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were kept to a minimum by the data-taking sequence
and the number of individual measurements made of y.
An indication of the size of these errors is given by
the standard deviations in Table I. Since the sample
impurity corrections are small, the errors in this
correction are believed to be quite small. The only
possible exception to this is the Be data where the
impurity correction varies from zero to twelve percent.
Errors in the Be attenuation coefFicients are believed

to be less than 2%. There are no known sources of
systematic errors in the present work.
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The direct and Raman relaxation rates of OH electric dipoles in KCl are computed using a point-charge-
point-dipole model in which we allow for the possibility that the equilibrium position of the dipole is dis-

placed from the center of octahedral symmetry. This model can thus include the eGect of an QH quadrupole
moment. Such a moment can be represented by an effective displacement of the dipole. Estimates are made
of the rates at temperatures between 2 and 11'K in the presence of weak and strong dc electric 6elds parallel
to the LO01] or L111$axis. Our estimates are in good agreement with the value measured by Feher, Shepherd,
and Shore at 11'K.Agreement with the rate measured by Bron and Dreyfus at 1.4'K is obtained by allow-

ing for an eBective displacement of the dipole equilibrium position from a centrosymmetric position. The
Raman transitions are shown to be strongly temperature-dependent, dominating the dipole-lattice relaxation
processes at very low temperatures, while the direct transitions display a linear temperature dependence.

I. INTRODUCTION

N this paper we examine the phonon-induced relaxa-
-- tion of OH electric dipoles in low-temperature
KCl crystals with a dc electric field applied parallel to
either the [0017 or [1117 axis. Recent para-electric-
resonance experiments by Feher, Shepherd, and Shore'

have suggested that, for a 15.1 kV/cm dc electric field

parallel to the [1117axis, this dipole-lattice relaxation
rate is of order 10" sec ' at 11'K. Bron and Dreyfus'
have estimated from the linewidth of the microwave
resonance absorption in the presence of a weak [0017dc
electric Geld, that at j..4'K the dipole-lattice relaxation
rate is 3)(10' sec ', a value which is in substantial
agreement with the measurements of others. ' 4

We use a point-charge —point-dipole model. The
phonon electric field of the nearest-neighbor cluster is

expanded in a power series in the local strains and their
derivatives. The interaction of this Geld with the OH

*Supported in part by the National Science Foundation and
OfBce of Naval Research, Contract No. NONR 233(88).

$ National Aeronautics and Space Administration Predoctoral
Fellow.' G. Feher, I. Shepherd, and H. Shore, Phys. Rev. Letters 16,
500 (1966).'%. Bron and R. Dreyfus, Phys. Rev. Letters 16, 165 (1966).

' U. Kuhn and F. Luty, Solid State Commun. 4, 31 (1965).
4 U. Bosshard, R. Dreyfus, and Vf. Kanzig, Phys. Kondensierten

Materie 4, 254 (1965).

dipole is calculated. We also include the first-order
terms arising from displacement of the dipole equilib-
rium position from the center of octahedral symmetry.
That displacements of this kind can occur has been
suggested by Broo. and Dreyfus' for OH:KCl and
Lombardo and Pohl' for Li-doped alkali halides. It is
a well-known theorem of electrostatics that displace-
ment of a point dipole is equivalent to superimposing a
quadrupole moment on the dipole at its originalposition.
The presence of the OH quadrupole moment cm,
therefore be considered as equivalent to an effective
dipole displacement. In our Gnal estimate for the re-
laxation rate, we shall therefore be unable to distinguish
between these two effects. We shall show that the
measured relaxation rates in the low-temperature
(helium) range can be accounted for only by allowing
for such displacements. Our treatment will be limited
to the direct and Raman terms of the phonon field be-
cause these terms dominate the relaxation at low
temperatures.

Since OH is a light defect, the effect of the mass
perturbation in the absence of changes in bonding will

give rise to localized modes above the acoustic band. '

~ G. Lombardo and R. Pohl, Phys. Rev. Letters 15, 291 (1965).
' P. Dauber and R. Elliott, Proc. Roy. Soc. (London) A273, 222

(1963).
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Since only the low-frequency acoustic phonons will be
active in the direct processes and, , for low temperatures,
the dominant Raman phonons have frequencies well
below the localized mode frequency, it is reasonable to
assume that localized effects will not strongly a8ect the
rclaxatiort. If, however, there are strong bonding
changes which give rise to low-lying localized modes,
our results may be somewhat altered. . We shall assume
that the former case prevails and will use the un-
perturbed. running-wave modes.

