PHYSICAL REVIEW

VOLUME 151,

NUMBER 2 11 NOVEMBER 1966

Theory of the Electronic Configuration of a Metallic
Surface-Adsorbate System

A1AN J. BENNETT* AND L. M. Faricovf
Cavendish Laboratory, Cambridge University, Cambridge, England
(Received 2 June 1966)

The nature of the electronic phenomena involved in the adsorption of alkali atoms on a metallic substrate
is discussed. The metal-adsorbate system is treated in terms of a simple model which makes possible a self-
consistent calculation of the effective charge on the adsorbed atom. The atom is treated in the Slater approxi-
mation and the metal is assumed to be free-electron-like. Numerical results are presented for K, Rb, and Cs
adsorbed on W in the presence of various electric fields.

I. INTRODUCTION

VARIETY of experiments has been performed in

which foreign atoms or molecules are adsorbed
(or desorbed) on a metal substrate in the presence of
very high electric fields. For example, systems consisting
of Ba on W,! Cs on W,2 and CO on W2 have all been
studied in some detail.

Qualitatively, three types of adsorption are dis-
tinguished!: ionic, neutral, and metallic. If the metal
is indicated by M and the adsorbate by A, the first
type corresponds symbolically to a bond M——A+ (or
M+—A4-), while the neutral type can be represented
by M°—A°. The third (metallic) type is an intermediate
case where only part of an electronic charge has been
transferred from the atom to the metal (or vice versa).
A quantitative distinction between these three types
can be made in terms of the effective electronic charge
¢ localized in the neighborhood of the adsorbate. In this
fashion,

¢=2F | e| — ionic adsorption,

¢=20 — neutral adsorption,
0< |¢| <|e| — metallic adsorption.

Schmidt and Gomer® have recently made a detailed
study of the K on W system, and have estimated the
electronic charge ¢ as a function of coverage for various
exposed crystallographic faces of the W substrate. It is
the purpose of this paper to discuss the nature of the
electronic phenomena which result in a metallic ad-
sorption of atoms and formulate a simple model which
allows an approximate quantitative calculation of g.

We restrict ourselves to electropositive adsorbates in
which ¢>0; in these cases ¢5%0 results from the partial
emptying of the outermost level of the adsorbed atom.
This partial emptying is due to the extended nature of
the relevant wave functions.
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At large separations, when the overlap between
metallic wave functions and the atom is very small, the
atomic wave function can be considered a good eigen-
state, with a well-defined energy E4. Under these con-
ditions, the occupation of that level is either zero or one,
corresponding to the two extreme types of adsorption
discussed above. At smaller separations the clear-cut
distinction between atomic and metallic states is no
longer valid, and, from the point of view of the elec-
tronic wave functions, the system should be treated as
a whole. The very existence of a charge transfer makes
it necessary to include (at least) self-consistency in any
theory which hopes to provide a method of calculation.

In what follows we confine our attention to a single
adsorbed atom with a single, filled s level in the outer-
most electronic shell. Since the nature of the problem
emphasizes the extended character of the wave func-
tions, we neglect all possible localized surface states.

In Sec. IT we define the parameters that are relevant
in the calculation. The effective charge ¢ depends on
these parameters which are, in turn, functions of ¢. In
Secs. ITI and IV we arrive at explicit forms for the func-
tional dependence of the parameters and in Sec. V the
expressions are combined to obtain a self-consistent
solution of the problem.

II. FORMULATION OF THE PROBLEM

The problem under consideration is a many-electron
one. The single-electron wave functions which con-
tribute to the many-electron state are, for the metal-
atom separations of interest, extended throughout the
metal and the atom. In other words, no single electron
state is localized around the atom position (as it would
be in the case of large separations) giving a finite con-
tribution to the electronic charge ¢; thus ¢ is made up
from the contributions of an infinitely large number of
states, each contributing an infinitesimal amount. In the
absence of localized states the Hartree approximation,
which neglects exchange as well as correlation effects, is
known to be a reasonable one. We then assume that the
total wave function of the system ¥ can be expressed
as a simple product of one electron functions.

V=] Y(E:lipists), (2.1)
i
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where each one-electron wave function ¢ is determined
by three quantum numbers: E, one-electron Hartree
energy ; /, angular momentum in a direction perpendicu-
lar to the surface; », a third quantum number which
completes the identification of the state. These quantum
numbers emphasize the cylindrical symmetry of the
problem, the normal to the surface through the atom
center defining the axis. It is not necessary to include
spin explicitly, since by assuming that not more than
one electron can occupy the relevant s state, we have
assumed a strong correlation effect between the spins
close to the adsorbate and in fact restricted ourselves to
only one of the two spin systems.

