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Magnetic Structures of Holmium. I. The Virgin State*
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Neutron-diftraction measurements have been made on sing)e-crystal specimens of holmium at tempera-
tures ranging from room temperature to 4.2'K. Below the Noel temperature of 133'K, the moments order
in a helical structure in which the c axis is the screw axis. The interlayer angle varies from about 50' per
layer at TN to 30.0' per layer at 4.2 K. Below about 20'K the structure is a conical configuration in which
there is a net moment of 1.7' parallel to the c axis. The configuration of moments in the basal plane at
4.2'K is a distorted helical one in which moments of 9.5pz'are bunched around the easy b directions in
the plane.

INTRODUCTION

HE physical properties of metallic holmium
exhibit a number of anomalies which are now

known to be related to the magnetic properties of the
metal. Thermal measurements' on polycrystalline
holmium have revealed two strong peaks in the speciic-
heat —versus —temperature curve: a ) -type anomaly
occurs at 131.4'K, and a smaller, symmetrical, history-
dependent peak is found at 19.4'K. Magnetic measure-
ments on polycrystalline holmium in the paramagnetic
region' ' show that the atoms behave, to a good approxi-.

mation, as tripositive ions, i.e., that they have effective
moments close to the value of 1.0.6 p~ per atom expected
for the 'Is spectroscopic state. At lower temperatures'
the magnetic measurements show strong evidence for
a magnetic-ordering transition to an antiferromagnetic
state at a temperature near that of the P anomaly and
fear a second try, nsition to a ferromagnetic state at about
20'K. Results of magnetization measurements on
single-crystal specimens have demonstrated that the
magnetization process in the metal is extremely com-
plicated. ' There is observed a very pronounced hex-
agonal anisotropy of the magnetization as well a,s a very
considerable axial anisotropy. Even in the paramagnetic
region, the paramagnetic Curie points measured with
the Geld parallel or perpendicular to the c axis of the
hexagonal-t:lose-packed structure differ significantly.

. The. results of rather extensive neutron-di8raction
studies designed to investigate the microscopic mag-
netic properties of metallic holmium have, up to now,
been described only partially and in several brief and
widely scattered communications. ~~ In this paper we
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present a complete report of the results of experiments
carried out on the metal in the virgin state. Other
aspects of the investigations will be dealt with in
separate publications.

EXPEREMENTAL

The earliest neutron-diBraction data for holmium
were obtained with polycrystalline specimens. However,
in the course of examining samples of different origin,
.a large grain was found in a cast rod of Ames metal.
From this grain a single crystal was ultimately isolated
and extensively studied. This crystal, to which we refer
as Ho(A), was approximately disk-shaped, 5 mm in
diameter and 1 mm thick and had its c axis at an angle
of 45' to the surface of the disk. A second crystal,
obtained much later, was extensively studied also. This
specimen, Ho(B), was cut from a piece of a large single
crystal grown at Ames by the strain-anneal method. It
was accurately disk-shaped, 5 mm in diameter, 2 mm
thick, and had its c axis normal to the plane of the disk.
The bulk of the data was obtained with these two
crystals, although shorter studies were made with
several other crystals of diferent size and shape, and
with polycrystalline samples of various degrees of
puDty.

The single-crystal specimens were maintained in one
of the ORNL low-temperature goniometers in such a
way that the c axis of the crystal was parallel to the
horizontal rotation axis of the instrument. Systematic
surveys of important regions of reciprocal space were
made at various appropriate temperatures betweeg.
4.2'K and room temperature. For the irregularly shaped
specimen, Ho(A), absorption corrections were made
experimentally and the magnetic intensities placed on
an absolute basis by comparison with the nuclear in-
tensities in a manner similar to that described. in an
earlier paper s For Ho(B) absorption corrections were

8 The crystal Ho(B) was obtained for a study of the magneti-
zation process of Ho. During preliminary orientation and ex-
ploratory measurements with it, it was noted that it differed in
some respects from Ho(A). The main features of the magnetic
structures of holmium as deduced from the two crystals are
identical, however, and we do not distinguish the two except
where we specifically wish to emphasize the differences in struc-
tural detail in the two cases. The cause for the difference is
thought to be due to strain in Ho(A). See Appendix.
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l51 MAGNETIC STRUCTURES OF Ho. I. V IRGI N STATE

calculated as well with the Busing and Levy program. "
Debye-Wailer corrections were made with a character-
istic temperature of 161'K.' Except for the very strong
magnetic satellite reQections of the origin of reciprocal
space, extinction did not appear to be a serious problem
in these crystals.

