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The usual derivations of the Boltzmann transport equation suffer from a number of weaknesses. Using
a simple model, this paper attempts to treat on as rigorous a basis as possible the influence of a magnetic
field on the transport equation. The approach presented here establishes the relationship between the
classical Boltzmann equation and the corresponding quantum-mechanical formalism. It is shown how the
exact gauge-dependent Liouville equation, determining the density matrix, can be transformed into a
completely gauge-independent equation satisfied by a new density matrix. This equation is solved for a
model consisting of noninteracting free electrons being elastically scattered by randomly placed scattering
centers. The new density matrix is developed in ascending powers of the strength of the scattering potential.
In carrying out this development, the product of the cyclotron frequency and the collision relaxation time
is assumed to be of order unity. In this case the familiar Boltzmann transport equation in the presence of a
magnetic field represents an approximation valid in the limiting cases of very weak or very dilute scatterers.
The corresponding velocity operator is shown to be the usual gauge-independent expression, just the ordinary
free-particle momentum operator divided by the mass. Higher order corrections to the transport equation are
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found, some of which involve the magnetic field.

I. INTRODUCTION

HE various effects of a magnetic field on the trans-
port properties of a metal or plasma provide us
with some of our most useful information about these
substances. For this reason, the dependence of the trans-
port equation on the magnetic field should be established
as firmly as possible. In this paper we shall be concerned
with treating on as rigorous a basis as possible the
influence of a magnetic field on the transport equation
using a somewhat simplified model. The approach pre-
sented here establishes the relationship between the
classical Boltzmann equation and the corresponding
gauge-dependent quantum-mechanical formalism. It
also provides a consistent method of obtaining the mag-
netic corrections to the ordinary Boltzmann transport
equation to all orders.

A system containing a large number of interacting
particles is ordinarily treated by means of a transport
equation.! This is an equation for a distribution func-
tion which describes the probability of a particle being
in any given state of motion specified by a suitable
set of variables. This equation is usually determined
by requiring that in the steady state the total time rate
of change of the distribution function vanish. Two
essentially distinct processes contribute to changes of
distribution function with time, namely, acceleration
of charged particles by electric and magnetic fields
and collisions between the various particles. The trans-
port equation can, therefore, be written as the sum of
two partial derivatives,

(8f/at)Fields+ (af/at)Collisions= 0 ) (1 1)

where the first term is the so-called “drift” term and the
second is the collision term.
Classical arguments have been used to obtain explicit
expressions for the two terms contained in Eq. (1.1).
1S, Chapman and T. Cowling, The Mathematical Theory of

Non-Uniform Gases, 3rd ed. (Cambridge University Press, Cam-
bridge, England, 1958), Chap. 3.
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The resulting equation is the well-known Boltzmann
transport equation in which the electric and magnetic
fields enter in the form of the Lorentz force.! The ex-
tension of Eq. (1.1) to include quantum-mechanical
processes was first considered by Jones and Zener.?
They examined the action of uniform electric and mag-
netic fields on the motion of an electron using quantum
mechanics and showed that for times small compared
to the cyclotron period, the field term in Eq. (1.1)
could be written

af 1k
L
9t/ Fielas cm

where k is related to the velocity and momentum by
k=mv=p. (Units are chosen such that #=1.) In ob-
taining the result (1.2) Jones and Zener started with the
appropriate Schrodinger equation for electrons in the
presence of uniform electric and magnetic fields. The
vector potential then appears explicitly in the Hamil-
tonian and both the distribution function and the cor-
responding velocity operator can be expected to depend
on the choice of gauge. This is actually the case; it was
recognized that a degree of arbitrariness exists in the
definition of the velocity operator for a system subjected
to an externally applied magnetic field. The choice of
gauge, however, cannot affect in any way the physical
properties of the system although the equations deter-
mining the motion of the charged particles are clearly
different for different choices of gauge. It should, there-
fore, be possible to carry out the formulation with an
arbitrary choice of gauge and arrive finally at a set of
equations in which all arbitrariness has disappeared.
There appeared at the time to be no simple way of
accomplishing this and it was easier to specify an abso-
lute gauge system by simply requiring the mean value
of the vector potential to be zero. This was sufficient to
* H. Jones and C. Zener, Proc. Roy. Soc. (London) Al44, 101
(1934).
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arrive at the expression (1.2) for the field term and at
the same time regain the usual expression p/m for the
velocity even in the presence of a magnetic field.

Even so Eq. (1.1) itself cannot properly be taken as a
basis for developing a quantum theory of transport for
it is well known that a quantum-mechanical calculation
of the average of a physical quantity requires in general
not only the probabilities of the different states being
occupied (the diagonal elements of the density matrix)
but the entire density matrix. Here the procedures of
Kohn and Luttinger? will be followed to obtain in a
consistent way the magnetic corrections to the transport
equation, which are at the same time independent of
the gauge. Since the interaction with the magnetic field
is our principal concern, a very simple model will be
considered; it will consist of noninteracting free elec-
trons elastically scattered by randomly distributed
scattering centers in the presence of externally applied
electric and magnetic fields. This is a reasonable descrip-
tion of either a plasma or a metal under certain condi-
tions. It is at once apparent, however, that the diagonal
elements of the density matrix for the system in the
presence of a magnetic field cannot correspond directly
to the classical distribution function satisfying the
ordinary Boltzmann transport equation since the equa-
tion determining the density operator must depend
explicitly on the gauge. Moreover the matrix equations
obtained by applying the Kohn-Luttinger procedure
directly contain matrix elements of the vector potential
itself and this leads directly to difficulty in attempting
to solve them. In order to avoid this difficulty and to
ensure a description that is finally gauge-independent,
the vector potential is eliminated from the operator
equations initially. In Sec. IT the equation for the exact
density operator is shown to be equivalent to a new
gauge-independent operator equation, whose solution
does in fact correspond to the ordinary classical distri-
bution function. The velocity operator corresponding
to the new, or transformed, density operator turns out
to be just the ordinary velocity operator one finds in
the absence of a magnetic field. The methods of Kohn
and Luttinger can be applied at once to the transformed
operator equation. This is done in Sec. III to obtain the
lowest order equation satisfied by the diagonal elements
of the transformed density matrix. This equation turns
out to be the ordinary Boltzmann transport equation
in the presence of a magnetic field. In Sec. IV the first
correction to the transport equation involving the mag-
netic field is found by extending the work of Sec. III.
The new term in the transport equation depends on the
magnetic field and the scattering potential. Its contribu-
tion to the current density will be treated in a later
publication. In the Appendix a proof of an operator
theorem used in Sec. II is presented.