Kuhn and Lute~ have demonstrated by optical
methods that the OH dipoles in a field-free KCl
crystal have equilibrium orientations along the I 100j
axes. Feher et al ' and Shore' have described the
behavior of the dipole eigenvalues and eigenfunc-
tions when dc electric Gelds are applied parallel to
the L001j or L111j axes. They choose as a basis the
six states

equilibrium position displaced to r„as

I'(0) =Z
~

I a+U(a) —U(0) —r, I

The a's are the lattice vectors of the six nearest-neigh-
bor K+ ions and U(a) and U(0) are the vibrational dis-
placements of the K+ and OH ions, respectively. This
potential is expanded into a Taylor series in U (a)—U (0) (n denotes the Cartesian axis) and the second-
order expansion

Be p(0)
V-(a)-U. (O)=Z ~.s(0)e+l Z e~. (2)

P Pv Bf~

is introduced, where e s(0) is the nP component of the
strain tensor at the origin,

I&), I
—&&, IF), I

—F&, I», I
—»

1 BU (0) BUp(0)
~.n(0) =- +

2 Bfp Bf~
(3)

and assume an overlap of states connected by —,'m rota-
tions in the presence of a strop, g octahedral cry'stalline
Geld. This overlap yields nondiagonal matrix elements

for the Geld, -free Hamiltonian and diagooalization
produces a ground, -state singlet A»„a triplet stateT»„,
and. a doublet state E„with the relative energies —2h,
0, 6, respectively. In the high-field limit Egp„'))LP
(where Eo is the dc electric field and P„ is the dipole
moment), the dipole levels split in. the manner shown in
Fig. 1. For rf electric fields parallel to the dc 6eld (the
arrangement used by Feher et al. ,» and Bron and Drey-
fus') the first-order induced transitions are 1Ai ~ 2Ai
and 22 i ~ 32 i in the presence of an L001j dc field and
13i ~ 2Ai and 1E~ 2E in the presence of a

I 111jdc
Geld. These transitions are indicated, by arrows in
Fig. 1. It is the purpose of this paper to examine the
relaxation of these four transitions.

H. PHONON ELECTRIC FIELD

We write the potential of an OH dipole, which has
substituted for a Cl ion at the origin and has its

This latter expansion is valid, only when ka«1, where
k is the phonon wave number and, u is the nearest-
neighbor distance. The result is next specialized, to the
Oq symmetry of the K+ cluster surround, ing the OH
ion. The ratio of the noncentrosymmetric part of the
phonon field (i.e., the part arising from the displacement
r,) to the centrosyinmetric part is of order r,/ka' for a
given phonon of wave number k. For the direct process,
ha&&1, because the single phonon involved must be on
"speaking terms" with the electric dipole transitions,
i.e. the phonons must have the dipole transition energy.
If the displacement ratio r,/a is large compared to ka,
the noncentrosymmetric Geld will dominate the direct
dipole-lattice relaxation. For the Raman processes,
however, the dominant phonons have wave numbers
that are much larger than the d,ipole transition energy
and ka will be large compared to r,/a. Therefore the
centrosymmetric part of the phonon Geld, makes the
dominant contribution to the Raman dipole-lattice
relaxation and. the noncentrosymmetric two-phonon
term will be neglected, . The relevant part of the phonon
electric field at the dipole site is then found, to be

e Be (0) Be,p(0) 12
+—(r-~-(0)—Z L» s~-~(0)+2~-~w(0)3}

6 Bf~ P~~ Bfp g2 PNa

(o) B~ p(0) Beep(0) Be.p(0)-—«(0) +3 Q e,p(0) +e.p(0) + esp(0)
~fe &&~ — 8f~ Bfp Bfp

Note that the inversion symmetry about the octahedral
site has allowed, only derivatives of the strain to survive

~ U. Kuhn and F. Luty, Solid State Commun. 2, 281 {1964).' H. B.Shore, Phys. Rev. 151, 570 {1966).

in the centrosymmetric one-phonon term and products
of strains and their derivatives to survive in the centro-
symmetric two-phonon term. The lowering of the sym-
metry that results from the displacement r„however,
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Thsx,z I. Transition matrix elements of the dipole-moment
operator for

I 001$ dc electric 6elds.

