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We use simple field-theoretic arguments to define a renormalized ar-@ mixing angle and compare pre-
dictions between the normalized and renormalized theories and experiment. The sensitivity of the predictions
to the initial assumptions is briefly discussed.

Pp ——Pp+(3) 't'Xp1, (2)

where I'8 is the pseudoscalar-meson octet. '
From I, we see that the 6eld renormalization con-

* Permanent address: Imperial College, London.' R. J. Rivers, Phys. Rev. 150, zxx (1966).' S. Coleman and H. J. Schnitzer, Phys. Rev. 134, B863 (1964).
3 J.J. Sakurai, Phys. Rev. Letters 9, 472 (1962).
4 S. Okubo, Phys. Letters 5, 165 (1963).
5 This is shown to be equivalent to the q-X mixing in Ref. l.

See S. L. Glashow and R. H. Socolow, Phys. Rev. Letters 15, 329
(1965l.
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' 'N a previous paper' (hereafter known as I) we
- generalized the 6eld-theoretic approach of Coleman

and Schnitzer' Dor estimating the field renormaliza-
tion constants and mixing parameters of the J~=O,
and Js'=1 nonet mesons due to SU(3) symmetry-
breaking interactions] to mesons of arbitrary spin, with
particular reference to the J~=2+ meson nonet. It has
been emphasized that this approach is not equivalent in
general to the usual particle-mixing formalism' where
the SU(3)-breaking interaction is taken to mix fields
(with the same medium-strong quantum numbers) but
not to renormalize them. In this paper we further dis-
cuss the renormalization and mixing of the J~=O, 1
meson nonets by introducing renormalized and un-
renormalized mixing angles (as suggested in I). This
enables us to give a simple ansatz for calculating the
effects of renormalization on the predictions of SU(3)
with conventional particle mixing.

As in Ref. 2 and I we make the assumptions that:

(a) The SU(3) symmetry breaking does not affect
the vacuum expectation values of the equal-time com-
mutators and their erst time derivatives.

(b) Integrals containing the difference of the con-
tinuum parts of the perturbed and unperturbed two-
point spectral functions have simple order-of-magnitude
properties.

We make the further assumptions that, in the absence
of SU(3) breaking:

(c) The unperturbed tp, E* and unmixed isospin
singlets Pp and cop form a degemerate nonet of mass M of
the form

Vp= Vp+(3) 't'pop1,

where V8 is the vector-meson octet.
(d) The unperturbed m., E and the unmixed isospin

singlets go, Xo form a degenerate nonet,

stants are given by

Z, =rrt P/MP Ztr~=rrtsr~s/MP

and

Z 's/rw„'+ Ze's/rrte' 5"/M'——

(3)

for the 1 nonet, and

(6)

for the 0 nonet. The merit of (3) and (4) is that charge
conservation in a vector-meson pole-dominance model
of electric form factors is preserved under SU(3)
mass-breaking.

Since the matrix Z's are real, tracless, and symmetric,
we can express them in terms of real angles y and P as

f cos'y
Z,=i

k —cosy sing

—cos+ sin'r)

)Isin y

tr sin'y cosy sing)
Zx=]

(cosy sing cos'y

tr cos'P
z,=z,

i

E—cosP sing

—cosP sinP

sinP

where

cosP sinP)

cos'

jrsin'P
z„=z„pi

kcosP sint3 P

Z '= sip'/M' Z„'= rm~'/M'.

(10)

We can interpret P, y by considering vertices in which

rt, X, oo, P interact. Since y offers immediate interpreta-
tion, let us consider vertices, sl, X~A+J3 where for
simplicity A and 8 are unmixed particles belonging to
irreducible representations of SU(3). In the absence of
SU(3) breaking, rtp Xp ~ A, 8 vertices have coupling
constants G„» and Gx,», respectively. We assume
that we can neglect vertex renormalization' and that
the coupling-constant renormalization is due entirely
to Geld renormalization and mixing. We can thus con-
sider the coupling-constant renormalization as taking
place in two stages: (1) rtp Xp are mixed and renor-
malized; (2) A, 8 are renormalized.

After (1) the coupling constants Gpge Gx~ts for
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AB2 Q TZ„G Gx~a'= G~ZxG,

physical p and X are given by with a quadratic mass operator' (differing slightly from
Refs. 2 and I, where an inverse quadratic mass operator
was taken), we have (from I)

where Gr=(G„,AB,Gx,AB). From (7) and (8) we see
that Eqs. (12) are satisfied by

where

Sill y= (tn„' m—S (P)$(mr' 1—5 X') '

G„g~=G„o~gg cosy —Groggy sing,

GxAB= Gr AB slI1 r+Gx AB cosp.