3W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957),
hereafter referred to as K-L.

BOLTZMANN TRANSPORT EQUATION

139

II. GAUGE-INDEPENDENT FORMULATION
OF TRANSPORT THEORY

Consider a collection of electrons so dilute that their
interaction with each other and the effect of Fermi-
Dirac statistics on their behavior can be neglected. Then
every electron may be treated as completely independ-
ent of all others and one has essentially to deal with a
single-electron problem. The electrons are treated as
completely free except for their interaction with a set
of randomly distributed scattering centers and the ex-
ternally applied electric and magnetic fields. The scat-
tering centers might be thought of as either more slowly
moving ions in a plasma or impurities in a metal. The
total Hamiltonian for each electron moving in such a
system may be written

Hr=H(p— (¢/c)A)+H ()+Hr(r),  (2.1)

where H(p— (e/c)A) is the Hamiltonian of a free elec-
tron in the presence of a magnetic field B, H’(r) is the
scattering potential interaction, assumed to depend
only on the coordinates, and Hg(r) is the interaction
with the externally applied electric field. The various
terms in Eq. (2.1) are given by

H(p—(e/c>A>=<1/2m>(p—fA<r>), 2.2)
Cc
H’(r)=§ d(r—1)=\V, (2.3)
Hg(r)=—c¢E-r. (2.4)

In (2.2), A(r) is the vector potential and e is the charge
of the electron. In (2.3), N is some dimensionless meas-
ure of the strength of the interaction of the scattering
center with the electron, ¢(r) is the interaction energy
with a single scatterer, and r; are the locations of the N
scatterers. In (2.4) E is the externally applied electric
field.

Consider a collection of » electrons moving under the
action of the same Hamiltonian Hr and introduce the
exact density operator pr for this collection.* Denote
the time-dependent wave functions of the electrons by
¥¥(r,#) and expand them in a complete set of time-
independent functions ;(r);

Vir,) =21 af(Yu(r).

Then the Hermitian operator pr(p,r,f) with the matrix
elements

1 »
Lordw=~2 ai(®ar™(1)

p i=1

in the ¥, (r) representation is the exact density operator.
The expectation value of any observable quantity

4R. C. Tolman, Principles of Statmtzcal Mechanics (Oxford
University Press, New York, 1930), p.
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represented by the operator M (¢) is then given by
M@t)=Tr{pr()M (1)}, (2.5)

where Tr means the trace or diagonal sum of the cor-
responding matrix. The time development of pr(f) is
determined by the one-electron Liouville equation,

1dpr/dt=[Hr,pr] (2.6)

for the Hamiltonian (2.1). The diagonal elements [pr |1
give the probability of finding an electron in the state
¥u(r). The sum of these probabilities is unity for a wave
function normalized to unity. Once pr is known the
observed value of any operator representing a physical
quantity can be found from Eq. (2.5).

In the absence of an electric field the system can
exist in a state of equilibrium. The exact equilibrium
density operator p must then satisfy the equation

i0p/0t=[H(p— (¢/c)A)+H' (1), p]. ~ (2.7)

While any function H(p— (¢/c)A)+H'(r) will satisfy
this equation, it is known from the theory of statistical
mechanics that the exact form of the function must be
the usual Maxwell-Boltzmann distribution,

p=K exp{—B[H(p— (¢/c)A)+H ()]}, (2.8)

where 8=1/kT. The normalization constant K must
be determined from the relation

K-1=Tr{exp{—B[H(p— (¢/c)A)+H () 1}} (2.9)

and will in general depend on both the magnetic field
and the scattering potential.

Now assume that pr satisfying Eq. (2.6) can be
written in the form

pr= PT(p— (E/C)A; I, B, t) . (2'10)

This implies that pr depends not only on the vector
potential A through the operator p—(e/c)A, but on
the gauge-invariant magnetic field B as well. For the
purpose of obtaining a gauge-independent theory of
transport we make use of (2.10) to write pr as a Fourier
integral

pro— (e/OA, 1, B, )= f PR(ExBIE, (2.11)

where P= (p— (¢/c)A). This in turn defines the function
R(%,r,B,t), which is assumed to depend in no way on the
magnetic field gauge. The assumption (2.10) or (2.11)
will be justified by showing that the results finally ob-
tained are consistent with it. Now replace pr in Eq.
(2.6) by the integral expression (2.11). This gives

oR
i/-e‘P'E;dE= I:H’ (I')+HE(1‘), /6"P'5Rdf:|

1
+___I:Pz’ / eiP-ERdf:l_ (2.12)

2m
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We now wish to rewrite the two commutators on the
right-hand side so that the vector potential appears
only in an exponential-operator factor to the extreme
left in the equivalent expressions. The term on the left-
hand side is already in this form since R(%r,B,f) has
been assumed to be independent of the gauge. This
procedure will allow us to find a gauge-independent
equation satisfied by R.

Since the two potential functions depend only on the
coordinates, one can easily show that

[H'+HE, / e“"fRdE:I= / ¢iPt

X{e~»¢(H'+Hpg)e®t— (H'+Hg)} RAE (2.13)
by using the operator expansion
© (1, n

et ABeiA= Z

[A B], (2.14)

in which [4!" B]]is defined to be the #-fold commutator
of operator A4 with operator B, ie., [4,[4---],B]
with » factors of 4, and [4%B]=B. Equation (2.13)
allows the first commutator on the right-hand side of
(2.12) to be written in the required form.

