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Analysis of Raman Scattering by E Centers
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First-order Raman scattering has recently been measured by Worlock and Porto in NaCl and KC1 colored
with F centers. We carry out a quantum-mechanical calculation of the Raman cross section which shows that
the frequency spectrum of phonons measured by Raman scattering is the same as the frequency spectrum
of the phonons that broaden the F band. A lattice mode contributes to the Raman cross section in pro-
portion to its contribution to the second moment of the F band. Our calculated value for the cross section,
2.0)&10 '4 cm~, is in reasonable agreement with the measured value of the cross section, =5&10 "cm~. The
spin-orbit coupling in the 6rst excited state of the F center, which also contributes to the broadening of the
F band, causes Raman scattering in which there is a spin transition of the F center.

I. INTRODUCTION

'HE Ii absorption band in alkali-halide crystals is
several tenths of an electron-volt wide. From the

interpretation of the temperature dependence of the
absorption line shape, first measured by Pohl, it is
known that the F band is broadened by lattice vi-
brations. ' ' Over the years, however, very little experi-
mental information has been obtained about the fre-
quencies and symmetries of the lattice vibrations that
broaden the Ii band.

Russell and Klick and later Koiotzer and Markham
fitted the temperature dependence of the half-width of
the Ii band to a formula derived by Lax' for the tem-
perature dependence of (E'), the second. moment or
mean-square energy width of a phonon-broadened ab-
sorption band.

(E'& coth (Aa),/2k T) .

These measurements yielded an effective phonon fre-
quency co, which could be roughly interpreted as the
average frequency of the lattice vibrations weighted
according to their contribution to (E'&.4

More recently, Henry, Schnatterly, and Slichter
analyzed magneto-optical and stress experiments on
the Ii band. They showed that the F band is broadened
by vibrations of symmetry I'1,F3,F& and by the spin-orbit
coupling in the p-like (F4) 6rst excited state of the F
center. These four interactions contribute additively to
the second moment, which may be written as

halides by the magneto-optical experiments of Mort,
Liity, and Brown, "of Margerie and Romestain, ""and
of Gareyte and d'Aubigne. "

Much more detailed information about the lattice fre-
quencies has come recently from Raman-scattering
measurements. Acting on a suggestion of Kleinman, '
Worlock and Porto" measured 6rst-order Raman scat-
tering in NaCl apd KCl crystals heavily colored with P
centers. An example of their data for NaCl is shown in
Fig. 1.They found a continuous spectrum of frequencies
which contribute to first-order Raman scattering. The
vibrations causing the Raman scattering must affect
the F center, because in a pure alkali-halide crystal, not
containing F centers, there is no first-order Raman
scattering. However, it is not clear from their data to

WAVELENGTH (X)
5260 5240 5220 5200 5& eo 5160

I i I l I I 1 I I l ) j

In Schnatterly's stress experiments, the 6rst three terms
in Eq. (1) were evaluated for a number of alkali-halide
crystals. s (Zs)„has been determined in various alkali
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Fzo. 1. Raman scattering in NaCl colored with F centers. This
spectrum was measured by J.M. Worlock and S. P. S.Porto using
a 5154-A argon-ion laser.
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what extent the vibrations which cause Raman scatter-
ing also broaden the F band.

In this paper we make an approximate calculation of
the cross section for 6rst-order Raman scattering due to
the presence of I" centers. We 6nd that a given vibration
contributes to Raman scattering in proportion to how
much it contributes to (E").Thus, the spectrum of fre-
quencies measured by Worlock and Porto is just the
spectrum of frequencies of the phonons which broaden
the F band.

Furthermore, we shall show that the spin-orbit inter-
action which contributes to the broadening of the F band
also causes Raman scattering. The spin-orbit interaction
causes Raman scattering in which there is a spin tran-
sition instead of a lattice transition. The Raman scat-
tering cross section for a spin transition is related to
(E)„ in nearly the same manner that the Raman
scattering for a lattice transition is related to
(E') +(E') +(E') .

