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partial-wave amplitude', or a Schrodinger-equation
model.! With the inverse propagator, the obvious direct
EM self-energy diagram (nucleon plus photon) has a
Coulomb part which tends to make 8V negative, and a
magnetic part which tends to make it positive. The
pionic self-energy (nucleon plus pion) contains a feed-
back term due to the splitting of the intermediate
nucleons; in this context it is not implausible that such
feedback can change the sign predicted® for 8NV, rela-
tive to the Coulomb effect. However, approaching the
problem from a different angle, we have argued in I
that this mechanism for changing the sign is unlikely
to operate if the nucleons are elementary, though not if
they are composite. If this argument is accepted, it
illustrates just how differently, from physically different

11 G, Barton, Phys. Rev. 146, 1149 (1966).
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viewpoints, one tends to judge the plausibility even of
a given mathematical approximation scheme.

By contrast, if one regards nucleons as pion-nucleon
composites from the outset, then it is tempting to use
the partial-wave amplitudes or a Schrodinger-equation
model, and the natural choice for the leading direct
EM energy is photon exchange between the constituents.
But now, both Coulomb and magnetic energies tend to
make 8N negative.!! Moreover, the natural choice of
leading feedback terms (namely the mass shift of the
constituent nucleons) does not now lead to a sign
change of V. On this picture, such a sign change could
result only from the short-range charge-dependent
corrections to the strong forces (called “short-range
feedback” in I), to which, in this context, no credible
plausibility arguments can be applied with presently
available techniques.
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It has recently been emphasized by Capps, Belinfante, and Cutkosky (CBC) that under certain conditions
we may classify the 0~ (P) and 1~ (V) mesons—in SU (6)—by their total angular momenta rather than
their spins. It was noted, however, that this gives rise to an ambiguity in filling the 35-dimensional representa-
tion and that, a priori, we may consider a linear combination of the available SU (3) multiplets, the coeffi-
cients to be determined by experiment. Here we explore the possibility that the radiative meson decays can
help determine some of these coefficients (“assignment mixing” angles). In particular, from an analysis
of decays involving the n and X° mesons we conclude that it is consistent to include the pseudoscalar octet
and the pseudoscalar singlet in the same 35. Furthermore, the best over-all fit to the data is obtained for
cosfs/cosfs =1, where the cosines represent the respective mixing coefficients for P, and Pg. This value has
been used by CBC and is also required by SU (6)w. Our treatment makes use of the vector pole model to
separate the couplings into strong and electromagnetic vertices.

INTRODUCTION

ECENT work by Capps' and by Belinfante and

Cutkosky? (referred to together as CBC) has
emphasized an ambiguity in assigning the 0~ and 1~
mesons to the 35-dimensional representation of SU(6).
In their static-baryon bootstrap model of meson-baryon
interactions, it seems natural to combine the unit
orbital angular momentum with the spin of the partici-
pating meson and to consider the resultant total angular
momentum as an intrinsic property of this meson.
Consequently, the 0~ nonet members (Pg and Pi)
behave as effective axial mesons and the 1~ nonet
members (Vs and V1) can couple their spins with the
orbital angular momentum and act as effective axial or

* Work supported by the U. S. Atomic Energy Commission.

1R. H. Capps, Phys. Rev. Letters 4, 31 (1965).

27, GS.)Belinfante and R. E. Cutkosky, Phys. Rev. Letters 14,
33 (1965).

effective scalar particles. It is thus possible to have two
nonets of axial mesons and one nonet of scalar ones:
P(8,3), P(1,3); V(8,3), V(1,3); V(8,1), V(1,1)—in the
usual [SU(3),SU(2)] notation.? The particular com-
bination that should make up the 35-dimensional
multiplet is not determined a priori and we can write
generally®*

35.=P(8,3) cosfs+ V (8,3) sinfs+ P(1,3) cosby
+V(1,3) sin1+V(8,1). (1)

The “assignment mixing” (AM)* angles 65 and 6y can
be fixed by experiment, or else by appeal to theoretical

3Tf we admit the existence of a scalar octet, S(8,1)—of which
the «(725) may be the I =% member—then the most general linear
combination would involve a further mixing between ¥V (8,1) and
S(8,1). I am indebted to Dr. George Renninger for emphasizing
this point.