The second commutator in (2.12) requires more work
in order to reduce it to the proper form. First expand it
in the following way:

[P2, / e“"ERdE:|= / ¢t P2 R14E
+ / [Pt ]RIE. (2.15)

The first integral on the right can in turn be expanded
and written

/ o {[P?, Rd¥

=Za: / e"P'E{2Pa[Pa,R]+

3R
Ko

- 2}(15 (2.16)

by successive application of the commutator relations.
With no loss of generality the magnetic field is chosen
in the z direction. The commutators [ P,,Pg] are always
constants and equal in this case to

LP.,P,]=i(e/c)B:,

[Px)P=:|=[PmP2]=O7
for any gauge. Further notice that if 4 and B are any
two operators which both commute with their commu-
tator [4,B] then®

eA+B = gAgBy—1/214,B] |

(2.17)

(2.18)

5 E. Merzbacher, Quantum Mechanics (John Wiley & Sons,
Inc., New York, 1961), p. 162.
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It is evident from (2.17) that P, and Pg are two such
operators. Now examine the terms contained in the
commutator on the right-hand side of Eq. (2.16). With
the help of Eqs. (2.17) and (2.18) the first term in the
sum over a can be written

dR
/ PP, [P, RldE=1 / eip'fl:pz,gé—]df

eB
% / P[5, RIE  (2.19)
C

after performing a partial integration with respect to
£, and assuming that

lim R(&,r,B,t)=0. (2.20)
Eao

This last condition is certainly well satisfied in all cases
of phyaical interest. In a similar way it can be shown
that

/eiP'EP”[Py,R]d§=i/e‘P EI:.’PV; ]d‘é
9%y

eB
% f P9, RIGE, (2.21)
C

OR
[emecpopiei [ o E[f’"ag Joe. e

Finally the last commutator on the right-hand side
of Eq. (2.15) must be reduced to proper form. It can be
rewritten

P2 Pt R4 __.___/1?5{ —— £—
f[ o®EJRAE e Eae

by using the commutator relations
‘.—.Pacs"ip'e:l"'= - (eB/C)eiP.Efv:
[P0 1= (eB/c)e™ .,
[Pz,eiP-E:|=0’

and finally performing an appropriate partial integra-

tion with respect to £ using Eq. (2.20). The commu-

tators (2.24) can easily be derived by combining Eqgs.

(2.14) and (2.17).

Placing these results in Eq. (2.12) shows that it is
equivalent to the equation

}d‘é (2.23)

(2.24)

R
/ e“"f{—i—————l—e—iP'E(H'—{—HE)e"P'ER——R(H’—I—HE)
ot

+—z = [ o E]+ (ELpoR I~ EL2WR])

1 d’R OR
; e

OR
. sy—)'d§=o, (2.25)
0%, 0k

I 2m a Oxq?
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where wo is the cyclotron frequency. This now has the
proper form; all of the gauge dependence has been
relegated to the single exponential operator factor at
the left. The remaining part of the integrand does not
depend on the gauge in any way but only on the co-
ordinates. The apparent asymmetry results solely from
the special choice of magnetic field direction. If P were
not an operator (2.25) would imply at once that the
remaining factor in the integrand must vanish. The
theorem is still true even when P is an operator; this
is shown in the Appendix. Hence R must satisfy the
gauge-independent equation obtained by setting the
expression within the curly bracket in (2.25) equal to
zero.

In order to find an equation satisfied by a gauge-
independent density operator we define the new function

FoxB= [ REBIE (220
Notice that according to (2.11) 5r is just equal to pr
with the vector potential set equal to zero. Now
multiply our equation for R, obtained from Eq. (2.25),
by the factor e®'¢ and integrate over £ The new func-
tion defined by Eq. (2.26) is then found to satisfy the

equation.
1 %7 1
X — / eint
2m « 0x,2 m

9pr
2P H, e
Il
aR ,
XT [pa, Bg—]dw%wo / et (E,[ 9o R]— EL by, R

dR  oR
i / ei»-f{sr—— f—
3k, 9

v z

}d‘g’. (2.27)

After considerable manipulation involving some partial
integrations we find that s must satisfy the gauge-
independent equation

9pr
i—= [Hot+H (t)+Hz (), pr]

S @XB) el 2 ]0XB)a), (2.28)
sz a

where
Ho= (1/2m)p*

is just the free-electron Hamiltonian.

In order to use Eq. (2.28) as the basis of a gauge-
independent transport theory the correct velocity oper-
ator corresponding to it must first be found. It will turn
out to be also gauge-independent. To find such an oper-
ator we begin with the exact expression for the average
current density given, according to formula (2.5), by

Jav=eno Tr{vor}, (2.30)

where # is the electron density and v is the exact
velocity operator defined as the total time rate of change

(2.29)
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of the spatial coordinate. For the Hamiltonian (2.1)
the exact velocity operator must be®

v=1iH(p— (¢/c)A)+H'(r)+Hx(r), 1]

1
=—7;(p— (e/c)A(x))= (1/m)P (2.31)

and is seen to depend explicitly on the magnetic field
through the vector potential. Inserting this in Eq. (2.30)
along with the integral expression (2.11) for the exact
density operator gives for the current density

eny
<J>av=—-Tr{P / e"P‘ER(E,r,B,t)dE} . (2.32)
m

The current density cannot depend in any way on the
magnetic field gauge. Hence it is permissible to choose
any gauge that might be convenient for the purpose of
calculating the trace. The operation of taking the trace
in Eq. (2.32) must be sufficient to render the result
totally gauge independent. This will now be shown
explicitly by writing Eq. (2.32) in terms of the trans-
formed gauge-independent density operator. The form
of the corresponding velocity operator and the fact that
it too is gauge-independent will then be apparent.

