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Expressions for multichannel photo-ionization are obtained with the dipole approximation assuming LS
coupling ; while including the effects of coupling between channels, these expressions give separate contribu-
tions for each channel. The explicit form of the cross sections for atomic systems with configurations 1522522p¢
is obtained, assuming superpositions of determinantal wave functions (Hartree-Fock) for initial and final
states. The effects of core relaxation are considered. The formalism is applied to the photo-ionization of
neon, with the result that coupling between channels and core relaxation have a larger effect on the in-
dividual channel cross sections than on the total cross section. Both effects tend to bring the dipole velocity
and length forms of the cross section into closer agreement with each other, but the improvement is ap-

preciable only near threshold.

I. INTRODUCTION

HE photo-ionization of atoms in the region from
threshold to a few hundred electron volts above

it has been the subject of a number of recent theoretical
and experimental investigations.’!2 Quantum mechan-
ics provides an explicit formulation of the problem in
terms of initial and final wave functions which can be
applied exactly (within the limits of the dipole approxi-
mation) only to atomic hydrogen. Calculations for
heavier atoms require estimates of the atomic wave
functions describing the system before and after ioniza-
tion takes place which are accurate in the regions of
electron configuration space relevant to the calculations.
Most of the theoretical work to date has been done on
the lightest elements (He and Li) where accurate wave
functions of the ground state are available.!~3 For
heavier atoms all of the work to date has been done
within the framework described by Bates!? which as-
sumes that the ground state of the system for any given
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configuration (LS coupling is assumed) may be repre-
sented by a superposition of Slater determinants and
the final state may be represented as a sum of such
determinantal wave functions, each of which describes
a particular channel; i.e.; a particular state of the ion
and a definite angular momentum of the outgoing elec-
tron coupled together to a specific total L and S of the
final system.

Within this framework Bates makes two further ap-
proximations, namely:

(A) The coupling between final-state channels is
negligible.

(B) The core relaxation that results from ionization
is taken into account as follows. The dipole matrix ele-
ments are calculated first by assuming that the radial
wave functions of the final ion state are the same as
for the initial state. A multiplication factor is then added
which represents the incomplete overlap of the radial
wave functions of the core before and after ionization.

It is the purpose of this paper to develop a formalism
within the general framework outlined by Bates which
does not include these two approximations. It is
now becoming feasible to perform experiments which
can measure the individual channel cross sections.l®
Since one would expect the coupling between final state
channels to have an appreciable effect on the calcula-
tion of these cross sections (although not necessarily on
the total cross section), and since methods are now
available by which one can perform calculations of
final-state wave functions which explicitly include the
effect of the coupling,'* it is desirable to drop assump-
tion (A). Recent work on atomic transition probabilities

13 For example, one might measure the photo-ionization of
atomic oxygen in its ground state by counting the number of ions
produced in each of the 3 ground-state configurations (25)3 ¢S, 2D,
%P; or, one might photo-ionize neon and measure the angular dis-
tribution of emitted electrons. The decomposition of the angular
distribution into sums of Legendre polynomials would yield num-
bers which are related to the s- and d-wave channel cross sections.

1 K. Smith, R. J. W. Henry, and P. G. Burke, Phys. Rev. 147,
21 (1966).
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has shown that, at least for inner shell excitations, as-
sumption B may not be valid.'® In particular, for neon,
B neglects the process by which a 2p electron absorbs
a photon and makes a virtual transition to a 2s state,
with a 2s electron being ejected into the s-wave con-
tinuum. Hence it is of interest to investigate the effects
of dropping this assumption in calculations of photo-
ionization.

The outline of the rest of the paper is as follows: In
Sec. IT we will consider the formal expression for photo-
ionization cross sections and demonstrate what must be
done so that standing wave functions can be used. In
Sec. IIT these formulas are applied to atoms and ions
with configurations 15225s22p7 (¢=1,2, - - -,6) for the case
where initial and final states are represented by sums
of Slater determinants. Finally, in Sec. IV, the quanti-
tative effects of relaxing assumptions (A) and (B) above
are investigated by considering numerical calculations
of the photo-ionization of neon.

