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of some approximations in the calculations. The cor-
rections to S(ip, W) by Wegener are not valid for the
entire range of P energies and angles, causing the final
results for E'&t to-be somewhat too large in magnitude.
The quoted errors in the final results are experimental
statistical errors only. The average P« from experiments
two and three is E&t = —0.024+0.015.

Discussion

One notes that the polarization calculated from
selected values of matrix elements, as described in the
Introduction, was always negative. A positive polarjza-
tion would be difficult to obtain from the theory since
A2 is measured to be negative. The final results of
experiments two and three favor a slightly negative

polarization and certainly preclude any unusually large
eBect outside the range predicted by Kotani's formulas.

The instabilities encountered during the long time of
operation of the experiment are the factors that limit the
precision of the result. Unless a particular transition
shows a marked deviation from the Kotani approxima-
tion, this experiment does not appear to be a fruitful
approach to the problem of delimiting the matrix
elements.
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The reaction "Zr(dp)nZr is studied for the cases leading to "Zr in the ground state (Q =4.98 MeV) and
the second (Q=3.'77 MeV), the sixth (Q=2.91 MeV), and the eighth (Q=2.42 MeV) excited states. Results
are presented for the incident deuteron energies 3.5, 4.0, 4.5, 5.0, and 5.5 MeV. At most energies there is a
complete angular distribution ranging from 20' to 160' in steps of 10'. A distorted-wave Born-approxima-
tion analysis employing elastic-scattering parameters obtained from experiments in the region 11-16MeV
yielded good agreement with the angular shapes of the stripping data but not with their absolute magnitudes.

1. INTRODUCTION'

ANY nuclear reactions are predominantly of the
~ ~ "direct" type. ' Important among these are in-

elastic scattering of various projectiles and (d,p) and

(d,st) stripping reactions. By "direct" is meant that at
most only a few intermediate reaction modes are formed
in going from the initial to the observed channel. Often,
though, a description in which the entire reaction pro-
ceeds directly from the initial to the final channel is
quite adequate. Such a mode is expressed mathe-
matically by the distorted-wave Born approximation
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(DWBA). In the DWBA for (d,p) reactions, the transi-
tion is considered to be induced by the interaction
between the neutron and the proton which together
form the deuteron. The absorption and elastic scatter-
ing of the deuterons before the reaction and of the
protons after the reaction are assumed to be explainable
in terms of the same complex, spherically symmetrical
potentials which describe the elastic scattering of deu-
terons and protons from the appropriate targets at the
appropriate energies. It is not clear that the proton
potentials should be exactly the same in stripping as in
elastic scattering, but there has appeared no other basis
for determining this potential. Therefore, it is of interest
to nuclear spectroscopy to ascertain whether elastic
proton potentials do yield good results when applied
to stripping reactions.

The ' Zr(d, p) "Zr reaction in particular has been well

accounted for by the D%BA in the energy range of 11



152 Zr(d, p)9'Zr REACTION 1073

to 15 MeV. ' ' Several reasons for this success can be
oRered. The reaction channels are relatively weak com-
pared to the elastic deuteron channel and the target is
spherical and reasonably heavy, so that it should be
describable by optical-model potentials. Also, the
"Zr(p, m)"Nb reaction has a low threshold and many
low-lying levels through which the compound nucleus
can decay by favored neutron emission. Thus the con-
tribution of the compound nucleus reaction mode to
any single (d,p) channel should be negligible.

A feature of the "Zr(d, p) "Zr reaction which makes it
useful for testing a direct reaction theory is that the
spectroscopic factors corresponding to the ground state
and the 1.21-MeU level of "Zr are already known' to
have values near unity because of the closed-shell
nature of O'Zr.

This reaction is a good choice, then, to test the
DWBA at bombarding energies lower than have usually
been employed for heavier nuclei. Two factors make it
plausible that the DWSA description is even better at
energies well below the deuteron Coulomb barrier than
above. First, at the lower energies the elastic cross
section has gone up while the reaction intensity has
decreased, so that the dominance of the elastic channel
is enhanced. And second, the Coulomb repulsion of the
deuterons should cause a larger percentage of the re-
action to occur outside the bulk of the nuclear matter
in the region where the theory should be the most
reliable.

However, two practical difBculties exist which oRset
these advantages. An uncertain extrapolation of the
elastic parameters from higher energies must be made,
because of the energies under consideration the deu-
teron elastic-scattering angular distribution is almost a
Rutherford one, and that for the proton is so simple in
shape that it does not yield an unambiguous determina-
tion of the potential parameters. Also a very small con-
taminant of a light element in the target will yield
protons which will obscure the protons emitted by the
'Zr(d, p) "Zr reaction.

The general conditions of the reaction are as follows.
In the initial state, for the lower energies employed
here, the deuteron tends to remain outside the nucleus
because of the strong Coulomb repulsion. As the in-
cident deuteron energy is increased, the deuteron starts
to penetrate the nuclear surface. Thus, there is a
gradual transition of the interaction mechanism in the
initial state. On the other hand, the final state consists
of the product nucleus "Zr in one of several excited
states or the ground state, plus the proton, which be-

2. EXPERIMENTAL DETAILS

The deuteron beam was obtained from a High Voltage
Engineering Corporation 5.5-MeV Van de GraaB accel-
erator. The beam (hE/E&~0.1%)entered the scattering
chamber through a three-piece collimator, such that the
smallest collimator produced a 1-mm-diam beam spot
at the target. The scattering chamber contained a
target holder and two movable arms for supporting
detectors. The target and detector angles could be
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cause of the large Q values for the lower lying states, is
well within the range of the nuclear potential.