Each of the ¢ functions satisfies a Schrodinger equa-
tion of the form

HIP(E,Z,V)=E1//(E,Z,V) ) (22)

where H is the self-consistent one-electron Hartree
Hamiltonian obtained by minimizing the total energy

Ep=(¥|3¢|%)/(¥|¥) (2.3)

with respect to ¥. In (2.3) 3¢ is the total Hamiltonian
for the many-electron system. The Hartree Hamiltonian
H will be discussed in detail in the next section.

It is useful at this stage to define an energy density-
of-states #;,(E) such that any sum over the quantum
number E can be replaced by an integral, i.e.,

X

El 14

-+ ny(E)E. (2.4)

It is easy now to define the effective charge in a volume
V (which is of the order of an atomic volume) around

the atom:
q=le|[1—¢7], (2.5)
= X [Y(E,lp;x) | 2. (2.6)
occhl;ied v

states

This last expression can be rewritten as®

»  p(E)E
= -[—w I:E— EF:|+ )
= kT

where Er is the Fermi energy (maximum occupied value
of E at zero temperature) and

. f " (B)ME, (27)
T—0J_,

(E)=3 / | E ) B, (28)
17 v

o(E) is the effective electronic charge per unit Hartree
energy.

6 We restrict ourselves to low temperatures T — 0; the exten-
sion to finite temperatures is straightforward. The effect of finite
temperatures on ¢~ is of the order of kT/A, where A isthe
Lorentzian width defined below.
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Before attempting a calculation of p(E), we present
a qualitative discussion of its properties. We first con-
sider the atom at large separations from the metal
surface. Because of the negligible overlap the Hartree
wave functions are in this case the atomic wave function
and the undisturbed electronic wave functions of the
metal. The only contribution to the electronic charge in
the neighborhood of the atom comes from the atomic
level, which has a well-defined energy E4. This means
that
p(E)=8(E—Ey). (2.9

The effective charge is therefore zero or one, depend-
ing on whether E, is below or above the Fermi energy
Ep. As the metal-atom separation is reduced, tunneling
takes place and the Hartree wave functions become de-
localized. The density p(E) is no longer a delta function;
it spreads and its maximum is shifted. We may assume
that p(E) can be represented by a Lorentzian
distribution

1
p(B)=——— (2.10)
7 (E—E,)*+A?
where A is the (positive definite) width of the level and
E, the position of the maximum.

From Eq. (2.7) we have

™
=" tan"‘——+5] )

™
where we have assumed that the shifted position of the
“atomic level” E, is always well above the bottom of
the metallic band (U), i.e.,

E,—U>A. (2.12)

Figure 1 is a graphical representation of Eq. (2.11); the
family of curves shown corresponds to various values
of A.

If this model is correct, E, and A should depend on
the external parameters (atomic number of the nucleus,
metal-atom separation d, applied external electric field
F), as well as on the value of ¢~ itself, and the equations
should then be solved in a self-consistent fashion.

In order to justify Eq. (2.10) [or to find in fact a more
accurate form for p(E)], and to calculate E, and the
width A we need first an expression for the one-electron
Hartree Hamiltonian H of Eq. (2.2). This Hamiltonian,
obtained by a minimization of the total energy of the
system, is of the form

H= T+VM+VA+VF+Veu

where T is the kinetic energy operator, ¥y is the po-
tential due to the metal ions, V 4 is the potential of the
adsorbate ion, Vr is the potential due to an external
electric field F, and V., is the self-consistent potential
acting on one electron and due to the average charge
distribution of all other electrons. The complete solution

(2.13)
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tive charge ¢~ as a
function of the posi-
tion of E, with re-
spect to the Fermi
level Ep.
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of the Hartree equations is, if not impossible, certainly
an extremely cumbersome numerical problem. We can,
however, make some drastic simplifications in the form
of (2.13), which, based on the conclusions of previous
work, allow an approximate solution to the problem.
This solution has the right qualitative features and is
also capable of giving fairly accurate quantitative
answers for the values of ¢~
It has been shown that:

(a) The potential inside the metal is, for the conduc-
tion electrons of simple metals, effectively very smooth?;
it is a good first approximation to assume that Vs can
be replaced by the potential due to a uniform back-
ground of positive charge.