II. THE PHOTO-IONIZATION CROSS SECTION

We consider the following process: An unpolarized
beam of photons of energy sv<<mc? moves in the z direc-
tion through a gas containing atoms or ions of nu-
clear charge Z and N1 electrons. We describe the
initial state of the atom by a wave function &7 ¢MLMs
X (ry," - - #n+1) depending on the N41 electron coordi-
nates 7; and with quantum numbers L, S, M, M. If
hv is greater than the lowest ionization potential of the
atom, ionization can take place and final states can
be described by wave functions IWepspo®T#T(ry,- - -,
7n+1; E) where T' is a channel index which distinguishes
different states (Lr,ST), of the residual ion [with eigen-
functions ®zpspM4(r1---7x)] and different angular-
momentum states (/1) of the outgoing electron of en-

lim

YN41l — @

=2 Srotmkr )™V MdepgpIrer(ry, - - rw; rap1)expl —i0 v (kv rvi1) /741,

T
where
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ergy E. £r and 81 are the total angular momentum and
spin quantum numbers of channel T'.

With these definitions (plus the conventions described
below) the cross section for photo-absorption with elec-
tron ejection in the I' channel is,6 in the dipole-velocity
form,

2mwe?h?
oy (F)=
micvw
X Z I <P\I’£F5merul‘(rli' © TN, E)'
MLMspur
mi1= =41
N41
X2 Vim | @pgMEMS(py - o5 ryg))]2. (1)
=1
where

1 0 l¢]
Vitl= —<q:———+_)
V2\  9x; 9y

is the dipole velocity operator.

Here ¢, #, m, and ¢ are fundamental constants and
the result is obtained by summing over all final spin
and angular momentum directions and averaging over
initial spin, angular momentum, and polarization of the
photon, which accounts for the statistical weight
w=2(2L+1)(25+1). :

The target function ® satisfies the normalization

condition,!?
/ *Pdr=1,

while TW represents an outgoing spherical wave in
channel I' plus incoming spherical waves in all channels,
normalized per unit energy range.*¢ This condition will
be met if the asymptotic form of "Wepgr is taken to be

)

MWepgrirar= (2rkr) ™12 Tdepgpdrer(ry,- - -7y ra1)expli0r(kryv41) 1/7a41

©)

TPerspIrer(ry,« - < #y; ryp1) = MZ C(Lrdr,&1; Mm;3Mr)C(S1y5,81; KyMstit)

Muhts

Here «r is the wave number of an electron ejected in
the ' channel and is related to the incident frequency
and the I'th ionization potential It by the Einstein
relation :

(%)mﬁzKr2=E=hl/—Ir. (5)

(V1) is a spin wave function of the (N+1)th elec-
tron and ¥ i(rx41) is the usual spherical harmonic de-
scribing the angular motion of the oulgoing electron
having angular-momentum quantum number /r. Equa-
tion (4) represents the coupling of the angular and spin

15 P, Bagus, thesis, University of Chicago, 1964 (unpublished).

X ®rpspH(ry: - rn) Vir™(ryp)o™(V4+1). (4)

parts of & to the outgoing electron via the Clebsch-Gor-
dan coefficients C(Ly,lr,&r; M,mMr) and C(Sr,%,8r;
w,Mmeur) to form a final state with quantum numbers
Lr and Sr. T'®(ry- - -7n,7n41) represents the dependence
of the final-state wave function on all coordinates except
the radial coordinate 7y;1. The matrix, Sy, is the ad-
joint of the scattering matrix in the angular-momentum

16 H. Bethe and E. Salpeter Quantum M echanics of One and Two
Electron Systems, (Academic Press Inc., New York; 1957), Sec.
69

u Explicit dependence on quantum numbers and independent
variables will be dropped whenever, as here, no confusion will re-
sult and the end result is a simplification of notation.



153

representation, and for a spin-independent Hamiltonian
(which we assume) it is diagonal in £r and S$p.