In the next section we will describe the experimental
methods employed to obtain the "Zr(d, p) "Zr angular
distributions and absolute cross sections corresponding
to four levels in s'Zr—the ground state (Q=4.98 MeV),
and the second (Q=3.77 MeV), the sixth (Q=2.91
MeV), and the eighth (Q=2.42 MeV) excited states.
The identification of the states corresponds to the
scheme given in the Nuclear Data Tables. Figure 1
shows the level diagram of s'Zr. (Reference 2 indicates
an additional level at 2.35 MeV, just below the one that
we identify as the eighth excited level. ) Other low-lying
states are not seen at all, are not resolved, or are present
only weakly. The reactions have been studied at the
bombarding energies 3.5, 4.0, 4.5, 5.0, and 5.5 MeV.

Following the next section will appear the details of
the DWBA calculations and their comparison with the
experimental results.

'B. L. Cohen and 0. V. Chubinsky, Phys. Rev. 131, 2184
(1963).' R. L. Preston, H. J. Martin, Jr., and M. B. Sampson, Phys.
Rev. 121, 1741 (1961).

4 J. K. Dickens, F. G. Percy, and R. J. Silva, Oak Ridge ¹

tional Laboratory Report No. 3714, Vol. I, p. 4 (unpublished).' W. R. Smith, Phys. Rev. 137, 8913 (1965).' S. Ramavataram, Phys. Rev, 13$, B1288 (1964).
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FIc. 1. Level scheme for ~'Zr. The spins arJd parities are
those assigned in Ref. 2.,
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FIG. 2. Pulse-height spectrum for 3.5 MeV at 90'. Zirconium,
carbon, and silicon reaction peaks are indicated.

adjusted from outside the chamber. The alignment of
the chamber was checked by counting the elastically
scattered deuterons on each side of zero degrees as a
function of angle.

Attached to the chamber, but insulated from it, was
a Faraday cup. An Klcor Model A 309 A integrator was
used, and was checked for stability with a standard
current source and found to be reproducible to within
&s%. The use of the Faraday cup and the integrator
served as a check on the performance of the monitor
system (see below), and also as an independent measure
of the absolute cross section.

The detector arrangement consisted of one to three
solid-state detectors which were used to measure the
angular distribution of the reaction, and one detector,
always 6xed at 90', which was used to monitor all
points by counting only elastically scattered deuterons.
Elastic-scattering events were selected by a window

amplifier. Because this elastic scattering could be re-
lated to Rutherford scattering (see below), the use of
the monitor permitted the absolute calculation of the
cross sections. In addition, with such a monitor, the
results were independent of target angle and target non-
uniformity. The monitor sealer was used to control the
electronic circuitry by blocking the pulse-height ana-
lyzers and the integrator when a preset count was
reached.

In order to confine the scattered particles to the
sensitive surface of the detectors and to shield them
from collimator spray at the small angles, a small holder
with a double collimator was mounted in front of each

detector. The angular resolution of the detectors was
approximately 2'.

A standard electronic arrangement consisting of an
artcc preamplifier and amplifier system was used with
all detectors. Spectra were collected in R.I.D.L. and
Intertechnique pulse-height analyzers. The electronic
systems were checked on several diferent occasions for
stability and linearity. A typical pulse-height spectrum
taken during the experiment is shown in Fig. 2.

In studying the reactions it was necessary to make
measurements in the presence of elastically scattered
deuterons which are 10' and 10' times more frequent
than the protons to be detected. When using a beam
intensity of practical magnitude, the electronic systems
are not fast enough to handle such a pulse rate without
causing an excessive pile-up of pulses, which smears
out the spectrum and also causes a large dead-time in
the multi-channel analyzers. Thus, it was necessary to
place absorbers between target and detectors to stop
the deuterons but at the same time allow the higher-
energy, lower-ionizing protons to pass through. The
absorbers were mounted on a piece of aluminum in a
slot directly behind the collimators. Aluminum ab-
sorbers of diGerent thicknesses were calculated from the
range tables of Williamson and Boujot. ' No estimate of
absorber uniformity was made, but the resolution of
the spectra with absorbers for the diBerent proton
groups deteriorated such that the peaks were between
1.2 and 1.4 times broader than without absorbers. A
"Zr target of purity 98.6% and of approximate thick-
ness 1 mg/cms was used throughout the experiment. '
This target was rather thick, causing an energy loss to
the deuteron beam of 100 keV at 3.5 MeV.

A contaminant in the target material gave additional
strong peaks in the spectra for the 3.5-MeV points and
less important ones at other energies. At certain angles
the contaminant peaks moved under the zirconium
reaction peaks, causing a large uncertainty in the
analysis. Complete kinematic calculations for Si'8 al-
lowed the identification of all resolved levels. Silicon
could be present in small mounts since zirconium is
extracted from siliceous material, or could arise from
the silicon found in diffusion pump oils. It could not be
determined if the contaminant was surface deposited.
Measured angular distributions of the reaction Si"-
(d,p)Si" were found in the literature. ~" The silicon
peaks are labeled in Fig. 2. The angular behavior of
the clearly resolved contaminant peaks (usually those
corresponding to the reaction leading to the ground

C. Williamson and J. P. Soujot, Centre d'Etudes Nucleaires
de Saclay, Rapport CEA No. 2189 (unpublished).

E.L. Hudspeth, University of Texas, originally obtained from
Oak Ridge National Laboratory (unpublished).

s D. Goss, Ph.D. thesis, University of Texas, 1964 (un-
published).

