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Using the partially conserved axial-vector current and the commutation relations of the vector and
axial-vector currents with themselves and with the Hamiltonian responsible for weak nonleptionic decays,
we demonstrate how to expand weak-decay amplitudes in the momenta of pions involved in the decays. The
resulting expansion gives the on-mass-shell decay amplitude up to 6rst order in pion momenta. We apply
these techniques to the three-pion decays of kaons and show that they quantitatively reproduce the experi-
mental situation of an amplitude linearly dependent on the "odd"-pion kinetic energy. All three pions are
treated on an equal footing, and on-the-mass-shell quantities are dealt with everywhere.

I. INTRODUCTION

'HE gathering of extensive experimental data' on
the three-pion decay of the kaon has revealed the

simple, but remarkable, fact that the amplitude for
this weak-decay process behaves as a constant term,
the so-called "phase-space" term, plus a small /ieear
dependence on the energy of the unlike, or "odd, "
pion. This deviation from the phase space can be ex-
pressed quite compactly as'

~(&(k) t(Vt)+ 4 )+ 4 ))

=C 1— Song —S
m2

with a and C two constants, m the pion mass,
S,= —(k —q;)', and S= (SijSs+Ss)/3. The linear form
(1) was first suggested by Weinberg in 1960,s and pro-
vides a quite acceptable fit to the data. '

It is not surprising that such a simple form as (1)
has attracted considerable theoretical attention, ' for
the explanation of it should certainly reveal quite a
bit about the nonleptonic weak decays. There are at
least two lines of attack to this problem, and they have
been summarized by Khuri and Treiman' as the "in-
trinsic" and the "final-state-interaction" approaches.
In the latter, 4 which is by far the more popular, one
assumes that the structure of the decay amplitude
comes entirely from interactions among the three pions
in the outgoing final state, and that only the magni-
tude of the decay amplitude is determined by the
transformation of the kaon into three pions. The
"intrinsic" viewpoint is that somehow final-state inter-
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actions are negligible for the energies of the pions in-
volved, namely a maximum pion kinetic energy =50
MeV, and that everything comes from the "core" of
the E-3m vertex. As Khuri and Treiman emphasize,
this separation of "final-state" and "intrinsic" prop-
erties of the amplitude is really imprecise; nevertheless,
one knows what it means in an operational sense.

In this paper we shall adopt the "intrinsic" attitude
and freely neglect the interactions among the final
pions. In some, again imprecise, sense, therefore, we
ignore what occurs "after" the kaon has become three
pions and concentrate on the essence of the transforma-
tion. The technique we shall use is an expansion of
amplitudes (decay or scattering) in the momenta of
pions. These techniques have been developed by
Weinberg, ' and applied by him to the cases of multiple
pion emission in a scattering process and E«decay.
The fundamental tools involved in this procedure are
the commutation relations (CR) of the vector and axial-
vector currents with themselves' and with the weak-
decay Hamiltonian and the partially conserved axial-
vector current (PCAC). The outstanding advantage to
the approach developed by Weinberg is that one always
works with pions oe the mass shell'and thus never needs
to concern himself with corrections due to off-mass-
shell effects. Naturally enough, the techniques have
far wider application than weak-decay processes. ''

Before outlining the order of presentation of our
results, let us make two comments. (1) The Esrr decay
process has been considered by others' ' also using the
CR's and PCAC. It is worthwhile to note how our
work differs from theirs. Suzuki and Callan and Treiman
investigate these decays at zero four-momentum for a
selected one of the pions. They cannot, therefore, say
anything about the structure of the linear dependence

' S.Weinberg, Phys. Rev. Letters 16, 879 (1966);17, 336 (1966).
M. Gell-Mann, Phys. Rev. 125, 1067 (1962).' C. G. Callan and S. B. Treiman, Phys. Rev. Letters 16, 153
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basic equation, Eq. (9), and its use in E&3 decay and ~-S
scattering.
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of the decay amplitude but can only ask how the magni-
tude (phase-space term) compares to E2„decay. Their
conclusions are that sometimes it is justified to ex-
trapolate to zero four-momentum, and sometimes it is
not (see especially Callan and Trieman). This ambi-
guity in their results is not surprising after the demon-
stration by Weinberg in E«decay' that the form
factors there (especially F2) depend quite sensitively
on which pion has zero four-momentum. We differ
from these two sets of authors by not having to con-
sider zero pion four-momentum.