RESULTS

I. The High-Temperature Form
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As the crystal was cooled below the Keel tempera-
ture, magnetic reQections were observed as satellites
of the nuclear reQections. The data characteristic of
holmium in the range between 20'K and T~ are illus-
trated in Fig. 1 where a rocking curve about the (100)
reQection at a sample temperature of 77'K is shown.
The insert, a portion of reciprocal space, illustrates the
procedure and the scheme adopted for identifying the
satellites.

The full circles in the diagram are supposed to
represent nuclear scattering: No circle is indicated at
(001) because that reflection is forbidden. Magnetic
satellites are found symmetrically arranged about each
allowed nuclear reQection, including the origin, and
these are located on lattice rows parallel to the recip-
rocal lattice vector bs. The positions of the satellites
do not necessarily conform to any simple multiplicity
of chemical unit cell dimensions; moreover the sepa-
ration of a satellite from its associated lattice point
changes continuously with temperature.

The occurrence of such satellite reQections shows that
the periodicity of the ordered magnetic moment is
diferent from that of the distribution of atoms. In
addition, the existence of a single pair of satellites

TAI)LE I. Intensities of magnetic refiections of Ho at 77.5'K.
The observed ~P ~' values, in units of t0 "cm', have been averaged
over equivalent reQections. In the calculated values p'=0.0725,
p,'=3.77 p= (7.2~4)JM,g.

Reflection'

(100)
(100)+
(101)
(101)+
(101)
(101)+
(102)-
(102)+
(002)
(002)+
(110)
(110)+
(112):
(i12)
(112)+

I
J'I b'

0.78m 0.04
0.82~0.04
2.46~0.12
2.60a0.13
2.44~0.12
2.66~0.13
0.97&0.10
0.99~0.10
6.02~0.30
5.25~0.26
2.06~0.10
1.94~0.10
2.08+0.10
2.00~0.10
1.86~0.10

iP[ imb

0.777
0.777
2.56
2.75
2.56
2.75
0.930
0.882
6.60
5.52
1.98
1.98
1.91
1.91
'1.79

a Averaged over equivalent reflections.
b (p)2='3.77, p, =7.2+0.4.
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Pro. 1.Rocking curve about the (100) position in Ho at 77'K.
The inset shows schematically the experimental procedure for
obtaining these data, the indexing scheme adopted for the satel-
lites, and the magnetic scattering density in reciprocal space.

around allowed lattice points implies that the Fourier
series which represents the moment distribution pos-
sesses but one term, the fundamental.

The intensities observed for Ho in the high-tempera-
ture range can be well accounted for on the basis of a
helical structure. In this model the moments are de-
scribed by

p„.=p, cos(2s.~ r„+rr),
p „=p sin(2s ~ r„+rr),
@no=0,

where p, is the magnitude of 'the moment, r„ is the
position vector in the crystal of the eth moment and 0,

is an arbitrary phase angle. The wave vector of the
modulation ~ is parallel to the c axis of the crystal and
to the reciprocal lattice vector bs.

In such a structure the moments of the atoms within
a given hexagonal layer are parallel to each other. The
directions of the moments in adjacent layers make an
@ngle co with each other given by ~=mme.

The structure factors for the helical structure are
given by

(P(ski'=0.0725[(1+c so'4)/ )4p'f'(G'(ssr, (2)

in which p is the angle between the scattering vector
s+ of the satellite [s+='2rr(Brr+~), Brr=a reciprocal
lattice vector] and the screw axis, f is the magnetic
form factor, and ~G~ss~ is the geometrical structure
factor for the reflection (heal). In Eq. (2) the magnetic
moment p, is to be expressed in Bohr magnetons.

