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Measurements are reported on the transmission of transverse hydromagnetic waves in the low Mc jsec
range through sizable samples of Bi at 4.2'K. The transmission is characteristic of the classical skin eBect and
has some of the well-known properties of the transverse magnetoresistance e6ect in Bi.The wave properties,
moreover, give rise to a rotation of the axis of polarization at low magnetic Geld. Rotation can be a Faraday
rotation resulting from residual Hall e6ect, or can be due to the anisotropy of the Bi Fermi surface. The ex-
perimental results are in qualitative agreement with an interpretation based on the latter effect.

I. INTRODUCTION

E present herein experimental measurements of
the low-frequency transmission of damped

Alfven waves in Bi at 4.2'K along a static applied mag-
netic 6eld. The problem of damped Alfven-wave trans-
mission is just the classical skin-depth problem for a
wave penetrating a conducting medium. When the in-
cident wave consists of transverse fields, the skin depth
depends on the resistivity at right angles to the direction
of propagation. For such transverse waves directed
along a magnetic field in Bi, as is the situation for the
present experiment, this transverse resistivity is a strong
function of the magnetic Geld. Bi has a large transverse
magnetoresistance ratio because the compensation of
carriers prevents the buildup of a Hall voltage and the
carriers drift at the Hall angle relative to the electric
field. The well-known properties of magnetoresistance
are also evident in damped Alfven waves. In addition,
the wave nature of the disturbance gives rise also to the
storage and transport of energy, so that, besides at-
tenuation, there are the usual wave features of phase
and polarization. It is the purpose of this paper to
establish and compare with experiment the fundamental
relations which govern the behavior of damped Alfven-
wave transmission. Presented also are experimental
results on deviations from the relation which would
occur in the simplest case. A qualitative interpretation
in terms of a rotation of the axis of polarization is given.

In solid-state plasmas, hydromagnetic waves, such as
helicon and Alfven waves, are damped by carrier colli-
sions. As is well known, helicon waves are a manifesta-
tion of the Hall eR'ect in uncompensated materials and
the amount of their damping is determined by the Hall
angle. Alfven waves in a compensated material such as
Bi, which has little net Hall eGect, depend instead
upon the inertial eGect of the carrier mass. In order for
collision damping to be weak. , not only must the Hall
angles of the carriers be large, but the Alfven-wave
6elds must Quctuate with a frequency greater than the
carrier collision frequency. At low frequencies, where
the present experiments are carried out, the Alfven
waves are heavily damped although the Hall angles of
the individual carrier species are usually large.

Alfven waves were 6rst found to propagate in Bi by
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Buchsbaum and Gait' using microwave frequencies
greater than the carrier-collision frequency at 4.2'K, so
that damping was a small perturbation. Plasma proper-
ties measured by Alfven-wave propagation in' ' Bi and
other materials, such as4 Sb and graphite, ' have been
deduced from the phase velocity of the wave. The Fermi
surface of Bi has been probed in this way. ~"

Damped Alfven waves at low radiofrequencies can be
transmitted through sizable Bi samples because for
magnetic fields of the order of 1 kG the skin depth
equals 1 cm at 1 Mc/sec. An early report of this trans-
mission has previously been given, "and similar physics
was subsequently used to verify the Doppler interaction
between transverse waves and a drift current applied
parallel to the direction of wave propagation. " As
expected, the axis of polarization was found to rotate
in proportion to the current.

Damped Alfven waves have been observed in mate-
rials other than Bi. For instance, transmission through
Sb has been observed by the authors in unpublished
work. Damped Alfven waves, accompanied by rotation
of the axis of polarization, may also be responsible for
the observed results of Taylor, et al."for Sn and Pb, as
has been remarked by Grimes. "These latter are com-
pensated materials which nevertheless showed experi-
mental behavior resembling dimensional resonances of
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helicons. Buchsbaum and Wolff" have shown that in
materials with "open orbits" the damping of helicons
can become quite pronounced for certain critical
magnetic-field directions. The resulting wave propaga-
tion was found by Grimes'4 to have a behavior similar
to damped Alfven waves.

The penetration depth of damped Alfven waves as
determined from our experimental results is related to
an average value of or,r, in which co,v for each carrier
species is weighted according to the relative concentra-
tion of the species (ce, and 1/r are the cyclotron and
collision frequencies, respectively). This average, which
we denote as (ro,r), is also obtainable from magneto-
resistance measurements and, as a result, damped
Alfven-wave measurements offer little advantage in
determining r for each species, particularly its anisot-

ropy. They offer, however, a probeless method of
measurement, and the measurement of the rotation of
the axis of polarization is an additional piece of
information.

Damped Alfven-wave transmission is closely related
to magnetoresistance, and a qualitative understanding
of this relation can be obtained from a study of the Gve
configurations shown in Fig. 1. Each diagram L(a) to
(e)j represents a sample, typically Bi, in a magnetic
field H. In (a) we show a method of measuring magneto-
resistance between two points. The voltage V will be a
strong function of H but it is generally a weak function
of the frequency of the current I. In (b) the voltage is
measured across contacts on the bottom face aligned
in the field H with those on the top. At Gelds where the
resistance along the field is negligible compared with
that at right angles, the voltages in (a) and (b) will be
equal for dc. In (c), there the contacts are rotated 90',
no voltage will be measured with dc. One might think
of the distribution of electric Geld, E, in the sample as
the field between two equipotential cylinders extending
down from the current contacts.