In Sec. II, we discuss the physical mechanisms for
Raman scattering and point out the diRerence between
our mechanism and the one discussed by Kleinman. "

In Sec. III, we carry out a quantum-mechanical cal-
culation of the Raman scattering cross sections using
the same methods that Henry, Schnatterly, and
Slichter employed to calculate the moments of the F
band. We compare our numerical results for the total
cross section with the measurements of Worlock and
Porto, and find reasonable agreement. A relation
between the angular Raman cross sections and the total
Raman cross section, which we use in Sec. III, is derived
in the Appendix.

hi.,)' 2E(Q)
n(Q) =~(Q ' (2)

~(Q) is the electric-dipole matrix element
between the ground state and the excited state E(Q)is
the transition energy, and (hi„/8)' is the local-field
correction. As Q varies at frequency o&o, the scattered
light will be amplitude-modulated, and hence will have
side bands at co&~,. The cross section for Raman scat-
tering into both side bands is easily shown to be

o = (8m/3)(E'/(Ac)'j((an)' ); (3)

((hn)') is the mean-square-change in n hn is giv.en by
the derivative of Eq. (2).

-~(~(Q)) E+E ~E(Q)-
An=a + — —— (4)

M' E'—E~ E

II. PHYSICAL MECHANISMS

A. Raman Scattering by Lattice Vibrations

In this section, for simplicity, let us treat the Ii

center as a singlet-to-singlet transition coupled to a
single lattice coordinate Q. The polarizability of the Ii

center n(Q) is given by

where u is the average polarizability and E is the
average transition energy. The change in M' results
from the perturbation of the lattice distortion mixing
other higher excited states of the P center into the
ground state and 6rst excited state. In this paper, we
are neglecting the mixing of nondegenerate states (con-
figuration mixing) and thus are neglecting the first term
in Eq. (4). This is justified in our calculations because
we are concerned with the near-resonance case where
E—E&(E, which is precisely the condition for which
Raman scattering has been observed. " For this case,
we expect the second term in Eq. (4) to dominate. We
can estimate the relative magnitude of the two terms
as follows. The oscillator strength of the F center is
nearly unity and should vary very slowly as Q varies.
If we take the oscillator strength

5= 2E(Q)~'(Q) (~/o'&')

to be approximately constant, we have

hM'/M'= AE/E. —
Hence the second terin in Eq. (4) is clearly dominant

near resonance. Furthermore, Kleinman's'4 estimate of
cr, which takes into account only the 6rst term in
Eq. (4), gives a scattering cross sestion about 30 times
smaller than our estimate for the near resonance
Raman-scattering experiments of Worlock and Porto."
Substituting the second term of Eq. (4) into Eq. (3),
we find

(hi )4E4(g2+E')'
o. =o. 2

I h) E2(E2—E2)4

where o z
——(8m/3) (o'/mc')' is the Thompson scattering

cross section for scattering light by a free electron and
(E')i,« ——(AE(Q)') is the contribution to the second
moment of the Ii band due to the lattice vibration Q.
The quantum-mechanical calculation of o-i,~t discussed
in the next section results in a formula identical to
Eq. (7).

Raman Scattering by Syins

The large spin-orbit coupling in the excited states of
F centers in the heavy alkali halides results in a large
paramagnetic Faraday rotation. Paramagnetic Faraday
rotation of s-polarized light into x-polarized light is in-
duced by an oR-diagonal component of the polariza-
bility tensor n„proportional to the spin-orbit coupling
constant X for the excited state and to the component
of spin in the y direction S„.If a inagnetic field H is
applied in the z direction, S will precess around. H at
the Zeeman frequency ~&. This mill cause an amplitude
modulation of O,„at coII and will result in Raman scat-
tering at co&or~. The Raman scattering will be de-
polarized and proportional to X'(S„')= ~iX'. (E')„is also
proportional to X' so that

ospin= &'(E )go &
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just as
zrlstt C(E &lett ~

The angular cross section for light of incident polari-
(9) zation rt and scattered polarization rt' is given by

(a'I P' I b&(b I P. I a)xp
E~—E —E~

(a'I P. I b&(b IP; I a&

Et—E.+EsIII. THEORY

In the next section we will see that the proportionality do trhioe)e Er$8s
constants C and C' in Eqs. (8) and (9) are nearly

dQ h i (bc)'

The Raman scattering results in a transition in which
the Ii center spin Qips in a magnetic Geld. The width of
the Raman line is just the width of the electron-spin
resonance line of the Ii center, about 5)&10 ' cm '
(50 G). (13)

We will now show that the various vibrational modes
and the spin-orbit interaction contribute to the total
Raman-scattering cross section in direct proportion to
the extent that these interactions contribute to the
second moment of the E band. We shall make a quan-
tum-mechanical calculation of the Raman cross section,
and relate our result to the expression for the second
moment of the Il band calculated by Henry, Schnat-
terly, and Slichter (HSS).' The methods and approxi-
mations used in this calculation are very similar to
those used by HSS to calculate the moments of the F
band. The interested reader is urged to consult their
paper.

