so that
Eq. (1) can be approximated by replacing J;; by a non-
zero constant exchange energy J if < and 7 are nearest
neighbors and by zero otherwise. This is believed to be
a good first approximation to Eq. (1) for nonconducting
ferromagnets. :

If 7>0 the above Hamiltonian describes a ferro-
magnet. The system has a well-ordered ground state
with all spins aligned in the z direction, since this con-
figuration gives the lowest possible energy for the sys-
tem.

Let A(f) and B(f) be any pair of operators in the
Heisenberg representation which can be defined for
this system. The advanced and retarded Green’s
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functions based on these operators are

G (t,t)=—if(t—1){[A®),B{)]),
Ga(t)=—i0('— LA ®),B()]),
0¢—1)=0 if >,

=1 if >,

@

The square brackets represent the commutator or
anticommutator:

[A,B:|=AB—WBA, (3)

where =1 for commutator and 9=—1 for anticom-
mutator. The angular brackets in Eq. (2) indicate an
average over a canonical ensemble. That is

(A@®)y=2"Trle?A)],

Z=Tr(e ), @

The symbol 8 denotes the reciprocal of the product
of Boltzmann’s constant and the absolute temperature,
Z is the partition function, and Tr indicates the trace
of a matrix.

In calculating physical properties of the system it is
necessary that the average over the canonical ensemble
of products of operators 4 and B be known. These
averages are known collectively as time correlation
functions. The two simplest correlation functions are

F4p()=(4()B(0)),
Fpa()=(B(0)4@)).

These time correlation functions can be obtained if
the Green’s functions (2) are known. The direct con-
nection can be established by means of a spectral repre-
sentation of the functions involved.® The result is

®)

0 e—iwt

Fas()=(A()B©))=— lim /
2 0 ) n—e P

X[G(w+ie)—G(w—1ie) Jdw. (6)

The Green’s functions are determined from their
equations of motion. These equations are formed by

i(d/dNG(0)=8(1){{4(),B(0)])
+0()(L(d/d)A®),B0)]). (7)

The equations of motion for the Heisenberg operators
are known to be

i(d/d)A (D) =[4()3]. ®)
The poles of the spectral function G-(E),

1 00
G,(E)=2— / G,(t,0)ei"4dt,

™

8 D. N. Zubarev, Usp. Fiz. Nauk 71, 71 (1960) [ English transl.:
Soviet Phys.—Uspekhi 3, 320 (1960)].
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are connected to the energy states of the system,

G/(E)= lim Z'¥

v (Com| B(0)|Ca)(Cn] A(0) | Cu)(eBEn— ye—8Em)
E— (Ethn)‘}"’LG ’

Thus the “poles” for G,(E) occur at E= E,,— E,, which
corresponds to the energy difference between states
m and #.

The thermodynamic behavior of this system will be
determined by the use of the temperature-dependent
double-time Green’s function defined by Eq. (2). The
choice of the operators 4 and B is made to effect a
quasiparticle description for the system. The retarded
Green’s function, defined for the Hamiltonian (1), is

given by
G1(4,6)=— i8OS (H,S6+(0) ), (10)

where the spin raising and lowering operators .S;~, S;*
are defined by
(11)

where S;* and S;¥ are the ¥ and y components, respec-
tively, of S;. The operators S;*, S;* satisfy the equal-
time commutation rules

LS+, 1=2578y,
[Sj:':,Sizj = ZFS,-ié,-,-.

9)

SE=87%£iS,

(12)
(13)

The choice of the commutator (y=1) here is based
on the commutator of (12). The spin-deviation opera-
tors are not pure boson operators, since the commutator
is not a ¢ number. However, at low temperature this
commutator approximates a boson character since the
operator S;* will be about equal to the spin S for the
low-lying states. Thus it might be expected that this
system could be described in terms of boson quasi-
particles with corrections made for the non-¢c-number
commutator.

The equation of motion for Gi(4,f), obtained from
the derivatives of the spin raising and lowering operators

i(9/00)S;(0) = —nHS;~(1)
+27 2 [Si)Sie (=S (OS], (14)

i(9/00)S*(1) = nHS;*(1)
+27 2 [Si*()Sit* ()= S7(OSi (O] (15)

is given by
[i(9/0)+uH JG1(4,8) = — 2(S%)5(1) 85,0
+27i6(8) 22 LS5 ()Si+s*()

~sz<t)si+p—(l) ) SO+(0)]>' (16)
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As a result of the commutation rules (12), (13) the
terms in the sum are not all G; functions. These terms
couple the G, function to a higher order Green’s func-
tion Ge. This coupling is based on the identity between
S;# and the operator S;7=S;*, which can be verified from
Egs. (11), (12), and (13).

S8t (O)=(S—Si)(S+Si+1). 17
For S=1%, Eq. (17) reduces to
Si#=8—8;75;t. (18)

From here on the equations are restricted to the case
S=1% because of the explicit use of (18). The G; equation

The equation of motion G, is then

i(9/80)G2(1,2,3,) = 8() (LS1=S5=S5, S 1) — i8(1){LA (1),S5+(0) 1),
A =L 0,515 ) SsHO)+S(OLS(1),5€1S5* ()+S (1) Sy (LS (1),5¢].

where
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becomes

L(8/ )+l 1G1(7,)+27S  [G1(j,) ~Ga(j+p,0)]
==2(58(1)8j,0+27 X

X [G2<].7]'+P,].+P,l)_G2<j+P,j,j,t)] ) (1())
where G; is defined by
G2(1,2,3,0) = — (LS (1) Sz (1)S5+(1),S57(0)]). (20)

The numerals 1, 2, 3 will henceforth represent the
lattice vectors ji, 72, 7s.