The factor (2rxr)'/2 exp(i6r)/7y+1 represents an out-
going spherical wave and 6y is given by

Or(kr,y)=xkrr—3lrr— In(2k rr)

Kr
+arg[T(r+1—i(Z—N)/kr)]. (6)

The asymptotic form, (3), assures the usual normali-
zation per unit energy range with different channel wave
functions being orthogonal, i.e.,

/P‘I’*(ﬁ'; E)T"¥(r;; E)dri=8(E—E)érr  (7)

Application of the commutation relation, [7,H]
= (ifi/m)p, to (1) yields the dipole-length form of the
cross section:

8rye?
Tor= 2 (PrsMEMS(rye - cryya)]
Cw MiMgWpur
m1= 1

N1
X 2 1V 1™ (r;) | WepspM 4T (ry- - - ryqn))| 2. (8)

i=1

The total cross section will be

open channels open channels

Toy= > Tor. 9
T T

Ttot=

The wave functions which have asymptotic form (3)
are inconvenient for numerical applications since they
are complex .We define a standing-wave solution for the
final state satisfying the boundary condition

2 \+1/2
I epgpMrer= (-.-—_) I@epgpirar
TK T

Iim

¥N4l1 = ©
2 1/2
Xsing 1‘+Z Rrr r,‘iﬁrsrm rercosd (‘*‘*") . (10)
g TK I

Wayve functions defined in this way are real everywhere.
It can easily be shown by comparison of Eqgs. (3) and
(10) that the matrices R and S are related by

1-S
o]
14+Sdrr

and the wave function ™Wergr may be expressed in
terms of the standing wave solutions as

Versr=1 Z (1 - iR) rrvt T'Wep Sr.
I‘I

(11)

(12)

One can see from Eq. (12) that the ™¥’s are neither
orthogonal nor normalized per unit energy range, but
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rather, satisfy the conditions!®
/ I‘\'I‘,*(E) FI‘—I‘/(E,) = (1+R2) 1‘1"—15(E—El) .

Inserting (12) in (1) we have

2me?h?
To,(E)=
micvw
2 (TWepsprer| 37 V| Ppg)
MLMsMpup T i
m1==+1
X{(®rs| 2 Vim*| T epgprsr)TA ppe (13)
where
I‘14 I Pu':(l—iR)I‘P'(l—"‘iR) T I'~1' (14)

Note that 3" T4 p o= (14R2) p 2, hence the total
photo-ionization cross section can be obtained from Eq.
(9)by substituting (14 R2) v p~1 for TA 1 v in Eq. (13).

If R (and therefore S) is diagonal in I' and IV, R and
S may be represented as

Rrpr=0rp tanyp 15)
Srrv=6rr exp(2inr). (16)
From (3) and (16) we have
lim TWergriMrer=2;
T X exp(—ing)(2men)1? WBopgySne
Xsin(0r+nr). (17)

Equation (17) is just a standing wave representation
of the final-state wave function and is valid as shown
here only when .S is diagonal in I' and IV, i.e., when the
final-state channels are decoupled (or when there is only
one open channel). The whole purpose of our writing
down Eqgs. (3)-(9) here was to provide a correct repre-
sentation when coupling between channels is included.
All calculations to date have used a standing wave
representation for the final state. This is perfectly cor-
rect when coupling between channels is not included or
when only one channel is open as in Refs. 1 and 3. With
coupling, standing waves may still be used to represent
the final state but then Eq. (13) must be used to evalu-
ate the cross section in terms of the standing wave solu-
tions ™Wersp.

III. THE HARTREE-FOCK AND CLOSE-
COUPLING APPROXIMATIONS

The preceding section provides an exact formulation
of the photoionization process within the framework of
the dipole approximation with spin-independent forces.
In order to perform calculations, further approximations

18 The problem of normalization is discussed by U. Fano and F.
Prats, Proceedings of the Symposium on Collisional Processes,
Dehradun, India, published as Proc. of the Natl. Acad. Sci., India
Sec. A, 33, (1963) Part IV, pp. 553-562.
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must be made. The basic approximations which we wish
to consider here are the following:

1. The initial state of the system ®.g (r1, - *,7n+1)
is represented by the Hartree-Fock solution for the
term LS.

2. The final state "Wepgy is represented by the solu-
tion of the close coupling equations which are obtained
by applying the Kohn variational principle to a total
wave function (diagonal in £ and 8t) of the form

741 TersrMrer(ry - - -7 yy1)

N 2 1/2
=—{1—- P; — ) T®gpgpdrer
(N+1)1/2< Z N“){(m) rir

X(r1 - rarws1) "Fo(rar)+ 2 T'®Persr
I

2 1/2
X("l"'yN;"N+l)(""“) rFr'(fN+1)}- (18)

TK I

Here, P;; is the permutation operator which exchanges
coordinates ¢ and j:

PiWU(cviyeefyee )=W(e e gyevipes).