6 = EoPu
Qaf

fs' = 6/2+ EPPtf/~
2E
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e=-2h

r
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PIG. 1.Kigenvalues of OH dipoles in KC1 for Eo'Pt'&&b, '.
Prom H. B.Shore, Phys. Rev. 151, 570 (1966).

Matrix
element

(3A i I P„I 1Bi)

(3Ai P„I2A,)
(3Ai P,pl 1A,)
(1Bi I

P,„I
1E)

(1B,IP„I2A,)
(1BilP:I1Ai}

(1EIP,I2A i)
(1EIP"11Ai)
(2Ai IPos I

1Ai)

%'eak Geld
(Eo2E„~q&a2)

0

(P /V6)(X+X)
(2P /V'6)~

0

(E'„/&2) (X—I/)

0
0

—-', (E,/~)I „~(X+I)
(~./) (X+I )

(Z„/&3)Z

Strong Geld
(Eon~ '))Q2)

0
—(1/&2}(6/Eg) (X+y)

(~/Eo)Z
0

(I'„/v2) (X—Y)
0
0

—(P„/v2) (X+F')

(1/VZ) (a/Eo) (X+ I"')

(n/Eo)Z

has allovred strains to appear in the noncentrosymmetric
one-phonon term.

TABLE II. Transition matrix elements of the dipole-moment
operator for $111) dc electric 6eids. li= (1/+6)(2Z —X—Y'),

l = (1/V2) (X—F'), ls = (1/V3) (X+Y+Z).

The Raman relaxation vrill arise from two mechanisms—the tvro-phonon electric Geld inducing first-order
dipole transitions (using the first-order transition ampli-

tude), and the one-phonon electric field inducing second-
order dipole transitions (using the second-order transi-
tion amplitude). The two-phonon electric field differs
from the one-phonon 6eld by a factor of the order of a
strain. Thus, approximating the dipole-moment matrix
elements by I'„, the ratio of the second-order transition
amplitude to the erst-order amplitude for Raman transi-
tions is of order eke„/ahco for a given phonon of wave
number k and, frequency ~. For KCl this ratio is

4X10'. Thus we conclude that if the dipole-moment
matrix elements in the second-order transition ampli-
tude are not too small, and do not cancel each other, the
second-order amplitud, e vrill yield the dominant Raman
relaxation rate.

The transition matrix elements of the dipole-moment
operator are tabulated in Tables I and. II.We introduce
the vrell-known expression for the normal-mode acoustic
vibrations of a monatomic lattice (neglecting the effects
of the 9% mass difference of K and Cl) in.to Eq. (4)„
using the defining equation (3).We then use the dipole-
moment matrix elements of Tables I and II and the
phonon creation- and destruction-operator matrix ele-

ments to compute the transition amplitudes of the
dipole-phonon system. For the purpose of averaging the

9 It is helpful to draw a comparison between the dipole-lattice
and spin-lattice interactions. In the latter case, the paramagnetic
electron interacts with the phonon electric potential, while in the
former case it is the phonon electric field (gradient of the phonon
electric potential with respect to the dipole position r,) that couples
the dipole to the lattice. The electron phonon potential is obtained
by integrating E„with respect to r, and identifying r, with the
electronic coordinate. %'e thus see from (4) that the electron-
phonon term active in direct spin-lattice relaxation will depend
on the local strains, not their derivatives. For a complete discus-
sion of the s in-lattice mechanism one may refer to J. Van
Vleck's paper Phys. Rev. 57, 426 (1940)g.