(21)

(22)

Then using Eqgs. (14) and (15) the equation of motion for the Gs function is
[i(a/at)+#H]G2(1,2,3,Z) =— 25()5)[61,()5(52_5'3"')—*- 52,oS<S1—Ss+>~ 51,052,0<S1"S3+>— 51,0<Sz~So—So+S3+>
— 02,0(S1TS 5S¢t SsH) J4-27360(1) 32 ([(S1(0)S145*(1) = S1*() St~ (D)S=(1)S57(2),S5+(0) )
r]

+2746(t) z’; (LSS (1)S24,%(1) — S22 () Set,=(1))S5H(2),S5+(0) ])
—2740(1) 2 LS (S ())(S4p*()S5t(t) — S (D) S37(1)),Se+(0) ]y . (23)

Again because of the commutation (12), (13) G is coupled to a higher order Green’s function. Using Eq. (18),

the above equation becomes

[i(9/00)+uH1Gx(1,2,3,)+27S X [Ga(1,2,3,){1— 282,145} — Go(1+,2,3,0){ 1= 261,25} — G5(1,2+p,3,0)

+G2(1,2,3+p,8) 1= — 28| £){61,65(S2=S5™)+82,65(S1S5T) — 61,002, o{ ST — 81,0(S=S =S ¢+S5+)
“52,0<S1_SO~S0+S3+>}+2JZ [G3(1’2:1+P:1+P;3;t)_G3(1+P’2’1:1:3:1")+G3(1)272+P;2+P;3’0
3
—G3(1,2+p,2,2,3,1‘)+Ga(1,2,3,3,3+p,t)—G3(1,2,3+p,3+p,3,t)], (24)

where

G5(1,2,3,4,5,0)= —i0(){LS (DS (NS5~ ()S+(D)Ss*(1),Se*(0) ]).

(25)

The equation of motion for G can be derived by the same method used above to obtain the equations of motion

for Gy and G..®

It is clear that by continuing this process an infinite set of coupled differential equations will be generated. In
order to determine G, the Green’s function G;;; must be known. This set of differential equations is restricted to the
case S=3 since Eq. (18) was used to produce the coupling.

III. SECOND-ORDER CALCULATION
Setting G;=0 for s>1 in Eq. (19) yields spin-wave-theory results. Expanding G. in terms of G, represents the

first-order theory previously treated.!:?

The second-order calculation begins with solving for Gs as given by Eq. (24) with Gs=0. That is,
[’i((?/at)"f—yH]Gz(l,Z,s,t) +2J8 Z {G2(1,2)31t) [1 - 262.1+p.]— G2(1+P;2’311)[1 - 251,2]~ G2(1,2+P93;t)
P

+Gz(1,2,3+ﬁ,1)} =—20 I t)[51,oS<Sz—Ss+>+ 52,05(51"53'*')— 51,052,0<Sl—53+>] . (26)
6J. F. Cooke, Ph.D. thesis, Georgia Institute of Technology, 1965 (unpublished).
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The quadruple-product terms in the inhomogeneous term on the right-hand side of (26) can be dropped for
the case S=3. This can be done without destroying the property that if 1=2 the total equation reduces to
zero as it should, since S;£S£=0 for the spin-} system.

This equation is Fourier inverted to obtain a solution. G5(1,2,3,f) may be represented by

0

Z Z Z Gg(gbl,pg,pg,w)e‘i“"ei[Pl'j1+P2'j2+93‘j3]dw. (27)

2wN3 p1 p2 P38

GxLz@o_

Then Eq. (19) becomes
LotuH~+2JS(yo—7p) 1G1(psw) = —2(S ‘>+ZZ~V{2 2. 2 Ga(prprp—pr=p20) [V o-m =722 (28)
and (26) becomes
LotuH+T (Yo=Y o=V V23) 1G2(P1,02,5,00) = — S ps[ N (8p1,~ps+ 02, ~ps) — 2]
+(27/N) :; Go(tp1pr—1'5,0) (Vo1 —7w) ,  (29)

where )
Sp =2 (SqSat)eir,

71):2 err, (30)
P

The solution of Eq. (29) for G, obtained in Appendix I is given by Eq. (I14), and contains as a factor the term
G (prw)=—2(S*)/(w+E,"). A renormalization of the magnon energies will now be effected by replacing G:°(p,w)
by Gi(p,w), which amounts to replacing the noninteracting magnon energy E,° which appears in the denominator
of G,%(p,w) by the renormalized energy E,. Arguments in support of this procedure are given at the end of this
section.

With the replacement G1° — Gy, the inversion of the solution given by Eq. (I14) to space-time coordinates gives

Go(1,2,3,0) = (S1=S5H)G1(2,)+(S=S51 YGo(1,0)+ U (1,2,3,0). (31)

If the last term in this equation is neglected, (31) reduces to the well-known Hartree-Fock approximation of the
G function. The function U is thus a correction term to the Hartree-Fock terms which contains the dynamical
interactions of the magnons.