Optical absorption and Raman scattering by F
centers both take place through an electric-dipole inter-
action given by

t'Roe)x...= —
I II'„E,(x,t) .
& hi

(hi„/6) is the local field correction, E„ is the electric
Geld of polarization q, and I'„ is the electric dipole-
moment operator of the P-center electron in direction
e„.

HSS write the optical absorption line shape of the Ii

band as

f„(E)= av, P t I (b I P„I a& I
sb (Es E,—E); (11)—

I a) are the ground states and
I b& are the fLrst excited

states of the 8 center including the spin and lattice co-
ordinates. HSS deGae the moments of the P band as

f.(E)dE=av. Zs I(bl~, la&l',

where El, and Eq are the energies of the incident and
scattered light. "

We will make the following simplifying assumptions:

(14)

(c) We expand the denominator in Kq. (4) about E
Ep—E,—E

+ ~ . (15)
Etz Ee&E EW—E (EWE)s

Er.=EB=E.

(d) We neglect mixing of the nondegenerate electronic
states (configuration mixing) by the spin-orbit inter-
action and electron-lattice interaction. This is equiva-
lent to neglecting the modulation of M' by the lattice,
discussed in Sec. II.

(e) We take the electron-lattice interaction to be
linear in the lattice coordinates.

Assumptions (d) and (e) were made by HSS in corn-
puting the moments of the F band.

We wish to compute 0., the total cross section. In
the Appendix we show that 0 is independent of the
incident polarization and is given by

8zr (do=—Qsl —kx I. (16)
3 ~da )

Substituting Eqs. (14), (15), and (16) into Eq. (13)
gives

(a) We can neglect transitions to higher excited states
of the F center which give rise to the E band and Luty
bands since these transitions have low oscillator
strengths.

(b) We neglect the difference in energy between Er,
and E8, writing

E=A ' f,(E)EdE=A 'av

xp, I(bl~, l.&l'(E,—E.),

(8zr~ (hi.,t ')E '
(12) E3iE hi ka.

(E')=A ' f„(E)dE(E—E)',

=A 'av, Ps I(blI'el a&ls(Et E E)'

A is the zeroth moment or area, E is the first moment
or mean energy, and (E'& is the normalized second
moment of the Ii band measured about E.

xg g pb (E, E„E)——
a'Qa It: (E E)s

&"l~. lb&(bl~. l &

(Et—E —E) (1 7)
(E+E)s

zt W. Heitler, The Qzzaltzzzzz Theory of RaCzatzozz (Oxford irni-
versity Press, London, 1954), p. 192.
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Only the second term in Eq. (15) appears in Eq. (17).
The first term of Eq. (15) can easily be shown not to con-
tribute to 0 because la') is diferent from la).

Following HSS, we write the Hamiltonian of the Ii

center as

X=Xs(r)yx, i(r,Q)+XI.(Q)+X„(r,S) . (18)

lattice states ll). HSS point out that the excited state
I
b) cannot be written as a simple product

I P,& I
ns)

I
l&

because of the mixing of such states by 2V„and II,j.
Instead, they take the excited states

I b) to be a linear
combination of the products IP;) I

m& ll) for which X is
diagonal. That is

Xs= (p)'/2m+ V(r) (19) (b I XE+Xgyx.i+X,.I b) —z»b»». .

HSS show thatis the electronic Hamiltonian of the F center, neglecting
spin-orbit coupling and with the lattice fixed at Q=0,
the equilibrium position it possesses with the center in
its orbital ground state. The eigenstates of Xs r)
include an s-like (I'i) orbital ground state In(r)
P-like (I'4) 3-fold degenerate orbital excited s

I P'(r)&,

Z=(blx. lb&
—&.Ix.l.&, (29)

and that

IP;&= lx& ~=2,
= ls&

and other higher excited states
I y;(r)), etc., multiplied

by the spin-wave function Inc). S=2 &a'I ~.
l b) &bl &.I a&(E»—~.—~)

(
(~»—~.-E)= (blX-X.

I b&—&.IX-X,Ia&

=(b IX i+X-+X~lb& —&alX~I a&

=(blX.,+X..+X,—Z, lb&. (30)

(20) Using Eq. (30), the sums of the type encountered in
Eq. (17) can now be easily evaluated. Consider the first
sum, which we will call S. S can be rewritten as

(&«rx.(Q)=E I
+l~-I-'Q-'

I

«& (2&~A
(21) =P &a'IP»lb)&blX. i+X,.