A comparison of values of ~P~ ssr~s observed for Ho
at 77'K, and those calculated from Eq. (2), is given in
Table I.The angle P is derived from a knowledge of the
chemical unit cell dimensions and of the magnitude of
the interlayer turn angl& which was measured inde-
penderitly. For the 6rst stages of the calculation the
Ho+' ion form factor deduced from paramagnetic-
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of (002) show a small but measurable increase in in-
tensity at the Curie temperature. The existence of a
magnetic contribution to the (110) reflection requires
that the magnetic configuration have a net magnetic
moment. The absence of a magnetic contribution to
(002) requires that this moment be parallel to the c
axis.

The magnetic configuration is therefore the conical,
or the ferromagnetic spiral configuration in which

p, =p sin7 cos(2se r„+n),
p„„=p sing sin(2s e r„+n),
p„,= cos'y.

FIG. 2. Form-factor data for metallic holmium. Form-factor
data as derived from single-crystal measurements at 77'K (open
circles), 4.2'K (full circles), and from paramagnetic scattering by
polycrystalline Ho203 (solid curve) are compared with the theory
(dashed curve). The data are presented as f' versus sing/X.

scattering measurements on Ho203" was assumed and
a preliminary value of the average moment was derived.
Successive iterations produced little change in the
moment value, but some modification of the form factor
for larger scattering angles was required.

The agreement between observed and calculated
values of

~
F

~
ss&P appears to be quite satisfactory. The

final form-factor data derived from the 77'K data, and
from data, to be discussed below, taken at 4.2'K are
presented in Fig. 2. The solid curve is the experimental
form factor from the paramagnetic scattering from
Ho203 and the dashed curve is a theoretical curve
obtained from Trammell's theory" with 4f radial wave
functions of Blume, Freeman, and Watson. "

The structure factors for the satellites are given by
Eq. (2) with p replaced by p sin&: The constant com-
ponent parallel to the c axis puts magnetic intensity
into the normal nuclear positions according to the
relation

[F[ s&P=0.0725@,' cos'yfs)G[, »Pqs (4)

35

in which p is the semi-apex angle of the cone and q is
the magnitude of the magnetic interaction vector
(qs=sinsp, where p is the angle between the moment
direction, the c axis in this case, and the scattering
vector).

In Table II are summarized the observed and cal-
culated intensities for the 4.2'K data obtained from

2. The Approximate Low-Temyerature Structure

According to the magnetic measurements, holmium
undergoes a transition to a ferromagnetic state at
approximately 20'K. However, in the absence of an
applied field, only a small component of the magnetic
moment parallel to the c axis participates in the ferro-
magnetism. The neutron evidence is shown in part in
Fig. 3, where the intensities of a number of critical
reflections, reduced to absolute ~F~s values, are rep-
resented as functions of temperature. The satellites
(100)+ and (000) increase in intensity with decreasing
temperature and pass smoothly and continuously across
the Curie point, and this suggests that a large com-
ponent of the moment remains in the helical state. The
normal nuclear reQections, with the important exception
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the theoretical curve of Fig. 2 in this paper. The agreement
between theory and experiment is much better than indicated
there.
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FzG. 3. Temperature variation of magnetic re8ections of
holmium. The scale to the right applies to (002) ..The increase
in intensity of the (100) and (110) reflections indicates a ferro-
magnetic component below about 20'K.
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TABLE II. Intensities of magnetic reflections of Ho at 4.2'K. The observed ( P [' values (units of 10~' cm') are averaged over
equivalent reflections. The calculated values yield p= (9.5+0.3)pe, p, = (2.1+0.05)sa.

ReQection~

(100)
(100)+
(101)
(101)+
(101)
(101)+
(102)
(102)+
(0o2)-
(002)+
(110)
(110)+
(112)
(112)+
(112)
(112)+

[P f,b,' (10~4 cm')

1.44~0.08
1.44+0.08
4.22+0.24
4.22+0.24
4.20+0.24
4.28+0.24
1.68+0.09
1.70&0.09

10.3 +0.58
9.06+0.54
3.47+0.20
3.42~0.20
3.52+0.20
3.00+0.17
3.49+0.20
2.98&0.17

1.34
1.34
4.45
4.72
4.45
4.72
1.60
1.53

10.7
9.6
3.40
3.40
3.30
3.07
3.30
3.07

ReQection

(100)
(002)
(101)
(102)
(110)
(112)

lpl b'

0.311+0.05
0.00 +0.14
0.455+0.13
0.144~0.04
0.660~0.17
0.419+0.16

0.261
0.00
0.642
0.134
0.656
0,412

a Averaged over equivalent reQections.
9'&=~ 52~03&. I =(9 &~03)I ~

o (P&) ~0.32 &0.05, gas ~ (2.10&0.05)pa.

