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The aim of this paper is to compare the predictions of a model with the recent conjecture of Weinstein
stating that in particular circumstances the mass and width of a resonance could be altered by the
final-state interactions following the production process. This effect, which he calls predecay resonance
mixing, should be observed in a reaction in which there is the possibility of producing either one of two
resonances of comparable mass as, for example, p and w. Our model refers explicitly to the p-w case but the
conclusions we draw are entirely general and can be applied to any other similar case. Our results can be
formulated as follows. No finite-range final-state interaction can displace a resonance or change its width.
However, the production amplitude acquires a modulating factor which can, in principle, considerably modify
the production cross section. Additional peaks may appear simulating spurious resonances. These could be
discriminated from true resonances by studying their energy dependence.

I. INTRODUCTION

ECENTLY, Weinstein' has suggested an inter-
esting phenomenon which might, in principle, occur
in any nuclear reaction in which there is the possibility
of producing either one of two resonances of com-
parable mass. The effect, called predecay resonance
mixing, can be described in the following terms: Let
us for definiteness call the two resonances in question
p and w and suppose that we are studying the two-pion
decay of the p meson in an experiment designed for the
production of this resonance. Since the p meson is
produced in an intense nuclear field, it is legitimate to
study the influence of this field on the behavior of the
decay products we are observing. More precisely; do
we have to expect a dependence of the p width and mass
or of the two-pion angular distributions on the char-
acteristics of the nuclear field in which the production
process takes place? Now it is clear that, in the case we
are considering, the external field can very well induce
(for example, by exchanging a pion) a p-w transition,
which, in view of the very close values of the masses of
these particles, could happen with quite high proba-
bility. In other words, it is reasonable to expect a
mixing of the two states due to the external field.
Although formulated in a slightly different context
(instead of the w, he considers another hypothetical
resonance), the conjecture of Weinstein is that the
width and mass of the p meson would be altered by
the mixing, and, in particular, a dependence of these
quantities on the p energy should be observed. The
latter conclusion, of course, is based on the fact that
the effects due to the interaction in the final state
depend on the time spent by the particle within the
range of the interaction.
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In this paper we make an attempt to compare the
above conjecture with the predictions of a simplified
model in order to reach a more detailed understanding
of the effect and eventually give an estimate of its
strength. Our model will be oversimplified in many
respects. First of all, we shall deal with scalar particles
only and we shall consider the w stable as compared to
the p. All our considerations will be based on the use of
Schwinger variational principle for the 7" matrix.? The
answer of the variational principle, however, looks very
sensible, and in a limiting case is even exact. Finally,
in order to avoid a proliferation of the number of
channels, we shall consider the w, the two-pion system,
and its resonant state p as the only coupled systems.
This means that the p is produced only by incident
w’s and vice versa. However, this restriction isessentially
irrelevant for the final result which can easily be
generalized to a realistic case.

The conclusions based on our model can be sum-
marized as follows. For any finite-range nuclear po-
tential the mixing does not produce a displacement of
the p mass nor does it alter the p width. However, the
production amplitude acquires a modulating factor
which can, in principle, modify considerably the shape
of the p peak in a way which is energy dependent. The
structure of the modulating factor is interesting because,
as we shall see, it can possibly produce two additional
peaks in the cross section. These peaks would represent
a sort of memory of an ‘“unsuccessful attempt” to
displace the p and w masses. The fact that a finite-range
potential cannot displace the masses can presumably
be understood with the help of the uncertainty principle
which requires an infinite time to build up a state of
definite energy.

In Sec. IT we shall outline the nonrelativistic theory
and derive the basic formula of the paper. We shall
then describe a generalization of the model with rela-
tivistic kinematics, and we shall finally discussnumerical
estimates to investigate the relevance of the effect in

2 M. L. Goldberger and K. M. Watson, Colhswn Theory (John
Wiley & Sons, Inc., New York, 1964), p.
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the real world. A discussion of the results is given in the
last section.