¢ J'.) G. Belinfante and G. Renninger, Phys. Rev. 148, 1573
(1966).
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models. The CBC assignment corresponds to taking
03=0,=0, while the SU(6)w assignment of mesons® is
seen to be given for tanfs=tanf=V2. The subscript
“L” is included in (1) to denote the special character
of this “light” multiplet in contradistinction to the
“heavy” baryons.

In meson-meson-meson vertices there is an analogous
situation in that two of the mesons interact in a relative
P state. In principle, it is then possible to describe also
such vertices in terms of one “light” meson—in the
sense of Eq. (1)—in interaction with two “heavy”
mesons, if the masses involved make such a division
meaningful. Only in the PVV case can this condition be
met to good approximation and we may expect sensible
results for the decay V;— V4 P, especially since we
are free to work in the V; rest frame.®

In this paper we wish to examine those decays where
the PVV vertex occurs. This will include radiative
decays of bosons, where the strong vertex is followed by
a V — v junction.” Appeal to experiment will then
determine admissible values for the AM angles, in
particular for cosfi/cosfs. We summarize our assump-
tions as follows:

(1) Inprocesses V;— V s+ Py, the vector mesons are
assigned to the usual Giirsey-Radicati® 35 and the
pseudoscalar mesons to the 35 of Eq. (1).

(2) Both the on-mass-shell and the off-mass-shell
coupling coefficients are given by 35z «— 35X 354, or,
equivalently, by the values of the matrix elements

Gyt= (3547|351%(354%), 2

where k, f, i refer to the particles involved in the vertex.
In general, the G;* will depend on the assignment
mixing angles 63 and 6.

(3) Since the complete matrix element for V;— V;
-+ P, is characterized by

M yi*= gG si*eaprsPa'es’e, Pr* 3)

[the scale factor g has dimensions of mass™ and is
common to all PVV vertices], we reason from Lorentz
invariance of |91,;*|? that the same coupling coefficient
Gi* should be used for the crossed process Pr— V4V,

8H. J. Lipkin and S. Meshkov, Phys. Rev. Letters 14, 670
(1965).

6 Capps has treated three-meson vertices (My— My+Ms, for
example) by explicitly making two of the mesons “static’ (setting,
for example, E1= Es= M, where M is mass of the heavier meson).
This procedure makes the situation completely analogous to the
meson-baryon static model and permits the third meson (M3) to
play the same role as the “meson” in meson-baryon situation.
[See R. H. Capps, Phys. Rev. 144, 1182 (1966).] Here, however,
we wish to guarantee that the kinematics reflect the physical
situation exactly and assume, instead, that Eq. (2) below still
gives the correct coupling. This limits our application to PVV
vertices, where the P acts as the “light”” meson in each instance.

7M. Gell-Mann, D. H. Sharp, and W. Wagner, Phys. Rev.
Letters 8, 261 (1962).

8F. Giirsey and L, A. Radicati, Phys. Rev. Letters 13, 173
(1964).
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since the interaction vertex is the same.? This crossed
case is of interest, for example, in the pole model” for
decays n — wmy, etc., examined below.