(b) The conduction electrons inside the metal screen
the effect of any field outside. Except for a rather thin
layer where the screening takes place, the total field is
zero inside.

(c) The dipole layer at the surface of the metal, which
is responsible for the screening discussed in (b), is much
narrower than the typical distances involved in our cal-
culations,® and can be consequently assumed to be of
zero width.

(d)-The effect of V., for an electron outside the metal
due to electrons inside the metal can be approximately
replaced by a classical image potential Vi, which
guarantees a constant potential (taken to be zero) at
the surface of the metal.?

With these approximations (2.13) can be written as
H=T+UPi+[Vi+Vr+VinlPr, (2.14)

7 See, for instance, J. M. Ziman, Principles of the Theory of
Solids (Cambridge University Press, New York, 1964).

8 J. Bardeen, Phys. Rev. 49, 640 (1936); P. H. Cutler and J. J.
Gibbons, ibsd. 111,394 (1958).
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where U is the constant potential inside the metal and
V4’ is the potential due to the adsorbate ion modified
by the effective charge ¢~ of the electrons in its neigh-
borhood. The function Pr(Pg) takes the value one
inside (outside) the metal, and the value zero elsewhere,
ie.,

Pr=1, Pr=0, x<0;

Pr=0, Pgr=1, z>0.

Figure 2 shows a pictorial representation of the potential
and defines our energy scale and system of coordinates.

(2.15)

III. PERTURBATION THEORY

A proper solution of the Schrédinger equation (2.2)
would entail either a complicated numerical procedure
or the matching of analytic wave functions for a variety
of points on the metal surface; this calculation would
have to be repeated for all values of the relevant external
parameters.

We propose here the use of perturbation theory in a
scheme similar to that developed by Fano®' to treat a
rather different kind of problem, i.e., the mixing of a
discrete atomic level with the continuum due to con-
figuration interaction. This problem resembles the one
under consideration in the fact that, in the absence of
interaction, a well-defined quantum level and a con-
tinuum exist, and the interactions broaden the atomic
level into a “resonance” with a characteristic width.

In order to apply Fano’s method we restrict ourselves
to the following manifold of functions:

(a) An atomic s-like wave function ¢ which satisfies
the Schrédinger equation

Hio=(TH+V4)p=E/ o. 3.1)

(b) A continuum of metallic wave functions X(E,u)
which satisfy the Schrodinger equation in the metal

HX (E7l7”') = [T+ UPL:IX (E,l,[l,) =EX (E’l;“) . (3 2)

Here the quantum numbers / and p are the axial
angular momentum and the radial linear momentum;
they refer to a cylindrical system of coordinates with
axis (y=0, z=0) determined by the normal to the
surface which passes through the atom. The functions
X are all bound to the metal, i.e., they have a negative
energy E<O0 and outside the metal (x>0) they decay
exponentially. Without loss of generality, it may be
assumed that the set {,X} is an orthonormal one, i.e.,
all functions are normalized and ¢ is orthogonal* to
all X’s.

9 U. Fano, Phys. Rev. 124, 1866 (1961).

10 P, W. Anderson [Phys. Rev. 124, 41 (1961)7 has developed a
completely equivalent formulation for treating localized moments;
we follow here the notation and nomenclature of Ref. 9.

1 Tn the actual calculations all X are orthogonal among them-
selves, but ¢ is not orthogonal to the {X} set; the correction to the
lack of orthogonality is straightforward but to avoid unnecessary
i:lomplications in the formulas we do not include this correction

ere.
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By looking at solutions of our problem which can be
expressed as linear combinations of these functions, we
neglect all contributions for other atomic states as well
as functions which may grow in going from the metal to
the ion. This restriction will then result in mixing of
metallic wave functions of different energies E; such a
mixing would not occur if the manifold is enlarged to
include more functions. For the purpose of studying ¢-,
i.e., for studying the behavior of wave functions close to
the ion, the approximation is a good one and the im-
proper mixing of different E values introduces no sig-
nificant error.

The one-electron wave functions of the system are
now given by

Y(ELy)=a(Ely)e

+2 [ dp / AED(Ely;E V w)X(E V) Ny (RE') ’
ll
33)

Here Ny (uE') is the density of metallic states with
angular momentum /' per unit radial momentum in the
plane perpendicular to the metal surface and per unit
energy.