%'eak Geld
(E RP Q(gym)

(E„/V3) (li+l2)
2 A A

(2%2l3 —li —l 2)
g6

(2E
I Pop I 1Ai& —

6 (Eo/ii)f'~'(4+&i}

(2A, I Py I
1E) ,'(E,/r )P„—'(1,+i)

(2Ailp, pl1Ai) (P~/v3}fi

(1E
I
P., I

1A,& (P„/v3) (l,+l,)

Matrix element

(2EIP, I2A )

(2EIP., I
1E)

Strong Geld
(Eon' 2))g2)

—(I'm/V3) {li+/2)
1 A A A——{2&2l3—li —l 2)

V2 Eo-!(~/E.) (l +l.)
—-'(n/Eo) (fi+fi)

(ri/E p}fi-
(&„h~)(li+l2)

Lp '(k,j)k.'7,„=k'/15

Lp.s(k,j)kp'7. = 2k'/15 (a~P)
Lp-(k, j)i p(k, j)k-kp7-= —k'/3o ( &P)

L~.'(k, j)kpk 7..=O (P~~)
t,-(k,j). (k,j)k:7.-=o ( ~P)

t f -(k,j)1p(k j)krk.7-=o («P p&v v&~)
ffi '(k, j)k '7, =k'/35

Lii.'(k, j)kp'7, =3k'/35 (nWP)

[p '(k, j)k 'kp'7, =2ks/105 (n~P)
L~-'(ki)kp'k. '7-=k'/35 («P, P&v, v«)

Lf -(k j)~p(»j)kr'k-'7-=O («P)

(5)

where u(k, j) is the unit polarization eigenvector for a
phonon of wave vector k and branch j. We omit

squared transition amplitud, es over the phon, on en, ergy
surfaces in reciprocal space we assume that thedispersion
is suKciently isotropic to allow us to approximate the
energy surfaces by spheres. Accepting this assumption it
is a corollary that the transversepolarization eigenvector
is perpendicular to the vrave vector for all directions.
We use Euler angles to describe the polarization and,
vrave vectors and use the following averages for trans-
verse phonons:
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consideration of longitudinal phonons because, as will
become clear later, the transverse phonons strongly
d,ominate the relaxation processes.

IV. TRANSITION RATES

Karo" has calculated the density of states of the
acoustic modes in KC1. His results display a close
agreement with the Debye density of states up to

1.5X10"sec ', well above the energy of the phonons
which contribute to both the direct and, Raman relaxa-
tion processes when the temperature is low. Hence we
use the density of states

p, = Vk'/27r'ay (6)

for the jth branch, where v; is the corresponding velocity
of sound and V is the crystal volume. For the direct
processes we may use the first-order approximation
k=co(k, j)/a, because of the small energy of the inter-
acting phonon. For the Raman processes, however, the
dominant phonons lie too far out in the zone for tem-
peratures greater than 5' K to use a nondispersive
spectrum with sufhcient validity, and we shall have to
include the effects of dispersion.

Inserting the angular averages of the erst- and, second, -
order squared transition amplitudes into Fermi's
golden rule we And the transition rates per dipole
between the initial dipole state p; and final state Pr with
energies e, and. ~f, respectively. The centrosymmetric
direct transition rate is

3X10-'e'-exp([e,—eg]//kT)+1

a'ph' exp([e,—~g]/kT) 1—
(Ei

XEI &@&I&...im, &l'Z (7)
2

and the noncentrosymmetric direct transition rate is

23e' exp ([e;—er]//kT)+1
8'; f=

a ph' exp([e;—e~]/kT) 1-—
r 2 r 2

XZ 0.», +0.27 2, l&~flf'" I&'&I'
a a pea a

—p o.11
" 'I &y, lf'.,-I@'&III&4vl

pH~ a
(~*—~~)'

xp (g)
v~'

where p is the crystal density. The Raman rate for the
second-order phonon field is

10 'e'-
/ e,—cg

1+expl-
a'p' k kT

1 k" exp[ken(kj )/kT]dk
XZ—,(9)

&o (k, j)'(exp [hio (k, j)/k T]—1)'
' A. Karo, J. Chem. Phys. 33, 7 (1960).

P„=4X10 "esu
6=6.2X10' cps (0.30'K) . (12)

We use Eqs. (11) and (12) and the constants of the KCl
lattice to estimate the magnitudes of the rates (7)
through (10) for the dipole-lattice relaxations of interest
to us here. The results are tabulated in Tables III—VI.