II. NONRELATIVISTIC THEORY
A. The Variational Principle

In our model we have originally three kinds of stable
particles that will be assumed to be all scalar. We have
a heavy particle of infinite mass that will be called the
nucleon, then a light particle of mass p that we shall
call the = meson, and an intermediate particle, the w,
of mass m,,. The interactions among these particles that
we shall consider are the following:

(1) a w7 attractive force Vg;

(2) a nuclear potential V;, that induces transitions
we22r. The pion-pion force will be assumed to be
strong enough to give a resonance but not a bound
state. In these conditions the scattering matrix T,
will be 2)X2 as a and B can take only the values w or
27 and the problem is a typical two-potential scattering.
We proceed first in a purely formal way. Let ¥,* be
the wave functions for the scattering states, satisfying

1 - 1 .
Tt=p——— JI+=0——TU+,
Hy—E—ie A
. (2.1)
T =p—0V———=0—0T—,
Hy—E—1ie A
where
- 0 Vi
V=< ), (2.2)
V121. V22
_ (Ha 0 o2/ 2m, 0
H0=( " >=(P ) (2.3)
0 HOZ 0 (p1r12+ P,,-gz)/Z[J,

There is an extra label to attach to the wave functions
W@+ which again can take the two values w and 2
according to whether we have in (1) a ®« or a @™,

Having established our notation, we can write down
the variational expression for Ty, which is the matrix
element of 7" relevant for our problem:

(@¢m, T @+) (W en— o)
e [P F(1/4) TRe )

This expression is stationary with respect to variations
of either ¥+ or W@~ We will now show that because
of the structure of the interaction operator (2), (4)

(2.4)

T21r

1
Vie—Viot
. 1 _ 123
V+1V—V=
A 1
Vi + VooVt
Qa2
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depends actually only on ¥,“+ and ¥,,@m— and is
stationary with respect to variations of these quantities.

Let us specialize the first of Egs. (2.1) to the case of
P (@)+.

\I/w(w)+=q>(w)_ - Vlz‘I’zw("’)"',
Ho1—"E— 1€

1
=B @) —— 10y, @
a1

(2.5)

[Vos¥y, @+ Vi, 4],
€

\1/27‘_(:»)+= —_—
Hy—E—1

1
= —— Va4 VoM, +],
a2

The second of these equations can be solved formally
for Wy, (@)t

1 11
Wy, (@)= _[1_]__1/22] —Vih, @+ (2.6)
as as
then we have
\I/w(w)+
Y (@)+= 1 -1 1 , (2.7
—[1+—V22] — Vi, @+
as as
where ¥, @)+ satisfies
1 1 1
‘I/w("”)'*":q)(“’)—}-—Vul:l—}-—sz:l —V121\I/w(“’)+. (28)
ai as as

Having eliminated ¥;, )+, we now verify that the three
matrix elements appearing in (2.4) do not depend on
¥,@m-, The statement is obvious for the matrix
elements appearing in the numerator. They can be
written more explicitly

(@2m, T (@+) = (zp(zf),agl:l-l-—sz]

az

1 2.9
X‘_V12+\I’w(w)+) )

a2
(W M= Tp@) = (U, Cm—, V1,1 @),

For the matrix element appearing in the denominator
of (2.4) the calculation is lengthier. The operator con-
necting ¥ @™~ and ¥+ can be written

1
Vigt ViV
(12
(2.10)

1 1
V22+ V12 _V12+ V22_V22
ax (12
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o1 1 1
(\I; (21r)—"[ V+ VZ V:I\y(w)'l-) = (\I’w (211')—, V12_V12T\I’w (w)+)+ (\I/w(%r)-—,l: Vit VIZ_V22]\I’2#(‘°)+>
Qg Q2

1 1 1
+ (\I,21r @ ”)_,[ Vit+ VZZ_—VIZf]\Ilw (”H')'f'(‘l’zn(z") ",I: Vot Vi =Vt sz—sz:l‘I’zx(‘“)+) .