Selection rules applied to (3.3) which make use of the

fact that ¢ is an s-like function yield
a(EJly)=0 for I0. (3.4)

In addition, only one family of states, say =0, contains

contributions from ¢,° i.e.,
a(Ely)=0 for »70. (3.5)

Since the metallic wave functions decay exponentially
outside the metal, the only sizeable contribution to (or
equivalently the definition of) the density of charge is

p(E)=|a(E0,0)|*. 3.6)

Straightforward application of perturbation theory as
formulated by Fano?® yields

| VE|?
[E—E,J+=|Vg|*

|a(E,0,0)|*= 3.7

where

|Ve|?= [ | (X(E0,u) | H| 0)| 2N o(pE)du, (3.8)

E,=(o|H| 0)+G(E), 3.9)

G(E)=¢ f 'EVf;dE', (3.10)

and @ indicates a principal-part integral. It is im-
mediately seen that (3.7) has a form similar to (2.10) if
A=7|Vg|?, (3.11)

and |Vg|? is assumed to be a constant independent of
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Fi1G. 2. A schematic
diagram of the effec-
tive potential in the
one-electron Hartree I
Hamiltonian for the
metal-atom system. E

F|
NN
N

E; in the same approximation the self-energy shift G(E)
vanishes because of the odd character of the integrand
in (3.10).

IV. CALCULATION OF THE PARAMETERS

In order to find E, we rewrite the Hamiltonian (2.14)
as

H=H 4+ [U—-VAIP1+[Vr+Vim]Pr, (4.1)
where H 4 is the atomic Hamiltonian of (3.1).
We now make the following approximations:
(i) The self-energy shift G(E) is neglected, i.e.,
E,=(¢|H| o). 4.2)

(ii) We confine our attention to those separations d
(see Fig. 2) for which less than ten percent of the charge
associated with |¢|? is inside the metal; it is then
reasonable to negelct the second term in (4.1), i.e., the
term [U—V 4 ]P1.

(iii) We approximate the energy contribution from
the external field F and the image charge by evaluating
(Ve+Vim) at the position of the adsorbate (x=d,
y=2=0). The error involved here is of the order of the
small shift of the corresponding atomic s level for the
Stark effect.

(iv) The value of the energy of the atomic level E4
is evaluated by means of the empirical formulas pro-
posed by Slater.?

7

With these approximations,

Z—Sz—ag? (1—Bg)e?
E¢= —R[—T—:I - lele"I-T, (4.3)
where R is the Rydberg constant
R=13.6eV, (4.4)

12 J, C, Slater, Phys. Rev. 36, 57 (1930).
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TABLE I. Parameters of the calculation.

Metal: w U=—12.0eV  bottom of the band
I=45eV average ionization
potential
Adsorbate: K Z—Sz=2.2 n¥=3.7
Rb Z-Sz=22 wk=4
Cs Z—Sz=22 wk=42

and Z is the nuclear charge of the adsorbate; all other
symbols will be defined immediately. The first term in
(4.3) is the energy of the isolated atom in the Slater
approximation, modified by the presence of the effective
charge ¢~. If for the moment we set ¢~=0, that energy
corresponds to an approximate (Slater) wave function

o=Cr* D exp{—[(Z—S3z)/w*a)r}, (4.5)

where ao is the Bohr radius, #* is an effective quantum
number related to the usual principal quantum number,
Sz is an effective shielding constant, and C is a normali-
zation constant. The shielding constant Sz is in fact a
sum over the shielding contributions s; of each of the
individual electrons of the same and inner shells of the
atom. It is important to note that the relevant electron
does not screen itself, but if another electron is present
in the same s shell, the latter gives a contribution'? 0.35
to Sz. In allowing for the change in E, due to the effec-
tive charge ¢—, we have chosen to increase the shielding
by an additional term ag~. If the effective charge were
due to a localized wave function (as it is for large
distances d), then a would in fact be zero because of the
lack of self-screening. Since, however, the effective
electronic charge on the adsorbate is due to a sum over
the contribution of many extended wave functions, we
assume that an individual electron in the vicinity of the
atom feels a screening given by (Sz+0.35 ¢7), as if the
effective charge were equivalent to another electron of
charge g~e in the outer shell. In actual fact « must be a
function of the distance d and arises from nontrivial
correlation effects which go beyond the Hartree
approximation.