~o J. A. Kuehner, E. Almqvist, and D. A. Bromley, Nucl. Phys.
21, 555 (1960)."H. S.Hausman, Ohio State University Van de GraaA' Labora-
tory Report No. 1743, 1966, p. 16 (unpublished).
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state or first excited state) agreed with the measured
distributions of Si's(d, P)Sis'. The intensities of silicon
states lying under the zirconium groups were deter-
mined by normalizing to the resolved silicon states.
This contribution was subtracted from the total number
of counts found in the peak. No silicon cross sections
were found at 4.5, 5.0, and 5.5 MeV. At these energies
the relative silicon contributions were much weaker,
and extrapolated estimates of the cross sections were
used to make the corrections.

In addition to the silicon contaminant, contaminant
peaks arising from surface-deposited carbon leading to
the C"(d,p)C" reaction interfered strongly with the
measurements of the eighth level in the forward direc-
tion at 4.5, 5.0, and 5.5 MeV. Because these con-
taminant peaks were poorly resolved, and because only
limited measured cross sections were found for this
reaction, " the corrections for this contaminant were
necessarily rather inaccurate, and as a consequence the
assigned errors for these points are quite large.

Values of the cross section for the sixth level for the
back angles at 4.5, 5.0, and 5.5 MeV are uncertain,
owing to a contribution from the seventh level which
was only partly resolved. Therefore the analysis of the,
data gives cross sections which might be somewhat
high because of a poor subtraction of the seventh-level
contribution.

The absolute reaction cross sections were determined
in the following way. A detector, used as a monitor to
measure the elastic-scattering yields, was set at 90' to
the beam. A second detector, also set at 90', was used
to measure the reaction yields. The relative solid angles
were determined from the ratio formed from the elastic-
scattering yield found in each detector. Then absorbers
were placed in front of the reaction detector and the
reaction yields at 90' were measured at each energy for
which angular distributions existed. This was done for
a 6xed amount of integrated beam charge. No changes
in experimental variables were made from one energy
to the next for these measurements, The center-of-mass
cross sections calculated in this manner, as well as the
errors, are shown in Table I.

To calculate the cross sections, the elastic scattering
was assumed to be Rutherford scattering at 3.5 MeV.
This assumption was checked by measuring the angular
distributions of the elastic scattering for several en-
ergies. The shape was found to 6t a Rutherford dis-
tribution to within the experimental uncertainties.
These uncertainties arise from the statistics of the
measurements made to verify the Rutherford dis-
tribution (1%) and the assigned upper limit of —", for
the uncertainty of the angle of scattering (2%).Optical-
model calculations also gave a Rutherford distribution.
In addition, angular distributions for elastic scattering

"N. I.Zaika, O. F. Nemets, and M. A. Tserineo, Zh. Kksperim.
i Teor. Fiz. 39, 3 (1960) LEnghsh tragsl. ; Soviet Phys. —JETP
12, 1 (1961)j.
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FIG. 3. Ratio of experimental elastic deuteron scattering cross
section to Rutherford scattering cross section. The dashed curves
at 5.5 and 3.5 MeV are the calculated results using parameter
set A of Table II.

were measured at 4.0, 5.0, and 5.5 MeV. The ratio of
the measured experimental to Rutherford yield for
these energies is shown in Fig. 3. At 5.0 and 5.5 MeV,
the ratio deviates from Rutherford scattering for angles
greater than 80' and 60', respectively. With this devia-
tion taken into account, an independent calculation of
the absolute reaction cross sections could be made. At
each energy a measured solid-angle ratio was used, as
well as the monitor and reaction yields. These results
agreed with those shown in Table I, thus giving a
satisfactory consistent check.

As a final consistency test, the cross sections for
elastic scattering and the reactions were calculated
using the measured value of the target thickness, inte-
grated beam charge and solid angle. The results were
consistently 12—15% smaller than the Rutherford cross
section (or the cross section corrected for the deviation
shown in Fig. 3). The reaction cross sections calculated
in this manner were below the relative measurements

by the same amount. The agreement between these
values of the cross section is very good and the devia-
tions from the relative values are easily accounted for
by the uncertainty of the target thickness alone.

where the arguments of the relative wave functions
indicate which two particles are involved, U „and U„~
are interaction potentials, and V~q is the averaged
optical-model potential which determines P(rB). As in

3. COMPUTATIONAL PROCEDURES

Neglecting constant factors, the A(d, p)B stripping
amplitude is proportional to'
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TABLE I. Experimentally measured cross sections for the reaction "Zr(d, p)erZr. (Angles in degrees, center-of-mass cross sections in
pb/sr. Total errors are given. )

Lab
angle Cross section

Ground state
Center-
of-mass
angle Cross section

3.5 MeV

Second excited state
Center-
of-mass
angle Cross section

Sixth excited state
Center-
of-mass
angle Cross section

Eighth excited state
Center-
of-mass
angle

20
30

50
60
70
80
90

100
110
120
130
140
150
160

20
30
40
50
60
70
80
90

100
110
120
130
140
150
160

20
30
40
50
60
70
80
90

100
110
120
130
140
150
160

20.20
20.29
40.37
50.44
60.50
70.54
80.57
90.58

100.57
110.54
120.50
130.44
140.37
150.29
160.20

20.20
30.30
40.38
50.46
60.52
70.56
80.59
90.60

100.59
110.56
120.52
130.46
140.38
150.30
160.20

20.21
3031
40.40
50.47
60.54
70.58
80.61
90.62

100.61
110.58
120.54
130.47
140.40
150.31
160.21

6.26~ 3
10.6 ~ 2
16.2 ~ 1
16.7 ~ 1
18.1 ~ 1
16.8 ~ 1
17.8 + 2
19.4 ~ 1
22.7 & 1
244~ 1
23.5 ~ 1
23.1 ~ 1
22.0 ~ 1
21.8 ~ 2