+X,—E, I
b'&&b'

I
~,

I
a&. (»)

is the lattice Hamiltonian computed with the F center
in its orbital ground state In&. The normal coordinates

Q „are classified according to symmetry. Q«, trans-
forms like the ath basis vector of the irreducible repre-
sentation F . The subscript r labels the different normal

modes of symmetry F . The lattice wave functions will

be denoted as Il), where

x~lt&=~il~). (22)

I l) is a product of harmonic oscillator wave functions.

K,~ is the electron lattice interaction. It is assumed to
be linear in Q and of the form

We are able to sum independently over 6 and b' because
the operator X,i+X.,+Xr, is diagonal in the states
lb) The exa. ct states

I b) are a linear combination of the
products

I P;) I
m&

I
l). According to the principle of spec-

troscopic stability employed at length by HSS,

&, Ib&&bl =&, I&,&&&, l& l~&&~l&, li&«l

(32)

Equation (31) reduces to

s=p (V~'I &~le„lp,&&&,lx,.+x.,+x,—z

Xei(r,Q) =P V«, (r)Q«, . (23) &&VII &.
I ~& I

~~& (33)

This interaction alters the equilibrium position of the

lattice when the Ii center is in an excited state. The
ground-state lattice equilibrium position is Q=O, so

that we require
(~lv- l~&=0

The matrix elements (n I
P»

I p, & are related by

&~I&.IP;)=(~l~, l~&b.,
Using

(x,—Z,) Ii&=0,

Eq. (33) reduces to

(34)

(35)

The spin-orbit interaction 3C„will be taken simply as

x,.=&L S=z Q, I„s,. (25)

For the orbital singlet state In)

(CHILI &=o. (26)

The ground state
I a) is taken as

(27)

a product of the orbital wave function Ia& and the

complete set of spin states
I no&, and a complete set of

For lattice Raman scattering, l'&3 and m'=m. 0-~,« is
found by substitution of Eq. (36) into Eq. (17). In
evaluating Eq. (17), ve can drop the condition /'Wt
because

«I Q-. ll&=0 (37)

s= (~ Is.l*&2«'~'I &8» Ix-+x.il*& I~~&

=( I~.l*)'LE &~.lv-. l*&«'IQ...I~&& I &
acr

+~ & &t4ll 7 I*&«'I ~&(~'I svl ~&3 (36)
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Using

and
&4 II'- I*&=(*lI'- IP &,

.2 «'IQ-. li&*(i'IQ- ""li&

(38)
In view of the admitted inaccuracies in their measure-
ment of the absolute Raman cross section, this agree-
ment is reasonable.

For E near E, we see from Eq. (48) that C=C'. For
this case we have

gives
ava(EI QaarQa'a'r'

I ~) (Qaar )3aa'~aa'err' (39)

pg t 4 E4 (Es+Es)s

g ) g2 (g2 E2)4

~i.«=C 2 &~l I'«-IP~&&Ps I
I'-.I*&&Q«-'&, (40)

ospin (E )so

~i.tt (E'&i.tt

For the light alkali halides such as NaCl, the spin, -orbit
interaction is small and

(trspin/trlatt) Nacl 10

= (E'&iatt+ &E'&so

Thus we may write Eq. (41) compactly as

irlatt C(E )iatt ~

(43)

In the exact same manner we can evaluate the Raman
cross section for a spin transition. In this case m'&nz
and I,'=l. Using

&t. l~, l*&=-&*l~,l~.&, (45)

and assuming that the spins are quantized by a mag-
netic 6eld along some arbitrary direction gives

.„.=C'(Es&... (46)

t 4 4E6 — 4E2E2
C'= &rfsl

I - =C — (47)
k h j (Es Es)4 (EsyEs)s

Comparison of Eqs. (40) and (43) shows that a given
lattice mode contributes to 6rst-order Raman scattering
in direct proportion to its contribution to the second
moment of the Ii band. For NaCl, using the 5145-A
argon-ion laser line (E')i,tt=1.35X10 '(eV)', E=2.762
eV, E=2.410 eV, f=0.81, or ——(0.665)10 '4 cm' and
(hi„/h)4= I sr(Is+2)$4=4.63. This leads to

oi,tt ——(1.98)10 't cm'.

Worlock and Porto" found experimentally for NaCl
that

o-=5&(10 "cm'.