With the help of formulas (2.17) and (2.18) the «
component of the average current density can be
written

eny i}
(Jz>av= —Tr [ /(——‘eip‘”e”>8i(P”EV+P’E‘)

Xe(1/2) imwOEmEuRdE

ieno
—_—— Tr { /eimezei(PﬂEy‘f'PzEz) e (1/2) imwobzty
m

dR
X [%imonyR-i- Bg“jld S (2.33)

after performing a partial integration with respect to
£¢,. To calculate the trace we choose a Landau gauge,
A(r)=(—»B,0,0), and a plane-wave representation.
(See Sec. I11.) In this case the # component of the aver-
age current density becomes

e T

1eny
(J z)fw=—-—' Z Z Z
m

k KOk’

X BtoywomesOtegyr €’ Fv' Eurta’"£2)

) ) ORyr
Xopr keé’m“’('f“’E”l:%’meoE”Rk/:k—[— ]d{

z
ienoﬂl:aRkk:l
= )
m 0&z Jg—o
6 See, for example, L. I. Schiff, Quantum Mechanics (McGraw-
Hill Book Company, Inc., New York, 1955), p. 132,

(2.34)
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where the matrix of R is given by

1
Rue=— / e R(ErB . (2.35)

The subscript £=0 in the final expression means that
the bracket is to be evaluated at the origin. Then ac-
cording to (2.35) (J)ay no longer depends on the wave
vector.

The expression (2.34) for the current density can be
put in a more revealing form by making use of the
definition of the delta function expressed as a sum:

Srekr=05(r). (2.36)
Using this Eq. (2.34) can be rewritten
ieno . 3Rkk
(Jx>uv=* Z ekt d'f;
m & -
eno .
=— Z k,e“"ERkkdE s
m ok
= (eno/m) Tr{PxﬁT(p7r7B’t)} ’ (237)

by performing one partial integration and using the
definition of the transformed gauge-independent density
operator given by Eq. (2.26). The remaining com-
ponents of the average current density can be brought
into exactly the same form as (2.37). The resulting
expression for the current density is completely equiva-
lent to (2.30) but is expressed in manifestly gauge-
independent operators. If jr satisfying Eq. (2.28) is
looked upon as the correct density operator, then it is
clear from our last results that the free-particle mo-
mentum operator divided by the mass is the corre-
sponding velocity operator.

In order to use Eq. (2.28) as the basis of a gauge-
independent transport theory, the trace of the trans-
formed density operator 5r(p,r,B,f) must be known. This
is readily determined by the same methods already
used in finding the gauge-independent velocity operator.
The trace of the exact density operator has been set
equal to unity according to Eq. (2.9). Making use of
Eq. (2.26) the trace of pr can be rewritten

1=Tr { /eiP'ER (E,r,B,t)dE}

=222

Pz

R TN L -

X 67&':70:'61.(k”,ley+k”,EZ)8k'kll.RkI'kdE

=Q[ RirJt=0, (2.38)
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where the matrix of R, given by (2.35), is to be evalu-
ated at the origin. This expression for the trace can
also be written

1=Q/5(§)Rkkd£

=22 | e®Ruyivbrd¥
kK
=TrﬁT(p;r3B’t) (2'39)

by using Eq. (2.36) and the definition of pr given by
(2.26). Thus the trace of the gauge-independent density
operator is the same as that of the exact density operator
pr. Equation (2.39) can then be used to determine the
normalization of pp.

III. BOLTZMANN TRANSPORT EQUATION

The problem of handling the gauge-dependent oper-
ator Eq. (2.6) has been reduced to the equivalent prob-
lem of treating the gauge-independent Eq. (2.28). It
will now be shown that it is 57 and not pr that actually
corresponds to the ordinary classical distribution func-
tion. This is accomplished by developing the new den-
sity matrix in ascending powers of the strength of the
scattering potential according to a technique used by
Kohn and Luttinger.® In order to obtain the familiar
Boltzmann transport equation, which represents the
lowest order approximation, it is necessary to assume
that wor,~1 where wp is the cyclotron frequency and
7, is of the order of the collision relaxation time.
Higher order corrections to the Boltzmann equation
exist, some of which involve the magnetic field explicitly.
These will be dealt with in the last section; here we
consider only the lowest order contribution.

Consider Eq. (2.28) in the following way. Initially
the system is in contact with a heat reservoir and the
system is assumed to have reached thermodynamic
equilibrium in the presence of a magnetic field. There is
no electric field present. Contact is then broken with
the heat reservoir and the electric field is very slowly
turned on. It is convenient to turn the electric field on
according to the formula

E=E%:t (3.1)
so that the electric field is zero at {=— o« and reaches
its full value E° at time zero. It will be shown that the
results do not depend on the frequency parameter s as
long as it is chosen reasonably. The collection of elec-
trons is now described by the new single-particle density
operator pr, whose time development is given by Eq.
(2.28). The solution of interest is that for t=0 when
the electric field has reached its full value. Hence a
solution of Eq. (2.28) must be found with the electric
field given by Eq. (3.1) which reduces at {=—c to the
new equilibrium density operator, say 5. This must

BOLTZMANN TRANSPORT EQUATION
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satisfy Eq. (2.28) with Hpg set equal to zero:

9p e
i—=[Ho+H'(1), p]——
at 2mc

X 2Z{(@XB) o[ e, 1+ [#a,p J(0XB)a} . (3.2)

The calculation of the new density matrix will be
limited to terms no higher than first order in the elec-
tric field. Therefore let

(3.3)

where pg is taken to be linear in the electric field. Then
the total density operator becomes equal to the equi-
librium density operator when the electric field is zero.
Inserting pr given by Eq. (3.3) into Eq. (2.28) and
using Eq. (3.2), it is found that jz satisfies the equation

pr=pr+pr,

9o
i‘:97= [Hot+H'(x), pe]+[Hz,p]
S {(OXB)uLre i+ [ ] 0XB)}  (3.4)
2mc o

if terms of second order in the electric field are neglected.
The quantity pr must satisfy the initial condition

pp(t=—x)=0, (3.5)
Now since Hz may be written
Hg(r)=—eEx.e°, (3.6)
Egs. (3.4) and (3.5) can be satisfied by taking
pE=fest, 3.7

where f is linear in the electric field and independent of
the time. The quantity f is the correction to the equi-
librium density operator at time zero, which is what is
required. Inserting Egs. (3.6) and (3.7) into Eq. (3.4)
gives the equation for f,

isf=[Ho+-H'(x), ]~ C——

2mc

X ZA{(@XB)o[ e, [ 1+ [#a, f1(@XB)e}, (3.8)

where C is defined as the commutator
C=—¢eEp,%a]. 3.9)