Substitution of Ga(py,pe,p— p1— p2,w), given in Appendix I by Eqgs. (I14) and (I15), into (28) gives the renor-

malized equation
Lot E,0— E AT — W (p,0) 1G1(pw) = —2(S5)+ V (p0) 32)
where

V)= 402] /‘ / Sp—p1-02(Yp-21-V 1) ity
(2m)® 0t Ep "+ Ep'— Eppy—p,°
4v3J2 / / / Sp-m1-22(Vo-21 Y 022V 21—V 22) (Y 51 — Y ) A*p10%p2dp’
(277)9 (0t Ep’+Ep'— Ep ") 0+ Ep '+ Epiyps—p'— Eppi—p°)
ZJ "0 / / / o2 (D ) htpr (P17F p2sp— p1— p2,0) (Yo HY 002 =Y 21— Y 02) (Y pr—1' — V)82 s @2 p2d®p
(Zvr)9 @+ Ep '+ Ep®— Eppy )@+ Ep O+ Epyypyp— Ep_pi—r”)

» (33)

and

E HF = 2Jv pl ( + )ds ’
» —(27‘_)3 2<Sz> Yo—Yp—Yp' TVp—p')0°D

E'=J(vo—75), (34)
20272 Sp—21-22(Ypr—p+Y p2—p— Yo 'sz—m—pz) YootV o2~ Y01~ 'Ym)
d*p1d®pe
(2m)® 2<S 2) <w+Ep10+Ep2 —Ep pp)
2213]2 / / / 'pa/’(?’)gp’(? _Pl'—P%P) ('Yp—m"")’p—pz*'}’m—')/m) (Ypl—p’_’Yp’)dspl‘i3P2d3P,
(277)9 b 2 <S Z>D (“"f‘Emo_}'Epzo*Ep—m—mO) (‘*’+Ep’0+ Ep'—m-—pzo“ Ep—p1~p20)

W(pyw)=

. (35
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The analytic continuation of Gi(p,w) into the complex
o plane is then given by

I:w+ G(P,w) iiT_l(wa)/szl(P)wiie)

='—2<Sz>+ V(Paw:tie> ) (36)

where
G(Prw):EPO_EPHF_ Re[W(bew)] ) (37)
7 (pyw)/2=Tm[W (p,w) ]. (38)

Re[W (p,w)] and Im[W (p,w)] are the real and imagi-
nary parts of the function W(p,w) which are generated
by the substitution

1 1
=(P( >:Fi7r5(w—w’);
w—w e w—ow’

@®=principal value function,

(39)

8(x)=delta function.

These results are of a quite general nature.” The real
part of the pole given by the coefficient of the G, func-
tion gives the renormalized energy of the magnons.
The magnon energy E, is then given by the equation

E,=—w=¢(pw). (40)

The imaginary part of the pole gives the lifetime 771
of this single-particle state with energy E.
At low temperatures the solution of (40) is clearly

En=e(pw= _Epo)zEpo_EpHF_z(?)zf(P) (1)
with the corresponding lifetime
T (pw=—E)=1"1(p). (42)

The renormalized magnon energy Eq. (41) is thus com-
posed of three terms. The first is the first-order energy.
The second term is generated by the Hartree-Fock
terms in (31) and is called the Hartree-Fock energy.
It represents a decrease in the energy of the magnon
due to its moving independently through an average
potential field, and therefore does not represent energy
correction due to magnon-magnon interactions.

The last term in (41) represents the energy contribu-
tion due to magnon-magnon interactions. This term
is the average energy gained by a magnon of momentum
p as a result of its correlations with all of the other
magnons in the system.

The function Z(p) is discussed in Appendix II and
771(p) is discussed in Sec. V.

There is no justification for the renormalization pro-
cedure G{®— G, within the framework of the approxi-
mation characterized by Gz;=0. We will now try to
justify this replacement of G1° by G1 as being consistent
with the effect of an improved approximation on Gs.
A more detailed account of the following is contained
in Ref. 6.

Suppose we write out the equation of motion for
G5(1,2,3,4,5,1) defined by Eq. (25). This equation con-

7L. Kadanoff and G. Baym, Quantum Statistical M echanics
(W. A. Benjamin, Inc., New York, 1962), Chaps. 3 and 4.

SECOND-ORDER GREEN'S-FUNCTION THEORY

645

tains inhomogeneous terms coming from the equal-
time commutators, terms proportional to Gs expressing
the dynamics of the three reversed spins, and terms pro-
portional to G4 expressing the interaction of the three
reversed spins with other spins in the lattice. We put
G+=0 and keep only those terms in G; corresponding to
noninteracting spin deviations. The solution of the
resulting equation is

Gg(l ,2,3,4,5,1)%’G10(1 ,t) [<52~S4+><53_S5+>
+(S5SHS S5 GO, (S-S S5=S5T)
S5 St)HSTSsH) IHGLOB (ST SIS S5H)
+{S St WSSsH)].

Now replace G1° by G and utilize the Hartree-Fock
expansion of G, in terms of G; given by Eq. (31) above
(with U=0). This yields the approximation

G5(1,2,3,4,5,0)=2(S5S4t)G2(1,3,5,0) +(S1S4+)
XG2(2,3,5,t) + <S3—S4+>G2(1,2,5,t) .

If now this G; is substituted in Eq. (24) for Gs, there
results a new renormalized coefficient for G. The coef-
ficient of G in Eq. (29) is now replaced as follows:

(wude+tEp 4 Ep— Ep%) — (0+p3C+ Ty +-Tp— T'p,)

with
I'y=E,'—E,AF,

showing that E,° has been replaced by E,°—E,F in
the solution for G.. Therefore, the replacement of E,°
by E, in the G» equation (I14) seems to be consistent
with the effect that the G5 functions have on this equa-
tion. The proof is not complete, because the energy
E—E,BF differs from E, by the function W(p,w)
given in Eq. (35). This difference is the magnon-magnon
interaction term and was generated by a detailed solu-
tion of the G equation. Such a term as W(p,w) would
presumably enter the renormalized G, coefficient if a
more detailed representation of G; were made in this
equation. The explicit demonstration of this remains a
program for future work.