Consider now ac measurements and recall that the
skin depth in a conductor is inversely proportional to
frequency. We expect the field E to decay with distance
from the current terminals. The actual Geld amplitudes
associated with the wave properties must be obtained
from a solution of the wave equation, as is done, for
example, in the next section. From a causality argu-
ment, however, it is plausible that E will have a phase
lag with distance and that a characteristic wavelength is
pertinent. The characteristic attenuation of the skin
depth is associated with this phase lag because, unlike
the dc case, the source current cannot maintain E deep
in the bulk when the current and the E field are out of
phase. Clearly the Gelds exist in the bulk only because
of a directed energy Aux or wave. Such waves can be
launched and detected also by their magnetic field
through an rf coil, as indicated in configurations (d) and

"S. I.Buchsbaum and P. A. Wo18, Phys. Rev. Letters lS, 406
(j.964).
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FIG. 1. Idealized configurations of Bi samples in a magnetic
field which are used in the text to compare magnetoresistance and
damped Alfven-wave effects.

(e) of Fig. 1.These configurations are equivalent to (b)
and (c), except for the advantage that coils can be made
to rotate freely.

The polarization of the propagating wave may rotate
about the vertical axis so that a nonzero voltage could
be observed in (c). Rotation can be induced, for ex-
ample, by a Hall effect. The Hall effect is characterized
by a current and electric field in a plane normal to H
with an angular separation equal to the Hall angle. A
small Hall effect is expected for Bi at low magnetic
fields where the difference in electron and hole mobility
can inhuence the effective compensation of the plasma.
The resulting rotation, which might be called a Faraday
rotation, will be small and will not affect the attenua-
tion. For a large Hall effect, however, we obtain a
helicon wave. Its skin depth includes many wavelengths
because the large Hall angle gives rise to a relatively
small Joule heating current for a given magnitude of E,
and the energy Qux is dissipated only after a large
number of wavelengths.

Another cause for rotation of the axis of polarization
in Bi, follows from the fact that because of the highly
anisotropic masses, the wave velocity is a strong func-
tion of the polarization direction. This fact, we shall
show, is responsible for the rotation observed in our
experiments.

In Sec. II we analyze the propagation and damping of
Alfven and helicon waves and the characteristics of
damped Alfven waves. Three measurable features of
damped Alfven waves —their amplitude, phase, and
polarization —are discussed in Sec. III. There we con-
sider the rotation of a linearly polarized source signal by
the Hall effect and by crystal anisotropy. In the
Appendix we compare the Hall effect rotation induced
by unequal ~,~'s with that produced by a drift current.
In Sec. IV we present the experimental methods and
results which illustrate the basic damped Alfven-wave
characteristics. The rotation measurements and their
qualitative interpretation are described in Sec. V.
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where v, ~, and ~, are the collision, wave, and cyclotron
frequencies, and where e, m, and e are the charge, mass,
and density, respectively. Current Bow at right angles
to H (H is taken to lie along the s direction) is described
by the upper left 2&&2 portion of the tensor. We restrict
our discussions to propagation along H, so that for a
transverse wave only these currents are of interest. We
consider the limit of high magnetic field and/or low
frequency such that co,))co.The denominator of the term
multiplying the tensor in Eq. (1) is real (1) when oo,))v
for any &u« to, or (2) when co«v for any oo,))to. The
diagonal elements of the 2)&2 portion then consist of a
pure real term (v) and a pure imaginary term (iver).

Since the diagonal terms describe current Row parallel
to the driving electric field, the real term corresponds
to an Ohmic current and thus describes the Joule
heating which is done at the expense of the wave. The
imaginary term, which corresponds to a 90' phase shift,
produces a reactive current. When only a reactive
current Rows, an electric field can be induced in the
conductor without Ohmic losses and the energy stored
in the fields of the wave will not be dissipated. The
phase shift is caused by the time lag of the response of
particles with mass m to the time varying field.

Waves propagating (transmitting energy) on the
basis of this energy storage mechanism, which are known
as Alfven waves, can occur in plasmas with equal densi-
ties of electrons and holes so that the off-diagonal term
(&u,) sums to zero. Alfven waves have a mass-dependent
phase velocity. When co«v these waves are strongly
collisionally damped because the induced current is
largely dissipative. For co«v, o reduces to the dc con-
ductivity tensor (neglecting variations of v with to). The
latter describes, in Bi, the transverse magnetoresistance
effect inherent in the co,2 term of the denominator of the
leading term. This same effect governs much of the
behavior of damped Alfven waves.

In an uncompensated plasma the Hall angle is large

"See, for example, %. P. Allis, S. J. Buchsbaum, and A. Bers,
Waves in Anisotropic Plasmas (M.I.Y. Press, Cambridge, Massa-
chusetts, 1963), p. 19. For a convenient derivation of the dc
conductivity tensor see C. Kittel, QNarssrsm Theory of Solids (John
Wiley Ik Sons, Inc. , New York, 1963), p. 240.