Hara and Nambu take a slightly different outlook.
They derive a set of conditions on the various E3 decays
at zero four-momentum for selected pions. They then
assume a form for the E3 amplitude on the mass shell,
chosen to give a linear dependence on the energy of the
"odd" pion. Their form for the decay matrix element
involves certain unknown constants which they fix by
requiring their conditions at zero four-momentum to be
satisfied. Their results are approximately the same as
those presented below, differing by 0((222 /222&)2). This
paper goes further than they in the following respects:
(a) We do not have to deal with decay amplitudes at
unphysical points; (b) we do not assume a special
form for the E3 amplitude, but only expand it in pion
four-momenta; (c) they treat the three pions quite
unsymmetrically by taking one at a time off the mass
shell, while we treat all three pions on an equal footing;
(d) our approximation scheme is quite clear, while they
are very involved with the zero four-momentum limit.
The spirit of the work of Hara and Nambu is to use the
linear form for the E3 matrix element to check the zero
four-momentum relations they derive. This in itself is
a long extrapolation out of the physical region. Our
approach here is to derive the structure of the E3
decay amplitude and in that sense it is related to the
work of Hara and Nambu but not simply an extension of
it. Finally, we are forced to discuss (briefly) the
"r-meson" terms' encountered when one has more than
one pion he is constructing via PCAC.

(2) An argument often given' for the importance of
final-state interactions in three-pion final states is that
the decay amplitude for the g meson into three pions
has the same linear dependence as the E & decay ampli-
tude. Since the only obvious similarity between the two
processes is that they each have three-pion final states,
one might conclude that interactions among the pions
are responsible for the linear dependence observed. This
approach has found its strongest advocates among those
who would like to use a 0+ meson, a "sigma" meson, to
yield the structure of the E and p decay matrix ele-
ments. Trilling' has summarized some of the failings
of this viewpoint. An alternative approach is to note
that in p3 decay only AI=1 transitions are allowed

by C conservation. One might imagine that, therefore,
the effective Hamiltonian responsible for the decay
would have commutation relations with the vector and
axial-vector currents similar to those of the weak

Hamiltonian H„. Using the formula derived below, this
would give one the structure of p3 decay. This may be
dangerous, however, as we know the electromagnetic
Hamiltonian is probably not similar in structure to
H„and have not any a priori reason to assume they
have similar CR's. Nevertheless, Ramachandran" has
pursued this idea with quite reasonable success and
since he is preparing a report of his work, I shall leave
the defense of the idea to him.

The paper is organized in four sections. After this
introduction we derive in Sec. II the formulas giving the
amplitudes for any two states n and P transforming into
one another through the weak, Hamiltonian H„accom-
panied first by two, then three, pions. In Sec. III we

apply these results to Ear decay and in the final section
we have a discussion of our results.

II. PION-EMISSION FORMULAS

A. Two Pious

We begin by considering the quantity

d'ye " '*e '~f'~

where A„'(x) is the member of an octet of axial-vector
currents with quantum numbers a, and II„' is the
Hamiltonian responsible for weak nonleptonic decays.
We shall take this Hamiltonian to be a member of an
octet of scalar plus pseudoscalar quark densities, thus
the index 1, to give us a form for its commutation
relations with the vector and axial-vector currents.
These CR's will then be assumed true beyond the quark.
model. Now following Weinberg' we may write M„„
with all its pion poles removed as N„„:

q.'F,iq&„M„(q2)
9'ul /tv&I v=gul /tv~I v-

qa +~+

qQ F~zqgrMp(q~) F~ q~ q&'M

qP+m, 2 (q.2+m.2) (qP+222 ')

where Ii is the pion decay amplitude,

(q&)
—

(q 2+~ 2) dzdy e i(2a&+lb'»'

and

M = (q.'+m. ') (q2'+m. ') Chdy e '«'~2&'»—

M is equal to the amplitude for the weak decay
n ~ P+m-'(q. )+2r'(qp).