IV. CORRELATION FUNCTIONS, MAGNETI-
ZATION, AND SPECIFIC HEAT

The correlation function (S,~(£)S¢*(0)) can be cal-
culated from the knowledge of the Fourier transform
of the G, function,

1 0
Gl =— % / Gilp)eoievido.  (43)
2«N ? J_,

In terms of Gi(p,w), Eq. (6) becomes, in the limit
N —o,

1 *
So—(#)SeT(0))=1i 3 w
sios)=tin o [ a

eip- ne—iwt

———(Gi(potie—Gi(pw—ie) ].

1—¢gfo

(44)
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The discontinuity of G1(p,w) across the real axis can
be obtained from (36). The integration over w in (44)
is performed by treating w as a complex variable. The
contour chosen for £>0 (¢<0) is one which is closed in
the lower (upper) half complex w plane. In either case
the contribution to the integral from the semicircles
is zero. The resulting expression is quite complicated,
only the leading temperature term is given below:

F. COOKE AND H. A. GERSCH
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e 2(S%w
<Sn (t)SO (0»: (27)3 /<">p
Xeip ng=(rUDitlgie@tgsp 4. .. | (45)

Evaluation of (S, (£)S¢t(0)) for n={=0 gives the
relatively simple expression

_'sz]

e 2(S* \
(S¢S0 >=( s a*p—

w5

Y™

(1) p— (1) 5, p1,p2 Jd*p1d°p2d®p

Yoot Y o—p1—p2

p~p1—p2<”>p D1, pz[7p1~p’ - 'Yp’][’Yp—px'*"Yp—pz* Ym *'sz]

494 J2
2mr / / / / [0+ E,—

where

()= (PP = 1), (47)

(1) p,pr, py= (€PER +Er2*—Er=pi=pa) — 1)=1, (48)

The second term in (46) is generated by the term
81,002,0(S17-S5™) in the G» equation, which guarantees
the exact solution of this equation to be zero if 1=2,
as it should be. By making the substitution p:=p.—p:
—p2, expanding the integrand for small p, and p, and
using Eq. (30) in the first part of this second term gives

= / T,

The second part of the second term in (46) is sim-
plified by solving the G equation with G,=0, giving the
first-order result

Gi(pyw)=—2(S?)/ (w+E,").

This result is then substituted into (44) to calculate
(S¢=S.*) and hence to calculate the first-order approxi-
mation for S,. The result is

d3pd3p1 (49)

—Ym

(50)

Sp=2(S*)(n,)°, (51)
with
()= (2" — 1)1, (52)
Then
Sp—p1—22{1) p,21,00= 2(S?)
(1) o1 2" (1 () g1~ " (1) 1 °(7) o° (53)

(1) p—pr—p"[ 1) 5,04 (1) s ] — (1), (1) '
Since H50, this expression becomes (for small H)

S o1 22{) 2,1, 2==22(S*)(11) ,%(1) "

Then using (54), the second part of the second term in

(54)

d3p1diped®p'dip, (46)

Ep—m—pzoj [Ep’0+Ep'—p1—p20— Epo— Ep—m—pzoj

(46) becomes

(2m)- / / (1) 2"() o018 |
=(5%) |:(27r)3,/<n>p0d3p:| . (55)

After using the approximation (51), the last term in
(46) becomes

ol am ] 0]
{f e

Substitution of (49), (55), and (56) into (46) gives

2(S%)y .
o | e

+ (S")[

2<52

d3pd3p1:| (56)

<S D—S g+ =

(22:)3 [on], 6n

since (49) and (56) cancel up to order 7'3/%, which is
well above the range of validity of this theory.
The magnetization per spin, M, is defined by

M=(S5*)/S=1—2(S¢S¢*). (58)
Substituting (57) into (58) and solving for M gives

— 12+ (2n)— 290+, (59
L 2rt 2T 7+ (29)%*—(290) (59)
where
v
e [, (60
v
=(27r)3 /(”)pdﬁ (61)
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In order to evaluate M the renormalized energies e(p)
must be known. From Eqgs. (I125) and (1127),

e(p)=J(vo—vp)[1—m]— (Q—1)J(pa)*f(T),
2v
(2m)?

m= (63)

/ ()" (vo—7r2)d%p,

where the second term in (62) is the leading tempera-
ture and momentum term in Z(p).
Equation of the eta functions in powers of T gives

0 3/2 30 5/2
) +z—w;<%>{ }
2wy

no(0)=s“(%)( ’

Y oV
39 17
+w2wo2v2§<%>{ } o@, (o)
YoV
3/2
0)=s°%){ } T
= ol 07T ]
39 |50 30 172
x[ } +r2w02»2r<%>{ } o) (65)
2wy Y oV
30 14
=no<o>+3w;<%>r<%>o{ } o),
Y oV
30 o
n1(0)=27rvs“(%){ } o), (66)
with e .
0=FkpT/J=1/J8. 67)

The constants we?, {(x), and » are given in Appendix III.
The magnetization at low temperatures then becomes

39 2 39 o
w-1-2 @ ~tor)|—}
2y w

YV
39 172
— 2% 2 (%) [ }
LTy oV

<

—6er§<%—>:<%>{ } —o@™). (68

YoV

The value of Q for the simple cubic lattice derived in
Appendix II is

Q=1+3a+35(I'%/(1-T%)), (69)

which agrees exactly with Dyson’s value. For the other
cubic lattices the agreement should also be exact since
this was found to be the case for the simple cubic lattice.
The values of Q for the cubic lattices are given in
Appendix ITI.