18.3 + 6
14.1 ~ 5
30.3 ~ 3
47.0 ~ 3
68.1 ~ 3
69.6 ~ 2
66.2 & 3
63.5 ~ 3
71.0 ~ 3
79.7 ~ 3
75.9 ~ 3
76.2 ~ 2
71.5 ~ 3
66.0 ~ 3
61.5 ~ 3

51.5 ~14
56.1 ~ 5
92.2 ~ 5

154.3 ~ 5
216 ~ 4
203 ~ 4
174 ~ 5
156 ~ 4
171 ~ 4
179 ~ 4
193 ~ 4
177 ~ 4
159 ~ 4
144 ~ 4
133 + 4

30.31
40.40
50.48
60.54
70.59
80.61
90.62

100.61
110.59
120.54
130.48
140.40
150.31
160.21

20.20
30.32
40.41
50.49
60.56
70.61.
80.63
90.64

100.63
110.61
120.56
130.49
140.41
150.32
160.22

20.23
30.33
40.43
50.51
60.57
70.62
80.65
90.66

100.65
110.62
120.57
130.51
140.43
150.33
160.23

9.13+ 2
10.9 + 2
11.7 a 3
10.2 ~ 1
12.3 ~ 1
17.4 ~ 1
21.2 & 2
29.1 ~ 2
31.9 ~ 2
30.6 ~ 2
31.5 ~ 1.6
30.0 ~ 1.4
304~ 2
33.1 & 2

4.0 MeV

38.5 +10
42.2 ~ 7
43.1 ~ 3
40.9 ~ 2
33.8 ~ 2
40.1 ~ 2
69.0 ~ 3
87.0 ~ 4

114 ~ 3
102 ~ 4
92.0 ~ 3
92.9 ~ 3
95.1 ~ 4
91.0 ~ 3
93.4 ~ 5

4.5 MeV

74.3 +14
115 ~ 6
126 ~ 6
105 ~ 5
81.9 ~ 5

109 + 5
184 ~ 7
233 & 5
246 ~ 5
214 ~ 5
196 ~ 5
171 ~ 4
179 ~ 5
172 ~ 5
182 ~ 4

30.33
40.43
50.51
60.57
70.62
80.65
90.66

100.65
110.62
120.57
130.51
140.43
150.33
160.23

20.23
30.34
40.44
50.52
60.59
70.64
80.67
90.68

100.67
110.64
120.59
130.52
140.44
150.34
160.23

20.24
30.35
40.45
50.54
60.61
70.66
80.68
90.70

100.69
110.66
120.61
130.54
140.45
150.35
160.24

0.845~ 0.6
1.69 ~ 1.7
4.62 ~ 2.3

12.2 ~ 2.8
15.1
15.4 ~ 1.6
19.1 + 1.4
22.1 ~ 1.5
33.2 ~ 1.5
32.5 ~ 1.6
37.0 + 2
35.7 a 1.5
33.0 ~ 2.1
35.4 ~ 1.6

7.54 ~ 2
17.3 & 2
33.1 & 3
50.9 ~ 2
52.9 ~ 3
70.3 ~ 3
90.3 ~ 4

104 ~ 4
90.5 ~ 6

109 ~ 3
115 ~ 4
993 ~ 3

108 ~ 5

6.25 ~ 4
12.8 ~ 4
281 ~ 6
67.2 + 6

116 ~ 7
147 & 6
175 ~ 7
172 ~ 6
207 ~ 8
210 ~ 8
245 ~ 8
250 ~ '?

236 ~ 8
226 ~ 8
238 ~ 6

70.65
80.68
90.69

100.68
110.65
120.60
130.53
140.44
15035
160.24

20.24
30.35
40.46
50.54
60.61
70.67
80.70
90.71

100.70
110.67
120.61
130.54
140.46
150.35
160.24

20.25
30.36
40.47
50.56
60.63
70.68
80.71
90.73

100.71
110.68
120.63
130.56
140.47
150.36
160.25

6.37m 1
9.76~ 1.1

15.0 ~ 1.5
23.1 ~ 2.4
26.7 + 3
28.9 ~ 2
28.3 ~ 1.5
31.4 ~ 2
29.8 ~ 1.6
30.1 ~ 1.7

313 ~10
32.2 & 2
34.8 ~ 3
53.5 ~ 4
68.6 & 4
79.7 & 4
77.7 a 5
85.3 ~ 3
77.1 a 4
76.4 ~ 4
82.0 ~ 6

28.8 ~14
47.8 ~15
59.5 ~12

106 ~30
72.8 ~ 9
84.4 ~ 7

103 ~13
142 + 8
178 ~ 8
178 ~ 7
170 ~ 6
161 a 7
158 ~ 7
156 ~ 7
148 ~ 6

20
30
40
50
60
70
80
90

100
110
120
130
140
150
160

20.22
30.32
40.41
50.49
60.55
70.60
80.63
90.64

100,63
110,60
120.55
130.49
140.41
150.32
160.22

994 ~ 9
117 ~14
207 ~ 8
347 ~13
427 ~ 9
434 ~11
338 ~ 8
288 +10
339 ~ 8
355 ~ 8
354 ~ 8
334 ~ 8
297 ~ 8
257 ~ 9
249 + 7