The ion-core wave functions, ®rpsrM#(ry,: - -,7n), are
represented by Hartree-Fock solutions of the N-electron
system corresponding to the term LpSt.

The Hartree-Fock method for bound states has been
discussed by Hartree.l® Basically what is involved is
representing the wave function corresponding to a term
LS as a superposition of determinantal wave functions,
each element of which is represented by a one-particle
wave function of the form

B(ri) =1 P(r) Yin(r:)o(i)

where 7,7 1P,i(r:), Y 1™(r;), and o(7) describe the radial,
angular and spin dependence, respectively. Application
of the Ritz variational principle to a wave function of
this form results in a set of coupled integro-differential
equations for the P,(r;) (which are assumed independ-
ent of M, M s) which must be solved numerically, sub-
ject to the boundary conditions Pai(r;)r5or'*! and
anl(f)_Pnrl(i’)(b’: 37”;'.

The close-coupling method for continuum states when
Hartree-Fock solutions are used to represent the core
wave functions has been outlined by Seaton.?® The ex-
plicit formulation applicable to final states where the
core consists of only closed subshells and a single (closed
or open) subshell containing p electrons has been given
by Smith, Henry, and Burke.!* The method is similar
to the Hartree-Fock method for bound states in that the
total wave function of the system is diagonal in £ and
Sr and is represented by a sum of Slater determinants.
Here, however, the wave functions for the core electrons
are assumed given, and only the radial functions TFy
for the continuum electron are varied.

19D, R. Hartree The Calculation of Atomic Structures (John
Wiley & 'Sons, Inc., New York, 1957).
20 M. J. Seaton, Phil. Trans. Roy. Soc. A245, 469 (1953).
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If the TF 1 are subject to the boundary conditions

TFr(r) Sortr+ (192)
and
TF 1 (r) Orr 750 Sinfr+ Ry cosfp (lgb)
for open channels, and
TP (r) 7= exp(— |xr|7) (19¢)

for closed channels, then application of Kohn’s varia-
tional principle leads to a set of coupled integro-differ-
ential equations for the TF p which are analogous to the
Hartree-Fock equations for bound states. There are as
many linearly independent solutions of these equations
as there are open channels. Each solution (labeled by
the superscript I') is specified by a row of the R matrix,
and a set of TF v, one F for each channel included (sub-
script IV), closed as well as open. The detailed form of
these equations and a method for solving them is dis-
cussed by Smith ez al.1¢

Using wave functions of this form, it is possible to
write the expression for the photo-absorption cross sec-
tion given by Eq. (13) in the form

Too(E)= (2me*h?/ m%vw)B(LSaé 1)
X Y Vgr(E)TAvrYgr(E). (20a)

I‘I I‘l/
If we start from Eq. (8) rather than Eq. (2) we obtain
the dipole length form of the cross section as
To(E)= (87%ve?/cw) B(LSL 1S 1)
X X Zgr(E)'ArrPgre(E).

T’

(20b)

Here B(LSerSr) is just a number which is determined
from the angular-momentum coupling coefficients of the
initial and final states, 4 1 r» may be determined from
the R matrix by Eq. (14) and gr(E) is a function which
depends only on the radial parts of the wave functions
of the initial and final states and will differ in the length
and velocity formulation.

The detailed form of the function gr(E) must be
worked out for each particular electronic configuration.
The general procedure is to express $.5 and T'Wergr as
antisymmetrized wave functions. Expressing ®,5 by
means of a fractional parentage expression allows one to
perform the summations and angular integrations in Eq.
(13) and yields the form of gr(E).