The anomalous 7% term which is present in the
magnetization formula given by first-order theories
has been cancelled out in the second-order theory. The
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cancellation can be seen in the third and fourth terms
in (59):

360 13
(277)2—(2no)2=4[5“2(%)[ . }+%wr<%)§<%>

360 )¢ 36 3
Xl + 0l
2myw 2ryov

2Ye]

It is also noted that the T* terms contributed by
these terms exactly cancel. The 7% term is missing in
the second-order expression because of its cancella-
tion by the 81,002,0(S1=S3t) term in the G. equation.
Thus G being zero if 1=2 is a necessary condition for
the removal of this anomalous 7% term.

+%wr<%>;<g>(

Specific Heat

The specific heat per site is calculated in the follow-
ing manner. The total energy of a system of magnons
at a temperature 7" is given by

U=% (n)pE"—5 2 <”>p[EpHF+E(P)] ’ (71)

where the factor of 3 accounts for the double counting
of the Hartree-Fock and the magnon-magnon inter-
action energies, and (n), is the occupation number for
magnons of energy E, at the temperature 7. Equation
(71) is valid in the approximation of neglecting the
imaginary parts of Gi(p,w) and W(p,w). These terms
will make contributions to the energy of order higher
than the 6° term to which we restrict the accuracy of
this specific-heat calculation.
From Egs. (62) and (66), Eq. (71) becomes

U=J(1=m) 2 (n)s(vo—"7»)
0—1
——*2—fo(T) > <”>p(1>a)2- (72)

The average energy per lattice site is then U/N,
where N is the number of lattice sites. Expansion of
U/N in a power series in T gives

U 39 1 39 (72
2o [m«%)[ } +<5/4>w2»w<%){ }
N YW 2wy w
36 o
+<7/3)w0272u3;<%>{ }
2y w
30
+47r2v2700[§(%)]2| }5]+0<an/2). (13)
27!"7011
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Fic. 1. The renormalization factor for a face-centered cubic
lattice. The 1st-order, dashed curve is from Ref. 1. The 2nd-order
curve is Eq. (92) of the present work. The experimental data are
those of Stringfellow and Torrie in Ref. 8.

Then
d U 15 30 132 105
(ot 0]+
dT\N 4 2wy v 16
30 152 63 30 )2
LI
2y w 4 2wy
30 1.4
+3o7rv<z[c<g>]2{ } }+o<09/2>, (74)
YoV

which agrees exactly with Dyson’s result.

V. RESULTS AT GENERAL TEMPERATURES,
RENORMALIZED MAGNON ENERGIES

The second-order calculation has produced a re-
normalization of the first-order energy E,° The second-
order energy expression at low temperatures is given
by Eq.-(II1). This result can also be written as

e(p)=J(vo—v)[1—®]-2(p), (75)
where
o= / LI (76)
T 2 P

The lowest order temperature and momentum term
in 2(p), given in Appendix II, can be reproduced by
the function

2(p)=J( Q=D (vo—72)2. (77
Substitution of this result into (75) gives

(p)=J(vo—vp)[1—QP]=Jete(vo—,), (78)

Jett/T=1—0Q%. (79)
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The first-order result for S, is given by Eq. (51). The
second-order theory could be used to calculate S, for
all p, provided one could do the complicated integrals
which are functions of . A compromise between these
two methods is to use the Hartree-Fock approximation,
givén by Eq. (31) with U(1,2,3,/)=0, to calculate S,.
It follows that

o 29 / Yo—"Y» »
_(217')3 e/Blro—yp) (1—2) . { b

The ratio Jest/J can be measured by inelastic neutron
diffraction.® Figure 1 shows aplot of Eq. (79) with ®(6)
given by (80) for a face-centered cubic lattice, as
evaluated on the Georgia Tech Burroughs B5500 com-
puter. A value of 6,=4 was used to determine 6/8..
It should be emphasized here that this choice of 8, does
not in any way influence the values of ® for a given 6.

Figure 1 also shows the results from experiments on
nickel, which is a face-centered cubic lattice with s
close to one-half (0.6 holes in the d band), which were
reported by Lowde. The results from I are also given.

The experimental J; falls off more rapidly with tem-
perature than predicted by this theory. The main
reason for this is that the nearest-neighbor model dis-
cussed here cannot be applied to nickel.® This point is
discussed in more detail in the next section.

From Fig. 1 it follows that the magnon energy does
not go to zero at the Curie point. It is clear that better
approximations of .S, calculated in this termination and
higher order terminations of the Green’s functions will
cause the energy near the Curie point to decrease

(80)

1.0

- 2" oroer

RELATIVE MAGNETIZATION
o
T

0 .5 1.0
RELATIVE TEMPERATURE T/TC

Fi1c. 2. Theoretical magnetization curve for a simple cubic
lattice. The 1st-order, dashed curve is our earlier result from Ref. 1.
The present work yields the curve marked 2nd order.

8R. D. Lowde, J. Appl. Phys. 36, 884 (1965). The experimental
data in Fig. 2 are those of M. W. Stringfellow and B. H. Torrie.