20.23
30.34
40.44
50.52
60.59
70.64
80.67
90.68

100.67
110.64
120.59
130.57
140.44
150.34
160.23

196
301
316
233
165
145
388
476
469
370
325
273
270
265
278

5.0 MeV

~19
~19
~14
~15
~10
&11

9
+11
&11
&11
&11

9
~ 8
&12
~ 8

20.24
30.36
40.46
50.55
60.62
70.67
80.70
90.71

100.70
110.67
120.62
130.55
140.46
150.36
160.24

13.6
24.6
82.0

143
275
327
359
351
404
412
461
428
423
286
360

~ 8
~ 9
~11
~14
&11
&12
~13
~18
&17
~15
~15
~16
&17
&32
~19

20.25
30.37
40.48
50.5?
60.64
70.70
80.73
90.74

100.73
110.69
120.64
130.57
140.47
150.37
160.25

44.6 ~23
93.7 ~45

157 ~70
163 &50
150 ~13
177 & 8
213 ~ 8
275 &12
301 ~13
286 a 14
275 ~16
243 a 14
216 ~12
194 ~21
202 ~16
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TABLE I. (coliialed).

Lab
angle Cross section

Ground state
Center-
of-mass
angle Cross section

S.S MeV

Second excited state
Center-
of-mass
angle Cross section

Sixth excited state
Center-
of-YIlass
angle Cross section

Eighth excited state
Center-
of-mass
angle

20
30
40
50
60
70
80
90

100
110
120
130
140
150
160

20.22
30.33
40.42
50.50
60.56
70.61
80.64
90.65

100.64
110.61
120.56
130.50
140.42
15033
160.22

194 ~42
216 ~21
410 ~13
655 &16
763 ~15
653 ~13
529 &10
46e ~10
497 ~10
539 ~ 9
529 ~10
456 + 9
385 ~ 8
322 ~ 8
305 ~ 7

20.24
30.35
40.44
50.53
60.60
70.65
80.68
90.69

100.68
110.65
120.60
130.53
140.44
150.35
160.14

362 ~60
548 ~25
587 ~27
401 ~27
281 ~16
403 ~18
674 ~16
768 ~18
642 ~13
504 ~11
405 ~11
359 ~11
349 ~12
352 ~11
357 ~ 9

20.25
30.36
40.47
50.56
60.63
70.68
80.72
90.73

100.72
110.68
120.63
130.56
140.47
150.36
160.25

11.5 ~ 6
74 ~20

170 &23
271 ~32
388 ~24
452 ~26
472 ~26
545 ~26
576 ~14
562 ~15
565 ~13
583 ~14
521 ~16
456 ~13
585 ~11

20,26
30.37
40.48
50.57
60.65
70.70
80.74
90.75

100.74
110.70
120.65
130.57
140.48
150,37
160.26

124 ~40
220 +65
303 ~70
224 ~70
237 ~18
217 ~20
342 +18
420 ~20
392 ~14
370 ~15
317 ~14
266 ~12
259 ~14
214 ~14
203 ~14

most treatments, it will be assumed here that the
residual interaction V„~—V~~ is negligible. By ex-
panding @(r„~) and @(rs~) in the region of the short-
ranged function V„+(r „) the integration over V s can
be carried out to Grst order. ""The resulting formalism
will be employed here. Also, @(rsjs), p(rsvp), and P(r„z)
have been made to correspond to the use of nonlocal
potentials'5 by the introduction of the appropriate
radially dependent factor "

2m p'

as4)
for each of Vs, Vs, and V„. P is the range of the non-
locality and was chosen in each case as P=0.85 F. The
transition / values are taken from Ref. 2.

The optical-model potentials used in the Schrodinger
equation to obtain the proton and deuteron scattering
wave functions have the Woods-Saxon form

~g(r))
vg(r) s—w

~

—4a— ~yV. ,
dr i

where

g(r) =1/(1+expL(r —R)/a$}, Z=RpA'",

and V, is the potential due to the charge possessed by
"Zr and is assumed to be homogeneously distributed
within a sphere of radius R. The real potential attains
its maximum at the origin and approximately half its
maximum at the radius R. The imaginary potential is
characterized by the parameters R' and a' and is peaked

"P. G. A. Buttle and L. J. B. Goldfarb, Proc. Phys. Soc.
(London) 83, 701 (1964).

"Gy. Bencze and J. Zimanyi, Phys. Letters 9, 246 (1964)."F. Percy and B.Buck, Nucl. Phys. 32, 353 (1962)."F.Percy, in I'roceedAzgs of the Conference on Direct Inter-
actions and Nuclear Reaction mechanisms, edited by E. Clementel
and C. Villi (Gordon and Breach Science Publishers, Inc., New
York, 1963), p. 125.

and C means calculated, D denotes experimental data,
0 is the differential cross section, 5 is the spectroscopic
factor, eg is the relative cross-section error, and 8 is
summed over angles at 5' intervals within the angular
range of the experimental data. Finally, different bom-
barding energies and Q values may be included simul-

taneously. 5, is de6ned as the value which minimizes
Xs(E,Q), so that, upon setting the derivative with
respect to S, equal to zero, we obtain

S,=g
&a &D e g@20.D2

at r =R', where it has the value unity. Unless otherwise
stated, the form g(r) for the neutron is chosen to be
the same as that for the proton. The neutron potential
depth V is adjusted to cause the neutron wave function
to vanish at the origin while at the same time to have
the number of nodes predicted by the shell model. A
spin-orbit term is included in the neutron potential but
not in the proton or deuteron potentials. At the present
energies, spin-orbit coupling effects should be negligible.

In order to study the effects of eliminating stripping
which arises from the interior of the nucleus, provision
is made for introducing a cuto6 radius R„ inside of
which the neutron wave function is set equal to zero.