II. ALFVfN- AND HELICON-WAVE DAMPING

The characteristics of wave propagation and damping
are readily understood from the properties of the current
generated by the electric field of the wave. The ac con-
ductivity tensor, e, of a magnetized plasma charac-
terizes the current density j according to j=e E,
where for a plasma consisting only of holes"

when &u,))v and the current induced by E flows at the
Hall angle relative to it Lsee Eq. (1)j.Helicon waves
propagate by means of the energy stored in the fields,
which can exist without appreciable Ohmic losses under
these circumstances. Helicon waves are circularly
polarized, and their axis of polarization rotates through
2x in one wavelength. In Bi, for which the off-diagonal
or Hall terms (~,) tend to cancel so that no helicon
waves occur, a small amount of rotation may result from
a small residual Hall term. The Bi plasma consists of
electrons and holes in equal concentrations and their
Hall terms, which are almost equal in magnitude, sub-
tract. They do not cancel exactly when the electron
and hole collision frequencies are comparable to the
co, 's, but the or,v's are diferent from each other.

Because of the presence of the electrons in three
separate ellispoids as well as holes, we add a subscript s
for each species to the parameters of Eq. (1) and obtain
the total conductivity

The characteristics of Alfven- and helicon-wave propa-
gation and damping are included in Eq. (2). Wave
solutions to Maxwell's equations, which describe these
plasma properties, are obtained from the wave equation
with a tensor dielectric constant c, where in mks units

s= ssl+
ZM6p

(3)

where a&v, = (rs,e,s/re, es)" is the plasma frequency.
Multiplying each term in the sum top and bottom by
(+or„+u& iv, )/os„, we obtain e~ in —a form in which
each term of Eq. (4) is itself the sum of three terms.
These are recognizable as the same three terms as those
of the tensor of Eq. (1), namely oo. , ice, and

We assume that e~, which is the lattice dielectric con-
stant, is negligibly small in all cases we are to consider.
Clearly an imaginary term on the diagonal of e, such as
the i~ term which yields the Alfven wave, corresponds
to a real term in a. When such a real term is positive, the
wave equation has wave solutions, which we take to be
of the form exp)i(cot kz) j.Althoug-h e is a tensor, it can
be rewritten as a complex scalar quantity by the choice
of a frame of reference rotating about H. The resulting
imaginary terms of o- are positive or negative depending
on the sense of rotation. The corresponding dielectric
constant has two values e~ which depend on the choice
of sense of circular polarization I e~ e„&is,v——, where
e„and e,„are elements of r. computed from Eqs. (1)
to (3)]. Using the foregoing equations we 6nd the
standard expression

2
Mys

e~=P
to(ate„—oo+iv, )
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The solutions to the wave equation, in general, give
the wave number k+ for the two polarizations ac-
cording to

(7)
Hence

where

~en bn cu
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n=g n, ; e=!e,! .

The first term in Eq. (8), which is the Hall or helicon
term, is, in the limit 8",=0, just proportional to the net
charge density. For S',&0, it represents the effective
net charge density which, as noted earlier, may be non-
zero even though the electron and hole concentrations
are unequal. The & sign shows that it has different
effect on the two senses of polarization. Equations (10)
and (11) contain only sums over positive quantities.

The characteristic helicon dispersion relation is ob-
tained when the co/(&o, ) term can be neglected and
((o,r)bn/n))1:

M in
!k+.——1—

Vi, 2bn(co, r)1
(12)

where Viz coH/ebn On——e obtains .the Alfven wave when
instead the bn/n term is negligible and co(&u,r)/(~, )))1:

V~ 2(o(r))

where V~ = (co,)H/en and (r)= (~,r)/(&u, ) Damped.
Alfven waves occur when both real terms in Eq. (8) are
negligible compared with the third term (i.e., bn 0;
cc(r)«1):

W', = — +
h2 2 2&ca&sJ cs +cs 78

Since we have already assumed ~/&u„&&1, we can neglect
the small imaginary term in 8', compared with unity
unless co„r, is very small. It is usually su%.cient to write

The attenuation per wavelength of Alfven and helicon
waves, i.e., Imk/Rek, clearly reduces as r is increased.
The attenuation per wavelength for damped Alfven
waves, on the other hand, is a constant factor e . The
relative magnitude of the penetration depth of each of
the three modes, however, is determined by a compari-
son of the attenuation coeKcients n=Imk. The com-
pensated plasma required for Alfven waves can be com-
pared with the helicon-wave plasma if we assume for the
latter that be=a, which corresponds to an uncom-
pensated plasma with a concentration equal to the
total concentration of the former. Hence, for damped
Alfven waves