To solve Eq. (3.8), which is valid in any representa-
tion, it is convenient to choose the representation for
which H, is diagonal, that is, plane waves with periodic
boundary conditions. The normalized eigenfunctions of

Hy are
Y= (1/4/Q)e™r,

where @= L3 is the volume of the container. The allowed

(3.10)
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wave vectors are given by
ko= (2m/L)n,, (3.11)

where 7, are all real positive and negative integers. Then
¥, satisfies the equation

Hopr= e,

0= (1/2m)ke (3.12)

are the energy eigenvalues. In this representation Eq.
(3.8) becomes

(wra®—15) frrr = Z, {frrHii'—Hyprd' frorw }+Crar
kl

where

e
+—&k+K)XB- (Vit+ Vi) farr  (3.13)
2mc

with wi®= €,°— €°. The matrix elements of H'(r) are
equal to

1~

Hy' == 3 eiteit) s [ i (e (3.14)
=1 Q

after making an appropriate change of variable. For

simplicity the potential ¢ (r) will be taken to have a finite

range so that the coordinate integration can be ex-
tended over all space. Then Eq. (3.14) becomes

¢ + N
Hkk'/=i Z e—i(k—k’)-n" (3.15)
i=1
where
¢kkl =/ e_i(k—k')"d)(r)dl‘. (3.16)

Following Kohn and Luttinger we separate Eq.
(3.13) into diagonal and nondiagonal parts. The Eq.
(3.13) becomes

—isfk=Zk;' {fkk'Hkk’,"'Hkk’lfk'k}
ie

+Cirt+—(kXB)-Vifi (3.17)
mc

for k=k’ with kafkk, Ci=Cy; and
(i —1s) frwr = (fr— fu)Hiw'+Char
5 funHars'— o fuow)
kl'

- KK XB- (Vik Vi) fuw (3.18)
2mc

for k>#k’. Here terms in the sum having factors with
pairs of equal indices have been separated out and
advantage has been taken of the fact that Hy' is a
constant to define a new energy

&= e+ Hi'
with

Wrk! = €= €Efr o
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By resetting the zero of energy this constant can be
removed. This is equivalent to taking H;;'=0 and for
simplicity it will be imagined that this has been done.

So far everything is quite general. It will now be
shown that the technique of Kohn and Luttinger can
be used to find a solution of Eq. (3.18) in a power series
in \. In developing such a solution it will be assumed that
wotr is of order unity. This turns out to be a necessary
condition for obtaining the ordinary Boltzmann trans-
port equation when Eq. (3.17) is treated to lowest order
in N\ while retaining the magnetic field term. Since the
collision relaxation time is inversely proportional to the
square of the potential interaction of the electrons with
the scattering centers, 7, is of order N2 according to
(2.3). For this reason factors of the magnetic field can
conveniently be considered of order N in determining
the respective orders of the various terms contained in
Eq. (3.18).

To carry out the proposed development of the density
matrix in powers of \, the various terms in Eq. (3.18)
must first be examined to learn how they depend on A
for small A\, First consider the commutator

Crpr=— ian[:ﬁ;xa]kkl

d d
= iean(‘*'{- )ﬁkk' .
Oke Ok,

p depends on the scattering potential and the magnetic
field; Crir can therefore be expanded in a power series
in A, ‘

(3.19)

Cie =Cp OFCrpo W+ - -, (3.20)

in which Cpx™ is of order A". Here the evaluation of
the series will be limited to the first term, Cpp @, since
this turns out to be all that is required to obtain the
lowest order result from Eq. (3.18).

In order to obtain the expansion indicated by Eq.
(3.20) in powers of A the corresponding expansion of 5
is needed. p satisfies the operator equation (3.2) from
which the equation satisfied by 5, the lowest order
part of the new equilibrium density operator, can be
obtained by setting H’'(r) and B equal to zero since
they are of order N and N2, respectively. Then

195©/ot=[H,,5]. (3.21)

This is just the equation satisfied by the exact density
operator p in the absence of both a magnetic field and
scattering. In fact 5 and p become identical in the ab-
sence of a magnetic field. Hence the solution of Eq.
(3.21) at equilibrium'is the usual Maxwell-Boltzmann
function,

P =50 =K ©¢6Ho, (3.22)
where

[K®F1="Tre #Ho,
The matrix of (3.22) is just

(3.23)

0) =

Prrr O = pr%6ss (3.24)
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with

1/20B\*"2
pko = —<———> e"ls €k |
Q\ m

(3.25)

The first term in Eq. (3.20) is obtained by inserting
(3.24) into (3.19). This gives

o
Crw @ =1eE——0bx1r .

a

(3.26)

Thus the diagonal terms of the commutator C begin
with the zeroth order in N\ while the nondiagonal ones
are at least of first order in A.

