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Raman Scattering by Carriers in Landau Levels

Y. YazET
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(Received 26 July 1966)

The cross sections for Raman scattering by electrons and holes in a semiconductor subjected to a mag-
netic Geld are calculated. A number of processes in which the Landau level number changes by b,n =2, as
well as a spin-Rip process with An =0, are considered. Except for the An =2 process in the conduction band,
the matrix elements are independent of the strength of the magnetic 6eld. Scattering cross sections are
estimated for InSb (incident photon energy 0.12 eV) and Inp (incident photon energy 1.17 eV). The magni-
tude of these cross sections suggests that it may be possible to use Raman scattering to measure effective
masses.

I. INTRODUCTION

HE scattering of light by mobile carriers in a
crystal has recently been considered by Wo16.i

Of particular interest to us here is a Raman process in
the presence of a magnetic field: An electron, initially
in the Landau level n, scatters a photon and makes a
transition to the level m+2 the frequency of the photon
being shifted by twice the cyclotron frequency. Wolff
conhned his considerations to a nondegenerate band,
and he made use of a simple two-band model to estimate
the cross section for this process.

In this paper we extend his calculation in two ways:
(1) the actual band structure and wave functions of
indium-antimonide —type crystals are used to calculate
the cross section for carriers in the conduction band, and
(2) other Raman processes are considered, specifically
(a) hole scattering in the degenerate valence band, and
(b) spin reversal transitions in the condition and valence
bands.

As was expected, for the process calculated by KolR
our answer is very similar to his. However for the other
processes we Gnd a different dependence of the matrix
element on the magnetic Geld, i.e. : For the transition
among valence-band states the lowest order matrix
element is independent of Geld-strength and photon
energy; for spin-reversal transitions in the conduction
band, it is independent of Geld-strength and proportional
to the photon energy. In InSb all types of matrix ele-
ments are comparable at Gelds of a few ko and at still
higher fieMs the de=2 process in the conduction band
is favored. However in larger band gap materials such
as InP, the hat = i and Am= 2 transitions in the valence
band have the larger cross sections. With a laser source
it is expected that these Raman processes will be ob-
served and that they may give information on the band
structure.

II. CALCULATION OF THE MATRIX ELEMENTS

We use a simplified model for the conduction and
valence bands in the neighborhood of 0=0, i.e., we
neglect the interaction with other bands and also the
free mass terms. This is known to be an excellent

P. A. KolB, Phys. Rev. Letters 16, 225 (1966).
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approximation in many cases, and it makes it possible
to obtain the wavefunctions in the presence of a mag-
netic Geld' and hence to calculate the matrix elements.
The neglected bands may change the values of numer-
ical coefficients in the matrix elements, but not the form
of their dependence on the energies of interest (i.e.,
photon, cyclotron, and band gap energies. )

The expansion coe@.cients for the wave functions are
shown on Table i. Here 5, X, I', Z are, respectively, the
conduction and valence band states in the absence of
spin orbit coupling at the center of the zone;

P=(iS~P, ~X) is the momentum matrix element,
the spin-orbit splitting, the magnetic field is in the
s direction, s=eH/hc, and C„ is the e'th harmonic
oscillator function of the variable k,/gs. The X„,'~l, for
n= c, l, or s, are the energies of the one-electron eigen-
states (with the magnetic field) of the conduction band,
the light-hole band, or the split-off band, respectively.
They are obtained from Eq. (5) in Ref. 2, and it will be
convenient to have their expression to order 0', which
is given by (taking 6=m= 1):

)t, '~&=E' '+ t'k '+s(2n+1))+ s
2m 2m. '

where m and m ' are the orbital and spin masses,
respectively, and a=+1 corresponds to $ and 1 spin.
For the conduction band, n=c:

1 1 P' P'
E(cl =E ~ =— 2 +.

2m, 3 Eg Eg+6)

1 1(P' P'

2m. ' 3 (zg sg+6)

For the light hole band, o.=I:

2 I'2 1 1 I'2

3 Eg 2m) 3 Eg

'R. Bowers and V. V'afet, Phys. Rev. 115, 1165 (1959); Y.
Yafet, ibid. 115, 1172 (1959). As explained in this paper, as long
as the energy bands of interest can be approximated by spherical
bands, their magnetic levels can be obtained exactly.
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TAnLE I.Wave functions in a magnetic field: The C „are functions of A, (A representation). Atomic units A =ng = 1 are used, and the
other symbols are defined in the text. (hh, no) denote the two (p = t' and $) heavy hole states; ~u,no) denotes either one of a conduction,
light hole, or split-o6 band state. The wave functions in these last three bands have a formal similarity and are difkrentiated only by
the values of the energy X„,(~). The normalization of the states gives a further common factor which is not included in the table. The
values of n are: n& 0 for )n,np); n & -1 for

~
hhnl); n&+1 for

~
hh n$).