9 B. E. Argyle, S. H. Charap, and E. W. Pugh, Phys. Rev. 132,
2051 (1963).
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F1c. 3. The magnetization curve for nickel compared with
theory. The 1st-order, dashed curve is from Ref. 1; the present
work results in the 2nd-order curve.

further. The question of whether or not it will actually
go to zero at the Curie point cannot be answered in this
termination.

The Magnetization

The magnetization formula (68) for the nearest-
neighbor approximation is in exact agreement with
Dyson’s results to order 6% In order to extend these
results to higher temperatures only those terms which
contribute to the magnetization formula to order 6*
or less are retained. That is,

M=1-2y, (81)
where 7 is defined by Eq. (61), which is calculated using
(79) and (80).

The magnetization given by (81) has been evaluated
on a computer and the results for the simple cubic (sc)
and face-centered (fcc) cubic lattices are plotted in
Figs. 2 and 3, respectively. The simple cubic and body-
centered cubic (bcc) curves intersect the (6/6,) axis
and continue on for negative values of M, eventually be-
coming double valued. The face-centered-cubic curve
may become double valued before reaching the /6,
axis somewhere in the range M <0.07. In order to settle
this question an accuracy of about 0.01%, is needed in
the calculation of ® for temperatures near 6,. The
values of ® were calculated to about 19, accuracy. The
fact that these curves do not give zero for 6> 6, is due to
the approximations used and in the termination G3=0.

The values of 8, found from (77) are given in Table I
below.

These values of 8, are in close agreement with those
given by Rushbrooke? from the high-temperature series
expansions and are somewhat closer than those predicted
by I or by Callen.
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The relatively poor agreement with the nickel data
in Fig. 3 is due to the fact that the nearest-neighbor
model is incapable of fitting the low-temperature
magnetization data on nickel.’ The coefficients of the
T3/2and T2 terms in the magnetization formula depend
only on J and the value of J computed from the ex-
perimental value of the 73/2 coefficient gives the wrong
experimental 7%/2 coefficient. As pointed out in Ref.
9, this difficulty can be solved by assuming a posi-
tion-dependent J, J(r), and expanding M in terms of
the moments of J(r).

Further evidence for the necessity for including
longer range interactions than nearest neighbors comes
from the ratio of the coefficient N of the 7%/2 term in
the energy expansion to the coefficient C of the 7%/2
term in the magnetization. This ratio, calculated in the
Hartree-Fock approximation, yields N/C=%. The
present theory which accounts for magnon-magnon
interactions yields N/C=4%Q. Accounting for inter-
actions of arbitrary range in the Hartree-Fock approxi-
mation gives N/C=4%(14+4,), where 4, is a function
of the moments of the interaction J(r).1

In Ref. 9 N/C is determined to be about 4.1 for
nickel. A second estimate comes from Lowde’s ex-
periment by fitting his points to a D=Dg(1—NT5/2)
curve, where the value of C is given in Ref. 9, with a
resultant V/C value of about 4. This last number may
be too high because the lowest temperature used in
Lowde’s experiment is nearly 429, of the Curie tempera-
ture, and higher order terms in the energy may be com-
parable to the 792 term. Nonetheless there appears to
be adequate evidence for the necessity of including more
than nearest-neighbor interactions, and these will affect
our predicted magnetization curve.

Lifetimes

The imaginary part of the renormalized energy given
by (38) is interpreted as the lifetime of a single-particle
state. The low-temperature expansion of (38) is obtained
by using (51) for S,. After one integration, the leading
term is

T“(p)—zjgf:fz / / / (m)w | 0'—p]

X [p'|? cos?ed®p’, (82)
where ¢ is the angle between p and p’. The leading term

TasLe I. Curie temperatures given by different approximations.

Present
0. work Rushbrooke I Callen
sc 1.91 1.68 2.0 2.7
bee 2.64 2.52 2.9 3.7
fce 4.0 4.0 4.5 5.6

10 W, Marshall (unpublished).
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of (82) is then

6 \3J\/T

r-1<p>=(-) (@) (o), pae  (83)
yw! 1673
6\3J

r—l<p>=(~) LGP, paoit, (84)
yw/ 67t

where @ is the lattice constant.

Equation (83) agrees with the lifetime calculated
from Dyson’s® mean free path, after Eq. (111) of Ref. 3
has been corrected by replacing ¢() by ¢().

VI. CONCLUSIONS

This work shows that it is possible to solve the
second-order Green’s-function equations defined for the
Heisenberg Hamiltonian within an energy renormaliza-
tion framework, providing in the case of the nearest-
neighbor approximation expressions for the magnon-
magnon interaction energy and lifetimes for single-
particle excited states. These expressions are generated
by the G, equation and are not introduced into the
theory from external arguments.

Because of the agreement of the results obtained in
this work with Dyson’s results, it is concluded that the
Green’s-function theory is providing a well-ordered
scheme for calculation of the physical properties for
the Heisenberg ferromagnet. The second-order theory
presented here yields results only slightly different from
first-order theory for the temperature dependence of
spontaneous magnetization. There is a larger difference
in the predictions of the two approximations for the
temperature dependence of the effective exchange in-
teraction. Apparently, there is no experimental data
for insulating ferromagnets with spin 3 which would
allow comparison of effective exchange interactions as
given by the two approximations. The case of nickel,
for which some experimental information is available,
appears to call for including longer range exchange in-
teractions than merely nearest neighbors. From the
theory side, it would be useful to have calculations ex-
tending the present results to the case of longer range
exchange interactions. Also, extension of this second-
order calculation to include higher spin values would
probably be worthwhile. Finally, it would be desirable
of supplement the computer results with analysis in
the vicinity of the Curie temperature.