a~g = —((yen/H) liz/(2(co r)) liz

while for Alfven and helicon waves, cz~=nqg/(2~(r))'Iz
and ai, =cgdA/(2(&o, r))'I', respectively. A comparison of
nI, and nd~ shows a result which is of use in establishing
the ease of experimental detection of damped Alfven
waves, namely the following. Ke note 6rst that the
amplitude of a damped Alfveri wave and a helicon
transmitted through a given thickness of comparable
plasma (as de6ned above) will differ according to the
magnitudes of the cz's. Now if (co,r) exceeds unity by
only a small factor, e.g., &10, as is typical of many
experiments, the amplitudes of the two transmitted
signals can be made equal (i.e., nzz nzz)——if the damped
Alfven wave is transmitted with a frequency lower than
that of the helicon by only 2(ce,r) This resu.lt illustrates
the fact that, while the attenuation per wavelength of
damped Alfven waves is greater than that of the others,
the measurable penetration is in many cases not drasti-
cally different. Thus, low-frequency wave transmission
in a compensated plasma is not greatly morie dificult
than helicon transmission in a comparable uncompen-
sated plasma. The strong damping per wavelength, how-
ever, makes the magnitude of the wavelength relatively
unimportant in an experiment because, unlike the
dimensional resonances of helicons, damped Alfven
waves are transmitted (as we shall see later) almost
totally without inQuence of the boundaries of the
sample. Of course many of the interesting properties of
helicons are associated with the fact that transmission
over many wavelengths takes place. Many of these
effects do not occur for damped Alfven waves.

III. DAMPED ALFVEN-WAVE AMPLITUDE
PHASE, AND POLAMZATION

Two of the measurable properties of a wave, its
amplitude and its phase, are directly related to the
attenuation coeKcient n and the propagation constant
P, respectively. The third, its polarization, will be of
concern to us later in the present section. The ratio,
A, of the output amplitude to the input amplitude of a
wave traveling over a distance 2'0 in the s direction is
related to n by

k~ ——((e'en/H)'"(1 —i)/(2(cccr)) '" (14) lnA =o.so.
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cpeN—in' = pp=spi
(2H(cp, r)3

The quantities (lnA)' and ps are proportional to
ImpL= (pps/e') Imej so that by virtue of Eq. (3) they
are proportional also to Reo-. Their properties therefore
include those of the dc magnetoconductivity, such as,
for instance, the characteristic 1/Hs dependence of the
conductivity associated with the transverse magneto-
resistance of Bi. The major difference results from the

Q&

l, nA,

1/' H

(b)

1.nA,

1/Ha 1/H

FIG. 2. (a) A plot of In A or —q against t/H yields a straight line
in the high-6eld limit. The negative slope increases as +au, and
the II= oo intercept corresponds to zero attenuation or phase
delay. (b) Deviations from the linear slope, which occur at low
Beld near co, v, =1, are shown schematically.

The phase delay, p, of a wave directed along s is given
in terms of P by

q =ops—t= Psp, (16)

where ht is the time taken by a given reference phase
of the wave to travel the distance so. Combining Eqs.
(14), (1S), and (16) we find for damped Alfven waves

frequency dependence introduced by the constant of
proportionality of Ime and ReoLEq. (3)).A plot of the
oi"'/H dependence of lnA and q predicted by Eq. (17)
in the limit that W, —+ 0 is shown in Fig. 2(a). At low

magnetic 6elds, where lV,))1, lnA, and q become
independent of H. When the co„v's of the various
carrier species are widely diGerent, in which case
rotation effects might be expected, the lnA and y curves
can become more complicated Lshown schematically in
Fig. 2(b)$, aside from any effects due to the polariza-
tion. Near the value of H for which the species (a) with
the lowest rp, r has cp„r,~1 (i.e., H=H, ), the sum in
Eq. (17) consists largely of the one term. In the limit
of extreme differences in cv,~'s, the curve will have the
steplike shape shown. The carrier species with the
lowest value of co,7. can, therefore, inQuence the shape
of the curve provided this value is much lower than
that of the others.

The rotation of the polarization axis of a linearly
polarized input signal as a function of s can be analyzed
in two ways. (1) The linear input can be resolved into
two circularly polarized waves, each with its own char-
acteristic velocity and attenuation, and these can be
combined to give the resultant polarization. (2) It can
also be resolved into two linearly polarized waves,
polarized along two prefered (orthogonal) directions,
each having separate properties, and then be recon-
structed. Whichever analysis is used depends on which
form of polarization provides the simplest analysis. The
Hall effect rotation is easily analyzed in terms of
circularly polarized waves, while the crystal anisotropy,
which we feel is responsible for our observed results, is
described more easily using linearly polarized waves.

Rotation is produced when the &8n/I Hall effect
term is nonzero, because the two circularly polarized
components & are transmitted with unequal wave
numbers, i.e., k+&k . As one might expect, and as we
show in the Appendix, the effect of this rotation on
damped Alfven waves is to change a linearly polarized
input to an elliptically polarized wave. One reason for
eliminating the Hall effect rotation as a possible ex-
planation of our observed results is this elliptical
polarization of the rotated wave. In some experimental
cases, a rotated wave is observed which is still linearly
polarized. Rotation of damped Alfven waves without
change to circular polarization occurs, however, when it
results from a Hall eBect induced by a drift current. "
The two cases are compared in the Appendix where an
analysis to lowest order is made of the effect of a small
Hall term.

The anisotropy of the crystals has not been included
in the analysis presented. We have tacitly assumed that
the plasma was rotationally symmetric about H. For
helicon waves, which have fields rotating about 8, no
change in the propagation characteristics is expected in
anisotropic crystals when the crystal is physically
rotated about H with respect to the source. (We ignore
here such practical problems as coupling eKciency. )
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Propagating Alfven waves diGer in this respect because,
when linearly polarized, their fields interact with
carriers such that only one mass component, averaged
over a cyclotron orbit, determines the characteristics of
the wave. Rotation of the crystal about H with respect
to the source may, therefore, vary this component and
with it the wave's propagation and damping character-
istics. The velocity of Alfven waves has been observed
to vary significantly depending on its polarization, ' '
and we expect damped Alfven waves to be affected
similarly.