Since the correct values of the parameters are un-
certain, it is of interest to determine which sets of pa-
rameters yield the best Gts to the data, and for this
purpose an automatic parameter-searching routine is
incorporated which treats several sets of data simul-

taneously with the same set of parameters. Thus it
seeks out the parameters which minimize the quantity
Pg, oXs(E,Q), where

(S,o, (e)—on(8))
&'(&,Q) =E

I

sg(e)~n(e)
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The data for the search routine were obtained by
drawing a smooth curve through the data and extract-
ing points every 5'. The errors at even multiples of 5'
were those of the actual experimental points. Errors at
odd multiples of 5' were taken as the average of the
two neighboring errors.

A parameter &V is sometimes included which relates
the potential V and the particle energy E by the
equation

The constant Vo is always chosen such that V has the
value given by the elastic-scattering results at the
elastic-scattering energies. It should be noted that it is

precisely V that is given in the tables of parameters.

solid angles between detectors and monitor (1%), un-

certainty of integration (1%%uo), and uncertainty of the
assumption that the elastic scattering is Rutherford
scattering (3'%%uo).

A general survey of the curves shows that as one
progresses from 3.5 MeU to 5.5 MeV the distributions
for all the states transform from structureless distribu-
tions peaked at 180' in the manner expected of
"Coulomb-stripping" reactions to curves containing
strong oscillations with increasing cross sections at
forward angles. The sixth level is an exception to this,
maintaining very nearly the same shape for all energies.

For the 3.5 and 4.0 MeU measurements, difhculty
arising from the oxygen, carbon, and silicon contami-
nants and excessive pulse pile-up, combined with the

4. RESUITS

The collection of angular distributions are shown in

Figs. 4, 5, 6, and 7. The errors shown are the propagated
errors arising from the total counting statistics, the
uncertainty of the background subtraction (often a
rather large contribution for the sixth and the eighth
levels), and the error in the calculated silicon reaction
subtraction wherever silicon interfered with a zir-

conium peak. The absolute normalization has an addi-

tional error arising from the uncertainty of the relative
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Ia
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e C. M (deg'j
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160

Fxo. 4. Absolute diBerential cross sections expressed in center-
of-mass system for the ~Zr(d, p)"Zr reactions leading to the
ground-state of "Zr at Eq=3.5, 4.0, 4.5, 5.0, and 5.5 MeV. The
theoretical curves were obtained with the aid of parameter set 2
of Table II and were normalized to the experimental cross sections
by the spectroscopic factors listed in Table III. The dashed lines
correspond to the same calculations except that &Vg = —0.4.

I

40 80

ec.M. ~d+~

120

FIG. 5. Same case as Fig. 4, but for the 1.21-MeV level of 9'Zr.

small zirconium reaction cross sections, prevented alto-
gether a measurement of the sixth and eighth states at
the smallest angles or else yielded. a result with rather
large errors.

The parameter values on which the stripping analysis
is based. were obtained from optical-model studies of
the 11.8-MeV "Zr(d, d) data of Schmidt-Rohr et at"
and the 16.2 MeV 'Nb (p,p) data of Fulmer. "LA com-

parison between the elastic deuteron scattering from
N 'Zr and ~Zr has been made. "No signiicant difference
in the relative angular distribution was found; however,
the measurements yielded an absolute cross section for

' G. Igo, W'. Lorenz, and U. Schmidt-Rohr, Phys. Rev. 124,
832 (1961)."C.B.Fulmer, Phys. Rev. 125, 631 (1962).

+ F. Percy (unpublished).
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~Zr(d, d) 5% less than that for ~"Zr(d, d).$ Several sets
of parameters are considered, three of these being listed
in Table II. Deuteron set A was obtained by Percy"
after varying all the parameters so as to minimize the
least-squares agreement with data for a wide range of
targets and energies. Proton set A employed the geo-
metrical parameters specified by Percy" as the set
which gave agreement with data for a wide range of
targets and energies. In the present case, V and 8'
have been optimized specifically for s'Nb(p, p) by a
search code. Parameter set A may thus be considered
as the best choice for stripping studies. The other
proton and deuteron parameter sets which have been
employed in these calculations are listed in Table II of

1000—
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C~ 10

E, (~ev)

1000— I

E& (~ev&

C
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O
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O
O
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X
EJ

t"
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40 80 129

ecH (deg)
160

FIG. 6. Same case as Fig. 4, but for the 2.07-MeV level of 9 Zr.

Ref. 5, which treated the "Zr(d, p) reaction at Es——10.85
and 15 MeV. These parameters included deuteron
sets with Rp~=1.1, 1.2, and 1.3 and proton sets with
Epg= 1.1, 1.2, and 1.23. The latter proton set was ob-
tained by optimizing all the parameters, and when
applied in the present study gave results little diferent
from proton set A in Table II.

The behavior of the spectroscopic factors obtained.
from the E&=3.5 to 5.5 MeV data was dominated by
the choice of proton parameters and was relatively in-
sensitive to the deuteron parameters, the tendency
being for the spectroscopic factors to become smaller
and to assume a negative energy dependence as the

» C. M. Percy and F. G. Percy, Phys. Rev. 152, 755 (1965).
"F.G. Percy Phys. Rev. 131 745 (1963).

I
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Fxo. 7. Same case as Fig. 4, but for the 2.56-MeV level of "Zr.

TABLE II. Parameters from 11.8-MeV Zr(d, d) and
16.2-MeV Nb(p, p) scattering.