This is the result that we would obtain by the con-
ventional particle mixing in which we take

(20)

which is the conventional renormalized mixing angle
for p-X mixing. Inserting physical masses, ' we have
7=&10'. The angle P is given by

g= gp cosp —Xg sing,
X= rts siny+Xs cosy.

sinP = $m„/rtts(V) $ sinn,
cosp= Lme/ms(V) j cosrr, (21)

Thus in this scheme 0 particles are mixed but not
renormalized by SU(3) breaking.

We can treat vector mesons in an analogous way. For
ceo,its —& A, 8 vertices with unperturbed coupling con-
stants G„,~~, G~,gg, the coupling constants

where rr is the renormalized te-p mixing angle,

sin'ex=trit '—m '(V)](m '—rpt ') '
and

ms'(V) =-', [4tttx *'—tN, ']. (23)

and
GRAB =Ge AB cosp G AB slnp

GRAB =GeeAB slnp+G„eAB cosp
(15)

correspond to conventional particle mixing

p= ps cosp —tee sinp,

co= Qo sinp+tds cosp,
(16)

e S. O)ruho, Progr. Theoret. Phys. (Kyoto) 27, 949 (1962).

but no renormalization. If the coupling constants for
physical renormalized re, p (in the absence of renor-
rnalization of A, J3) are G„AB, GeAB, we see from (9),
(10), (15), and (16) that

G.AB=(g s)itsG A
s

GRAB = (~e') "'GRAB'.

Thus for vector mesons the SU(3) breaking causes
mixing through an angle p and renormalization. The
effects of the renormalization of A and 8 can be calcu-
lated in like manner, even when A and 8 are mixed by
the symmetry breaking.

Thus the renormalized mixed coupling constants
GAB& (where A, J3, C are physical members of the 0
and 1 nonets) are calculated from the unperturbed

coupling constants in the following way. %e calculate
the unrenormalized mixed coupling constantsGABos(P, 7)
by means of the mixing (14) and (16) with mixing angles

y and P in the usual way. From (3), (5), (11), and (17),
GABo is given in terms of GABo'(p, y) as

GABc= ~A'"~ '"Zc"'GAB c'(P,V), (18)

where Zv't'=Mv /3E for all members of the vector
nonet and Zp' = 1 for all members of the pseudoscalar
nonet.

We have yet to express p and p in terms of the physi-
cal masses. Assuming Okubo-type octet mass breaking6

We also have

M'=-'sLrle'+2tlx*'$. (24)

7 For the effect of general mass operators on the unrenormalized
theory, see A. J. MacFarlane and R. H. Socolow, Phys. Rev. 144,
i&94 (~966).

s Obtained in Lagrangian formalism by diagonalizing the
p-X sector of the mass-squared operator

~~sf I-'sa'+bI's'I'ss +&Xoxo+~I'ss'Xo

through a mixing of the form (15).' Unless otherwise stated, masses and partial widths are taken
from A. H. Rosenfeld et ot., Rev. Mod. Phys. 3?, 633 (1965).

"n and P have been taken positive to reproduce the known small

pp7r coupling.
"Obtained by taking a mass-squared operator of the form

aV9+Vg ~+bVg Vgs ."J.Yellin, Phys. Rev. 147, 1080 (1966)."G. Fraser (private communication).

Thus for the vector mesons, in addition to renormalizing

the fields, the SU(3) breaking renormalizes the mixing

angle. Inserting physical masses we have 0.=39.9',
P=32.7'." The maximal mixing angle, given by the
Okubo ansatz that TrV9 never appears in the mass

operator, "is i)= sin ' (1/~3=35.3'. We note that the
renormalized angle p is closer to t) than the renormalized

mixing angle n.
Using the Okubo nonet ansatz for vector-meson in-

teraction Lagrangians that terms proportional to
TrV9 do not appear, and a similar ansatz for the
pseudoscalar nonet, we compare the predictions of the
renormalized and unrenormalized theories Lwith cou-

pling constants GABos(er, v)) with experiment for par-
ticular cases, especially when te, p, rt are in the initial

or Anal states.
1 ~0 +0 decays. Theexperimentalpartialwidths"

are F, =106&5 MeV, F~+„~ ——50&2 MeV, and
I'e„rrrr=2. 5&0.8 MeV. Vsing the above value of P
and (19) we predict"

r, :r + & .r&„«=&06:46.5:2.8,
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in excellent agreement with experiment. Unrenormalized
SU(3) gives the poorer prediction

I,„..:r * .:r, -=106:31.7:2.5. (26)

We stress that the satisfactory prediction of r,„ /
I'~e„tr in (25) is independent of P and hence of the
mass operator, and is dependent only on (3).