The second and third terms in (4.3) are, respectively,
the values of Vr and Vin at the adsorbate site. The
image term Vim corresponds to the interaction of the
electron with the image of the ion, partly screened by
the effective electronic charge ¢—; we take the constant
8 as equal to one, but its actual value is again a function
of distance which depends on detailed correlation effects.

For a given chemical species (i.e., Z and Sz known)
and known values of F and d, E, as a function of ¢~ is
a quadratic function with negative quadratic coefficient
and a maximum at

1
¢ max=—-[Z—Sz—Be*n**/4daR], (4.6)
a

which is independent of F.
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The calculation of the width (3.11), (3.8) is a tedious
but straightforward process which involves several
steps:

(i) calculation of the metallic wave function X(E,J,u)
in (3.2) with their proper normalization;

(ii) calculation of the normalization constant C for
the atomic function ¢ (4.5);

(ifi) calculation of the density of states No(u,E);

(iv) evaluation of the matrix element

<X(E70)M) lHl ‘P>7
(v) evaluation of the integral (3.8).

Some details of the calculation are presented in the
Appendix.

The parameters used in the calculation for W metal
and for K, Rb, and Cs adsorbates are shown in Table I.
The calculated widths A depend on six variables:

(1) E, the independent variable of integration as
appears in (3.11) and (3.8);
two parameters which depend on the metal substrate,
ie.,

(2) 1, the ionization potential,

(3) U, the position of the bottom of the conduction
band;
two parameters which depend on the adsorbate and the
external field, i.e.,

(4) E,, the displaced position of the atomic level,

(5) Z, the chemical species of the adsorbate;
and finally

(6) @, the metal-adsorbate separation.

In Table II we give various values of A as calculated for
U and I corresponding to W, and for E=E,,. It is seen
that the typical widths for reasonable distances (~3 A)

TasLE II. The width A.

d E=E, A
Metal A eV eV
K 2.85 —4.5 2.3
4 —4.5 1.2
6 —4.5 0.22
8 —-4.5 0.022
Rb 2.85 —4.5 24
4 —4.5 1.5
6 —4.5 0.42
8 —4.5 0.050
4 —5.7 1.6
Cs 2.85 —4.5 31
4 —4.5 2.0
6 —4.5 0.67
8 —4.5 0.11
4 —5.7 2.1
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TasLE III. The self-consistent solution for the effective charge
¢~ and the energy E,.

K Rb Cs
d F E, T E, ' E, T
A V/& eV eV eV
8 0.00 —2.0 0.00 —1.6 0.00 —14 0.00
0.12 -3.0 0.1 —2.6 0.01 —24 001
0.25 —4.0 0.02 —3.6 0.02 —-34 0.02
0.31 —4.5 0.12 —4.1 0.03 -39 0.05
0.37 —4.8 097 —4.6 0.75 —44 025
0.44 -53 098 —51 098 —49 092
0.50 -58 1.00 —=5.6 0.99 —-54 096
6 000 —17 0.02 —12 0.04 —11 0.06
016 —27 004 —22 0.05 —2.1 007
0.33 =3.7 0.10 —3.3 0.10 —-3.1 0.14
0.42 —42 022 =37 017 —3.6 022
050 —48 0.80 —4.3 037 —42 035
058 =53 091 —-50 0.77 —4.8 0.65
0.66 —-58 094 —55 086 —53 0.77
0.75 —6.3 0.96 —6.0 091 =59 0.85
4 000 -12 0.10 —0.9 0.12 —-0.6 0.14
0.25 -23 0.13 —-2.0 0.17 —1.6 0.18
0.50 —-34 027 —-3.0 0.26 —2.6 026
0.75 —4.5 0.50 —42 04 -38 038
1.00 -5.6 0.74 —54 0.67 -5.0 0.57
1.25 —6.7 0.85 —6.5 0.78 —6.1 0.70
2.85 0.00 —0.6 0.17
0.25 —-14 022
0.50 —-2.1 025
1.00 ~3.7 037
1.50 -54 0.62
2.00 7.0 0.77

is of the order of 1.5-3.0 eV. It should be noted, how-
ever, that the values calculated for Rb and Cs for
d=2.85 A are unreliable since our approximation (less
than 109, of the electronic charge of the atomic function
inside the metal) is no longer valid. It is interesting to
note that the variation of A with E within a shift of
about A itself is very small, of the order of 5%,. It is
thus a good approximation to assume the Lorentzian
distribution of Eq. (2.10); it should be remembered,
however, that the distribution is in fact skewed, and
slight departures from the Lorentzian may be detected
experimentally.