The direct rates display the well-known linear tem-
perature dependence for T&1'K. It is of interest to
note that the two Raman rates would display a T'
temperature dependence in the absence of dispersion,
rather than the T depend. ence normally found. in the
absence of Kramers degeneracy. The extra tw'o powers
of T have arisen from the fact that both the one- and
two-phonon centrosymmetric fields in Eq. (4) conta. in
a derivative of the strain. When these two fields enter
into the expressions for the two Raman transition rates
this derivative introduces two extra powers of k so that
two extra powers of T appear in the nondispersive case.
For the same reason the direct centrosymmetric transi-
tion rate d.isplays a fifth-power dependence on the
phonon energy rather than the third-power dependence
that is normally expected (the third-power dependence
does appear in the direct noncentrosymmetric rate
because of its dependence on lattice strains instead of
their derivatives). These conclusions are valid for any

' K. Tenerz, Arkiv Fysik 12, 281 (1957).

and, the Eansae rate for second-order dipole transitions is

6.5X 10-4e4
8'; f= [1+ exp (—[6 ' cr']/kT)]

a4p262

XZ I Z(y, If'.,-I y.& Q. l
f'.,alp, & l2

a, P n,

1 k» exp[k~(k, j)/kT]dkxp- (1o)
s) (k, j)'(exp[ho) (k,j)/kT] —1)'

Ke see that all four transition rates are strongly domi-
nated, by the lowest branch of the acoustic spectrum.
If a nondispersive spectrum were assumed for the
Raman rates the transition rates (7) through (10) would
be proportional to v;, v, ', v, ", and v, ', respectively,
so that our earlier assertion that the transverse mod, es
dominate the relaxation is verified. Tenerz" has calcu-
lated, a frequency spectrum of KC1 that is in excellent
agreement with sound-velocity data. Parallel to the
[001] axes his transverse-acoustic spectrum can be
fitted by a sine-type dispersion,

io(k, t) = 1.08X10» sin-,'ka,

which coincides with the long-wave region but is -10%%u~
greater at the zone bound, ary. Since the transverse-
acoustic velocities are lowest along the [100] axes we
assume that the dominant dispersion is displayed, by
Eq. (11). Feher et aL' have measured the effective
dipole moment I' and zero-field splitting A. They find
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TABLE III. Dipole-lattice relaxation rates for a strong {001] dc electric field (Es'P„'))n').

Transition

2A1~ 1A1
3A1 —+ 2A1

2A1 —+ 1A1
3A1~ 2A1

Direct centrosymmetric rate

exp (0.03$Lp/T j)+1
W=3.5 F 3

exp(0.03LEO/T]) —1

Direct noncentrosymmetric rate

exp (0 03LFp/Tg) +1 rez2 rzz2+rev2
W =3.1X10' - —+1.8

exp (0.03LED/T]) —1 a' a'
I:p

2A1~ 1A1
3A1~ 2A1

2A1~ 1A1
3A1~ 2A1

Raman rate for second-order phonon fI,eld

u" exp ({78/T] sinLu/2])du
W =3.5X10 /exp( —0.03 j1':p/T})+1jFp~

0 sin'(u/2)Lexp({78/T} sin{u/2}) —1]'

Raman rate for second-order dipole transitions

u" exp (L78/T] sinLu/2])du
H =3,7 X10"Lexp (—0.03{L;p/T})+1jLp~

„s sin'(u/2){'exp ({78/T}sin {u/2)) —1]'

TABLE IV. Dipole-lattice relaxation rates for a weak L001] dc electric field (EssP„2«am).

Transition

2A1 —+ 1Ac

3A1 —+ 2A1

2A1~ 1Ag

Direct centrosymmetri c rate

exp (0.6/T)+1
W =2.8 X104

exp (0.6/T) —1

exp (0.3/T)+1
W=1.7X10

exp (0.3/T) —1

Direct noncentrosymmetric rate

exp (0.6/T)+1 rez rez +r.v
W=8.0X10' —+1.8

exp (0.6/T) —1 as a'

3A1~ 2A1 W=2 OX10'
exp (0.3/T)+1 r„s r„s+r,„s—+1.8
exp (0.3/T) —1 a' a'

2A1 —+ 1A1

Raman rate for second-order phonon field
u" exp(L78/T] sinLu/2])du

W=1 IX10io{exp( —0.6/T)+1]
„p sin'(u/2)Lexp({78/T} sin{u/2)) —1]'

3A1 —+ 2Ag W = 2 2 X 10"Lexp(—0.3/T)+1]
td' exp ({78/T] sin(u/2])du

sin'(u/2){ exp((78/T} sin{u/2}) —1]'

2A1 ~ 1A1

Raman rate for second-order dipole transitions

u" exp ({78/T] sin{ u/2])du
W = 1.1 X 10"Lexp(—0.6/T)+1]Ls'

„s sin'(u/2)Lexp((78/T} sin(u/2)) —1]'
u" exp({'78/T] sin{ u/2])du

3A1~ 2A) W =5.5 X 10101 exp (—0.3/T)+1)L''p'
i (us/2n){ exp({78/T} sin{u/2}) —1]

lattice possessing inversion symmetry about the (un-
displaced) dipole site.