(2]

ax [12)

It is now immediately seen, using (2.6), that the two first terms of this sum cancel and that the other two can be

simplified to give

We have, finally,

T21r,w

. 1 1 1 11
(\I’@”)—',l: V+ V——-V:I\I’ (“’H') = (\I,%_(%)—’[Vn — V121—V12:|1+—'V22I: —Vlzf:I‘I",,("’H') . (2.11)
A as as (12
1 11
(‘1’ @m ,dzl: 1+—Vs '—V12T\I’w(w)+) (2™, V151® ()
2 ]
2.12)

1 1 11 '
(‘1’21(2“)*,[1712 - V12T—V12[1+—-V22I "—VlzT}I’w("’)"')
ay as as

The variational properties of this equation with respect to ¥, follow now from (2.8). Those with respect to
Wy, @M~ follow from the specialization of (2.1) to the case of ¥ @7, The verification is left to the reader. Equation
(2.12) will be the basic equation for the subsequent discussion.

B. The Plane-Wave Approximation

The approximation we shall consider consists in replacing ¥,, )+ and ¥;,@"~ with plane waves. The only real
justification for doing this is given by the fact that when the nuclear potential becomes of infinite range (in a way
that will be explained in a moment), Eq. (2.12) gives the exact solution of the problem.

We indicate with p,, the initial momentum of the w, with p the momentum of the center of mass of the two-
pion system, and with ¢ the relative momentum of the two pions in the final state. We have the equations

On the energy shell we have also E= Es,.

E=p2/2m,,
Ese=p*/4u+¢/n. (2.13)
With the understanding that primed variables are integrated over, we can write (2.12) more explicitly:
La2(0,¢,E)G (p,q,0' 0", E) Ve (0,0, 00) IV 1" (0,4, D0) 2.14)

Tor,0(P,,Pu, E) =

Vst (0,0,0.) [0 (0’ — Do) — (1/a1(p, E)) Via (/0”0 )G (0”0”0, , E) Vst (0,0 ,00) ]

where G(p',q4’,p,q,E) is the two-pion kernel obtained
from

1 11
|:1+_V22 —.

Qa2 (/2]

The case of interest to us is when the two-pion potential
is strong enough to give a resonance. In such a case we
can ignore the internal structure of the system and
replace the two-pion kernel G with a Breit-Wigner-type
expression

G0 9 ,p,0,E) = (q—q')s(p—’) (2.15)

2_P I ’
where p,? has a negative imaginary part. The variable
in which the effect is expected is the two-pion energy

in their center-of-mass system. More precisely, we want
to study the behavior of the production amplitude as a
function of the c.m. energy of the two pions for fixed
initial energy. This is the nonrelativistic counterpart
of studying the behavior of the production amplitude
as a function of the total mass of the two pions in the
final state. On the energy shell, when E= E,,, we have,
from (2.13),

—P2/4,U'+E=Ec.m.- (2-16)

We then see that the dependence of (2.14) on E, n. is
given both by the explicit ¢ dependence and the p
dependence. It is sensible to assume that the p de-
pendence is the relevant one as it is not connected with
the detailed structure of the two-pion state.

As we mentioned, there is at least one case where
(2.14) gives the exact answer. This is obtained by



m

|
]
1 i
Vi 'Viz
_ _

F16. 1. Diagrams for the numerator of Eq. (2.14).

considering the following separable potentials:

Va(d,9)=—f)f(@),

V1t (0,q,00) = V12 (Pes0, @) = V122 /(@8 (p—p) . (2.17)
An easy calculation gives
G\ pa,E)=6(q—q)s(p—p)————
1
X , (2.18)
(/w)+ (p*/4u)—E
where we have defined
RO
Y(p,E)= / d*q . (2.19)
(/W) (p*/4u)—E

The two-pion resonance is described by the propagator
(1—yJ™
Inserting (2.17) and (2.18) in (2.14), we obtain

V 0 'V 0)2
T21r,w=6(p_pw) 12 fl—l—( 12) 2
11—l

]_1 . (2.20)

That this is the exact expression can be verified by
first solving Eq. (2.8) and then calculating

1 11
T27r.w= ((b (2‘”),(12[1"““1/22] _V12T‘I,w (w)-l-) .

az as

The nuclear potential given by (2.17) corresponds to
a constant interaction in configuration space. In this
limiting case, the w and the 27 states are completely
mixed, and the physical states contributing to 7" are
given by the zeros of the real part of the bracketed
expression in (2.20). It can easily be seen that the w
and the 27 states tend to repel each other.