Basis states
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P g(~)+d X„t(~)+6

For the split-off band, n= s, : sion of a photon (qr, car) with polarizations ep and er is

i 1 P' i 1 P2
(.)—

2m, 3 Eg+A 2m, ' 3 Eg+6
(se )rp ——O' Asp,

(~ ~ )1/s

The heavy holes have infinite mass in this approxi-
mation.

Of the two terms in y A andA'of the electron-photon
interaction, the A' term does not contribute to Raman
scattering in the dipole approximation' and the matrix
element is due to y A taken in second order. Written
fully, this term is

3'-'=G P (e,x.ye" "a,x+ag,*.ye
—"'u,x+),

p, x (mes, )"s

where a,), and u, ),
+ are the destruction and creation

operators for photons of polarization e,), and frequency
~,. The constant G is given by

( s' ~'" 2 A~')'~'

&mc'3 eV

where m is the free electron mass and e the dielectric
constant and V the volume of the sample. The matrix
element for the absorption of a photon (qp, arp) and emis-

'The dipole approximation will be valid as long as qr((1, q
being the photon wave vector in the solid and r the cyclotron
radius. For the lowest level, n =0, this requires II))400J' e where
E is the photon energy in eV and e is the dielectric constant.

where the dimensionless quantity A y p is

( * y) .( o y). ( y) .( * y) o)
~xp= —2 +

m & Ep+Appp E~ Ep Apsr E„)
Here o, r, and f refer to the initial, intermediate and
final states of the electron, and Ep, E, and E~ are the
corresponding energies. By energy conservation
Ep+AMp —Ef+Arur. The differential scattering cross
section is given by

fd~ (e' )~,
kdn, p

l me'l ~p

The dielectric constant has cancelled out and the
effect of the band structure is contained entirely in the
quantity Ayp which is to be calculated with the eigen-
states of Table I. Because the energy values )„( ) are
complicated functions of ns and k,', an exa,ct calculation
with these sta, tes would involve considerable computa, —

tional work. We shall be content with an approximate
A fp and, hence, we expand X„'")and the coefficients
in Table I in powers of s and k,~. To obtain A yp to order
H (or s) we include in the expansion of these coefficients
terms of order s'". The calcula, tions are straight-
forward but tedious and only the results are given below.
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opposite if the g factor is positive, as is probably the
case in InP. (Actually the g factor of InP is expected to
be of the order of 0.8, which would give a very small
Raman shift and make resolution difficult. ) A possible
geometry for observing this Raman effect is shown in
Flg. I.

The complete matrix element is obtained by including
the split-o6 band, and the result to lowest order in H
for the ~c,n$) to ~c,nl) transition is

Initial
state

Final
state

hh, ei lh, e+2 J,

hh, OJ, lh, 1$

n& —i

n=O

Eyp

2 3e(e+2)

3 (4e+3) (4e+11)

2

5

I/2

TABLE II. Transitions in the valence band. Values of the factor
Nzp of Eq. (4) for the matrix element.

Afo=
2&2 P'hzop Eg'

3 rzzEg' Eg'—(hzop)' (Eg+6)s (hzop)'—

(elz; 2etzz) (epz+zspy)
X eo. -- — et* (3)

V2 v2

The dependence of A f0 on Lro is the same as for the

lh, e) lh, e+2l

lh, e1 lh, e+21

hh, e1 lh, e+2i

n&0

3e(e,+2)

(4e+ 1) (4e+9)

(e+1)(e+2)

(4e+3) (4e+ 11)

(e+1)(e+2)
2

(4e+ 1)(4e+9)

tfl
tA
LJ

20
N
2 20—
taJ

R
Cl

O

BAND GAP EG = 1.34 eV

PHOTON ENERGY %(do = 1.17 eV

hh, o& To lh, 1)

hh, ]f To lh, 3t

C,O) TO C,OI

hh, -1) To lh, 11

Valence Band

(a) hrz=2

The near cancellation between contributions from
the light holes and the heavy holes, which gave
A f0 Igor, for the conduction band. , does not come into
play for transitions in the valence band, and Apo be-
comes of order Ps/zzzEg. This result can be easily checked
from the wave functions of Table I, as any valence band
state (at k, =0) has components in ttrzo of the basis
states: rig=( and ——,', or znf ———$ and +-', . A ill = 2

transition proceeds via an intermediate state in the
conduction band, and the matrix element is

C,O TO C)20— I I I

0 10 20 30 40
MAGNET IC FIE L D (kG)

FIG. 3. Matrix elements for Raman scattering in Inp.