Now assume that f; begins with order X~% as Kohn
and Luttinger found when no magnetic field was present.
This will lead to a consistent solution in the presence of
a magnetic field as well. Then it follows from Eq. (3.18)
and (3.26), on examination of the various terms, that
Su (%K) must begin with order AL Thus Eq. (3.18)
can be solved by an iterative process. To lowest order
Eq. (3.18) gives just

Jeer =L = fr )/ (e —is) JHia",  (3.27)

in which appropriate superscripts have been added to
indicate the respective orders in \. Insert (3.27) along
with (3.26) into Eq. (3.17) and again retain only lowest
order in . This gives
apko ie
- zsfk 2= ieEaO——l——(kX B) . kak =2
« M

+Z | Hi' (£ fir )
kl

1
X - (3.28)
wkk:——'is wkk:+is
From Eq. (3.15) it is found
e |* X & ,
|Hiw' 2= > D emitrimr) Gk (3 99)

02 =1 j=1

This quantity depends in general on the positions of
all the scatterers. Kohn and Luttinger showed, however,
that the summation over k" effectively eliminates this
dependence. If there is no correlation between the
positions of the scatterers Eq. (3.28) becomes a well-
defined equation independent of these positions.
Kohn and Luttinger define the ensemble average of
M (ty,xe,- - - 1), say (M), as the average of M over all
different arrangements of the scatterers without any
correlation between them. Then the ensemble average
is given by the integral

M) 1/ /d dr M ( )
—_—— oo Ty -dr, Iie-Iy).
Qr Ja e

It can be shown without any loss of rigor that it is
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possible to replace | Hy’|? in a sum such as occurs in
Eq. (3.28) by its ensemble average given by

N
<IHkk’l'2>=5'¢kk’!2- (3.30)

The solution of Eq. (3.28) still depends on the value
of the frequency parameter s. There is, however, a large
and useful range of s for which the solution is practically
independent of s. This range is specified by the following
conditions. First, s™! must be much greater than the
collision relaxation time, the cyclotron period, and the
characteristic atomic time. When these conditions are
satisfied the left-hand side of Eq. (3.28) may be dropped.
Further if s$S>AE/%, where AE is of the order of the
spacing of the translational electronic levels, the sum
in Eq. (3.28) can be replaced by an integral according to

Zk=[ﬂ/(27r)3]/dk. (3.31)

Then the condition that s be much less than character-
istic atomic frequencies enables one to use the well-
known result

slirilﬂ(x—is)_‘=P(1/x)+i1r6(x), (3.32)

where P(1/x) is the principle value of 1/x and §(x) is
the Dirac delta function. Equation (3.31) can then be
written

apho e
0=E—+—(kXB)- Vi fy~?
ok, mc
Q
+ /{W/crk(z)fk(“”—-Wkk’msz(—”}dk', (3.33)
(2m)
where

wip @ = 2m/Q) | pur | 26 (wrr) (3.34)
is the transition probability per unit time from a plane-
wave state k to &’ due to a single scattering event and
Wi @ = Nwiw ®. Equation (3.33) is just the ordinary
Boltzmann transport equation in the presence of a
magnetic field. Notice that it is of over-all order A%
Once it has been solved for the diagonal part of the
density matrix the nondiagonal elements can be ob-
tained at once from Eq. (3.27). To calculate the average
velocity the free-particle velocity operator p/m must
be used. Here to lowest order the nondiagonal elements
of the density matrix play no part since the velocity
operator has only diagonal elements in a plane-wave
representation.
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IV. HIGHER APPROXIMATIONS

The problem of finding the higher order corrections to
the Boltzmann transport equation (3.33) is considered
in this section. To obtain such corrections it is only
necessary to continue the iterative process begun in the
last section. The process is carried only two orders
further in X since this is sufficient to bring in the first
magnetic correction terms. With the exception of these
terms the corrections are formally the same as those ob-
tained by Kohn and Luttinger to this order. While there
is in the present development an added implicit depend-
ence of the density matrix on the magnetic field, the
formal reduction of the corresponding terms, those not
explicitly dependent on the magnetic field, remains the
same and will not be repeated. Nonetheless some of the
results of Kohn and Luttinger are necessary in order to
properly understand the present work. In such cases the
needed results will be quoted and referred to as K-L?3
with the corresponding equation number.

The diagonal elements of the density matrix f; were
found to begin with order =2 and will be needed to order
M. The nondiagonal elements fix begin with order A
and will be needed to order \. To the corresponding order
Egs. (3.17) and (3.18) become for very small s,

ie
0=C;O+C,@+—kXB) V[
mc

+%’ (fkk’Hk’kl_Hkk’,flc’lc) 1) (4-1)
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(wirr—18) frrr = Crr O+ (fr— fur)Hir'
+zl(fkk"Hk"k’,—HkkH,fkuk;)

k/l
e
+—&+K)XB- (Vi Vi) frrr,  (4.2)
2mc

after inserting the commutator expansion (3.20) to the
proper order. C;® does not appear in Eq. (4.1) since it
vanishes with the choice H'= 0. C® has no off-diagonal
matrix elements according to Eq. (3.26) so that Cyz ©
has not been included in Eq. (4.2).

It was shown in Sec. III that the lowest order solu-
tion of Eq. (4.2) is given by Eq. (3.27). If this is in-
serted in the last two terms of Eq. (4.2) and the result-
ing equation solved for fiw, the first correction is ob-
tained. This process can be continued to obtain
Srw (RE’) as a power series in N to any order. To the
order already specified, the diagonal and nondiagonal
matrix elements of the corrections to the equilibrium
density matrix can be written

fo= x4 [V £,@
S = frre T4 fow O+ frw @,

respectively. Here again the superscripts indicate the
respective orders in \. Placing Egs. (4.3) and (4.4) in
Eq. (4.2) it is readily found that fiw D is given by
Eq. (3.27) and

(4.3)
and

(4.4)

2)— f,,,(=2) 22— f,, (—2)
f 0) — ( 1) ~DVH ’ Z/ kk”k/) fk fk fk flc 4
k= —| (f& SO H ' +2°( - - s (4.5)
Wrkr— 1S 344 Wit — 18 Wit jpr =18
=D —f,, 1 , D — f,, D)
1) = (6] ) — 0) 4 / 4% fk fk fk fk
Sew®= —1Ci O+ (fi fo O Hy'+2°" (kE"R) - -
Wi — 18 L Weprr— 18 Wty —18
(kk///kukl)/fk(—z)_fk,”(—‘z) fk,”(—2)__fk”(—2)
+ )
k,f’,,',;;:];’ Wit —18 \ Wyt — 18 W11 11— 18
i Lh
(kk//kmk/)/fk,,(—Z)._fk,,,(—2) fk,,,(—2)_fk,(—2))
klla’",kk”l;l wkukl—’ié‘\ wkukm—is wkmk'—is
vy
1e fk(—Z)_fk,(—Z)
+_“(k+kl)XB'(Vk‘i‘vk’)(_—"_‘,_“_ﬂ-kk'l)] , (4.6)
mce Wrpr—18
where

(kk”kl) EHkkulHkuk:I

(kk”lkllkl):—:Hkku:,Hk;u_k//,Hkl Ikll .