V. SELF-CONSISTENT SOLUTION

The self-consistent solution of the problem is now
obtained graphically. This is done in several steps,
illustrated here and in Fig. 3 for the case of K on W at
a distance d=4 A.

18 The value of 2.85 A is one of the limits estimated by Schmidt
and Gomer (Ref. 5) for K and W.
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(1) We choose a value of A, as calculated in Sec. IV,
which corresponds to the relevant parameters and
taken at a value

E=E,=Ep=—I=—45¢V.

From Table IT this is A=1.2 eV,

(2) We replace this value in Eq. (2.11) and plot ¢~
as a function of E, (see Fig. 3).

(3) In the same graph we plot Eq. (4.3), i.e., E, as a
function of ¢~ for a fixed value of F, repeating the curves
for a set of different F values.

(4) Intersection of the curves (2) and (3) gives the
self-consistent values of E, and ¢, which are tabulated
in Table III.

An analysis of the numbers in Table III shows that
at a distance of 8 A the three alkalies K, Rb, and Cs
show, for all practical purposes, neutral or completely
ionic character, depending on the value of F. In the
other extreme, K at a distance of 2.85 A exhibits always
a true metallic character.

One word about the external field F is in order. So
far we have assumed that F is due to an externally
applied field, but it also may arise from the dipole
moment caused by all other atoms ionically or metalli-
cally adsorbed at the surface.

The results of Table III are in fair agreement with
the experimental values of Schmidt and Gomer® for
the values of ¢~ and its variation with F (or equiva-
lently its variation with coverage of the surface). A more
detailed comparison is not rewarding at this stage, since
our simplified model does not include a dependence on
the crystallographic properties of the surface or other
details of the rather complex experiment. It is, however,
rewarding to see that the fundamental mechanisms at
play can be understood and calculated by means of
such a simple scheme.

E »*
[e\% =37

Fic. 3. Diagram
for the determina-
tion of the self-con-
sistent value of ¢~
and E, for the case
of K on W at a
distance d=4 A. The
family of curves cor-
responds to various
values of the ex-
ternal field F.




518 A. J.

ACKNOWLEDGMENT

We would like to thank Professor R. Gomer for many
enlightening discussions which stimulated our interest
in the problem.

APPENDIX A: DETAILS OF THE
CALCULATION OF A

(1) We assume the metal to be a very large cylindrical
sample of length L, in the x direction (perpendicular to
the surface) and radius L, in the radial p direction in
the plane parallel to the surface. The metallic wave
functions, solutions of (3.2) with E<O0, are

WE—U—nw?/ 21%))”2

X(E,O,u)=( i
o

K
X I:—— sinkx+ cosle,x]] o(up) ,2<0;

z

(M(E_ U—n*u?/ 27%))”2
= ek
L,L,|U|

XJolup), x>0; (A1)

where
Wk 2m=E—U—#u2/2m, k>0, (A2)
w2 2m=ru2/2m—E, k>0, (A3)

and J is the zeroth-order Bessel function.
(if) The properly normalized Slater function® is
(2y)2m*+t 112
o=( ) e, 4
4rT(2n*41)

where

Y= (Z—Sz—aq’)/n*ag. (AS)
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(iii) The relevant density of metallic states for a
single spin is given by

L.L,

No(p,E)=

2

/ ) SLE—U—(#%/2m)(ko*+1?) Jdk-

L.L,m 1
T om ki [2m(E—U)— R

(A6)
(iv) From (4.1) we obtain with the same approxima-

tions of Sec. IV
(X(E)();l‘) ‘H| ¢>EE¢<X(E;O)I‘) ‘ §D>‘ (A7)

The right-hand side of (A7) has been evaluated by re-
placing Jo(up) in (A1) by one; this is justified by the
fact that the major contribution comes from the region
p— 0. Consequently,
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where I (yx, #*4-1) is the incomplete gamma function.

(v) The integral over x in (A8) as well as the integral
over p which appears in (3.8) were performed numeri-
cally with the Titan Computer of the University of
Cambridge Mathematical Laboratory. Results are given
in Table II.

1 See, for instance, E. Jahnke, F. Emde, and A. I. Lésch, Tables
of Higher Functions (McGraw-Hill Book Company, Inc., New
York, 1960), p. 13.



