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those operations which send ko into —ke (i.e., J and tion properties of R and S+ given in Table II, we obtain
3Cs). This follows since exp (—t'2ks. r ) = —1 and
exp(iko r ) =+i when the origin is chosen at one of the R=iZz, , S+=+(Xz,'+iYz"),/K2

P sites. Relating these transformation properties of the
functions X (L), Y (L), and Z (L) to the transforma-
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The transverse magnetoresistance p/pe of phonon-assisted hopping conduction in rt-type germanium
samples having phosphorus concentrations

¹
between 5)&10"and 2)&10" cm 3 has been measured at

4.2'K as a function of the strength and orientation of the magnetic induction B in a (110)plane up to much
higher values of B (78 kG) than used in previous work (30 kG). It is found that p/pe is an increasing function
of 8 /Nz up to the highest values of 8 and depends on the direction of 8, the anisotropy being more compli-
cated at higher B. For B~~(001$, p/po increases most rapidly (almost exponentially) with B. Following
Sladek and Keyes these e6ects are explained qualitiatively in terms of the in6uence of the magnetic field
on the donor wave functions. A simple extension of the magnetoresistance theory of Mikoshiba is made and
compared with our anisotropy curves. A reasonably good fit requires that the difference in phase between
wave functions on adjacent donors have a much smaller e6'ect than expected of following Mikoshiba's
method of choosing a certain parameter e. A more reasonable choice of e, which also includes the inQuence
of the decrease in size of the donor wave functions due to the magnetic Geld, greatly reduces the calculated
phase eGect. A Gnal choice of values for e and a parameter relating the spacing to the concentration of im-
purities yields a calculated anisotropy curve which reproduces the main features of the experimental curve
in remarkable detail.

'AGNETORESISTANCE of m-type Ge in the
& ~ phonon-assisted hopping conduction range has

been observed previously by Sladek and Keyes (SK),'
Yamanouchi, ' and Lee and Sladek' at magnetic fields

up to 30 ko. The observations of SK were shown to be
consistent with the theory of Mikoshiba, 4 which ap-
peared shortly after their experiment. Our present
results concern the region of higher magnetic 6elds, up
to 78 ko. The magnitude of the magnetoresistance in
this region is much larger, and the anisotropy of the
effect is larger by an order of magnitude and has more
complicated structure, than at lower fields. In this paper
we compare our observations with the theory of Miko-
shiba and show that the new features of the effect are
compatible with the previous observations.

Miller and Abrahams' showed that the transition rate
for phonon-induced tunneling of an electron between
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' R. J. Sladek and R. W. Keyes, Phys. Rev. 122, 437 (1961).
~ C. Yamanouchi, J. Phys. Soc. Japan 18, 1775 (1963).
3 W. W. Lee and R. J. Sladek, Bull. Am. Phys. Soc. 10, 546

(1965); W. W. Lee, thesis, Purdue University, 1966 (un-
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¹ Mikoshiba, Phys. Rev. 127, 1962 (1962).
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two donors, differing slightly in energy due to the
presence of an ionized acceptor in their vicinity (Mott's'
model), is proportional to the square of its resonance
energy,

~
W

~

'. Mikoshiba' followed essentially the treat-
ment of Miller and Abrahams in his calculations of the
resonance energy but used wave functions derived by
including in the Hamiltonian a term quadratic in the
magnetic field H. His wave functions decreased in
spatial extent as the magnetic 6eld increased (size
eRect). The magnetic fmld also introduces a phase differ-
ence between the wave functions of neighboring donors
(phase effect). Because of mathematical difliculties
Mik.oshiba treated the size and phase eBects separately
and considered only the component of the donor wave
function derived from one conduction-band valley. The
resonance energies for the size e6ect t/t/"&'& and the
phase effect W&~& were then squared and averaged over
pairs of donors to yield quantities proportional to the
transition rate for electron jumping, i.e.,

1 KR
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e N. F. Mott and W. D. Twose, Advan. Phys. 10, 107 (1961}.
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Pro. i. Magnetoresistance
p/pa as a function of the direc-
tion of the magnetic Geld rela-
tive to the crystallographic
axes in P-doped, e-type Ge
having 9X10" donors/cm'
for d)L6erent magnetic-Geld
strengths at 4.2'K. Logarith-
mic polar coordinates are used.
The donor wave function is
indicated schexnatically in the
center as being comprised of
four pancake-like components.
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where 8'~0 is the zero-Geld resonance energy, ~ is the
dielectric constant, y~ is the angle between the di-
rection of the magnetic 6eld H and the pth valley
axis a„, E is -the average distance between neighboring
donors, and m&* is the effective mass perpendicular to
the valley axis. Involved in Eqs. (1) and (2) is the
assumption, which is known to be quite good for the
conduction band of Ge, ~ that mg~&&esg*, the effective
mass parallel to the valley axis. The quantity c appear-
ing in (2) is defined by the relation

(ea*'/I'sc)'= e(a*'z/m, *c');

u* is an effective Bohr radius about which we shall be
more explicit later.