4.7)

The last term in Eq. (4.6) is the most interesting; it is the first correction to the density matrix depending ex-
plicitly on the magnetic field. Except for the implicit dependence on the magnetic field, the remaining terms in
Egs. (4.5) and (4.6) are essentially the same as those obtained by Kohn and Luttinger.

Before finding the corresponding transport equation, it is convenient to rearrange the terms contained in
Jrw (k%) so that those of similar form can be combined. Add Egs. (3.27), (4.5), and (4.6) and make use of Eq.
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(4.3) to recombine the diagonal elements. Then fx (k5%k’) can be written
furr=Frar O+ Frs O Fr®, (4.8)
where the F’s are given by
(fe—fw)
Fip® =_~—'_Hkk’,, (4.9)
Wik — 18
fe—frr for—fur
Frp W =— ' Z(kk"kl)< . : ) , (4.10)
Wrpr— 18 k' Wikt —1S Wk — 1S,
1220 0% —forr) e s NI
Frp®=—- (Ck/cf(”-l- > ( )/fk fk. Jerr— Ik )— Elfk—k——]f—)
W —18 RR O —18 \wkkm—is W11 g1 —18. RE g —1S
J LNy kb
e AT
fur—fur for—fu\  de Fo—fe
X( , ~ [+ —(k+k)XB- (vk+ka)<- Hkk)} . (411)
Wprogrrr—18 W —1s/  2mc Wi — 1S }

Fuw (R=k"), as expressed by the sum in Eq. (4.8) with
frgiven by Eq. (4.3), differs from that of Eq. (4.4) only
in terms of order A? or higher, which are not being con-
sidered. It is apparent that Fy, defined by Eqgs. (4.9)
through (4.11), are actually mixtures of various orders
in A\ and correspond to Egs. (K-L.34), (K-L.65), and
(K-L.66).

To obtain the corrected transport equation insert
Eq. (4.8) into Eq. (4.1); this gives

T O+ T O+ T, =0, (4.12)

where 7@ is just the right-hand side of Eq. (3.28) with
Fx¢® replaced by fi. The two remaining terms in Eq.
(4.12) are given by

T =3 (Fiw VHpi' —Hu'Frr®), (4.13)
k!

T:®=3"(Fow ®Hypy' —Hi'Frp®@)+C® . (4.14)
px

If Egs. (4.4) instead of Eq. (4.8) had been inserted in
Eq. (4.1) the result would still have been Eq. (4.12) to
terms of order A2. The introduction of the F’s simply
makes it possible to combine similar terms requiring
complicated reductions. It should be clearly understood
that the superscripts on 74 and Fyi ™ do not indicate
their respective orders in A as they do on all other
symbols contained in this paper.”

Consider first Eq. (4.13) and replace Fri @ using Eq.
(4.10). This part of the transport equation is formally
the same as Eq. (K-L.69) and can immediately be
written

Tk(1)=’1:N Z'(wk:k(‘"’)fk—wkk:(a)fk') (415)
kl
with wee @ given by Eq. (K-L.78).

We turn now to the consideration of Eq. (4.14).

Three terms result: those linear in fi, say Tx®(f),

7 The superscripts on the symbols contained in the paper of
Kohn and Luttinger, Ref. 3, do not specify their true order in .

those containing the commutator, say 7'x®(C), and

those containing the magnetic field explicitly, say

T:®(B). Then Eq. (4.14) becomes
TO=T® (DT O+ T B).  (4.16)

Tx®(f) is given by Egs. (K-L.82), (K-L.83) and
(K-L.84) and can therefore be written in the form

Ti® (f)=1N 2/ { (wrrs®Fup D +0p0: D) fr
kl

— (@rrr P Do D) fio}  (417)

with wew @, ure @, and v @, defined in terms of Egs.
(K-L.95), (K-L.96), and (K-L.98), respectively. The
second term in Eq. (4.16) is equal to

Ciw VHyri!  HpiCro®
T (C)=Ci®+ 5 =

k! Wk — is

(4.18)
W18

which is formally the same as (K-L.81) except that Cy
may depend explicitly on the magnetic field. The last
term in the transport equation (4.16) takes the following
form

ie
T:®B)=— 2 [Hw'|?

2mc k'
| KX (vt vy
Wprr— 1S Wrpr— 18
fo—
L B e T )
Wi — 18 Wrrr—1S

This term is new and depends explicitly on the magnetic
field.
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In order to calculate T,®(C) the transformed equi-
librium density matrix, prw, must first be found to
second order in . The density operator 5 itself can be
found in a quite straightforward way by placing the
exact, known, equilibrium density operator (2.8) in
Eq. (2.11):

K exp{—B[H(p— (¢/c)A)+H'(r)]}
=/eiP~eR(§,r,B)d.§. (4.20)

Once R is found from this relationship it can be inserted
in Eq. (2.26) to obtain  directly. However, since the
zero-order solution is now known (see Sec. III), it is
much easier to obtain g by a process of iteration from
the matrix equation satisfied by it:

Wi proer = (p— prr) Hienr

k,,(g . {prr Hyrr' — H g prroor}

e
+2‘“‘(k+k/) XB- (Vit-Vi)puer. (4.21)

me

This equation follows directly from Eq. (3.2) since at
equilibrium the time derivative of 5 must vanish. The
normalization of 5, which can be found from Eq. (2.39),
depends in general on the scattering potential and the
magnetic field so that care must be taken to correctly
include both types of terms. Notice, however, that the
differential operator in Eq. (4.21) gives nothing when
it acts on the zero-order solution Eq. (3.24). Therefore,
to terms of order A%, no corrections to pri exist which are
linear in the magnetic field. Terms containing the
magnetic field can be completely disregarded in deter-
mining prr at least to order A% By carrying out the
iterative process using Eq. (3.24) as the zero-order
solution it can readily be shown that the result is identi-
cal with that obtained by Kohn and Luttinger using a
quite different procedure, namely, that implied by Eqgs.
(K-L.C6) and (K-L.C7). Hence to order A2, Cy is still
given by (K-L.C6) even in the presence of a magnetic
field. This implies at once that 7%®(C) remains un-
changed in the presence of a magnetic field and is still
given by Eq. (K-L.87).