Ho(A)."The agreement for the spiral contributions is
again quite satisfactory. For the "ferromagnetic" re-
Qections it is somewhat worse because small magnetic
intensities are superimposed upon larger nuclear ones.

3. Temyerature Variation of the
Modulation Wave Vector

The wave vector 7 was measured at various tempera-
tures, usually from the angular separation of the mag-
netic satellites of a (100) refiection. Since the spacings
for (100) and (100)+ are very nearly the same, the
counter could be axed at the appropriate scattering
angle and the crystal rocked to record successively the
rejections (100), (100), (100)+ as shown in Fig. 1. A
typical angular separation of the satellites was 17'.

The results of the measurements are summarized in
Fig. 4, and we have ia,eluded results for both crystals
because it is in these measurements that significant
diGerences appear. Thermal hysteresis was observed
for Ho(B) in the vicinity of 20'K, but in the higher
temperature range no signilcant diGerences in data
obtained on warming and on cooling vrere noted. Both
crystals shovred an initial value of the turn angle,
measured just below the Weel point, of about 50' per
layer. In both cases the turn angle decreases with
decreasing temperature. In Ho(A), it becomes constant
at a value of 36.7' per layer at a temperature near
35'K. For Ho(B) the turn angle reaches a value of
precisely 30' per layer belovr about 19'K.

Some signi6cant parameters for the two crystals are
summarized in tabular form in the Ggure. The Neel
points differ by 11'K, but within experimental error
the Curie points are identical. With a minimum value

~4 Analysis of the data for the two crystals, A and J3, gave
values of 2.1pp and 1.7pp, respectively, for the c-axis component
of the moment. The basal-plane component was 9.5p,g in each
case.

of &e equal to 30.0' the magnetic cell for Ho(B) is com-
mensurable with the chemical cell (r= b /6s). The
temperature, measured on vrarming, at which or departs
from its minimum value T„ is about 35'K for Ho(A);
for Ho(B) it is at the Curie point, within the error of
observation.

4. The Lovr-Temyerature Structure

(a) Description of the Obsereations

In a preceding paragraph we have described the
approximate low-temperature structure of holmium as
a ferromagnetic spiral con6guration. The term approxi-
mate has been used because there are in the diBraction
patterns weak, but measurable, magnetic reQections of
the type (00l) which correspond to higher harmonics
of the strong, primary satellites. Such higher harmonics
vrere observed for both crystals, but, since the values
of r at 4.2'K are different in the two cases, the dis-
position of the higher order reQections is diBerent also.
For Ho(A) the extra reflections were very much weaker
than in Ho(B) and the conical configuration is a very
good approximation indeed. Accordingly, we deal here
only with data for Ho(B).

A representative set of data obtained in a slovr scan
with counter and crystal coupled is shovrn in Fig. 5. A
background correction, obtained with the crystal
turned several degrees off the Bragg reQecting position
has been subtracted oG.

The indexing is indicated in the Ggure by the integers
above the several peaks and these are to be taken as
the corresponding multiples of 6, the appropriate frac-
tion for the observed vrave vector at 4.2'K. The 6rst,
very strong line in the pattern, is the primary or
fundamental satellite of the origin (000)+'; the line
labeled 11, is the corresponding fundamental harmonic
of (002). The others may be regard. ed as higher har-
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Fro. 5. Retiections (001) for Ho at 4.2'K. For the particular
azimuthal orientation of the crystal in the experiment no line
corresponding to the second harmonic of (002) is observed. Note
changes in scale.

monies of these; for example, 2 corresponds to (000)+',
and 7 to (002)—'.

In the particular set of data shown in the 6gure there
is no line at the position of (002) ' (at position 10), nor
are there lines corresponding to third harmonics (3, and

9). There is, however, a contribution to (001) much too
great to be attributed to residual second-order con-
tamination of the 6ltered incident beam.