Proton
or Rp c

deuteron Set (F) (F)

p A 125 065
d A 1.272 0.679

R r

(F) (F)

1.25 0.47
1.236 0.677

V IV
(MeV) (MeV)

50.89 13.63
85.4 18.39

j3 12
8 1.2

C
C 1.1

0.7161 1.257 0.5482 54.28 11.71
0.6809 1.260 0.8634 92.12 12.20

0.6882 1.514 0.7628 61.94 5.295
0.7329 1.361 0.8692 104.8 10.02

radius is increased. As will be shown, this insensitivity
feature probably arises from the convention of selecting
the neutron radius and diffuseness to be identical to
those for the proton. Therefore, the discussion is re-
stricted to the parameter combinations in Table II,
although additional combinations of proton and deu-
teron parameter sets were actually considered.

The deuteron parameters of set A were used to
calculate the elastic scattering cross section to compare
with the measurements made at 5.5 MeV, where the
deviation from Rutherford scattering is the largest and
which might give an indication of the validity of the
elastic parameters at this energy. The calculation gives
the dashed curve in Fig. 3 for the ratio of experimental
to Rutherford cross section. The parameters yield the
correct trend of the cross section, but the details do not
agree with the experimental curves.



1080 DALLY, NELSON, AND SM I TH 152

104 TABLE IV. Least-squares 6t to all the E@——3.5 to 5.5 MeV data.

103

Parameter set

A
A, d Vq ———0.4 MeV
A, best relative Qt

parameters

x/&'" '
2.25
2.06
1.85

2.58
2.83

10&

,

5

D

10o0
I i I i I

60 100 140

Qc gy (dIQ)

FIG. 8. Comparisons between the experimental diBerential
cross sections obtained by Dickens et al. {Ref.4), for the Eq=12
MeV, ~'Zr (d,p) s'Zr reactions leading to the ground, 1.21-, 2.07-, and
2.56-MeV levels of "Zr, and calculations employing elastic-scatter-
ing parameter set A of Table II.

& N is the sum total of the number of angles at all energies and for all
levels for which data were included in the search code.

corresponding spectroscopic factors are listed in Table
III. In these calculations the proton potential has a
linear energy dependence of V'V„= —0.5 as suggested
b Py ereys proton elastic-scattering analysis. " In ac-
cordance with Percy's deuteron scattering analysis" an
energy dependence of V'Vd= —0.4 was also tried for
the deuteron channel with almost no change in the
spectroscopic factors but with a slight increase in the
quality of the its as indicated by the corresponding X
in Table IV. Examples for 8~=4.5 MeV are shown as
dashed lines in Figs. 4, 5, 6, and 7.

Since there is uncertainty about how the extrapola-
tion of the parameters should be made between the
elastic-scattering energy and the energies of this strip-
ping analysis, an investigation has been made into
whether or not other parameter sets exist in the neigh-

The results of performing stripping calculations with
parameter set A are compared in Figs. 4, 5, 6, and 7
with the Ed,=3.5 to 5.5 MeV stripping angular distribu-
tions and in Fig. 8 with the 12-MeV stripping data. The

Es E, (MeV) 0
Set (MeV) 8 %D'

3.5 0.64 7
4.0 0.62 3
4.5 0.61 2
5.0 0.58 —3
5.5 0.53 —12

5, b 0.60
12 0.61 2

1.21
S FoD

055 6
0.57 10
0.52 0
0.50 —4
0.47 —10
0.52
0.55 6

2.07
%%uoD

0.49 11
0.44 0
0.44 0
0.43 —2
0.41
0.44
0.45 2

2.56
S %D

0.168 6
0.163 3
0.168 6
0.153 —4
0.141
0.159
0.186 17

TABLE III. Spectroscopic factors, averages, and percent devia-
tions corresponding to the parameter sets in Table II with
Q V„=—0.5 MeV. C

D
~~ 10p
L
V
lA

C
L
O

Ch

s
O
EP

E

10=

3.5 0.75
4.0 0.74
4.5 0.75
5.0 0.75
5.5 0.70

8 0.74
12 0.78

0.60
0 0.63

0.60
1 0.60—5 058

0.60
5 0.65

0 0.52
5 0.49
0 050
0 0.50—3 0.50

0.50
9 0.55

4 0.178 1—2 0.176 —1
0 0.189 1
0 0.174 —2
0 0.168 —5

0.177
10 0.218 23

C 3.5 1.42 —6 0.98
4.0 1.44 —5 1.07
4.5 1.53 1 1.02
5.0 1.58 5 1.04
5.5 1.56 3 1.05

S 1.51 1.03
12 1.60 6 1.28

—5 0.88
4 0.86—1 0.91
1 0.94
2 0.97

0.91
24 1.40

a % V =100(S—Sav)/Ssv.
b S~v = (Ss.~+S4.0+S4.a+St.0+ST.s)/5.

—3 0.277 —4—5 0.282 —2
0 0.301 1
3 0.289 0
1 0 285

0.288
54 0.484

I

4p
I

12P
I s

ap

ac@ (dig)
160

. Comparisons between experimental differential cross
sections for the 9'Zr(d, p)"Zr reactions leading to the ground state

8 ot 'Zr at Eq ——3.5, 4.0, 4.5, 5.0, and 5.5 MeV and the results of
DWBA calculations in which (solid curves) the parameters in
Table V have been employed and (dashed curves) parameter set
C in Table II was used.
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TABLE V. Best-relative-Gt stripping parameters
employing form-factor set A.