We consider here only the form of Eq. (20) for ioniza-
tion of an electron from the 2p¢subshell in the configura-
tion 1522522p2 25+1L, For this case B(LSLrSr)=23¢dsrs
X (2&r+1) and gr(E) is given by the expression

gr(E)=§_‘; Cr'{(2P|Pr| TF )~ bipo

I:(ISZSI TF +28)

(1s2s] 1528)
(1s2s|18TF 1)

(152s] 1523)

(2p| Pr|1s)

eolpei2a |} @0
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Here,

Cr= ([)Q_ISrLrpl }PQSL)C(IUI'[OO)W(GB rLrll l IrL)
X (2p|2p) (1525 1528)2,

where (pe'SrLrp|}peSL) is the fractional paren-
tage coefficient?! and C(abc|de) and W (abed; ef) are
the Clebsch-Gordan and Racah coefficients.?! Also,
(1525]1825) = (15]135) (25| 25)— (15| 25) (25| 15). The terms
of the form (a|b) are overlaps of the radial wave func-
tions 1s, 2s, 2p of the atom and 13, 23, 2 of the ion??
and of the free wave orbitals TF 1. The radial operators
are

1—1p)(2r+1
+( )( >]

d
Pr=—~+|:1
2r

dr

for the dipole velocity, and 7 for dipole length forms,
respectively.

Equations (14), (20), and (21) provide a complete pre-
scription for calculating photo-ionization cross sections
given a Hartree-Fock solution for the ground state for
the configuration 1s22s22p¢ and a close coupling solu-
tion corresponding to the ionic core 1s?2522pet. The
coupling between channels appears in the formula in two
places; first in the explicit sum over channels in Egs.
(202) and (20b) and second, implicitly due to the fact
that the functions Fr and Fr will be modified by the
coupling. The structure of Eq. (21) illustrates the effects
of core relaxation. The term multiplying the 6:50, apart

21 G. Racah, Phys. Rev. 63, 367, (1943). For Clebsch-Gordan
and Racah coefficients, we use the conventions of M. E. Rose,
Elementary Theory o; Angular Momentum (John Wiley & Sons,
Inc., New York, 1957).

22 Note that there may be different orbitals, #/ for each of the
channels I because 2 different channels may have different ions.

3 4 5 6 7 8 9 10 BT} 12
(I+K?) (Ryd)

from the overlap integral, represents the relaxation of
the ion core when photo-ionization takes place. The
terms (2p| P | F) are just the radial dipole matrix ele-
ments for a single electron transition corresponding to
I— I2=1. The remainder of the expression corresponds
to transitions in which the outer p electron goes to either
the 1s or 2s orbital with ejection of an s electron and is
nonvanishing if the ion- and atom-core orbitals are not
orthogonal. This term, which represents an additional
effect of core relaxation, we shall call the s-wave core-
relaxation term.

The relationship between the present treatment and
Bates’ earlier treatment is clearly seen from Egs. (20)
and (21). If coupling between channels is ignored the
sum in Eq. (20) over I and I'"/ reduces to a single term
for each channel T'. Also, Bates’ approximation for the
squared matrix element ignores the s-wave core-relaxa-
tion term.

IV. PHOTO-IONIZATION OF NEON

Since previous calculations on neon photo-ionization
(Refs. 4 and 5) performed using the methods outlined
by Bates show relatively good agreement with experi-
ment (Refs. 6-8) we expect the effects of coupling and
core relaxation to be small.2? To explore these effects we
have performed calculations on neon using the methods
outlined above. These calculations were performed using
the Hartree-Fock wave functions of Clementi?¢ for the

23 This is further illustrated by the calculations of J. W. Cooper
[Phys. Rev. 128, 681 (1962)] who obtains moderate agreement
with experiment neglecting core relaxation entirely. However,
Cooper’s calculations are expected to give poorer results closer to
threshold than the methods used here since his method does not

allow for different exchange effects in initial and final states.
% E. Clementi, IBM J. Res. Develop. 9, 2 (1965).
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TasLE I. Photo-ionization for the outer subshell of neon. «? is
the energy above the ionization threshold. The various columns
represent (i) uncoupled equations, no core-relaxation s-wave cor-
rection; (i) uncoupled equations including core-relaxation s-wave
corrections; (iii) coupled equations no core relaxation s wave cor-
rection; (iv) coupled equations with core relaxation s wave
correction.