The principal axes of the crystal offer the logical
frame of reference in which to describe the behavior of
the wave. When an incident wave of arbitrary linear
polarization is resolved into components along these
axes, therefore, a difference in their velocity will cause
their reconstruction to yield a rotation of the axis of
polarization. When the components consist of damped
Alfven waves, it is clear that, in general, an elliptically
polarized wave will result, but that for a few speci6cally
chosen situations a rotated linearly polarized wave
could result. This effect in Bi is expected to be most
pronounced for wave propagation along the bisectrix
direction because there the Alfven velocity has been
found to depend most strongly on the direction of
polarization. "A graphic illustration of the polarization
dependence of Uz has been given by Buchsbaum. "We
shall discuss the effect of the polarization dependence
of damped Alfven waves in the qualitative interpreta-
tion of the experimental results.

IV. OBSERVATION OF DAMPED ALFVEN-
WAVE TRANSMISSION

Damped Alfven-wave transmission was observed at
4.2'K in Bi samples with the variety of configurations
shown in Fig. 3. The single crystal material, which has
a conductivity ratio (room temperature to 4.2'K) of up
to 400, was grown by the method of quick freezing in a
supercooled melt. The rf signals were launched and
detected either electrically by probes and coupling
transformers or magnetically by coils. The transformers
consisted of a single-turn copper-foil primary on the
sample side with a secondary of about 200 turns. Since
transverse hydromagnetic waves are mainly a magnetic
disturbance, coupling to them by coils is usually easier.
The rapid attenuation of damped Alfven wave coupled
with the usual inefficiency in exciting waves in solid-
state plasmas, however, necessitates good shielding
between source and detector in order to observe the
details of the transmission. Such shielding was readily
achieved for all con6gurations of Fig. 3 except geometry
(d), which used coils for both source and detector. The

"S.J.Buchsbaum, in Proceedings of the SymPosinm on Ptasma
Egects in Solids, Paris, 1964, edited by J. Bok (Academic Press
Inc., New York, 1965).

external shielding it required was obtained by the Bi
enclosures shown as shaded areas. '

All data presented in this paper were taken with the
magnetic Geld parallel to the direction of transmission,
although qualitatively similar results have been ob-
served with transverse fields. Reproducible results were
obtained for each of the sample configurations and only
the crystal orientation and sample temperature and
quality inQuenced the results. Variation of the cross-
sectional size or configuration resulted in no noticeable
effects except in the magnitude of the response. We
qualitatively understand this lack of dependence from
the following considerations. The amplitude of trans-
mission between a source and detector imbedded in an
in6nite medium depends on the solid angle formed by
each at the location of the other, i.e., their transverse
extent and their separation. In a waveguide, this angle
and thereby the amplitude is increased by (we assume
lossless) refiections from the boundaries, but the path
length traveled is also increased. Normally, the phase
delay produced by this longer path gives rise to inter-
ference effects which determine the mode of propaga-
tion. When the waves damp to a factor e ' in one wave-
length, however, these interference effects are not
important. Most of the received signal will have traveled
in a straight line, and the transverse size of the source

(a)

SOURCE DETECTOR

d

(b)

(c) ,

I

p i

FPlz'",

Fre. 3. Schematic representations of various sample con6gura-
tions used to launch and detect damped Alfven waves. In (a) and
(b) transformers are used to couple to the electric Geld in samples
of various size. Coils to couple to the magnetic held are used in
(c) and (d) to obtain translation or rotation.

' Bi vras used in order to match the thermal-expansion coefB-
cient of the sample,
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Fn. 4. Measured magnetic-6eld dependence of the amplitude
(InA) of a signal transmitted over a 1-cm distance along the bi-
sectrix direction at various frequencies.

and detector is more important than that of the wave-
guide. We have found in our experiments, that, when
the source and detector are comparable in size with the
distance between them, the characteristics of the trans-
mission are inRuenced by geometry when the wave-
length becomes long (damping low). When this effect
occurs, it is seen on a plot of InA vs 1/H, which,
instead of giving the predicted linear relation )see Fig.
2(a)$, saturates or even turns down at large H. The
relation between p and 1/H remains very nearly linear
in this case. Decreasing the source and detector size or
increasing the sample length eliminates the saturation.

Measurements of the transmission of damped Alfven
waves were made in the following way. The amplitude
or phase of the detector signal was plotted on the

vertical axis of an X-F recorder using, respectively, a
logarithmic amplifier or a phasemeter. The reciprocal
of the field was plotted directly using a modification of
the recorder servosystem. Figure 4 shows typical results
of amplitude as a function of field for transmission over
a distance of 1 cm along the bisectrix direction. The
cross-sectional dimensions of the sample, which had the
configuration of Fig. 3(b), were 1X1 cm. A good linear
dependence was observed for the curves of each of the
various frequencies, except for a dip at low fields, which
in the next section is related to rotation effects. The
ratio of the slopes as +co is within 7%. The value of
(o&,r) can be determined. from these slopes using Eq.
(17).By assuming that for Bi rz—6&&10" cm—' and. by
using the average of the slopes in Fig. 4, we find that
the magnetic field at which (oi,r) = 1 was 100 G, a value
which is quite reasonable for this quality of material.
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FIG. 6.Measured transmission amplitude variation with position

of coils of the configuration of Fig. 3(c) for various values of
magnetic Geld. The actual source position (near z=0) is some-
what uncertain.
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FIG. 5. Measured phase (y) variation with 6eld for transmission
along the bisectrix, curve (a), and threefold, curve (b).