Kith another orientation of the sample about its c
axis, a peak at the second harmonic posit'ion (002) '
was observed. Changes in the relative intensities of
some of the other reQections were observed as well.

It is we/1 known that "forbidden" rejections may be
observed when the geometrical relationships for simul-
taneous Bragg scattering are satis6ed. ""In order to
ascertain which if any of the higher harmonics was due
to a real distortion. of the helical confjguration of
moments in, the basal plane, a Renninger-type .experi-
ment was carried out for each of them. The. counter
was 6xed at each of the positions 2 through 10, the
crystal adjusted for Bragg reQection, and then rotated
about the c axis. Because of the symmetry of the crystal
a 30' rotation was sutIjIcient. Kith the exception of
(000)+' all reflections except 5 and 7 were proved in
these experiments to be Renninger peaks and hence not
associated with distortions of the magnetic structure.

The reality or nonreality. of the second harmonic of
the origin has been more dificult to demonstrate. At
the neutron wavelengths customarily used the strong
primary harmonic of the origin is found at a scattering
angle of about 2', and the second harmonic, accordingly,
is at 4' from the direct beam. Severe collimation was

"M. Renninger, Z. Physik 106, 141 (1937)."R.M. Moon and C. G. Shull, Acta Cryst. 17, 805 (1964).
See also G. Borgonovi and C. Caglioti, Nuovo Cimento 24, 1174
(1962). H. J. Hay, Atomic Energy Research Establishment
Report No. R-2982,- Harwell, Berkshire, England, 1959
(unpublished).
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TAnra III.Analytic expression for [
G'

) nzL' for the double cone and bunched spin models for Ho at 4.2'K. Where necessary averages
over domains have been taken. The reflections (006) and (00,12) have zero intensity because the moment and scattering vector appro-
priate to them are parallel. The entries in the table are referred to one unit chemical cell.

Index

001 (00 11)
005 (00 )
101 (10 11)
105 (10 )
111 (11,11)
115 (11,7)
006
0012
100 (11,12)
106
110 (11,12)
116

Double cone

(sing, +sing, )'
(sing, —sing. )2

(sing, —sing, ) +sin7, sinyo
(sin&, +sm&, )2—sm~, sin~o
(s&n'Ye+smvo)
(sing, —sing, )2

(cosy, —cosy, )'
(cosy, +cosy, )2
(cosy —cos7 ) +cosy cosy
(cosy, +cosy, )2—cosy, cosy,
(cosy, +cosy,)'
(cosy, -cosy, )2

Bunched spin

sin'y(2+2 cos (2s /12 —25))
sin'y(2-2 cos (2s./12 —2&))
sin'y(2-cos (2e /12-28) )
sin'7(2+cos (2s /12 —28))
sin'y(2+2 cos (2s /12 —25))
sins~(2 —2 cos (2s /12 —2S))
0
4 cos2y
'COS2')r "
3 cos27
4 cos2y
0

used in order to achieve sufhcient resolution. Never-
theless in most experiments the (000)+' spots were
suKciently diffuse that the sphere of reflection could
conceivably pass simultaneously through (for different
domains) the + and —satellites of the origin and so
give rise to an apparent second harmonic. The intensity
of a line so produced would be independent of azimuth
angle.

That the second harmonic is due in part to double
scattering is indicated by the results of measurements
on pillar-shaped crystals, which gave different relative
intensities for the second and irst harmonics, and by
the different relative intensities obtained with a given
crystal in different geometries, and at different wave-
lengths. Under the most severe conditions, the in-
tensity of the second harmonic at 4.2'K could be
reduced to about 0.3% of the 6rst but it could never
be eliminated completely. Inasmuch as the second
harmonic of (002) was definitely spurious, a real second
harmonic of the origin would have to be due to a spin
density distribution different from that of the f elec-
trons. From the experimental point of view it appears
that the second harmonic of the origin is due to causes
other than a distortion of the configuration of moments.

(h) models for the Strsictures

The existence of real fifth and seventh harmonics in
the diffraction patterns at 4.2'K is evidence that the
basal-plane con6guration is different from the ideal
helical arrangement. It is known from low-temperature-
magnetization studies that the a directions are very
hard directions of magnetization; it is therefore rea-
sonable to attribute the distortion to the hexagonal
anisotropy energy.