Let us consider now the more realistic case in which
the nuclear potential is of finite range. In order to deal
with simple formulas we simply replace Vi, given by
(2.17) with the expression

Vl?T (p:q;pw) = Vl?(pw)p’q) = f(q) U (pw"‘ p) ) (2‘21)

where U could be for example a Yukawa potential. By

4 w T w P w
?—:—— -l N A
Vi :VIZ :Vnz :VIZ
R .

F16. 2. Diagrams for the denominator of Eq. (2.14).
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exhibiting the relevant momentum dependence we
write now

27, w

U?| U(p—p.)—U(p—p.’
1-¢(p)f [ (p—p)—U(p—p )az(pw’)
¥ (2"

X U(p'—p/)———
(p p)1_¢(P,)

U(p'—pm)]~ . @)

By comparing (2.22) with (2.20), we immediately
realize that in this case the factor [1—y¢ ]! in front of
(2.22) cannot be cancelled by the similar expression
appearing in the brackets. In other words, as soon as
the potential is of finite range, no level displacement is
possible, and if the cross section was peaked because of
a two-pion resonance, this peak will stay there. How-
ever, the real part of the expression in brackets could
still vanish and, in general, we may expect additional
peaks which represent a sort of memory of the mass
displacement which is no longer exactly possible. The
displacement can be recovered also if we let the two
U factors on the right of (2.22) become § functions.

In the next section we shall discuss a simple generali-
zation of (2.22) with relativistic kinematics. The new
expression will also be evaluated numerically to get an
idea of the strength of the effect in realistic cases.

IOI. A GENERALIZATION WITH RELATIVISTIC
KINEMATICS

If we examine the structure of (2.14) or (2.22), we
recognize that the variational approximation to Tar,e
is obtained in the following way. Let us call the two-
pion resonant state p. Then the numerator is obtained
by taking the product of the amplitudes corresponding
to the diagrams shown in Fig. 1, while the denominator
corresponds to the diagrams in Fig. 2. The generaliza-
tion we have in mind consists in evaluating the ampli-
tudes represented above as if they were Feynman
diagrams and in combining them with the same rule
as in the nonrelativistic case to get the 7" matrix. The
nucleon will now be assumed to have a finite mass my,
and we shall take the potential V1, to be given by the
exchange of one pion. In this way four types of vertices
appear: the pion-nucleon coupling, the w-p-w coupling,
the p-27 coupling, and the w-37 coupling. To obtain a
usable formula we shall make the further approximation
of neglecting retardation effects in the exchange of the
pions, and the dashed lines of the diagrams will be
approximated by Yukawa potentials. We first briefly
describe the kinematics. We call p; and p. the nucleon
four-momenta in the initial and the final state, respec-
tively. g is the momentum of the incoming w and ¢. is
the total momentum of the two pions in the final state.
s is the total energy squared in the center-of-mass
system of the incoming particles. We have the rela-
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tionships two pions in the final state. We are interested in the

2= (1/4s)[s2— 25 (m 2 2— 9 dependence of the transition probability on M for fixed
q12 W/ s)[sz s , +m;\,:)—l- (m2 m;:i) 1, s. We denote by My, Mo, and M5 the expressions of the
= (1/45)L* = 2s M2 +mu)+ M —ma?}],  (3.1) three Feynman diagrams to be evaluated. We have,

where we have indicated with M the total mass of the with an obvious meaning of the symbols,

1
Ml=g1r,Ngw, ) (3.2)
' K+ (q2—q1)?
M : . 3.3)
2= gx,N8w,p78p, 27 ) .
"t (=40 M2 (m,— T/ 2)
d*ky d*ks 1
M3=g1r,N3gw.p1r2gw,31r/ /
@m)* ) (2m)* [(ar—ka)*+20 (koe—ka)*+12 L (qe— ko) +17]