3s. decays of te arid P. We use the recent calculation by
Yellin" on the basis of the Gell-Mann —Sharp —Wagner
model'4 for 3x decays via pm intermediate states that
gives (I'e s /I'„s ) in terms of (Ge, /G„, )'. From the
nonet ansatz and (18) we have

Gv, +,-'= Gv„'e/mv', (31)

the renormalized coupling constants (from (18)7
become

This gives

Gv.+;=Gvvs&/M vm

Ice e+e stn P mp
— -- =0.10

~p-e'e- 3 m

(32)

(33)

I.eptorsic decays of p, te, p. Using an intermediate
photon model in which the unrenormalized mixed
coupling constants are given by

I
re -+3m = (34+2.5) tan'(8 —P)(m '/m ') (27)

and

I"p e+e-

Fe,+g- cos'P mp
=0.18,

3 mQ
(34)

Taking F„„a ——10.8&1.6 MeV we hand

I'@ s /I'e'"=0. 39+0.16, (28)

in comparison with the unrenormalized predicted
ratio of 0.73~0.30 t obtained by replacing tan'(8 —P)
&& (m&'/m„') by tans(8 —cr) in (27)7. The experimental
data"' favor the prediction of the renormalized theory.

Electromagnetic decays of ce arid P. The only electro-
magnetic decays for which there are reliable data are
te ~ s-+y and @—+ r)+y. If we assume that the photon
couples via p, c0, P poles in the usual U-spin scalar com-
bination, the mass differences are taken care of by the
coupling-constant renormalization (18) and by the Vp
coupling-constant renormalization

Gv„——(mv/M)Gv, s,

where Gy~' are the mixed but unrenormalized coupling
constants.

Vsing simple p' phase space, we find

I'e»/I'„~= 0.52 for y =+10',
=0.31 for y= —10',

' M. Gell-Mann, D. Sharp, and W. Wagner, Phys. Rev. Letters
8, 26& (&962)."J.S. Lindsey and G. A. Smith, Bull. Am. Phys. Soc. 10, 502
(1966) give F& 3 /F&'" ——0.18&0.08. K. London et at. , Phys. Rev.
143, 1034 (1966) give P& „ /P& xg=0.30&0.15 whence P~ 3,/
F~"'——0.25+0.12.

'6 J. Badier et tJ/. , Phys. Letters 17, 337 (T965).
'7 See also R. H. Dalitz and S. Sutherland, Nuovo Cimento 37,

1777 (1965); 38, 1945(E) (1965).
's The ratio (30) depends on y approximately as F~ »/

P „~z~cos'(O—p). The eKects of using diferent mass operators
for the 0 nonet can be obtained from Ref. 7. Since y is very sensi-
tive to the mass operator used, the ratio (30) is also. For example,
using a linear mass operator to give y= &23.4, we have

re „„/r„.,=0.61(v=23.4') and 0.16(7=—23.4').

in comparison with 0.33 for y=+10' and 0.20 for
y= —10' in the unrenormalized theory. ' The ex-
perimental data"'~ are not yet suKciently good to
distinguish between the predictions and are consistent
with all of them. Very roughly, I'e „„/I'„„v=0.4 with
large errors. "

to be compared with 0.14 and 0.26, respectively, in the
unrenormalized theory. " The experimental data of
I'„,+,-=0.5 to 8 keV" and I', „+„-=(4.0 p.s+")
keV" are barely consistent with (33) (p decay divers
from e decay by about 1% using the same model) or
with the prediction of the unrenormalized theory. It is
to be hoped that better data will become available soon.

p suppression in E p irtteractiorrs It ha. s been sug-
gested" that the suppression of p production (relative
to ce) in E p interactions can be well accounted for.
If we assume the gerIeralised Okubo ansatz of Ref. 19
for meson-baryon coupling in which the meson indices
are only allowed to couple to the indices of the three-

index baryon octet representation and TrV9 terms are
not allowed, we find that"

G „'/G„„'=tan(8 —P) (35)

for both electric and magnetic couplings, irrespective
of the d/f ratio. This gives the ratio of p to co production
roughly as

E= (m '/m„') tan'(8 —P)=-,'%, (36)

about half that of the unrenormalized theory using the
same ansatz.