STRONG VERTICES

As it stands, Eq. (2) yields the three-meson couplings
in those cases where no particle mixing enters. In
practice, however, we are confronted with octet-singlet
mixing and we define

|w)=a|ws)+b|wr),

| o)=—b|ws)+alw),
lﬂ>=a|ﬂ8>+5{7}1>y
| X0)=—B|ns)+a|m),

for the observed 1~ and O~ isoscalar particles. The
mixing angles of 40° and 10° will be used for the w— ¢
and n— X° systems,! respectively : = sin40°, b= cos40°;
a=co0s10° B=sin10°. The various couplings of interest
can now be obtained! and these are shown in Table I

4)

®)

TasBLE I. Strong couplings for PVV vertices, including octet-
singlet mixing defined by Eqgs. (4) and (5). =cosf:/cosfs.

i 7 k Gt

® o° 0 — (a/V2+D) cosbs/3

@ 0° a0 + (/V2—a) cosbs/3

o o " — (a/V2+pr) coss/3

p° o° X0 + (8/V2—ar) costs/3

® ® 7 +[ (a%/VZ—2ab)oc—PBr] cosbs/3
® ® X0 —[(a®/V2—2ab)B+cr] coshs/3
» ) 7 — (ab/V2+a?—b%)e cosfs/3

@ @ 7 +[ (?/vV2+2ab)a—pBr] cosbs/3
@ © X0 —[(82/V2+-2ab)B—ar] cosfs/3
" 0 X0 + (ab/VI+a>—B%)8 coshy/3
K+ o° K+ —cosfs/24/6

K# o° Ko +cosbs/24/6

K* © K + (a/2v2—b) cosbs/3

K* ) K — (b/2V2+-a) cosbs/3

for arbitrary particle mixing. The factor 7 is defined by
(6)

It is evident that the decays involving 7 and X° mesons
are of greatest interest, since they determine the AM
ratio . For purposes of orientation we also note that

r=cosf1/cosbs.

9 To put it another way: We choose a channel where SU(6) is
expected to hold and write a covariant matrix element for the
process. This very covariance, however, tells us that the inter-
action strength stays the same for a time-crossed channel.

10 These values are obtained by diagonalizing the relevant mass
matrix and using squared masses in the Gell-Mann-Okubo
formula. The SU(6)-derived w— ¢ mixing of ¢=1/V3 prohibits
¢ — pr — 3w, whereas in reality this mode accounts for over 309,
of the ¢ width.

11 The SU(3) coefficients are taken from P. McNamee and F.
Chilton [Rev. Mod. Phys. 36, 1005 (1964)] and the SU(6) iso-
scalar factors are from C. L. Cook and G. Murtaza [Nuovo
Cimento 39, 531 (1965)].
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without 7—X° mixing and using ¢=1/V3, the G;/*
reduce to

Gy =V3Gyy7= 3G (—VB/2)G 7= 2GicH 5
= —2Gg",K"=2Gx" K=V2G K "E= —coshs/»/6,
(1)
GppX'=G0oX’ =G, X°= —cos01/3= —r cosfs/3, 8)
G oo =G 1=G X*=0. ©)

Thus knowledge of 7 is still necessary if we are to relate
decays involving the X° to those involving the 5 meson.

DECAYS Q— 311 AND & — 3II

Inasmuch as the radiative decays will involve addi-
tional assumptions about the ¥V — v coupling, we first
wish to consider the two processes that depend on the
PVV vertex and on forr=35.512: w— pr — 37 and
¢ — pr —3w. This will also enable us to evaluate the
scale factor g [see Eq. (3)] that determines the absolute
rates of all processes.

Multiplying Eq. (3) by [s—M24iM,T,], sym-
metrizing over the p states, and inserting three-body
phase space, we obtain an expression for the rate of
M ;— 3r [evaluated in the center-of-mass frame of the
decaying meson of mass M,; i=w, ¢]:

(M— 37) = (§G,)* fons[4 (2 ) 2M ) T

(M—po)2
X / H(s)ds.
4

02

(10)

Here s=M,.% p and po are the charged and neutral pion
masses, respectively, and H(s) is given in the Appendix.
Integrating numerically, we find

I'(w— 37) = (¢G,o")2(3.1 X 104 MeV?)
T'(¢— 31) = (4G, ,7)%(9.7X 105 MeV?) .