1000I- i

E4(HVI

V„
(MeV)

56.87 —0.55

W~
(MeV)

13.63

V~
(MeV)

88.73

Wg
(MeV)

12.13

borhood of the elastic parameters which yield significant
improvement in the results. Employing the geometrical
parameters of set A, repeated grid-type searches on V„,
Vg, W~, and TV~, followed by automatic search on V„,
Vz, and Wz (the calculations proved to be relatively
insensitive to W~), produced the parameters listed in
Table V and the corresponding fits shown in Figs. 9,
10, 11, and 12. For the most part there is little reason
to prefer these new results to the previous ones. All the
improvement appears to be restricted to the 1.21- and
2.07-MeV levels. Part of the discrepancy may lie in the
data, since the 2.07-MeV-level data probably contain a
contribution from the unresolved seventh level. The
new spectroscopic factors are in general about 7%%uq

smaller than before and have an even more severe
energy dependence.

Of all the parameter sets considered, set C produced
the largest X. The results are plotted as dashed lines in
Figs. 9-12, and are seen to be still in relatively good
agreement with the data. It should be pointed out that
of the parameters considered here these parameters gave
the worst its to the proton and deuteron elastic scatter-
ing, and to the 12-MeV stripping data (the ratio of X

for parameter set C to that for set A is 1.66) and that
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FzG. 11.Same case as Fig. 9, but for the 2.01-MeV level of "Zr.

1000 — "' T
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also V V„=—0.5 is a rather arbitrary choice for the en-
ergy dependence of the proton potential when Ro„=1.1.

The Coulomb repulsion of the deuterons due to their
low energy should cause a relatively greater percentage
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Fqo 1(}.Same case as Fig. 9, but for the 1.21-MeV level of 9'Zr. Fzo. 12. Same case as Fig. 9, but for the 2.56-MeV level of "Zr.
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energy dependence. It is possible that the spectroscopic-
factor behavior is due to a neglect of the residual inter-
action in the stripping matrix element. "Neglect of this
interaction should not seriously aGect the shapes of the
angular distributions but would be expected to produce
energy-dependent spectroscopic factors since, of course,
the wave functions are themselves energy-dependent.

The spectroscopic factors are de6nitely smaller in
the case of the ground state and 1.21-MeV level transi-
tions than the values 0.98 and 0.96, respectively, which
are predicted by shell-model calculations. ' These calcu-
lations assumed "Zr to be a "Sr closed shell plus 3
nucleons. This discrepancy can be removed by decreas-
ing the radius and diffuseness of the neutron potential.
Because the proton and neutron potentials are expected
to be similar, this implies that the proton radius should
be smaller. Indeed, parameter sets 8 and C with
R,~=Ro„=1.2 and 1.1, respectively, exhibit some im-
provements in the spectroscopic factors (see Table III).
Those for R,~= 1.2 are nearly constant and also some-
what larger than for set A. For R,~= 1.1, the spectro-
scopic factors are actually too large and an energy
dependence appears which is the reverse of what it was
for parameter set A. Supposedly, for E,~=1.15 the
spectroscopic factors would exhibit little energy de-
pendence and also have about the right magnitudes.
Such a radius may be allowable since it has never been
demonstrated that a proton elastic-scattering study
with this radius would not yield agreement with a large
range of energies and targets similar to the consistent
results obtained with R„=1.25. However, the results
obtained with parameter sets 8 and C do have faults.
The ratio of the ground to the 1.21-MeV level spectro-
scopic factors has become undeniably too large when
R,~= 1.1.Also, the spectroscopic factors at 12 MeV have
become larger than those obtained at 3,5 to 5.5 MeV.

The cutoG and Coulomb-stripping results illustrated
in Figs. 13 and 14 show that the stripping is largely
independent of events occurring in the nuclear interior
and that the Coulomb-stripping region is approached,
but not quite reached, when. E&=3.5 MeV and Q(3
MeV. Taking account of the fact that the nuclear in-
terior becomes less important as Q is lowered it is seen
that, other things being equal, the t= 2 reactions occur
less in the nuclear interior than the l=0 ones, which
seems reasonable because l= 0 reactions classically cor-
respond to reactions initiated by deuterons colliding
head-on with the target. Because elastic scattering is
determined fully by the shapes of the exterior wave
functions, the stripping results, being dependent them-

"B.Buck aud I.R. Rook, Nucl. Phys. 67, 504 (1965).

selves mostly on the exterior wave functions, should be
largely independent of the choice of equally valid
elastic-scattering parameters. Thus, the relatively good
fits to the experimental angular distributions shown in
Figs. 4—7 do not result from an accidently favorable
choice of parameters.

6. CONCLUSIONS

For future experiments of this sort one should empha-
size three requirements for performing successful experi-
ments. These should include targets of very high purity,
free from low-Z contaminants, thin targets of the order
~ mg/cm', and very uniform absorbers. Fulillment of
any two of the above three requirements would reduce
the importance of the remaining one.

This work is the first attempt to 6t deuteron stripping
data and extract spectroscopic factors with the DWBA
analysis with such a heavy mass and low range of
energies. The analysis has shown that the DWBA em-
ploying the elastic-scattering parameters obtained at
higher energies correctly predicts the main features of
(d,p) angular distributions when the bombarding energy
is about half the deuteron Coulomb-barrier energy and
that this agreement is not due to a fortuitous choice of
parameters because the predicted results are both rela-
tively parameter-insensitive and do not depend. much
on the shapes of the wave functions in the nuclear
interior. It is very satisfying to note that the same
parameters and analysis 6t very nicely the forward-
peaked angular distributions at 12 MeV and the
backward-peaked angular distributions in the range
3.5-5.5 MeV, where at the lower energy the Coulomb-
stripping region is approached. However, the theory is
less satisfactory for predicting spectroscopic factors,
because these are found to be quite dependent on the
choice of potential parameters. In fact, they are both
energy-dependent and incorrect in magnitude when the
most justifiable set of parameters is employed. Whether
this is a defect in the stripping theory or in the pre-
scription for choosing the parameters remains to be seen.
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