The hexagonal anisotropy energy per atom in the
classical approximation is proportional to sinews cos6&
where y, and @ are polar coordinates of the moment in
question and the constant of proportionality is positive
(for Ho~) if P is measured from one of the hexagonal
axes (a directions) in the plane of the layer. With a
wave vector corresponding to precisely 30', the mo-
ments would tend to fall alternately in easy and hard

directions, an energetically unfavorable situation. The
potential energy can be conveniently minimized in the
two ways illustrated in Fig. 6.'~ Both of these models
are distortions of the simple conical arrangement which
produce fifth and seventh harmonics, and no others,
and we shall consider them in some detail.

In the model of Fig. 6 (a) the moments fall alternately
on the surfaces of cones of different angular opening so
that the projections of the moments on the basal plane,
Fig. 6(b), are altern. ately long and short. At least one
cone is required because of the spontaneous magneti-
zation along the t, axis. In the model we consider here
the moments deviate from the surface of this cone, thus
producing two, such that as cos6&=+1, sing is reduced

FxG. 6. Representations of possible models for the low-tempera-
ture virgin-state magnetic structure oi holmium (B).The moments
are all supposed to be referred to a common origin. In the double-
cone model (o), the moments make alternately a long and a short
projection on the basal plane (b). In the bunching model, there is
a single cone (c), but the projections on the plane are alternately
close together and far apart (d).

» We are much indebted to Professor Y. Nagamiya foi dis-
cussions concerning these models.



420 KOEHLER, CABLE, WILKINSON, AND WOLLAN

and where cos6$= —1, sin7 is increased. The spon-
taneous moment is then the mean value of the pro-
jection of the moments on the c axis.

ln the second model, Fig. 6(c) and 6(d), it is assumed
that the same value of y applies to all moments, but
the crests of potential energy are avoided by bunching
the moments symmetrically about the b directions
which are the easy directions of magnetization. The
spontaneous moment is determined by the single cone
angle y.

Since we are considering the case in which the mag-
netic unit cell is precisely six times as long, in the c
direction, as the chemical cell it will be convenient to
refer the indices of the magnetic reQections to that cell.
On the same basis, the atoms are located, on the even
layers, in the positions (0, 0, 0+rats), and on the odd
layers in (ts, ss, tts+strs), where n is an integer which
takes on values from zero to 6ve, inclusive.

The magnetic structure of the double-cone model
will be given by"

mrs
p„,'=p sing, cos

tre 1~p, '= p, sing, cos2s
I

—+—I,
6 E6 12i

pny =p Singe Sln p„„'=p sing, sin2s —+—I,
6 k6 12i

p&,'=p cos+„ p, &,'= p, cos+„

where now e and o refer to the even and odd layers.
The "bunched moment" model may be described by

I ) ( I
IJ,„,'=ir, sing cosI 2s-—8 I, p„,'=p, sing cosI 2s-+8

e ) jr n
p~„'=p sing sinI 2s-—8 I, p„„'=p sing sinI 2s-+o I,i' i, 6 i'

(6)

p, ~,'=p cos'y, p, &,'= p, cos'y.

Moments in adjacent layers are thus alternately close together, angular separation 25, and far apart, 60—28.
The intensities to be expected from these two models are readily calculated and can be put into a form similar

to that of Eq. (4)

(1+cos'p)
IF I

nKL'=0. 0725@sf' IG'IHKLs L=1, 5, 7, 11, ~ ~ ~,
(7)

IPI &KL =0.0725' sfs stnqhIG'I &KLs, 1.=0, 6, 12, ~ ~ ~,

where now the factor 6' is somewhat more complicated
than G. Analytical expressions for IG'I HKL for a few
important and representative reQections are listed in
Table III.

On the double-cone model, the intensities of primary
satellite reflections (00L) are determined by the sum
of the sines of the cone angle, of the higher harmonics

by their difference. There is predicted a weak reQection
at 116 (111 on the chemical cell) due to the difference
of the c axis projections of the two sets of moments.
It may be noted that if the two cone angles become
equal to each other, the expressions listed in Table III
reduce to those already set down for the ferromagnetic

spital.
From experiment the ratio IG'I ioos&'/IG'I &oo, tt&' was

determined to be 0.029."According to Table III, this
value determines a relation between 8, and 8,. The
spontaneous magnetization determines a second rela-
tion between the two angles such that sr(cos8, +cos8,)
—pf/p where pr is the ferromagnetic c-axis component.