The results of a high-field phase measurement for
the bisectrix and threefold orientations are shown in
Fig. 5(a) and 5(b), respectively. The Shubnikov —de
Haas oscillations familiar in magnetoresistance measure-
ments are seen here superimposed on a nearly linear
relation between iz and 1/H. The deviation of (b) from
linearity is thought to arise from effects related to those
sketched in Fig. 2(b).

The variation of lnA with length "so" of the trans-
mission path along the bisectrix direction was measured
at 2 Mc/sec using the geometry of Fig. 3 (c).The result-
ing amplitude, shown in Fig. 6, exhibits an exponential
decay which is modified by large quasioscillatory varia-
tions arising, we think, from rotation of the axis of
polarization. The zero magnetic-field curve gives a
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FIG. 7. (a) Amplitude vs field for the
sample configuration of Fig. 3(d) with
the coils parallel and orthogonal. The
angle of the coils relative to the crys-
tallographic directions is discussed in
the text (h.) Amplitude response of
detector coil vs coil angle for various
magnetic-Geld values. Rotation of the
axis of polarization and various de-
grees of elliptical polarization are
evident.
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measure of the signal leakage around the sample. The
slope of lad vs z for 4.1 ko, calculated from the value
of (a&,r) determined previously, is shown by the dashed
line.

V. AMPLITUDE DIP AT LOW
MAGNETIC FIELD

The detailed behavior of the amplitude dip shown in
Fig. 4 was investigated using 1 cm long samples with
the con6guration of Fig. 3(d). Circular and square
cross-section samples were used but no difference was
detected. The sample and one of the two coils could
independently be rotated with respect to the other coil.
The data shown in Figs. 7 to 9 are the amplitudes of
transmission along the bisectrix direction obtained
when the axes of the coils (rf magnetic ield direction)
were oriented along various transverse crystallographic
directions. The sharpness of the amplitude dip was
maximized by critical adjustment of the angle of the
sample and coil, and for a critical value of the applied
held the dip became a zero in response. The phase of the
signal also experienced a rapid 180' reversal. Sharp dips
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Fro. 8. Same as Fig. 7 except that the axis of the Gxed coil was
adjusted to give the sharp dip at low Gelds when the coils are
perpendicular instead of parallel, as in Fig. 7.
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Fxo. 9. Transmission amplitude as a function of sample angle 0+

as the sample was rotated between the coils. The magnetic Geld
was incrementally adjusted to give a sharp dip for each value of
the angle between the coils, which is the parameter.

have only been observed for transmission along the
bisectrix axis. Along the binary axis the amplitude de-

pendence on transverse orientation was small, while

none was observed for the threefold axis.
The voltage generated in a solenoidal pickup coil,

which is rotated with respect to a linearly polarized
signal, has the angular dependence of a hgure 8 pattern.
A sharp minimum in coil voltage occurs only when the
signal is linearly polarized; the angular variation result-

ing from an elliptically polarized wave has only a shallow

minimum. Rotation of the axis of polarization of a
linearly polarized signal launched by one coil will,

therefore, give rise to a sharp null in the voltage across
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a parallel coil near the opposite face of a sample only
when the angle of rotation is 90' and the signal is still
linearly polarized. If the amount of rotation of the
linearly polarized damped Alfven waves were to be an
increasing function of 1/H, a response like that of Fig. 4
would occur. Measurements of the response with the
coils parallel to each other, using the geometry of
Fig. 3(d), as shown in Fig. 7(a) on a linear scale in H,
showed the dip to be very sharp. The response obtained
with the coils in quadrature had the expected broad
maximum LFig. 7(a) "coils J "7.

An interpretation in terms of the Hall effect rotation
of a linearly polarized wave, however, does not explain
these results because this rotation is, as we have seen,
of necessity accompanied by a change to elliptical
polarization. The sharp dip shown in Fig. 7(a) cannot
have been produced by an elliptically polarized wave.
More detailed measurements, nevertheless, indicate that
the transmission has the characteristics of a rotation, at
least under certain conditions. These measurements
were made by holding the sample angle fixed relative to
the stationary coil at angle + and recording the value
of lnA as a function of the angle of the movable coil.
0' is the angle between one of the crystallographic
directions and the axis of the Gxed coil.