~' R. Ramachandran (to be published).
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Next we use the identity

TP„(*)~(y)~(.))= ~(da, (*)~(y)c())

+3(*s—ys) &(Ps(a),fi(y)Ã(s))

and thc commutation relations"

3(*o—yo)L~o ( ),~.'(y) j= 'f. .V»'(*)3'(*—y) (4)

wc may observe the cancellation of all explicit pion

poles to yield

+3(*o—o)nu (*),C(»&(y))

„„ h(*.-y.)l ~ .( ),fI-'(y)j= -d. .~-"(y)3'( -y), (6)

using the PCAC hypothesis in the operator form"

B„A„(x)=)ss 'F,(t:(a)

q,„qsF„= r'M—p, (q —+g,s'+m')fdic, s '& +"i (sir( 'a(x)B„'(0))i )+r dg(qF+,mm) As, ''

&& &)3I T(0-'(*)&-"(0))I~&+d».(g'+~-') ~*e '"'&Pl &(4-.(*)II "(0))!~&

In the CR (4) we encounter V„'(a), a member of the octet of vector currents. ' In (5) we have defined the left-

hand side by the right for notational convenience. In the o modePs the term (r,s(x) would be just B,s(r(x), with
o. (x) the o-meson field. In obtaining (6) we have used the assumption that B ' is an element of scalar plus pseudo-

scalar quark densitics. H wc had chosen to represent B as a product of currents and assumed "octet dominance"

of the resulting product, we should have found f,i„ instead of d„i„ in (6). Our results below are unaAected by this

choice, so we shall stick to the form (6)."The cancellation of the pion poles in (7) is, of course, independent of the
CR's since Ã„„is constructed to have no pion poles.

Now we follow Weinberg once again in the consideration of Eq. (7). First we shall drop the o-meson term in the

hope that lt ls Qcgllglblc lQ thc px'occss wc want to consider. Tllclc ls some ]ustl6cation foI' this from the tlcatmeIlt
of K~4 decay by %einberg and in the paper by Keisberger" on the g@ sum rule. If we view this as the contribution

of a 0+ o meson to (r —+ P+)r'+s-s, then the discussion by Trilling' of this type of term in r decay and E,4 decay
shouM lead us to suspect its absence. A really hoQest statement about the term is that we are quite ignorant with

regard to it and will neglect it henceforth in the hope that our final results will provide some u posteriori support
for its neglect. In fact, this will turn out to be the case; namely, the 6nal results we find for E3 decay are in superb

accord with the experimental data. Thus wc might argue further, though still from a moderately enlightened

ignorance, for the neglect of these "fT-meson" terms whenever they appear.
Now wc shall lllakc allotllcl' approximation oil (7). Wc s11all dl'op 't11C (fgs(fs„11tsp tel'Bls as slnall 111 'tllc pilyslcal

region of the process n —+ P+w'+)rs. This is certainly a very good approximation in Zs decay where such slow

pions are involved. The error made here is approximately 0((k q,)(k qs)/(k A)') or 0((r)s /mx) ). In dropping
this term~ Rnd its counterpart ln thc thI'cc-pion cRsc below) wc RI'c making our cxpaQsloQ ln pion momenta. Mox'c

precisely, we are expanding in invariants involving pion momenta. The neglect of 0(g,gs) guarantees that no terms

of higher order than one in the pion energies will appear in our approximation of the matrix element for
rr +P+rr'+-rr'

Nothing prevents us from going to the mass shell (t,s=(tss= —r)s,s in Eq. (7), so we do that and rewrite it in

"M. Gell-Mann and M. Levy, Nuovo Cimento 16, 7'05 {1960).
"In these CR's we ignore the "Schwinger" terms since they seem only to be important when one considers quantities like M„, and

not g,„qs„3I„„.In the paper oi S.L. Adler and Y. Dothan t Phys. Rev. 151, 1267 (1966)j, this point is extensively discussed in Sec. 3.
"Moshe Kugler was kind enough to remind me that this point had been mentioned in the work of Hara and Nambu, Ref. N.
'"' W. I. Weisberger, Phys. Rev. 143, 1302 (1966).
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terms of invariant amplitudes A for the processes encountered:

HQJ H„" H„
A (u -. P+pr'(q. )+pr'(q p)) = (i/F. )[d.)„A(a P.-+or'(q p))+d p(&(at - P+pr'(q. ))]

+ (1/2F.p) [(d..d ..+d p~-d-. ) &pI H-"
I o)N-Nel

Z abs
+ j(qp q,—)„dxe '~p'+p»'~(piT(V„'(x)H '(0))ia!)N Ns. (8)

2F '

N and Np are normalization factors for the states u and p.
This is our final formula for the emission of two pions in the process n ~P+pr'+s' which is mediated by the weak

Hamiltonian H„. It is an on-the-mass-shell formula whose dependence on the pion momenta is buried in the
erst and last terms. The extraction of this dependence in the case of E3 decays will be carried out in Sec. III.