(11)
(12)

The number® shown in Eq. (12) can be compared with
(5.410% MeV?) for the two-body decay ¢ — pr. The
latter value, frequently used in estimating the ¢ — 3x
rate, is thus too low by a factor of about 2. With the
coupling included, we have, for 40° w— ¢ mixing,

T'(w— 3m)=5.1X10° MeV3(g cosbs)?, (13)
I'(¢— 3m)=1.1X10° MeV3(g cosf)?,  (14)
R=T(¢— 37)/T(w— 37)=0.22. (15)

Note that w— 37 is quite insensitive to the w—¢
mixing taken, while the ratio (15) very much depends
on it. In fact, as has frequently been noted in other

12 Unless otherwise indicated, all experimental values are taken
from A. H. Rosenfeld ¢! al., Rev. Mod. Phys. 37, 633 (1965):
T,=124 MeV, M,=763 MeV.

13 Note that this number depends also on the value of f,..2. We
agree with J. Yellin, Phys. Rev. 147, 1080 (1966).
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contexts,®® R=0 for a=1/V3; for 39° mixing we get
R=0.14. Finally, using I'(w — 3r)=10.8 MeV, we have

(g cosfg)?=2X10"3 MeV~2, (16)

RADIATIVE DECAYS

In the vector pole model” the decays X°— 7wy,
n— w1y, p—> 7Y, and w— 7% also involve the p—vy
vertex, which is given by f, =em,?/f,. It has been the
practice to assume p dominance of the isovector form
factor and use f,~ fmr=>5.51 [for T'(p— 2m)=124
MeV]. However, the recently measured ratio

T'(p— wu7)/T(p— 2m) = (0.33_0.077**) X107 (17)

provides direct access to f, and the above approxima-
tion can be avoided. Using!®

& m, Am,2\!12 2m,?
I'(p— utu)= —(1— ) (H— >
fi/Ar 3 mg? mgt

= (f,2/47)~ (1.36X 102 MeV)

(18)

leads to
f2/4r=3.3_9.07%8, 19)

where we have included the uncertainty in the p width.
Equivalently, we can write forr/f,=0.86_0.6s7%, so
that the p may dominate but not to the exclusion of
other substantial contributions. A rough consistency
check on (19) can be obtained from!® (w— m7)/ (w—> 3m)
=(9.741.6) X 1072, as follows. From the expression

D> a7)= <gGw,f>2<fw/mf)2(m°’2—“2)3 /om0

M
we have, using (11),
T'(w— 7%)
———=(3.44 X107 (f,/4m)!
T'(w— 37
=(9.741.6) X102
and therefore, f,2/4r=3.620.4. We shall use
f2/4r=3.5.

(20°)

Since, in X°(y) — 77y, no w— ¢ mixing enters and it
is not necessary to assume that the photon transform
as a pure octet, then these decays allow a relatively
clear-cut determination of the AM ratio. In fact,
inserting a Breit-Wigner form into Eq. (3) and inte-
grating over phase space, we have

T(Mi— 71y) = (8Gpp") forn® (for/ M%)

X[96M#2x) I, (21)

14 J, K. dePagter ef al., Phys. Rev. Letters 16, 35 (1966).
15'Y, Nambu and J. J. Sakurai, Phys. Rev. Letters 8, 79 (1965).
16 S, M. Flatté et al., Phys. Rev. Letters 14, 1095 (1965).
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My (M 2—s)(s—4p2)3
I= / y
2 (5 - m,,Z)Z-I— (m,,I‘p)Z
2.7X 10 MeVe; 1=X0
5.2X102 MeVe; 1=19
s= (wt+7r)2=02.

With the appropriate couplings in, this yields for 4-10°
n—X° mixing

I'(X°— 7ry) = (g cosfe)?(1—87)2(1.7 MeV?3), (22)
I'(n— wry) = (g cosfs)?(140.257)2(4.4X 102 MeV3) ,

(23)
1—87 \2
38( ) .
14-0.257.