Although the renormalized theory is at least as suc-
cessful as the unrenormalized theory and probably
more so, we ought not to treat the theoretical predic-
tions that depend on P in the combination 8—P too
seriously for the reason that our major assumption has
been an exactly degenerate vector nonet in the absence
of SU(3) breaking. If we think in terms of a quarkmodel
in which the SU(3) breaking arises from the quark

"H. Sugawara and F. Von Hippel, Phys. Rev. 145, 1331 (1966).
See also R. F. Dashen and D. H. Sharp, iMd 133, 81585 (.1964).

"D.M. Binnie et at. , Phys. Letters 18, 348 (1965)."I.K. de Pagter et at. , Phys. Rev. Letters 16, 35 (1966).
~2 H. M. Fried and J. G. Taylor, Phys. Rev. Letters 15, 709

(1965).
~' This corresponds to an interaction Lagrangian proportional to

fBpfV, ,B),~+ (1 f)Bp(VQ, B)o"+(2f 1)—(Tr V,)BpB,'. —
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Go~it' Ge——,~is cosP IG„—,~is sinP,

'RAB GeeAB s&np+IGcoeAB cosp.
(3&)

For the sake of argument, let us suppose that G pp+ and

G«z& are still related by the nonet ansatz. Then, for
example,

Gop-'/G:-'= «n(fl P'),— (3S)

mass differences, this degeneracy implies SV(3)-inde-
pendent quark forces in the idealized limit of equal-mass
quarks. Suppose that in this idealized limit the quark
forces were not completely SU(3)-independent so that
the singlet had a mass Mo slightly diferent from the
octet mass M with M/Me ——I. From Ref. 1 we see that
Eqs. (15) become

where the effective mixing angle p' is given by

P'=P+ (~&/3) (I 1—) (39)

We see that we only need I=1.02 to halve the p ~ 3rr

partial width and I=1.08 would completely suppress

g —+ 3rr in the model considered. The predictions of the
renormalized theory that are least sensitive to slight
deviations from nonet degeneracy will be decays in-
volving real or virtual photons and thus unfortunately
are susceptible to the merits of the models used to
describe these decays.
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It is proved within the framework of axiomatic 6eld theory that the scattering amplitude must have a
Regge behavior in the unphysical region 0 (t &4m' in the sense that the logarithmic derivative of the ab-
sorptive part is bounded by C lns for very large s.

' 'T can be shown in axiomatic field theory that the
~ - absorptive part A (s,t) of the elastic scattering ampli-
tude is positive and monotonically increasing in the
interval 0&k&4m' and that the rate of increase is
restricted by the upper bound' '

(s l) & Csl+(tlems)»i+a ey 0 (1)

This suggests strongly that A(s, t) has a Regge-type be-
havior in this interval. However, since the inequality
(1) does not tell much about the actual l dependence of
A(s, t), it is necessary to examine the behavior of
A(s, t) more closely in order to settle this question. The
purpose of this paper is to show that A(s, t) has in fact
a Regge behavior in the interval 0& t(4m' in the sense
that t dependence stronger than that of the Regge
type is ruled out. At present, it is not known whether or

*Work supported in part by the U. S. OfFice of Naval Research.
' For simplicity, we treat only the elastic scattering of spinless

particles with equal mass m. As usual, s and t are the square of the
total energy and the momentum transfer in the center-of-mass
system. We also use the center-of-mass momentum k, related to
s by s=4(m2+k').

'The inequality (1) was first derived by K. Bardakci /Phys.
Rev. 127, 1832 (1962)j starting from the Mandelstam representa-
tion. A more general derivation was given by A. Martin (Ref. 4}.
We have put N =2 in their formulas, taking account of the recent
result of Martin (Ref. 3).

A (s,l) = (Qs/2k) g (2l+1)at(s)Pi(1+t/2k'), (2)
L=O

where ai(s) is the absorptive part of the lth partial-
wave amplitude satisfying the unitarity restriction

0&ai(s)&1, /=0, 1, 2, (3)

as well as the analyticity requirement'

ai(s) &Cs' exp[ —2l(4m'/s) ' '] (4)

As is well known, for s)4rrt', A(s, t) and all deriva-
tives of A(s, t) with respect to t are positive in the inter-

'A. Martin, Nuovo Cimento 42A, 930 (1966); 44A, 1219
(1966).

4A. Martin, in Strong Interactions and High L&'nergy Physics
(Oliver snd Boyd, London, 1964), p. 105,

not this result can be extended to the physical region
1&0.

We start from the result of axiomatic Geld theory'
that the absorptive pa, rt A(s, t) for a fixed physical
value of s is analytic in an ellipse in the ] plane with foci
t=0, —4k' and semimajor axis 4rtt'+2k'. Thus A(s, t)
can be expanded in this ellipse into partial waves:


