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We use simple field-theoretic arguments to define a renormalized w-¢ mixing angle and compare pre-
dictions between the normalized and renormalized theories and experiment. The sensitivity of the predictions

to the initial assumptions is briefly discussed.

N a previous paper! (hereafter known as I) we
generalized the field-theoretic approach of Coleman
and Schnitzer? [for estimating the field renormaliza-
tion constants and mixing parameters of the JZ=0",
and JP=1~ nonet mesons due to SU(3) symmetry-
breaking interactions | to mesons of arbitrary spin, with
particular reference to the J¥=2* meson nonet. It has
been emphasized that this approach is not equivalent in
general to the usual particle-mixing formalism® where
the SU(3)-breaking interaction is taken to mix fields
(with the same medium-strong quantum numbers) but
not to renormalize them. In this paper we further dis-
cuss the renormalization and mixing of the JZ=0-, 1~
meson nonets by introducing renormalized and un-
renormalized mixing angles (as suggested in I). This
enables us to give a simple ansatz for calculating the
effects of renormalization on the predictions of SU(3)
with conventional particle mixing.
As in Ref. 2 and I we make the assumptions that:

(a) The SU(3) symmetry breaking does not affect
the vacuum expectation values of the equal-time com-
mutators and their first time derivatives.

(b) Integrals containing the difference of the con-
tinuum parts of the perturbed and unperturbed two-
point spectral functions have simple order-of-magnitude
properties.

We make the further assumptions that, in the absence
of SU(3) breaking:

(c) The unperturbed p, K* and unmixed isospin
singlets ¢ and wo form a degenerate nonet of mass M of
the form

Ve=Vs+ (3)_1/2(-001 , (1)

where V3 is the vector-meson octet.*
(d) The unperturbed 7, K and the unmixed isospin
singlets 7o, X form a degenerate nonet,

P9=P3+ (3)_1/2X01 ,

where Pjg is the pseudoscalar-meson octet.®
From I, we see that the field renormalization con-
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stants are given by
Zi=mp/M2, Ze=met/M, ()
and
Zwij/mm2+Z¢ij/M¢2= 5“/M2 (4:)
for the 1~ nonet, and
Z,=7Zg=1, (%)
247 x5 =54 (6)

for the 0~ nonet. The merit of (3) and (4) is that charge
conservation in a vector-meson pole-dominance model
of electric form factors is preserved under SU(3)
mass-breaking.

Since the matrix Z’s are real, tracless, and symmetric,
we can express them in terms of real angles v and 8 as

cos?y — cosy siny
z=(_ T ™
— cosy siny sin%y
sin%y cosy siny
Zx= ( ) ) 8
cosy siny cos?y
cos?3 — cosp sing
zo-24( ) o
—cosB sinf8 sinB
sin?8 cosp sinB
Z,=2Z wo( ) R (10)
cos@sin8  cos?B
where
Z0=my2/M?, Z,'=m.2/M?. >11)

We can interpret 3, v by considering vertices in which
7, X, w, ¢ interact. Since v offers immediate interpreta-
tion, let us consider vertices, 7, X — A+ B where for
simplicity 4 and B are unmixed particles belonging to
irreducible representations of SU(3). In the absence of
SU(3) breaking, no, Xo— 4, B vertices have coupling
constants Gpuap and Gx.s, respectively. We assume
that we can neglect vertex renormalization? and that
the coupling-constant renormalization is due entirely
to field renormalization and mixing. We can thus con-
sider the coupling-constant renormalization as taking
place in two stages: (1) 7o, Xo are mixed and renor-
malized; (2) 4, B are renormalized.

After (1) the coupling constants Guas, Gxap for
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physical 7 and X are given by
Guu8*=GTZ,G, Gxuas’=GTZxG, 12)

where GT=(Gyu5,Gx,a8). From (7) and (8) we see
that Eqs. (12) are satisfied by

Gra5=Gyap COsSY—Gxeap siny,
and (13)

Gxap=Gyap siny+Gx,ap cOsy.

This is the result that we would obtain by the con-
ventional particle mixing in which we take

=1 c?sv X siny, (14)
X =g siny+ X, cosy.
Thus in this scheme 0~ particles are mixed but not
renormalized by SU (3) breaking.

We can treat vector mesons in an analogous way. For
wo,0 — A, B vertices with unperturbed coupling con-
stants Gu,as, Geoan, the coupling constants

G¢ABO = G¢nAB COSB— GQOAB sin,B ,

and (15)
Goas’=Gyya8 sSInB+Gugan cosB
correspond to conventional particle mixing
¢ =do cosB—wp sinB, (16)

w= ¢ sinfB~+wq cosB,

but no renormalization. If the coupling constants for
physical renormalized w, ¢ (in the absence of renor-
malization of 4, B) are Guas, Ggas, we see from (9),
(10), (15), and (16) that

GwAB= (Zw0)1/2GwABO Py
G¢AB= (Z¢>0)1/2G¢ABO-

Thus for vector mesons the SU(3) breaking causes
mixing through an angle 8 and renormalization. The
effects of the renormalization of 4 and B can be calcu-
lated in like manner, even when 4 and B are mixed by
the symmetry breaking.

Thus the renormalized mixed coupling constants
Gapc (where 4, B, C are physical members of the 0~
and 1~ nonets) are calculated from the unperturbed
coupling constants in the following way. We calculate
the unrenormalized mixed coupling constantsGarc®(8,Y)
by means of the mixing (14) and (16) with mixing angles
v and B in the usual way. From (3), (5), (11), and (17),
Gazc is given in terms of Gapc®(8,Y) as

Guape=ZaY2Zg %7 V%G 45" (ByY) » (18)

where Zy!?=My /M for all members of the vector
nonet and Zp'/?=1 for all members of the pseudoscalar
nonet.

We have yet to express 8 and « in terms of the physi-
cal masses. Assuming Okubo-type octet mass breaking®
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with a quadratic mass operator? (differing slightly from
Refs. 2 and I, where an inverse quadratic mass operator
was taken), we have (from I)

sin?y = [m,*—ms*(P) J(m,*—mx?)~*,

(19)

where
mg*(P)=3[4mg*—m,*],

(20)

which is the conventional renormalized mixing angle
for 7-X mixing.® Inserting physical masses,® we have
v==10°. The angle 3 is given by

sinB=[m./ms(V)] sina,

cosB=[my/ms(V)] cosa, (21)
where « is the renormalized w-¢ mixing angle,
sinfa=[my2—mg2(V) J(m42—mo?)1, (22)
and
mg*(V) =3[ 4mx+*—m,*]. (23)
We also have
M2=31[m2+2mx+*]. (24)

Thus for the vector mesons, in addition to renormalizing
the fields, the SU(3) breaking renormalizes the mixing
angle. Inserting physical masses we have a=39.9°,
B8=32.7°.1® The maximal mixing angle, given by the
Okubo ansatz that TrV, never appears in the mass
operator,!! is #=sin"! (1/v3)=235.3°. We note that the
renormalized angle 8 is closer to 6 than the renormalized
mixing angle a.

Using the Okubo nonet ansatz for vector-meson in-
teraction Lagrangians that terms proportional to
TrV, do not appear, and a similar ansatz for the
pseudoscalar nonet, we compare the predictions of the
renormalized and unrenormalized theories [with cou-
pling constants Gasc®(e,v)] with experiment for par-
ticular cases, especially when w, ¢, 7 are in the initial
or final states.

1~ — 040~ decays. The experimental partial widths'?
are T'porr=10625 MeV, I'g*,x,=50-2 MeV, and
Iy.xg=2.54+0.8 MeV. Using the above value of 8
and (19) we predict®®

Tporr Trkors Tyoxr=106 46.5:2.8,  (25)

7 For the effect of general mass operators on the unrenormalized
theory, see A. J. MacFarlane and R. H. Socolow, Phys. Rev. 144,
1194 (1966).
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¢pm coupling.

11 Obtained by taking a mass-squared operator of the form
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in excellent agreement with experiment. Unrenormalized
SU(3) gives the poorer prediction

Tponr Tr*ome :Texg=106:31.7 :2.5.  (26)

We stress that the satisfactory prediction of I'porr/
Tx*,k, in (25) is independent of B8 and hence of the
mass operator, and is dependent only on (3).

3w decays of w and ¢. We use the recent calculation by
Yellin!? on the basis of the Gell-Mann—Sharp—Wagner
model' for 37 decays via pr intermediate states that
gives (Ty3r/Toase) in terms of (Ggpr/Gopr)?. From the
nonet ansatz and (18) we have

I‘¢—>37r
=(34£2.5) tan2(60—B) (m¢¥/m.%).  (27)
w->37
Taking T'y.3,=10.8241.6 MeV we find
Ty4.3./Tytt=0.3940.16, (28)

in comparison with the unrenormalized predicted
ratio of 0.734-0.30 [obtained by replacing tan2(6—g)
X (mg2/m,2) by tan2(—e) in (27)]. The experimental
data!®1¢favor the prediction of the renormalized theory.

Electromagnetic decays of w and ¢. The only electro-
magnetic decays for which there are reliable data are
w— m+v and ¢ — 4. If we assume that the photon
couples via p, w, ¢ poles in the usual U-spin scalar com-
bination, the mass differences are taken care of by the
coupling-constant renormalization (18) and by the Vv
coupling-constant renormalization

Gyy=(mv/M)Gv,°, (29)

where Gy,° are the mixed but unrenormalized coupling

constants.
Using simple p? phase space, we find

T4ony/Tonry=052 for y=410°,

=031 for y=—10°, (30)

in comparison with 0.33 for y=-410° and 0.20 for
y=—10° in the unrenormalized theory.®'” The ex-
perimental data!?'8 are not yet sufficiently good to
distinguish between the predictions and are consistent
with all of them. Very roughly, T'y.,,/Tw.ry=0.4 with
large errors.1®
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18 The ratio (30) depends on vy approximately as T'g.,y/
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Leptonic decays of p, », ¢. Using an intermediate
photon model in which the unrenormalized mixed
coupling constants are given by

GVe*’e‘o=GV’yOe/ntV2 ) (31)
the renormalized coupling constants (from (18)]
become
Gyete-=Gv,%/Mym. (32)
This gives
Tooete SIN2B m
~——7-0.10 (33)
I‘p-»6+¢- 3 Mo
and
Ty.ete COS28 m
Py P08, (34)
I‘p»e*’e- 3 M¢

to be compared with 0.14 and 0.26, respectively, in the
unrenormalized theory.!® The experimental data of
Tosete-=0.5 to 8 keV2 and T, +-=(4.0-0s™"?)
keV 2! are barely consistent with (33) (u decay differs
from e decay by about 19, using the same model) or
with the prediction of the unrenormalized theory. It is
to be hoped that better data will become available soon.

¢ suppression in K—p interactions. It has been sug-
gested?? that the suppression of ¢ production (relative
to w) in K—p interactions can be well accounted for.
If we assume the generalized Okubo ansatz of Ref. 19
for meson-baryon coupling in which the meson indices
are only allowed to couple to the indices of the three-
index baryon octet representation and TrV, terms are
not allowed, we find that??

G 490"/ Gupp’= tan(6—p)

for both electric and magnetic couplings, irrespective
of the d/ f ratio. This gives the ratio of ¢ to w production
roughly as

35)

R=(m4*/m.?) tan*(0—B)=3%, (36)
about half that of the unrenormalized theory using the
same ansatz.

Although the renormalized theory is at least as suc-
cessful as the unrenormalized theory and probably
more so, we ought not to treat the theoretical predic-
tions that depend on 8 in the combination 6—p8 too
seriously for the reason that our major assumption has
been an exactly degenerate vector nonet in the absence
of SU(3) breaking. If we think in terms of a quark model
in which the SU(3) breaking arises from the quark

19 H. Sugawara and F. Von Hippel, Phys. Rev. 145, 1331 (1966).
See also R. F. Dashen and D. H. Sharp, zbid. 133, B1585 (1964).

20 D. M. Binnie et al., Phys. Letters 18, 348 (1965).

21 J. K. de Pagter et al., Phys. Rev. Letters 16, 35 (1966).

22H, M. Fried and J. G. Taylor, Phys. Rev. Letters 15, 709
(1965).

23 This corresponds to an interaction Lagrangian proportional to

JBy[Ve,Blat+ (1~ ))Be*(Vy,B}a"+(2/—1) (TrVs) ByBal.
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mass differences, this degeneracy implies SU(3)-inde-
pendent quark forces in the idealized limit of equal-mass
quarks. Suppose that in this idealized limit the quark
forces were not completely SU(3)-independent so that
the singlet had a mass M, slightly different from the
octet mass M with M/My=1. From Ref. 1 we see that
Egs. (15) become

G $48°=G yap c0sf—IGuyan sing,

. 3
GwAB=G¢OAB Slnﬂ-l—IG‘,,DAB COSﬁ. ( 7)

For the sake of argument, let us suppose that Gu,45 and
G 4,45 are still related by the nonet ansatz. Then, for
example,

G ¢p1ro/Gwp1r0= tan(o_ 6/) ) (38)
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where the effective mixing angle 8 is given by
B'~B+(V2/3)I—-1). (39)

We see that we only need 7~1.02 to halve the ¢ — 3w
partial width and 7=1.08 would completely suppress
¢ — 37 in the model considered. The predictions of the
renormalized theory that are least sensitive to slight
deviations from nonet degeneracy will be decays in-
volving real or virtual photons and thus unfortunately
are susceptible to the merits of the models used to
describe these decays.
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It is provefi w.ithin the fran}ework of axiomatic field theory that the scattering amplitude must have a
Regge behavior in the unphysical region 0 <¢ <4m? in the sense that the logarithmic derivative of the ab-

sorptive part is bounded by C Ins for very large s.

T can be shown in axiomatic field theory that the
absorptive part 4 (s,f) of the elastic scattering ampli-
tude is positive and monotonically increasing in the
interval 0<¢{<4m? and that the rate of increase is
restricted by the upper bound?!:2

A(5,)) < CstH/amh2he - 50, 1))

This suggests strongly that 4 (s,f) has a Regge-type be-
havior in this interval. However, since the inequality
(1) does not tell much about the actual ¢ dependence of
A(s,f), it is necessary to examine the behavior of
A (s,f) more closely in order to settle this question. The
purpose of this paper is to show that 4(s,f) has in fact
a Regge behavior in the interval 0<¢<4m? in the sense
that ¢ dependence stronger than that of the Regge
type is ruled out. At present, it is not known whether or

* Work supported in part by the U. S. Office of Naval Research.

! For simplicity, we treat only the elastic scattering of spinless
particles with equal mass 7. As usual, s and ¢ are the square of the
total energy and the momentum transfer in the center-of-mass
system. We also use the center-of-mass momentum £, related to
s by s=4(m2+k2).

2The inequality (1) was first derived by K. Bardakci [Phys.
Rev. 127, 1832 (1962)] starting from the Mandelstam representa-
tion. A more general derivation was given by A. Martin (Ref. 4).
We have put V=2 in their formulas, taking account of the recent
result of Martin (Ref. 3).

not this result can be extended to the physical region
1<0.

We start from the result of axiomatic field theory?3
that the absorptive part A(s,?) for a fixed physical
value of s is analytic in an ellipse in the ¢ plane with foci
t=0, —4k? and semimajor axis 4m?+2k2 Thus A(s,?)
can be expanded in this ellipse into partial waves:

A1) =(/5/28) X @HDaPAI+/28), @)
where a;(s) is the absorptive part of the /th partial-
wave amplitude satisfying the unitarity restriction

0<a(s)<1, 1=0,1,2,---, 3)

as well as the analyticity requirement?
ai(s) < Cs? exp[— 21(4m?/s)V/2]. 4)
As is well known, for s>4m?2 A(s,f) and all deriva-

tives of 4 (s,f) with respect to ¢ are positive in the inter-

3 A. Martin, Nuovo Cimento 42A, 930 (1966); 44A, 1219
(1966).

¢ A, Martin, in Strong Interactions and High Energy Physics
(Oliver and Boyd, London, 1964), p. 105,