The results, plotted in Fig. 7 (b) for a particular value
of 4', show that at high fields, e.g. , 10 kG (curve I), a
null was observable only with the two coils perpendicu-
lar, indicative of zero rotation. As the field was reduced,
the minimum, which then occurred for different angles
between the coils, shifted by an angular variation ex-
ceeding 90' at 0.6 kG (curve II). Superimposed on this
change in angular position was a change in depth of the
minimum. A very pronounced dip occurred at 1.33 kG
(curve A), with the coils parallel. This dip, which was
the same as that of Fig. 7(a), occurred with coils
parallel for only one value of %. For other values of
4 a sharp dip was also observable, but with a different
angle between the coils and sometimes a slightly differ-
ent value of field. The data in Fig. 8 were taken with 4
adjusted to give the sharp dip with the coils perpendicu-
lar. No rotation was observed.

Experimentally the only difference between the
measurements of Figs. 7 and 8 was in the angle +.This
dependence on the transverse orientation of the crystal
further rules out any interpretation in terms of the Hall
effect rotation as deGned in Sec. III because such effects
are invariant with rotation of the crystal about the
magnetic-Geld direction.

A more easily interpretable presentation of the low-
Geld measurements was obtained by rotating the sample
while holding the coils fixed relative to each other. In
Fig. 9, which shows the result of this measurement for
four different values of the angle between the coils, the
magnetic-field strength was in each case just that re-
quired to produce the sharpest dip. The angular position
of the crystal was recorded by a voltage proportional to
0, which was taken as the angle between one of the

CURVE C
(F1G.Q )

(FIG. 7b)

2 MC
~2.0 kG

FREQ 1MC
Bo «1,4 itG

360

Fro. 10. (a) Schematic representation of the transmission
amplitude (lnA) as a function of coil rotation and sample rotation.
The four intersecting planes labeled Curves A to D correspond to
these curves in Figs. 7 to 9. (b) Plan view of (a) for various
frequencies.

crystallographic directions (threefold) and the bisector
of the angle between the coils. Thus, for example, with
the coils parallel, the response at 0=0 and &90' (see
curve C), is proportional to the attenuation of the
amplitude of the rf magnetic Geld along the threefold
and binary axes, respectively. It is seen from Fig. 9
that the responses at 0'=0' and 90' differ and that,
when the coils are perpendicular, the amplitudes of the
maxima become equal and the dip falls halfway be-
tween. Both conditions are expected from the symmetry
of the configuration.

We have presented in Figs. 7, 8, and 9 four curves
taken at the critical magnetic-field strength ( 1.4 kG).
These data contain the sharpest minima observed and
are part of a relation of sharp minima in 1nA as a func-
tion of coil and sample angle. This relation is shown
schematically in Fig. 10(a). Curves A to D in Fig. 7, 8,
and 9 represent extremal conditions in the plot of
Fig. 10(a).

The three diagrams in Fig. 10(b) are schematic plan
views of the lnA minima of Fig. 10(a) for three fre-
quencies: the frequency of Fig. 10(a) and two others.
The magnetic Geld at which the minima occurred was
found to increase as the square root of the frequency, as
is illustrated also by the dips in Fig. 4. This dependence
strongly suggests that the occurrence of the minima is
related to the wavelength (see Eq. (17)7, a conclusion
which is also supported by the spatial dependence of lnA
shown in Fig. 6. The 2-Mc/sec diagram in Fig. 10(b)
shows that two minima coalesce at that frequency with
both coils parallel to the threefold axis. In the neigh-
borhood of this point, rapid variations in lnA occur with
all parameters, but for higher frequencies the minima
become very broad.

The qualitative interpretation of these results is
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Fxe. 11. Relationship of Geld vectors and crystallographic
directions X, F, and Z for producing a linearly polarized signal
rotated by 90', as explained in the text.

made with the aid of Fig. 11,which shows schematically
the sample and a vector representation of the rf mag-
netic 6eld. The input signal H; is resolved along the
binary and threefold directions. If we assume that a
linearly polarized signal suffers no Hall effect rotation,
these two signals will decay in the characteristic manner
of damped Alfven waves as shown by the instantaneous
amplitudes. Since the wavelength of these waves is
different for the two crystal directions, as we discussed
before, the relative amplitudes at the output may be
those shown in Fig. 11.It is clear from the 6gure that
the signal in the output coil is zero because the rf field
has rotated through 90'. When H;„ is parallel to either
the binary or threefold axes and the coils are parallel,
an amount of transmission which is characteristic of
that polarization direction is observed. From Fig. 9
(curve C), it is clear that these amounts are quite
different for polarization along the binary or threefold
axes. They are roughly in the ratio given by Buchs-
baum" for the Alfven velocities ( 4 to 1) for a trans-
mission path length of the order of one wavelength.

While no quantitative comparison with theory has
been made, this interpretation appears to explain the
observed effects. For example, with coils parallel, a null
in the output can be expected only while the phase of
output signal polarized along the threefold axis has
reversed with respect to the input. The occurrence of
the minima is, therefore, dependent on the wavelength
and sample length. We interpret the disappearance of
the sharp minima above 2 Mc/sec as resulting from the
lack of phase reversal when the wavelength is between
3/4 and 5/4 times the sample length. Since at higher
frequencies phase reversals can still occur in either the
threefold or binary polarizations, this model can be
expected to explain the high frequency dips shown in
Fig. 4. The model particularly its the results that the
dips are only observed for transmission along the
bisectrix axis, because only for this axis is there a signi6-
cant difference in Alfven velocity with polarization. "

VI. CONCLUSION

Low-frequency transmission of transverse hydro-
magnetic waves through sizable samples of Si has been

observed. The basic wave transmission characteristics,
which are those of heavily damped waves, agree with
those expected from a simple analysis of plane-polarized
waves. Superimposed on this behavior, which is closely
related to transverse magnetoresistance effects, is a
rotation of the axis of polarization. The rotation results
from the dependence of the wave properties on the
direction of the transverse polarization with respect to
the crystallographic axes, rather than a rotation caused
by a residual Hall effect.