In I'ig. 7 are shown the sine and cosine relations so
deduced. The curved line in the lower part of the igure
is computed from the ratio of intensities of (005) and
(00,11).To be consistent with the magnetization data
the curve should intersect the one labeled pf = 1.7, but

~ It will be noted that a de6nite relationship between the
moment directions and crystal directions has been chosen in order
to conform with the supposition that the hexagonal anisotropy
energy is a governing factor in the determination of the structure.

+ The density of (001) is much too high to be reliable.
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it obviously does not do so. In order to intersect this
curve the ratio of structure factors would have to be
0.0009, a value some 30 times smaller than observed.
Even for elf=2.5@~, a value considered to be well
outside the range of experimental error the maximum
ratio is 0.0064 or about seven times smaller than ob-
served. The double-cone model may therefore be
eliminated from further consideration.

According to the second model we have selected, the
angle 5 ranges from 0' to 15'. For 5=0 the moments are
parallel in pairs to the easy directions; when 5= 15' the
expressions of Table I reduce to those deduced for the
ferromagnetic spiral. "

As in the preceding model appeal is made to experi-
ment to deduce the value of 5, and from the observed
ratio of intensities of (005) and (00,11), b is found to
be 5.8'. Thus at 4.2'K the moments are alternately
about 12' and 48' apart.

It appears that this con6guration departs appreciably
from the approximate structure. However, the inte-
sities of the fundamental satellites are not particularly
sensitive to such a distortion, and there is no further
good check on the model. For the particular value of 5

indicated, the squares of the geometrical parts of the
structure factors of the main satellites are quite close
to those calculated for the ferromagnetic spiral. Thus
for example for (00,11) 3.89 as compared to 4.0; for
(101) 1.05 compared to 1.0; for (105) 2.94 compared
to 3.0. LThe model does predict reflections (115) and
(117) which are in fair agreement with experiment. ]
Moment values derived from the data on the assump-
tion of a helical model are therefore subject to at most
about a 2.5% correction.

(c) The Structure at Intermediate Temperatures

A number of measurements were carried out at
various Axed temperatures above 4.2'K on the higher
harmonics. As at 4.2'K it was necessary to carry out
tedious measurements of intensity as a function of
azimuth angle in order to establish which reQections
were real, and which were due to double Bragg
scattering.

Some results of this study are summarized in Fig. 8.
Figure 8(a) reproduces a portion of the diffraction
pattern observed at 4.2'K with a relatively large
crystal. The fifth harmonics, a Renninger peak at (001),
and residual second-order reQections are illustrated.
(In this section the indexing is based on the chemical
unit cell.) As the temperature was raised, the inten-
sities of the higher harmonics remained essentially
constant, as did the wave vector 7 until near 19'K,
the wave vector began to increase (Fig. 4), and the
intensities to decrease. Figure 8(b) illustrates the same
portion of the di6raction pattern at 21'K at which

~OIn the expression for (HOL) reQections, an average over
domains has been taken.

90

60

30

0
0 60 90

e~ (deg)

FIG. 7. Analysis of low-temperature data on the double-cone
model. The lower curve is derived from expressions of Table III
for the experimental ratio (G'[(pppiP/[G ] &pp, ll)P=0.029. To be
consistent with the magnetization data it should intersect the
curve labeled pg ——1.7,

temperature the wave vector had reached a value of
0.183b3. In this case, since r is no longer commen-
surable with the unit cell both the Gfth and seventh
harmonics may be seen since they are no longer super-
imposed. (Except for the second-order reflections all
others are due to double Bragg scattering. ) At still
higher temperatures the intensities of the fifth and
seventh harmonics dropped o6 still more until at about
40'K they were no longer observed. This is illustrated
for (000)+' in Fig. 8(c).

For the crystal Ho(A), the intensity-temperature
variation of (000)+' is as shown in Fig. 8(d). In this
case, the turn angle remained constant to about 35'K
and at that temperature the (000)+' reflection had
fallen nearly to zero intensity. It will be recalled that
the wave vector for Ho(A) was noncommensurable
with the unit cell over the range of temperature studied.