(24)
These quantities are seen to be very sensitive to the
choice of . We may now use the experimental in-
formation that I'(X°— 7mry)/T(X°— all)=0.25 and
I'(X°— all)<4 MeV to find, using Eq. (16),

I'(X°— 7my)=30 keV,
=167 keV,
=760 keV, (25)

Thus, r=2 is an upper limit for I'(X°— all)<4
MeV. We should note that 0° »—X° mixing yields
T'(X°— 7my) =225 keV, and again an upper limit of
about 2. For —10° mixing, we just change the minus to
a plus in Eq. (22) and find an upper limit of ~2. On the
other hand, the choice r=3% predicts I'(X°— yrm)
= (90-160) keV for the above n—X° mixing angles.
Although this is consistent with the data, it may be on
the low side for what is supposedly a strong decay
mode.”” In any case, the SU(6)w (and CBC) choice of
r=1 is certainly in harmony with experiment. Note
that the decay M — mwy is collinear—and therefore
qualifies for SU(6)w—precisely because we are using
the pole model. With =1 we also have

T'(p— mry)=140¢€V,

I'(X°— 7wy
P= )_

T 7ry)

r=%
r=1
r=2.

(26)

thereby predicting an » width of 2.5 keV (we have used
n— way/n— all=5.59%,). This is considerably larger
than most estimates.!®

In principle, the quantity

Rexp=T(® — 2v)/T (g — 7my)="T7.0L£3

offers an independent determination of the AM ratio.
However, in 7 — 2y we also have contributions from
and ¢ intermediate states, and there is some question
about the coupling appropriate for the w(p)—y

( u S;ae L. M. Brown and H. Faier, Phys. Rev. Letters 13, 73
1964).

18 See, however, F. A. Berends and P. Singer [Phys. Letters 19,
249 (1965); 19, 616 (1965)] who estimate T'(p — all) =2.2 keV.
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vertices. If we assume that the photon transforms as a
pure octet member of SU(3) and does not couple to wj,
then we can write [relating fu.y to f,y by S(U3) and
using Eq. (4)],

Joy= (a/V3) fovs
fer= ("'b/\/3)fp'y- (27)

For an independent check on Eq. (27) (and on the
present model, as such), we can consider the °— 2y
decay [proceeding via 70— ptw(e)—2y]. With

2/4r=3.5 and using (16) [there is no dependence on
7], we obtain

T(@®— 2y)=17.8¢V, (28)

which is in excellent agreement with the measured
width of 6.3 eV.® From (20’) we would estimate
T'(r®— 2v)= (7.441.6) V. It has been discussed in the
literature (see Ref. 7, for example) that the vector pole
model predicts too high a value for I'(x® — 2v). In these
estimates, however, use is made of f,=2f,rs, and our
result would suggest that in a treatment such as ours
the difficulty may be traced to this added assumption
rather than to use of the basic model for #° decay. Of
course, it would be sufficient for our purpose to reverse
the argument and consider Eq. (28) as fortuitous
supporting evidence for the large f, obtained in (19)
and (20"). We might re-emphasize here that recent fits
to the isovector form factor [see, for example, Wilson
et al., Phys. Rev. 141, B1298 (1966)] cause us to
question the complete dominance of the p contribution
and would lead us to expect f,/fomr>1.

For the n decays we have
140.31r\?
4.0( ) )
14-0.25r.

for 10° n—X° mixing. This gives R=4.7, 4.4, 4.2 for
r=2, 1, %, respectively—all equally consistent with
743 and, therefore, also rather unenlightening. In
practice, then, the slow dependence on r renders R
unsuitable for determining the AM ratio, although it
does serve as a check on the model.