1
[(91+P1—k1)2+mN2][(41+1’1 ko) +my* [k (m,—iT/2)* ][ ko> +m.2 ]

g‘k' N gw T gw,31r k (S )
= P /dﬂl/ klzdkl/-dﬂzf 2\92
296 (m(.,+7nn)2 1/2(82—‘8‘—7:6) (k12+mN2)1/2

(kmu?) 24 [k (m,—iT/2)2 ]

X (3.4)
Lkt (m,—iT/ 20 ][ (k2+my?) 2+ (i (m ,—iT/2)?)H 22— s}
X[ (ky—qq)*4p2 ][ (ke—k1)?+p2 [ (qe— ko) +-p?]
where
ko?(s2) = (1/4s9)[s2— 252 (m2+mn?)+ (my*—m.2)?]. (3.5)

The asymmetry in the integration variables comes from our desire to write the simplest possible formula while
keeping the integration variables real.

Further considerable simplification is now obtained if we consider one partial wave at a time. The amplitudes
for the /th partial wave are

1 g +g+u
Ml(l) =g1r,Ngw,3fr_Ql(—_——'> y (3o6)
q192 2¢1g2
1 1 g +g+u?
My® =g, ngo pnlpar— - %l( ) (3.7
9192 M?— (m,—iT/2)? 20192

M W 8= N gw pT gw 3r / dk /’ (k12+mN2)1/2+ I:k12+ (mp_ir/2)2]1/2
0=
8(2m)*q192 <mm+mzv)2 (k12+mN2)”2[k12+ (mp—1T/2)2 ] ko (52) 5212 (52— 5—i€)

(k12+l]12+p-2) (k12+k22+u2) <k22+922+ﬂ-2) (3.8)
Gty P et (a2 A— o\ 2000 ) : C

2kiky 2kaqs

From these expressions we can calculate IV. NUMERICAL CALCULATIONS

. . The main problem we have to solve is how to obtain
Ml( )M2( ) . . .

TopoW=—mo (3.9) @ reasonable estimate of the coupling constants. Since
M{®O—M;® all our particles are scalar, the values that the various
couplings have in real life are not immediately apparent.
In the following section we shall proceed to numerical If we look at (3.9) we see that T'e,,, actually depends

estimates based on this formula. on three of the four couplings we have introduced.
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q, =.1BeV/c
iosf- £°1 =
F(M)
103t -
1021 | |
0 7 .75 M(BeV) .8
q, =.2BeV/c
0% 721 y
F(M)
103~ n
£=1
jo2t—1 | |

7 75 M(BeV) .8

Fi6. 3. Qualitative behavior of
1 1
(37—, —i0 /27T TDOT:

for the following choice of the masses (in BeV): p=0.14, m,=0.75,
I'=0.12, m,=0.78, my=0.94.

F(M)=

g3 cancels between the numerator and the denomi-
vator, and this is perfectly natural because g,,3r, go,pm
and g,,2- are clearly related and in principle it must be
possible to express any one of them in terms of the
other two. We can also disregard the g, coupling
because the effect we are interested in is given only by
the denominator where this coupling is absent. We are
then left with g, » and g,,,~. We shall estimate these
quantities in the following way. We shall obtain an
upper limit for g, by assuming that the S-wave
amplitude for the scattering of scalar nucleons in Born
approximation saturates unitarity. On the other hand,
Zo.or Will be estimated by assuming that the o width
is small in terms of the characteristic masses appearing
in the problem.