Since we shall discuss the three-pion decay of the kaon we must "take out" all three pions involved to treat them
on an equal footing. This procedure is more complicated than that used in deriving Eq. (8) only because of the
lengthy algebra. As no new concepts arise we shall merely outline the task for the case of three pions.

We start by considering

B. Three Pions

M„„g dxdydse ——'«'*+p»+p"-&&pIT(A (x)A '(y)Ag'(s)H '(0))in)

and the corresponding E„„&.We then multiply this by iq „iqb„i(t,& and use the identity

(8/ Bx )T(J„(x)B(y)C (s)D (re)) = T(S„J„(x)B(y)C (s)D (w))+ 8 (xp —yp) T(LJp (x),B(y) jC (s)D (w))

+~( o
—.)T(L~o( ),C()jB(y)D( ))+~( o

— o)T(LJo(*),D( )PB(y)C( ))

to bring in the momenta. After dropping the "O.-meson" terms there results

H ts H~" H n

iq, „iq p„iq,xN„„&,=F PM [d,r„M(a—&P+7r. P+s') dpi'„M (a— :P+s.'+&')+d, t„M (a — —+ P+pr'+ &P)]XF~s

Z bcs—d, t„ i(q, —qp)„dx e '"+
*&P

-I T(V;(x)H (0)) I )
2

CCS—dp~ i(q, q, )~ dxe —'«'+' & (Pi T(Vq'(x)'H„'(0)) In)
2

Z abs—d, )„ i(q p
—q.)g dx e '«&+P.&

*&Pi T(V'), '(x)H„'(0))
I n)

2

bcs
F~ +z(qg qb)x

2
dxe '«+p» -*(p+pr'(q. )i T(V&,'(x)H '(0))in)

acs
+i(q.—q.)~

2
dxe *'"+"'&P+ '(q )I T(V '(*)H-'(0))l )

bas
+i(q.—q p)~ d*e *'"+'"*&p+~'(q.) I

T(V& (x)H-'(o)) I~) (9)
2

In reaching (9) two further considerations have been made. First, we combined terms like &PIH Ia)
and &P+7rIH„Ia) through the formula, true strictly in the q

—+0 limit,

F.(2q,p)'"&P+s'(q;) IH„'in)=d, g, &PIH„ in). (10)

This introduces errors of the order of (m '/mx') in the case P= 0, n=E which will be considered below. In the case
that a and p should contain nucleons, say, this approximation would be quite incorrect. Second, we have removed
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terms like

f- fb s(q q—)b d&e """'(PI(Ab'(*)&-'(0))+l~)

since they also are O((m /mb)') below. The neglect of these terms and the approximation (10) have been made solely
for convenience here. They are justified in the case of E3 decay and considerably simplify the writing of compli-
cated formulas.

Ht,"
Next we use (8) to extract the dependence on pion momenta in iV(n - p+ira+m ) and arrive at our final

formula for three-pion emission in a weak decay:

iq, „iqb.iq.bN„.b =F„'M(ei .- P+ir (q.)+orb(qb)+w'(q. ))—fd.i.(d,„„db „gdb„„d,„„)
(Pl&-"l~)

+dbin(danmdcmis+dcnmdamy)+dain(danmdbmis+dbnmdamis) }
2

Zfabsb(qb qa)X
+F dre '«b+&.&—'(P+irc(q, ) ~

(Vb'(x)H„'(0))+~a)
2

&facs&(qc qa)b

2
dre *& +"&'(P+ir'(qb)

~
(Vb'(x)H '(0))+~n)

. ~fbcs&(qc qb)X
+ d ""'"*(P+ (q.) I(V '( )&-'(0))+I ) .

2

DI. THE X3 DECAYS

In (11)we now take n =Ks'(k), a kaon of type p and momentum k, and P=0. We immediately encounter terms like

II„=i dxe "*(m(q.)~(V„'(x)B„'(0))+~K&(k)).

If we multiply this by iq„, we find

bq„e„=if.,„( ~a..~K),

using the conservation of the vector current and the CR for Vo and H„suggested by the quark model. Keeping
those terms in H„ in which the vector current attaches to the pion or the kaon, we have, using (12),

(2k„—q„)
H„=if,i (ir(q. ) ~P„"~K&(k))

(m.'—mir')
(14)

Equivalently we could have required that iq„H„be independent of q, thus making an error of 0(q) in II„. In
either case we make an error O(q) in H„and thus an error O(m '/mx') in the final expression for the Kb amplitude.
In (11) we now discard the iq, „iqb„iq,bN„„b term and using (14) and (10) find

II~
A(K&(k): (qir)+nb(qb)+ir'(q, ))=B(d,„i(db d, ~+d,„db „)+db„,(d,„d, „+d„„d,„).