APPENDIX' ROTATION OF AXIS OF POLARIZA-
TION WITH AND WITHOUT A

DRIFT CURRENT

When a current is applied to the plasma, the dielectric
constant p+ in Eq. (7) contains a term which is linearly
proportional to k+. This term stems from the Doppler
factor (1—k~Vq/&o) acting on the Hall terms of the
electrons and holes (Vz is the drift velocity). "For the
present discussion, we note only that this term, like the
+8m/m term, has the opposite sign for the two polari-
zations and, therefore, causes a rotation. We assume a
general form of Eq. (7)

kg'= kpkgp;g+kp'(p, g+ip;), (A1)

where kp ——cu/c and p„+ and p;~ are the Hall effect contri-
butions of the &be/e and Doppler terms, respectively.
The damped Alfven-wave properties described earlier
stem from the term ~;, which is assumed to remain much
larger in magnitude than either of the other terms. If
either term were to be large, lightly damped waves of a
helicon nature would propagate.

The signal amplitude, A (=—A,+id„, where x is the
direction of the source polarization and the wave, as
before, propagates along s), is given by the sum of two
circularly polarized components with propagation con-
stants p+ and p and attenuation coef5cients n+ and n

2 = (2 p/2) (expLi (cot—p+s) —n+s)
+expL —i((ut —P~) —n z)) (A2)

=Ape *f(cos'8Ps+sinh'bns)'~P cos(cut —Ps —f&)
+i(sin'bPs+sinh'bns)'I' cos(cot —Ps —f2)), (A3)

where

and

2P=P++P; 2n=n++n

2bP=P~ P; 28n=n+ n— —(A4)

tang~ ——tan(bPz) tanh(bns),

tanfp ——cos(bps) tanh(bns) .

We see from the magnitudes of the real and imaginary
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parts of Eq. (A3) that rotation of the axis of polarization
is produced by nonzero 8p», while the ellipticity is
described by 8nz. The first-order expressions for dp and
8u derived from Eq. (A1), assuming e,))e„,e;, are

i flPi =kos;/2+koe, /(8e;)'t', (A6)

[ &~( =&oe./(8e )'" (A7)

where we assumed P/(P'+cr')=ex/(P'+cr')=(&o'8e ) ' '.
Equation (A6) shows that both Hall terms cause a
rotation but from Eq. (A7) we see that to erst order
only the e„ term gives rise to ellipticity. The amount of
this ellipticity is, moreover, comparable in magnitude
to the rotation as evidenced by the equal magnitudes
of 8p and 8n.
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The exchange-coupling integral, J(k,k'), between localized magnetic electrons and conduction electrons,
treated as orthogonalized plane waves is investigated quantitatively for the case of a local moment which
consists of the half-filled 4f' shell of Gde+ and for a range of k and k' values (the incident and scattered con-
duction-electron wave vectors). Ruderman-Kittel-Kasuya-Yosida (RKKY) theory is then employed,
with and without an exchange-enhanced susceptibility, to obtain conduction-electron spin densities. For the
special case of the rare-earth local moment, J(k, k') is found to be well approximated by J(Q) /where
Q—=

~

k-k
~ g but with a Q dependence which differs markedly from those traditionally assumed in RKKY

theory. This severely affects spin-density predictions for a region extending several lattice sites away from
the local-moment site. Use of the computed exchange coupling reduces the qualitative disagreement between
theory and experiment.

I. INTRODUCTION

'HE magnetic polarization of conduction electrons
in alloys, pure metals, and intermetallic com-

pounds containing local electronic magnetic moments,
has been the object of extensive experimental investiga-
tion in recent years. Basic to the understanding of these
observations is the familiar Ruderman-Kittel-Kasuya-
Yosida (RKKY) theory' which in its original analytic
form necessarily involved a number of important ap-
proximations. Since significant quantitative deviations
have emerged between the predictions of the theory and
experiment, questions concerning the validity of the
approximations have been raised. In general, the sus-
ceptibility function has been considered to be chiefly
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t Work supported by the U. S. Air Force OKce of Scientific
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responsible for these deviations and so attention has
largely concentrated on this aspect of the theory. ' 4

In this paper we inspect in detail the nature of the
exchange coupling' between the local moment and the
conduction electrons, i.e., the source of the conduction-
electron polarization. The differences between the exact
behavior of the coupling and that commonly assumed
in the "simple" traditional theory will be seen to be as
important for understanding the deviations between
theory and experiment as are any refinements in the
susceptibility. Indeed, an exact treatment of the ex-
change coupling reqlires abandonment of the utilization
of the susceptibility function as used in the simple
theory, a matter which will be inspected in a subsequent
paper. A sampling of the exchange coupling will be
made so that contact can be made with the traditional
theory, Spin-density results will be reported. for sus-
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