Note that the Raman processes via the second-order
dipole transitions vanish for a dc field parallel to the
[111]axis, due to cancellation between the intermediate
states in Eq. (10). This cancellation does not occur,
however, for an [001] dc field. For suKciently large
dc fields (Fs&300 V/cm) this will result in a faster

Raman relaxation rate with the field parallel to the
[001]axis than with the field parallel to the [111]axis.

V. COMPARISON WITH EXPERIMENT

The integrals appearing in the Ramah rates of Tables
III—IV have been evaluated numerically. For a 15.1-
kV/cm (50 esu) dc electric field parallel to the [111]
axis, the direct centrosymmetric and Raman dipole-
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TAnzz V. Dipole-lattice relaxation rates for a strong Liilg dc electric Geld (Ease„'»6').

Transition

2E-+ 1E
2Ag

—+ 1Aj

2Ag —+ 1Aj

2A" —+ 1E
2Ag -+ 1Ag

2E-+ 1R
2Ag-+ 1Ag

Direct centrosymmetric rate

exp (0.03)ED/Tg) +1
lV =7.0 +3

exp (0.03LEO/T 1)—1

Direct noncentrosymmetric rate

exp(0.03LEO/Tg)+1 ra rezreg+rezres+recrey
IV=7.0&10' —0.08

exp (0.03LEs/T j)—1 u' um

Eumun rute for second-order phonon geld
um exp([78/Tg sinEu/23)du

„s sin'(u/2)Lexp((78/T} sin{u/2}) —1]'
W =3.5X10"(exp (—0.03(Es/T})+1jEs~

human rate for second-order dipole transitions

exp(0.03/ED/T7)+1 re rezrez+rszrey+rezrey
N =7.0X108 —0.32 jvo

exp (0.03LEo/T3) —1 g a u9

TAnxz VI. Dipole-lattice relaxation rates for a weak $1111dc electric 6eld (EssP„'«a').

Transition

2Aa -+ 1A~

Direct centrosymmetric rate

exp(0.3/T)+1
g =3.5&10'

exp (0.3/T) —1

exp(0.6/T)+1
5' =2.8X104

exp (0.6/T) —1

Direct noncentrosymmetric rate

exp(0.3jT)+1 r.' r.gr„+r„r,„+r.,r,„8'=6.5y 109 ——0.31
exp(0.3/T) —1 o' us

exp(0.6/T)+1 rs fez ex+res erg+rem rras
g =1.3X10~' —0.31

exp (0.6/T) —1 a' um

human rute for second-order phonon fl, eld

u" exp (L78/Tg sinLu/2$)du
W =4.4X I"Lexp (—03/T)+1)

sin'(u/2)/exp((78/T} sin(u/2}) —1j'

W= 1 1X10"/exp( —06/T)+1)
u" exp ($78/Tg sin(u/2$) du

sins (u/2) Lexp ((78/T }sin(u/2 })—1]s

2B-+ 1E
2Aj -+ 1Ag

human rute for second-order dipole transitions

1attice relaxation rates (Table V) for temperatures in
the range 2' to 11.'K are plotted in Fig. 2. The Raman
rate is larger than the centrosymmetric direct rate for
temperatures greater than O'K and at 11'K the
Raman rate is 7.1)&10"sec ', in good agreement with
the observations of I'cher eI, al.' If a nondispersive
spectrum w'ere assumed, the resulting Raman rate at

11'Kwould be 10' sec ', two orders of magnitude smaller
than that found, in the presence of dispersion. Thus, the
decrease in slope of the transverse-acoustic branches at
the higher frequencies has an enormous eGect on the
Raman relaxation rate.

In the above computation @re have omitted a, numeri-
cal estimate of the noncentrosymmetric direct rate
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