Thus the corrections to the Boltzmann equation
depending implicitly on the magnetic field are formally
the same as those found by Kohn and Luttinger in the
absence of a magnetic field and it is possible to take over
their results practically intact. However, the term
T#(B) given by Eq. (4.19) is completely new and de-
pends explicitly on the magnetic field. If the sums con-
tained in Eq. (4.19) are replaced by integrals using the
transformation (3.31) and |Hx’|? is replaced by its
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ensemble average, it can be rewritten
ien

c(2m)?

T (B)= [/Mkk'[z(kak_vk'f’c’)

1
BX(Vi— Vi )—dK'+ | |dwr [2(fo— frr)

Wk

1
XB- (ViX vk,)—dk'} . (4.22)

Wik

after some rearrangement of the derivative operators.
Here the density of scattering centers has been set
equal to n. The integrals contained in Eq. (4.22) are
meaningless as they stand since derivative operators
still act on the reciprocal of wii’ giving divergent inte-
grals. If f; and its first derivatives vanish at infinity,
then partial integrations can be performed which allow
Eq. (4.22) to be rewritten as a set of principal value
integrals

ien [ drir|?
T:®(B)= {kachX Vk/P dk’
c(2x)? Wrrs
(Vildur )
+BX Yy [ P (e f)aK
Wik’

P(kak— Vi far)

-vaquskk'l?dk'}. (4.23)
Wk’

Tx®(B) is a new set of terms in the transport equation
arising from the interference between the change in the
distribution function caused by the presence of the
magnetic field and the change brought about by colli-
sions of electrons with scattering centers. The contribu-
tion of these terms to the current density will be con-
sidered in a later publication.
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APPENDIX

Let P=(p— (¢/c)A(x)), where p is the ordinary mo-
mentum operator and A(r) is the vector potential. Then
the Fourier integral

/ ¢ tF (£,1)dE=0 (A1)
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implies that F(£r) must vanish. In order to show
this choose for simplicity a Landau gauge, A(r)
= (—9B, 0, 0). Then (A1) can be written

/ e'p-Egimanksyg—imeolzty F (£ 1)dE=0 (A2)

by using Eq. (2.18). Form the matrix of (A2) using a
plane-wave representation (see Sec. IIT). Then (A2)
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becomes
/ ¢ tF . (E1)dE=0, (A3)
where F/(§r) is defined by
P ()= eimtongtimats P (£r). (A4)

Equation (A3) is now an ordinary Fourier integral and
implies that F’(§r) must be zero. According to (A4),
this in turn requires that F(&r) must vanish.
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Nonlinear Susceptibility Constants and Self-Focusing of
Optical Beams in Liquids*
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This paper reports measurements of intensity-induced rotation of the polarization ellipse, and measure-
ments of the self-focusing threshold and its polarization dependence, using an unfocused laser beam in several
Raman-active liquids. An attempt was made to determine the nonlinear susceptibility constants in these
liquids by correlating these measurements. It is found that the self-focusing formulas for linearly polarized
beams are in good agreement with the experiments, but the polarization dependence of the self-focusing
threshold disagrees with the corresponding polarization dependence of the nonlinear index changes. A

possible explanation for this discrepancy is discussed.

I. INTRODUCTION

T is assumed in linear optics that a light beam of
finite cross section can be represented by a super-
position of unbounded plane-wave components prop-
agating in slightly different directions.! The presence of
optical nonlinearities produced by intense laser beams
in a dielectric medium invalidates the principle of
superposition. The plane-wave components are no
longer independent, but are coupled to each other
through the nonlinear polarization terms which bring
about transfer of energy among the components.? The
nonlinear optical effects of an intense laser beam on the
propagation of the beam itself have been considered by
several authors;*® they include the intensity-induced
rotation of the polarization ellipse,®¢ and the intensity-

* A preliminary report of this work was presented orally at the -

1966 International Quantum Electronics Conference in Phoenix,
Arizona, April, 1966.
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induced slowing of the plane-wave components, which
leads to self-focusing of the laser beam.”-8

This paper discusses some of the nonlinear optical
effects which are related to the intensity-dependent
changes in the real part of the index of refraction. In
Sec. II, a phenomenological description is first given of
the self-induced effects of an unbounded plane wave in
a medium which is lossless and isotropic in the linear
approximation. To describe these effects, a fourth-rank
nonlinear susceptibility tensor with three nonzero
independent components is introduced. Additional
nonlinear effects associated with laser beams of finite
cross section are then discussed in Sec. IIL. Possible
ways to determine the susceptibility constants are
discussed in Sec. IV and the relations that exist between
these susceptibility constants are derived in Sec. V in
terms of a simplified physical model.

Section VII reports measurements of intensity-
induced rotation of the polarization ellipse associated
with an unfocused laser beam in several Raman-active
liquids. These measurements were correlated with
measurements of self-focusing threshold? to determine
the nonlinear susceptibility constants in these liquids.

7M. Hercher, J. Opt. Soc. Am. 56, 563 (1964). :

8 N. F. Pilipetskii and A. R. Rustamov, JETP Pis’ma Redakt-
siyu 2, 88 (1965) [English transl.: Soviet Phys.—JETP Letters
2, 55 (1965)7].
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