Dipole length Dipole velocity

«2(Ry.) Channel ) @) (i) (iv) @ G @) 3(v)

0.1 (a) 1.72 1.55 197 1.79 1.25 145 1.69 192
(b) 4.67 4.67 4.45 4.46 3.97 397 3.78 3.79

Total 6.39 6.22 6.42 6.24 5.22 542 549 5.71

0.5 (a) 1.25 1.11 144 1.29 0.87 1.00 1.20 1.34
(b) 6.93 6.93 6.70 6.72 5.63 5.63 5.46 5.46

Total 8.18 8.04 8.15 8.01 6.50 6.63 6.66 6.80

1.0 (a) 091 0.80 1.07 0.95 0.61 0.69 0.85 0.94
(b) 7.89 7.89 7.69 17.70 6.10 6.10 597 5.96

Total 8.80 8.69 8.76 8.65 6.71 6.79 6.81 6.90

2.0 (a) 0.55 0.48 0.68 0.60 036 0.39 0.51 0.55
(b) 7.83 7.83 7.66 17.67 5.65 5.65 5.49 5.49

Total 8.38 831 8.34 8.26 6.01 6.04 6.00 6.04

Ne and Net wave functions and the methods outlined
in Ref. 14 for the final state wave functions.

For neon we consider 3 final-state channels corre-
sponding to the transitions

(a) Ne(1s22522p%) 1Sy — Net(1522522p5)+es 1P,
(b) Ne(1s22522p5) 1S, — Ne+(1522522p%)+ed 1P,
() Ne(1s22522p5) 1S, — Net (15225 2p%)+ep 1P,.

Inner subshell ionization corresponding to (c) is ex-
pected to be small and the widths of the resonances
below the 152252p8 ionization limit indicate that channel
(c) is weakly coupled to channels (a) and (b).25 Conse-
quently we have concentrated mainly on channels (a)
and (b). A separate calculation corresponding to (c)
was made using the uncoupled equation given by
Dalgarno, Henry and Stewart?® for this process and is
included in the curve of the total photo-ionization Fig. 1
for completeness. The calculations were performed

% U. Fano and J. W. Cooper, Phys. Rev. 137, A1364 (1965).
While including the coupling with channel ¢ is not expected to
change the total cross section appreciably, such a calculation
would be interesting since it would allow a detailed calculation of
the cross section in the vicinity of the resonances below the
152 2s 28 ionization limit.

% A. Dalgarno, R. J. W. Henry, and A. L. Stewart, Planetary
Space Sci. 12, 235 (1964). In this calculation the ion-core wave
function of P. S. Kelly [Proc. Phys. Soc. (London) 83, 533 (1964)]

was used for Net (1s2 25 2p8). The relative multiplet strengths are
incorrect. For neon the value is 6 rather than unity.
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both with and without coupling between channels
(a) and (b) and the core relaxation s wave correction
was evaluated explicitly to determine its effect. In
Table I we show the results of these calculations in
various stages of approximation.

The calculations show only a small change in the total
photoionization cross section when the coupling is in-
cluded. Using dipole length form the effect of coupling
was to decrease the p — d contribution by about 5%,
at low energies and to increase the p — s contribution
by about 149,. Since the p — s transition only contrib-
utes 259 to the total cross section in this region the net
effect of coupling is a decrease of 19, in the total cross
section. At higher energies the individual contributions
become less affected resulting in virtually no change
when coupling is included. In the dipole velocity ap-
proximation the effects were similar for the p — d and
p — s transitions, except in this case there is a small net
increase in the total cross section.

The allowance for the core relaxation s-wave correc-
tion term in computing the cross sections decreased the
$— s contribution by about 13%, in the dipole length
approximation, and a similar increase in this contribu-
tion was noted in the dipole velocity cross section. The
$ — d contribution is naturally unchanged by this cor-
rection in the uncoupled approximation, and there was
a negligible change in this contribution when coupled
solutions were used. Again, since the p— s yields the
minor contribution the net effect is a slight decrease in
o1 and a slight increase in oy.

The effects of coupling and the core-relaxation s-wave
correction term, tend to bring the cross sections com-
puted in the dipole length and dipole velocity approxi-
mations into closer agreement in the case of neon. How-
ever these effects are small except near threshold where
the discrepancy between the dipole-length and dipole-
velocity cross sections is halved on comparing the “full”
calculation with the uncoupled one (Table I). There still
remains a discrepancy between the two approximations
which is probably due to the neglect of correlation and
polarization.
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