'r J. M. Worlock and S. P. S. Porto (unpublished).

where 0.~ is the Thompson scattering cross section de-
fined in the last section, and f is the oscillator strength
given by

f= (2tlt/e'h')(XIPsln&'E (42)

HSS show that vibrations of symmetry F&, F3, and

F5, and the spin-orbit interaction contribute additively
to the second moment, which can be written (in our
notation) as

«&= 2, ( II ...Il.&C.II ...I*&&Q.- &

aark

+) 'S &*IL,I)3.&Q.IL, I*&P"&

((do/dQ)t)'ti). =C Ig. e„"T.. e„l'. (49)

These tensors T, have been tabulated by Loudon" for
the various point group symmetries. The Raman tensors
for vibrations of symmetry F&, F3, F5, and for the spin-
orbit interaction are tabulated in Fig. 2. The result of
our calculation is that the constants of proportionality
C are directly related to (E) and may be evaluated
using

8tr (do.s,
=o =C(E'), n=1,3,5. (50)

3 &dQ

Equation (50) follows from Eqs. (16) and (41). Using
Eqs. (49) and (50) we find for example

((d /dQ)100, 100)i„,= (3/8 )CL(E'&,+(E'),j,
((do/dQ)001, 100)i,tt ——(3/8ir)CL.",(E')sj, (51)

((do/dQ)110, 110)i,tt= (3/8ir)CI s(E')sj.

The subscripts 100, 110, etc., refer to the direction in the
crystal of the polarization of the incident light and scat-

~8 R. J. Klliott and R. Loudon, Phys. Letters 3, 189 (1963)."Y. R. Shen and N. Bloombergen, Phys. Rev. 143, 372 (1966).
ss P. S. Pershan, J.P. von det Ziel, and L.D. Malmstrom, Phys.

Rev. 143, 574 (1966)."R.Loudon, Advan. Phys. 13, 423 (1964), 14, 621(E) (1965).

For a heavy alkali halide like CsCl, the spin-orbit inter-
action is much larger and

trap in/O'1att

In Raman scattering by spins, the Raman linewidth
is the ESR linewidth (50 G). In a field of 30 kG, the Q
of the Raman line would be 600 and Raman scattering
should be detectable. Raman scattering by a spin tran-
sition has been discussed by a number of authors. ""
However, there are no experimental observations as yet
for any systems

We could go on to calculate the various angular cross
sections directly from Eq. (12). This is unnecessary,
however, because for vibrations of a given symmetry
I', the various angular cross sections

I (do/dQ)ti't7$ are
related to each other by Raman tensors which may be
calculated directly from group theory.
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IRREDUCIBLE
REPRE SEN TATION BASIS FUNCTION

X2+g2+ Z2

$72 )(2 g2

RAMAN
TENSOR APPENDIX: RELATION BETWEEN THE TOTAL

AND ANGULAR CROSS SECTIONS

The combined effect of the incident electric held E„
and a lattice coordinate Q is to produce a nonlinear
polarization of the medium P. ((do/dQ)g'g) will be pro-
portional to the I'„'.

~g (~2 g 2)
((do/dQ)g'g) =CI' '. (A1)

The total light scattered in direction r" will be propor-
tional to the squared amplitude of the component of P
perpendicular to P. Hence

ZX O=C dQ[P' —(P r)'j

Lx

Lz

-i"

i, )
i 5

= (Ss./3)CP'

Sm do.5
Ec ~

3 dpi, „
(A2)

P=P. T..e.. 8„, (A3)

We will now show that r is independent of g. For vi-
brations of symmetry I'„P is given by

FIG. 2. The basis functions and Raman tensors for the vibrations
of symmetry 1 &, F3, and F& and for the spin-orbit interaction of
symmetry I'4'.

where T, is the Raman tensor and Q, is the lattice co-
ordinate for the ath vibration of irreducible representa-
tion I' . 0 is proportional to the average value of

I
Pl'.

tered light. Measurements of these three angular cross
sections would allow a determination of the relative sizes
of (E')&, (E')3, and (E')&. These quantities have already
been measured by Schnatterly' for a number of different
alkali-halide crystals. Such measurements would allow
a check of the ideas presented in this paper.

Computation of the angular cross sections for the spin
case, with the magnetic Geld in the [001$ direction,
shows that

aa'

aa'
aa aa' ' eg ua a:a'

=l. (2 T-'T-) l,(e-'), (A4)

((do/dQ)100, 100),p,
——0,

((do/dQ)001, 100).„=(3/87r)C' ,'(E'),. -
The product P T„,tT, is a unit tensor. This can be

(52) seen by multiplication of the Rarnan tensors listed by
Loudon" (see also Fig. 2). Thus,
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Sm fdg
0=—+pl —kx I.

l.da
(A6)

independent of q. Therefore 0. is independent of g. ln
Sec. III, we evaluate 0. using