On the other hand, the ratios I'(¢ — 77)/T (0 —17)
and T'(¢—7v)/T(¢—all) can provide a sensitive
test. Using expressions analogous to Eq. (20) to calcu-
late the rates, we find for +10°

1—0.111\2
(e,

14-0.317
which yields Q=17, 12, 6 for r=3, 1, 2, respectively.
Experimental numbers are I'(¢— 7v)/T(¢— all)
<0.12 and I'(w — 7v)/T(w — all)<0.17, and this gives

r=2 for the upper limits.
No other data are available at this time, but it would

_Th—2) _

(29)

- I'(n— mmy)

_Tle—m) (30)

T—m)

19 G. von Dardel ef al., Phys. Letters 4, 51 (1963).
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be of interest to list some additional predictions for
future verification. In particular we have

T'(o— 7v)=37(140.257)2 keV, (31)
rxe 1—107\2
~——-—————( — o) = .05( ) , (32)
I'(X°— rmy) 1—8r
r'(X°— 2y) 1—10r \?
_—= .25( ) . 33)
T(n— 2) 140317

The last ratio is particularly sensitive to the value of »
and equals 4, 12, 35 fo r=}, 1, 2, respectively. For
(—10°) mixing just reverse the signs preceding 7 in the
above expressions. To get I'(o— 7v), we have used
Eq. (16) again.

It has thus been shown that our analysis of the above
decays yields results consistent with present observa-
tions. Indeed, the assignment mixing approach relates
in a natural way the P1V'V vertex to the PsV'V coupling
strength, and we have seen that a value for this pseudo-
scalar mixing of cosfy/ cosfs=1 is in over-all agreement
with the data. These conclusions would be much
strengthened if the # and X° widths were known well
and, also, if the sign and magnitude of the — X° mixing
were unambiguously determined.?

We might emphasize that for single-photon decays
such as w— w%—which do not depend on n—X°
mixing—our treatment gives essentially the same
results as obtained previously? by using Gell-Mann’s
postulate that the magnetic dipole operator transforms
like a tensor component of the 35 representation of
SU(6).2 Our more specific reliance on the pole model is
offset perhaps by the unification achieved in the treat-
ment of all decays involving a PVV vertex, while we
also avoid the reference to quarks implicit in the above
postulate.

20 A, J. MacFarlane and R. H. Socolow [Phys. Rev. 144, 1194
(1966)] have proposed several tests to determine the n—X°
mixing angle.

21 See, for example, S. Badier and C. Bouchiat, Phys. Rev.
Letters 15, 96 (1965).

22 M. Gell-Mann, Phys. Rev. Letters 14, 77 (1965).

ASSIGNMENT MIXING IN SU(6)

1681

ACKNOWLEDGMENTS

I am indebted to Dr. George Renninger for several
informative discussions on assignment mixing. My
thanks also go to Professor J. G. Belinfante and Dr.
E. Golowich for helpful comments.

APPENDIX
The integrand in Eq. (10) is given by
H(s)=[8M [ ¢(s) Ps—2F ()L (s—m,*)*+ (m,L,)* 1™,

where

Mi2+M02—S 2 1/2, 3_4#2 1/2
e
¢() [( ZM,' ) ’ )

F(s)=[ (M X+4AMm2)A'+2M ;B Jo(s)
FL@mA—B2A' [ 24+m2B'+C" /2] In (T max/ Tmin)
+Im2(mpt—3B2A) A+ (mt— BB +m2C'+D"]
X{tan [ B, (fmax— m,2)™]

—tan™ [B,, (tmin_ mpz)_l:l}/Bp .

Here
B,=m,I',,
X =M 2u’4-ui~—s,
A'=s5(s—m,?),
B'=[B2—mp(s—m)— (s—m,)X]s,
C'=[(M2—p?) (ue—u?)s+ (M 2—p)p*](s—m,?)
—[Bl—m}(s—mS)]sX,
D'=[B2—m(s—m,)]
XM 2—pe?) (uo—p?)s+ (M 2—pd)%u],
T rmax,min= (bmax, min—7,2)*+B,?,
tmax=3X+M:0(s),
bnin=2X—M;0(s).
After setting up the matrix element, we did not keep
track of the different pions so that H(s) does ot

represent the invariant mass spectrum of a particular
pair.