The total cross section for scattering of scalar
nucleons in the Born approximation can be written in
terms of partial wave contributions,

g1r,N4 1

or=

1 u?
. 16W2EZP: (24-1)0;¢ (H_E;) , 41)

where W is the total energy in the center-of-mass
system and ¢ is the momentum of the individual
nucleons. If we now require the S wave to saturate the
unitarity limit for some momentum go we obtain

1 gen® 1

—_—

1 1 4402
~ —_— ln(1+—-—) .
qdo 4 4Wo q02 2 y2

(4.2)
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For go~p we have the estimate

gr N ~32mmyp. 4.3)
If instead of the V-V system we had considered pion-
nucleon scattering, a calculation similar to the above
would have given a value for g,,5* larger by a factor of
four. The reason why (4.3) is perhaps a better estimate
is seen in the following way. Our calculation can have
some sense only in a case where the scattering is not
dominated by a particular intermediate state but the
cross section has still large enough values. For the
value of ¢o we have considered, real nucleons seem to
meet this situation. In the following, we shall use for
gx,v the value given by (4.3), and we hope that this will
correctly express the fact that the pion-nucleon inter-
action is strong.

We now consider g,,,~. The information we have
about this coupling comes from the 3= decay of the w.
One usually assumes that the w decays first into p and
w, this process being followed by the much more rapid
decay of the p. We have to evaluate I'ys3r and I'p2q.
A straightforward calculation gives

g/h27r2 (m92_4#2)1/2

T —>27 = (4-4)
g 16w M2 ’

o, ”zg ,2«2 (ma—p)?2 (K2_4M2)1/2
T, = 8eer / P
250m,3 S e « l m2—x2|?

X[ (ma242— 12— dmp? 2. (4.5)

By eliminating g,,2» we obtain

Tomsr 242 (m2—4pu2)12

8w, o — — mwa , (4.6)

I‘p—>21r I mpz
where I represents the value of the integral. We next
need an estimate of I. It is easily seen that /<1. A
rough calculation taking m,/.~m,/u~5 gives I~3.
Finally, by considering a ratio Tusr/T ps2.~1071, we
have the order of magnitude
gw,p1r2N37r2mw2~ (4:7)
We now have all the necessary numbers. If we look at
(3.9) we see that the cross section for p production due
to the conversion of an w in the nuclear field contains
the “modulating” factor

1 ‘Mla)‘z
|DW|2 | M O—M0|2

(4.8)

Using (3.6), (3.8), (4.3), and (4.7), this can be written
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2

, (49)
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explicitly
00s09)| Qangd— 16 “m !
= ) »92)— S
ID(’) L °(q1,92 191,92 [0 1/;"%‘_””\7)2 zkz(Sz)Szllz(sz—s—’ie)
y (ki) o[kt (m,— T/ 257
(- AL+ (= T/ P PL (o) 2o (ki (= T/ 27 =)
—1
XQL(%kl)Qt(kl,kz)Ql(kMz)]
where

G= (3/4m)m myp. (4.10)

£ is a parameter which has been introduced to take into
account the uncertainties in the calculation of the
couplings. In Fig. 3 a plot of

1 1
| M2 (m,—iT'/2)?|* | DO

is given for various values of the parameters involved.

V. DISCUSSION

In this section we want to add a few comments on
the result we have obtained. The numerical results
shown in Fig. 3 give a qualitative picture of the effect
for particular choices of the various quantities involved.
Their value is purely indicative, especially because of
the simplicity of our model and of the uncertainties
which, as we have seen, affect our estimates. With our
values of g,,x and g, ,r, we seem to be just on the border
line of the region where the effect becomes important.
Furthermore, the numerical evaluation of D® is rather
complicated and requires long runs on a computer.
Because of the simplified character of our model, we
did not carry out an extensive numerical exploration

of our formula and it is possible that more favorable
conditions for the effect be discovered in a more detailed
analysis. It is our hope to present, in the near future, a
more realistic and detailed calculation and more reliable
predictions for the experimentalist.

There are, however, a certain number of conclusions
which can be established at this stage. The effect is
strongly energy dependent and it decreases when the
energy increases. This is perfectly natural because the
time spent by the final-state particles in the nuclear
field is reduced when the energy is increased.

We have also investigated in some detail the I de-
pendence. The ! dependence of D® seems to be less
dramatic than the energy dependence. However, since
the production amplitude will go down with increasing
! (because of the extra Q;), the effect will be due mainly
to the low partial waves.

Another critical quantity besides the coupling is the
p-w mass difference. In our numerical examples all the
masses and widths have been taken at realistic values.
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