Since Mikoshiba treated the influence of the magnetic
Geld on the size and the phase of the wave functions
independently of one another, he assumed that the total
transition probability for hopping between donors is
given by the product of the transition probabilities cal-
culated separately for each e6'ect.

Our esperimental results were obtained at 4.2'K for
3 phosphorus-doped, n-type Ge samples having donor
concentrations from 5.4)(j.0" to 2.0)(j.0" cm—'. The
donor concentrations were deduced from the Hall
coeNcients at room temperature and Lec's estimates of

' See for example, %'. Kohn, in SOHd Skate I'byes, edited by
F. Seitz and D. Turnbull (Academic Press Inc., New York, 195'I),
Vol. 5, p. 257.

the compensation. ~ For this concentration range at
4.2'K hop conduction is the dominating mechanism of
charge transfer. s

%e measured the dc magnetoresistance as a function
of the magnetic-Geld strength up to 78 kG and of the
orientation of the magnetic Geld in the plane perpen-
dicular to the current direction I 110j. The magnetic
Geld was provided by a l-in. -diam-bore Westinghouse
superconducting solenoid. Voltages were measured with
an Applied Physics Corporation Model 30 vibrating-
1ccd clcctrometclq and Leeds and Nolthrop type K-2
potentiometer, and a recording potentiometer.

The dependence of the magnetoresistance p/ps on
crystallographic orientation of the magnetic Geld was
found to be similar for all three samples, and representa-
tive results (for one sample) at various Geld strengths
are given in Fig. j.. The shapes of the curves can be
interpreted qualitatively by considering that the CGec-
tive magnetic field H costp„shrinks the pth component
of the wave function, that the jumping probability is
appreciable only for components of the wave functions
of the same p, as was shown to be the case of zero mag-
netic field, and jumping takes place only in the direc-
tion in which a component of the wa, ve function is large
in the spatial extent, i.e., in the direction transverse to
the valley axis since vs&*«no&*. Thus, one can readily see
that for I in the L001$ direction, Bcosy p is equal for all
the valleys since they are located along (111)directions
in e-type Ge, and all the components of the wave func-
tion are aGected equally by the relatively strong CGec-
tive field II/VB. For some directions the effective field
can even be zero for particular valleys. For example, for
the L110j direction, the effective field is zero for two
valleys. This explains qualitatively the existence of a
maximum magnetoresistance in the L001j direction and

' H. Fritzsche, J. Phys. Chem. Sonds 6, 69 (1958).
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a relative minimum in the L1107 direction. In general,
since the magnetic Geld sects each constituent of the
donor wave function in a diGerent way, depending on
the direction of the magnetic held, the distortion of the
donor wave function will depend on the direction and
strength of the held. The qualitative explanation of the
phase eGect is more dBBcult because of the more compli-
cated averaging operations involved in it. However,
with the same assumptions as used above, the di6er-
ence in phase of the wave functions of donors in a given
pair would be inAuenced only by the component of the
magnetic fmld along the pth valley axis. This compo-
nent equals Bcosy„and the discussion for the size
effect is fully applicable. However, due to the different
orientations of donor pairs, the average inQuence of the
magnetic field on the pth component of a donor wave
function passes through a nonzero minimum for a~J H.
This explains the appearance of the factor n in Eq. (4)
given below.

This rather satisfactory explanation of the main
features of the effect encouraged us to apply t:he single-
valley theory of Mikoshiba to the many-valley case.
Following the method of SK, the conductivity tensor
was assumed to be a linear combination of the conduc-
tivity tensors derived from particular components of the
donor wave functions. Thus
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FIG. 2. Magnetoresistance p/ps as a function of 8'Es ' for tlnee
samples having diBerent concentrations of donors for the magnetic
field in the L1$0j and (001j directions.

rr= P n„(1—a,a„)(( W„('),. (3)

The coefficients o.„were assumed to be field-independent
and equal in magnitude. The transition rate for a
particular component of the donor wave function was
assumed to be given by

where ( ] W~ &'&
[ ),„and ( [

W„tr &

( ), are given by Eqs. (1)
and (2), respectively.

The results deduced thus from the theory do account
for the main features of our data, although complete
quantitative agreement is not obtained.