Apparently the results of neutron diffraction experi-
ments determining the effective exchange interactions
and the magnon lifetimes as the Curie temperature is
approached will provide sensitive tests for this and
other refinements of the first-order theory.
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APPENDIX I: CALCULATION OF G; FOR
NEAREST-NEIGHBOR APPROXIMATION

Equation (29) is solved by letting NV —c. In this
limit $ becomes a continuous variable and

1 5 ? /d3
—> —
N » (2m)? &

where the integration is taken over the first Brillouin
zone. The symbol 1/v denotes the number of particles
per unit volume. In this limit (29) can be solved with
the aid of Fredholm theory.!! Using (I1) and making
the substitution

[w+I‘H+J('YO“'Ym_ 'Yp2+'ypa):|G2(P1:P2;;b3;w)
= F(PI)P%P%“’) ’

(I1)

(I12)
Eq. (29) becomes

2Jv
F(PI:P%P&“’)“ ‘/F(?')PI_FPZ“PI’PS)Q’)
(2m)®
Yo1—p' Y’

asp’
w-l—p.H‘f‘J(’Yo“ Yo' “’Ym+pz—p'+’)’pa)

=—[(27)*/v]S nsL 3(p1t+pa)+6(pet p3) 14255, (I3)
where §(x) is the Dirac delta function. Let
ay(%)=[2Jv/(2m)*][eixo—1],
exe
@ +uH+T (Yo=Ye—Y petpr—stTr)

Then with the substitution pi—X, p2— pitp.—x,
(I3) becomes

14)

By(x)= (I5)

Pl pr-pa—a pogs) — / P prok o o)
X ay(e)B (&) = —[2()"/1 IS

X[8(x+p9)+8(prtpotps—2) 14255 =I(x) . (I6)

This is a Fredholm integral equation of the second
kind. The solution is obtained by a direct application of

1 R. Courant and D. Hilbert, Methods of M athematical Physics
(Interscience Publications, Inc., New York, 1953), Chap. 3.
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the Fredholm theory. Let

Copr= f a,(x)B, (x)d3x, )
fo= / I(%)B,(x)dx. (18)
Then the solution of (I6) is
F(x;Pl+P2_x7P3;w)=I(x)+Z xp0,(2) (19)
P
where the w, are solutions of the matrix equation
[I-Clx=7, (110)

where I is the unit matrix. For these cubic structures
C is a v¢Xyo matrix.
The solution of (I10) can be written in the form

a,=D"1%" D,*f,,
o’

where the f, are given by (I8) and D is the determinant
of the matrix [7—C7. The D, are minors of the matrix
[/—C] which arise naturally in the solution of (I10)
by Cramer’s method. It is assumed that the minors
carry the appropriate factor of (—1)= Then

(27r) 58 p—1-ps
G2(PI;P2,P—P1— pZ,O)) = [—P—‘i
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Lo(p—p1)+o(p—p2) 1+
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F<x:?1+ p2— x,Pa,w)

=I(x)+D7132 3 o,(x)Dprf,y . (I112)
p o
The functions f, are given by (I8):
= 8&(puprt-patps)
’ wtEp°
+hp(P1+P2aP3,"-’) ’

/]
—— g, (prprtprrt o) =Spleroteiostarte ],
(2m)"

hp(?l"l‘ﬁ?;?&“’) = 252’3[
ep"p

X
Wt Ep O+ Eppy p'—Ep_pi_p°
E=J(yo~7p)+rH

(113)

a’p’,

where E,0 is the first-order magnon energy.
Substitution of (I13) into (112) gives
F(x,p1tpo—2,p5,w) .

Then using (I3) and (I2) one obtains the Ga(p1,p2,ps,w)
solution. Evaluation of this result for ps=p—pi—p2
gives

N p—m—pzr’)’p—px +Ypp2—Yp— ’Yp—m—pz:l

2y 25 L ot Epdt Byl = Eppped

N 207 S5 / Doy (p)go (0= p1— Do) [V orp'— v 1A%’ [—2(5‘)}

2(S=)(2m)% o o Dlw+Ep, "+ Ep"— Eppy 5[0+ Ep ™+ Eppyprp®— Eppp®]) L +E,0!
25 pi-m2 , 4J9S p—p1—ps 7,,1_,,,—7,,'(13?'

e
T T
wt+Ep '+ Ep0— Ep-m—pzo (27") 8

/ [wt+E,+ Ep0— Ep-pl—p20][w+Ep’o+Ep1+pz—p’0“ Ep—m—pzo:l
DP”’“p(P’)hp' (P1+P27P" pr— ?2,“’) [’Ym-—p’ - 'Yp’]daP,

(114)

2Jv
x|
(27") S D [w-l— En+ Epzo— Ep—m—pzoj [‘*’+ E, '+ Epprp"— Ep—m—pzoj

The above equation is written in a form to suggest the method of renormalization. The substitution [Eq. (50)]

- 2<Sz>/(w+Ep0) = GIO(P)“’) - GI(P)"))

(115)

is now made in (I14). A discussion of this replacement is contained at the end of Sec. III.

APPENDIX II: THE RENORMALIZED MAGNON ENERGY

The renormalized energy e(p) is a sum of three terms:

e(p)=E"— E,"T—3 (p).