+d. i(db d.mi+d. md. mp)+fsi (danpfbcsk (q. qb)/&+dbn, f.—csk (q. qa)/5+dan. „fabsk (q—b —qa)/6)}, (15)

where B is just a constant and d, = (m '—mz')/2. For
the various Kb, decays Eq. (15) yields

A (K+ s m ib+ir be+a+)—
= C(1+k [(qib+qgb) —2q+j/a}, (16)

A (K+ s iri++ir2++ir )
=2C(1+k [2q —(q„+q~)]/2~}, (17)

A (K2b —+ 3m') =3C', (18)

A (K,o ~ 7r++ir-+pro)

=C'{1+k L(q +q+) 2q.j/». (»)-
C' and C are two more constants. Rewriting these
formulas in the form (1), we immediately find the ex-

plicit dependence on the "odd" pion energies and

a(+ —0)=a(+00) = —2u(++ —), (20)
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the predictions of the AI=-,'rule, ' which we have im-
plicitly assumed. For a(+ —0), for which Trilling gives
the most independent measurements, Eq. (19) predicts

o(+—0)=3m '/2k = —3m '/(mx' —m ') = —0.26 (21)

while the experiments' yield

a(+ —0), ng= —0.24&0.02. (22)

Needless to say, this is very satisfactory. " Since the
data on E3 decay are compatible with the hI=-', rule,
(20) is also satisfied.

The results (16) (19) also make certain relative
rate predictions which are those of the DI=-,' rule. In
addition (18) suggests that the spectrum of Ess +3m'—
should be Rat. There are no data on the pion spectrum
in this decay, so we can make no comment on the pre-
diction of a Rat spectrum.

IV. DISCUSSION

In the paragraphs above we have shown how one
may expand the decay amplitude for %~ 3m in the
momenta of the pions. We assumed nothing a priori
about the structure of the matrix element responsible
for the decay except that we might hope to find that
terms quadratic in pion momenta were indeed negligible.
The arguments of Weinberg in Ref. 2 would tell us
that if we found any linear energy dependence in the K+
decays, Bose statistics would force this dependence to
be in the energy of the "odd" pion. The DI= ~~ rule
extends this argument to the %20 decays. Therefore,
we should not be amazed that when we did encounter
an energy dependence, as in (16), (17), and (19), it was
on the "odd" pion energy, although it must be admitted
that one did not known beforehand that even the linear
dependence would not vanish leaving a constant matrix
element. The real tests of the theory, then, once a linear
dependence is established, are the slope and sign of the
slope of the matrix element. Equation (21) is certainly
pleasing in this respect.

"In the spirit of our approximations we could neglect the m~2
in and then arrive at e(+—0) = —0.24! We keep it, however,
since it arises quite naturally in Eq. (14l.

Our results for the Es decay ampliutdes (16) (19)
certainly give further support to the validity of the
CR's (4) and (6) and to the correctness of PCAC. In
addition, and probably more important here, they are
another demonstration of the potentialities of the
technique of expanding amplitudes involving "soft"
pions in the momenta of those pions. One should not be
deceived, however, that all processes will be as easy to
treat as those involving only kaons and pions since as
soon as n and P contain baryons, one must be very care-
ful about "pole terms" where the axial current connects
one baryon to another. The on-the-mass-shell aspect of
the technique should also be emphasized as it eliminates
much of the confusion which has been present hereto-
fore about "off-the-mass-shell corrections. "

Finally let us venture a few more remarks about the
0--meson-like terms we encounter above. The neglect of
them has been justified a posteriori by the success of
our results (21), it is true, but it doesn't really tell us
that their neglect should be a general feature of multiple
"soft"-pion emission calculations. Instead we can either
appeal to other calculations in the same spirit''" or
to the treatment of pion scattering lengths by Wein-
berg" for support. It remains a conjecture, however,
that such terms are negligible whenever they appear.
If the proper interpretation of these terms is that they
represent the cr-meson, or a T=o, 0+ ~-m resonance,
then the possibility of ignoring them would be pleasing
indeed since one of the "properties" of this elusive
"meson" is the necessity to assign it diferent masses
and widths in v- decay, p decay, and E,4 decay.
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