First of all, B and R appear in lV„always in the
combination B2R'~ B'S~ ', and Fig. 2 shows that the
data for different field strengths, and for samples having
diferent concentrations of donors, do indeed fall on one
curve for a particular direction of magnetic Geld.

Second, the magnetic field parallel to the L0017 direc-
tion has equal projections on all the valley axes. The
summation of the transition probabilities is particularly
simple in this case and the calculated p/pe is related
simply to the expressions for

~
W„~' given in Eqs. (1)

and (2), and is almost an exponential function of II'.
This is also found experimentally, as can be seen from
Fig. 2. For comparison p/ps for the [1107 direction is
also shown in Fig. 2. As explained before, p/ps should
grow slower and should deviate from the exponential
form due to the asyrrimetric positioning of the magnetic-
Geld vector in relation to the components of the wave
function.

It should be noted that the empirical formulas of SK
given by Eqs. (3) and (4) can also account for many
features of our data, as can be seen from Fig. 3.

Direct computations of p/po from Eq. (3) present
some difBculties mainly because the values of the con-
stants in Eqs. (1) and (2) are not well known. The
constant s in the relation R=sEq "' is estimated to
have quite different values by various investigators. "'
The constant e which appears in Eq. (2) depends on the
value of the effective Bohr radius a*.

In our Grst calculations we used s= 1 and &=0.62 for
P-doped Ge, as deduced following Mikoshiba's method. 4

The function p/ps obtained with these parameters
closely resembled the experimental orientation depend-
ence, the positions of the extrema coincided and their
relative heights were very similar. However, the ab-
solute value of the magnetoresistance obtained from the
calculations was higher than the observed magneto-
resistance by as much as a factor of 5.5 for the highest
Geld.

The size effect alone gave values lower than the
experimental results suggesting that the phase eGect
might have been overestimated by the theory. Addi-
tional computations based on the results of SK and the
low-Geld theory of Mikoshiba' conGrmed this hypothe-
sis. This can be seen as follows. The SK empirical
formula for the single-valley magnetoresistance function,

f.(&)=f.(0) e p( +Pl cos~. l) (4)
' N. Mikoshiha, J. Phys. Chem. Solids 24, 341 (1963).
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Dn(B) corresponds to &I Wnl'). in Eq. (3)3, was 6tted
to the data using a nonlinear regression method, and
the ratio a/P was found to be about 10-'. This indicates
that the phase effect plays a less important role than
the size effect.

From the intermediate 6eld theory, ' at IO kG the
ratio W„&'~/W~&f' was about 0.8, while from the low-
6eld theory~ W&'&/W&r& was about 1.1. This implies
that the value of e deduced following Mikoshiba is t,oo
large. If we estimate the effective Bohr radius from the
ionization energy, ey, the value of e is much smaller.
If ~1=12.76 meV is used for a P donor'0 to estimate u*,

' I. H. Reusser and P. Fisher, Phys. Rev. IBS, 1125 (1964).

Fxo. 3. Comparison of experimental data with computed mag-
netoresistance. Curve X, experimental results; SK, calculated
from the empirical formula of Sladek and Keyes fora. =6.4&10 ',
p=8.5)&10 ', M1, calculated from a multivalley adaptation of
Mikoshiba's theory with R=Eq '~3 ~=0.13; M'2, same as Mq
except E.=0.7Eg '/', ~=0.23.

we obtain a*=35.3 A and thereby the value of a=0.34.
If we further assume that the magnetic 6eld increases
the ionization energy of a donor, following Yafet et ul. ,

"
for 8= 75 kG a~=24 A we obtain &=0 23" Further-
more, according to Mott and Twose, ' a value of s=0.7
gives the best fit between theoretical and experimental
resistivity values. The curve 3f2 in Fig. 3 gives the cal-
culated values of magnetoresistance for the constants
s=0.7, ~=0.23. A series of consecutive adjustments of
the constants gave 6nally the results indicated by curve
M~, for s=1 and ~=0.j.3.

The value of e is surprisingly small, indicating that the
contribution of the phase factor is relatively small, at
least for high magnetic Qelds.

The rather poor fit of the calculated results in the
vicinity ot the L110$ direction indicates that the wave
functions most strongly affected by the magnetic field
contribute less strongly to the conductivity than pre-
dicted by Eq. (3).This may indicate that the coefficients
O.„are decreasing functions of the eGective field. This
seems to be consistent with a possible energy shift of
the valleys induced by the magnetic ield. The constants
on which the single-valley theory depends, as well as its
correctness, might be most easily established experi-
mentally by measuring the magnetoresistance on a
sample subjected to L111j uniaxial compression since
the experimental data could be compared directly to
the single-valley theory.
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