(IT1)

The interaction energy 3 (p) can be shown to reduce to the form

5 (1;) _ 20%J2 // Sp—m—pz[’)’pl+'sz_')’p—p1_7p—p2]2

(27")6 2 <S z) [Eplo‘l'Esz‘ Epo“ Ep—px—mo]
203J2

a*p1d®pa

+

@2mr)° o o

P3P /// Dp'pan(?,)gp’(P_Pl_ p2xp)[7p—p1+7p~m_7m—'Ym*'sz][')’m—p’"'Yp’]dspldap2d3p,
2 (Sz> D [Emo"l' Ep’—E,0— Ep—-pg—pzo:] I:E,,»O—i— Epips—p ' — Ep0— Ep—m-pzo:l
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The first term in this expression is the result which can be derived from second-order perturbation theory. It is
obvious that 3 (p) is even in p and ¥_(p=0)=0. Thus the first possible nonzero term in an expansion of 3_ ()
in powers of p is of the form Y (p)=Ap?% This approximation can easily be obtained for the simple cubic lattice.
Introduction of the variable

X=p1+p2—p (113)

for ps, expanding the integrands at (I12) for small x and p, and using Eq. (51) for S, gives the leading momentum
and temperature term for X_(p) as

2 ()= 22 doy(p0)(p-9) for(T)+IR 22 X Ay —soros(P 01 (P 02) for,02(T) (I14)
p o p1 P2 P3
where ( )
v cospy- (o—o
dppr= / - a1, (115)
(2m)® Yo~ VYm
9 eir-r1gir-rz—17]
€o1,02= / d*p, (116)
(2m)? Yo—YVp
and R is given by
R=(Dy+D3—2D,)/ D, (I17)
a b b c¢c b b e b b c b
b a b b ¢ b
bbabb o bra b b
D= Di=b b a b b
c b b a b d
c b b ad
b ¢ bbb ad b b b
bbcbba ¢ ¢
(T18)
b b ¢ b b b b ¢ b b
b a b b ¢ a b b ¢ b
Dy=—1|b b a b b Dy=—|b a b b ¢
c b b ad c b b ad
b ¢ b b a b ¢ b b a
v 1—cosp- 1
a=1— / 9d3p=1———, (I19)
(@2m)*) v Yo
v cosp- (p—¢')—cosp-¢’
== / d’p; 9569”'—9,: (II]-O)
(2m)° Yo—7»
/ €os2p- o—cosp- .
=— / ? dp. (I111)
(2m)? Yo—Yp
The temperature-dependent term f,,,,,(7) in (II4) is Because of the orthogonality of the p; for the simple
the leading temperature term of the integral " cubic lattice, (I14) can be reduced to a relatively simple
form:

?
_ Yo(k-01) (k- 02)d%k
(W/ Golcon e 2(p) =7 (p0)*fo(T)

=45_,7r91-92—.0~~ /w <n>kk4dk. (II]_Z) )({2[d0—|—d1:]+4R80|:d0+d1—2d2]}, (1115)
3 (2m)* Jo where
Define fo(T) by
01°02
Jom(D)=——1oT), (IM3)  dy=d,,; di=d,, ,; ds=d,,, for os¢',—¢
P
then ® (cosp-0)( 1)
§-§ v Cosp- o COSD'Q*
fo(T)= 052, 9="FkpT/J. (1114) o= / ap. (I116)
167312 (2m)3 Yo~



153

In terms of Dyson’s

6v (cosp-p1)(cosp- ga—1)d3p,

I‘S=__
(27")3 Yo—Y
! 015702, —02 (I117)
and
v Y
a= / L _dsp, (1118)
(2m)3 ) vo—v»
the above constants become
—1T8 d1=2T5+1(a—1),
€o :i ’ 1=3T5+3(—1) (IT19)
do=%at+1), dr=3(—T%).
Then
2(p)=J (p@)*fo(T) {a+4T5+5(T5)?R}.  (I120)

The constant R is evaluated in terms of I'S by using the
identities

d=%, b= %FS’ C=%—-%[‘3’ (IIZI)
giving
R_D1+D3—-2Dz (3[14+T5](1-19)
© D QLTSI
=—. (II22
s (1122)
Then
2(p)=J(pa)*fo(T){ Q—1} (1123)
with
Q=1+3a+4[I5/(1—-T5)]. (I124)

The Hartree-Fock energy can be evaluated in a similar
manner, giving

20
(2m)?

E HF>~

/ () 2Lvo—"Yo—Yp+Yp-pr J&°p’

=J (b fo(T)++-- . (1125)
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Therefore the leading temperature and momentum term
in the renormalized energy is

e(p)=J (pa)*{1—Qfo(T)} . (1126)

It can be shown that Eqgs. (I125) and (I126) are correct
for the other cubic lattices with fo(7) defined by(I112)
and (II13) for those lattices. The constant Q is much
harder to determine for the fcc and bec lattices because
of the nonorthogonality of the p; and the larger rank
of the determinants involved. Thus for all the cubic
lattices

2(p)=J(pa)* fo(T{Q—1}+---  (1127)

30 |52
27!"70} '
The constants » are given in Appendix III, and Q is
given by (I124) for the simple cubic lattice.

with

fo(T)=27rvs“(%){ (1128)

APPENDIX III: VALUES OF CONSTANTS
USED IN THE TEXT

y=1 sc
21/3 fcc (I111)
3X2-48 Dbee
wo?=233/32 sc
15/16 fcc (I112)
281/288 bcc
0=1.68 sc
1.35 fcc (I113)
1.45 bee
The Riemann zeta functions have the values
t()=2612, (1114)
t(8)=1.341, (I115)
tG)=1.127. (1116)