Raman scattering of phonons4 in spin-lattice relaxation.
Notice that even if 6 is small (as in InP) the second
term of the first bracket is small relative to the first
if ACoo is very close to Eg,

The magnitude of Afo is plotted in Figs. 2 and 3,
and it is seen that unlike the A f0 of the De=2 transition,
it is comparable for InSb and InP. The reason for the
difference is that for an Acro comparable to Eg, Ago ln

(3) is inversely proportional to only thePrst power of Eg.
There is also another allowed transition involving a

spin Qip, i.e., ~c,n$) to ~c,n+2J). The magnitude of
hfp for this transition is however only of order (hoz, /Eg)
(P'/ezEg); the polarization factors are eo. (et +iety)
and(ep„—iepy) et, .The Raman shift of 2hop, + 2 (ze/m, ')PH
would be the largest in the conduction band.

' See, e.g., R. Orbach, Proc. Phys. Soc. (London) 77, 821 (1961).

(zzsfo, tfs IP+ liS) (isIP+ Igsfs, sfs) .

To lowest order in H and at k, =0, the matrix ele-
ments for various transitions involving light and heavy
holes are given by

E2
t eox+&soy (erx &sty)y2

fo +fo I I I, (4)
zzzEg Eg' (hzop)'5 v2 —5 v2 f

where the numerical factors %f0 are listed in Table II.
The heavy hole to light hole transitions are best suited
to experimental work (since in very large fields there
may be no light holes at low temperatures) and they
also have the largest Raman shifts. The calculation was
extended to the next order (i.e., ho&,/Eg) for these
transitions, and the results are plotted on Fig. 2 for
InSb. (The corrections are negligible in InP.) It is
perhaps surprising that although at 30 ko the ratio
hoz, /Eg is only 0.1 the correction to Afo is as large as it
is, e.g. , for the ~hh, ll') to (lh, 3$) transition. The ap-
parent reason is that the terms Grst order in H have
large numerical coefficients of the order of 2 to 10. For
quantitative estimates of the valence band A f0 at these
high fields one should make an "exact" (in H) calcula-
tion using the states of Table I.



Y. YAFET

From Figs. 2 and 3 we see that the matrix elements
for Raman scattering in the valence band are com-
parable (unlike in the conduction band) for InSb and
InP, and this is because Afo in the valence band is
inversely proportional to only the Grst power of Ez.

(b) Spin Reversal Transitions

Somewhat arbitrarily, we denote by spin-reversal
transitions in the valence band, those processes which
involve one photon polarized parallel to JI and one
polarized transverse to H. This terminology agrees
with that in the conduction band. Because of the
opposite curvatures of the conduction and valence
bands the transitions between holes have polarizations
opposite to those of the transitions with the same he
in the conduction band. The matrix elements are of
order E'/rnE& and can readily be obtained if needed.

tions with a laser source. Thus for the ~hh, OJ, ) to
~lh, 11') transition in InP, a differential cross-section of
(do/dQ) 2X10 " cm' is given on Fig. 3. This can be
compared with an observed' total cross-section of
0- SX10 ' cm' for Ii centers in alkali halides. An
advantage of Raman spectroscopy is the large value of
co.v which can be reached with a high magnetic Geld.
For example the mobility' at 77'K of p-type InP with
10"impurities per cc corresponds to co,7 7 for the light
holes at 100 kG. Thus for large (and of course, small)
band gap materials the Raman transitions in the
valence band as well as the spin-reversal transitions
can be of use in band structure measurements.
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III. CONCLUSION
~ J. M. Worlock and S. P. S, Porto, Phys. Rev. Letters 15,

The cross sections calculated above are suKciently 6 M. Glicksman and K. Weiser, J. Phys. Chem. Solids 10, 337
large to permit the observation of the Raman transi- ($9/9).
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Nuclear Quadrupole Resonance by Nuclear Induction: Theory and Experiment;
with an Extension of the Theory to Absorption Methods, GEoRGE W. SMrTH /Phys.
Rev. 149, 346 (1966)$. C. Dean I Phys. Rev. 96, 1053 (1954)j first predicted the
applicability of the Bloch crossed-coil apparatus to NQR experiments.