Even in the more general case that the fundamental
wave vector is incommensurable with the lattice, the
hexagonal anisotropy energy will introduce 6fth and
seventh harmonics into the moment distribution, and
into the diffraction patterns. It has been shown by
Vosida" that the angle made by the moments in the
eth layer with respect to those in some reference layer
may be expressed as

4.= (4.)'+»in6(4. )'+" (8)

where (p„)s=2sr~ r +op is the corresponding angle in
the absence of anisotropy and n is some phase angle.

"See for example K. Yosida, in Progress irl, Lou Temperature
Physics IV, edited by C. J. Gorter (North-Holland Publishing
Company, Amsterdam, f964), p. 265.
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XJ '(h) (HKL)+" +ls

etc. (10)

where J„(j'g) is the Nth order Qessel fllnctloll of Rlgu-
ment h and GHKL is the usual geometrical structure
factor. As long as h is small Jss(h) is negligible comPared
to JP(h) and only the primary, and 6fth and seventh
harmonics will be observed.

It should be emphasized that the low-temperature
case illustrated in Fig. 8(u) is degenerate in the sense
that the fifth and seventh harmonics of (000) and (002)
superimpose. As soon as the degeneracy is removed,
both sets of harmonics, as in Fig. 8(b), will be observed.

The temperature variation of the intensity of the
flM1 harmonic, Rs sllowll 111 Flg. 8(c) Rnd 8(d) ls to be
attributed in part to the temperature variation of the
hexagonal anisotropy energy. Its effect persists to
surprisingly high temperatures. "

25
7 ('K)

25
T(K)

50

pro. 8. The higher harmonics. (o) Ho(8} st 4.2'K. The (000)+'
snd (002) ~ sre at positions corresponding to s magnetic unit cell
whose c axis is six times as long as that of the chemical cell. For
the particular azimuthal angle of the experiment an apparent
(001) reflection is observed. Under the conditions of the experi-
ment weak second-order rejections (002)+'/2 are observed.
(5) Ho(8} st 21'K. The magnetic unit cell is no longer simply
commensurable with the chemical cell and both 6fth and seventh
harmonics are found. The reQections indexed as (001)+ are spuri-
ous. (c) Temperature variation of intensity of (000)+~ for Ho(B).
(d) Temperature variation of intensity (000)+' for Ho(A).

with A given above may readily be calculated by an
extension of a method, suggested in an earlier paper. "
In general, the reflections which will occur are the
primary satellites (HKL)+', and those corresponding
to fifth and seventh, eleventh and thirteenth, etc.,

"W. C. Koehler, Acta Cryst. 14, 555 (1961}.

The coef5cient h is proportional to the hexagonal
anisotropy energy.

The structure factors for a distribution of moments
described by

fj»=P, Cosp»

pss=p slugs, )

p, ,=0,

DISCUSSION

The theory of magnetism in the rare-earth metals
has been reviewed recently by Klliott, "Nagamiya, "
and Yosida." It is generally accepted that the rare-
earth atoms in the metals behave as tripositive ions
the moments of which are coupled by indirect exchange
interactions of the Ruderman-Kittel-Kasuya- Yosida
type. The oscillatory character of the magnetic struc-
tures is a consequence of the long-range oscillatory
nature of the interaction. When this interaction is
applied to a hexagonal-. close-packed system with three
free conduction electrons per atom it is found that the
wave vector for minimum free energy is about 50' per
layer in remarkable agreement with the value observed.
for holmium near its Neel point. Recent work" on the
Fermi surfaces of rare-earth metals has shown, how-

ever, that they are far from spherical, and it appears
that the agreement cited above is somewhat fortuitous.

The several modi6cations of structures found in the
rare earths depend upon anisotropy energy, an im-

portant source of which is the crystalline field, but the
effect of anisotropic exchange must also be considered. '7

"As will be seen in a second paper on the magnetization process
in Ho, the hexagonal anisotropy manifests itself in making the u
direction a hard direction of magnetization to comparably high
temperatures.

R. J. Klliott, in Magmetism IIA, edited by G. T. Rado and
H. Suhl (Academic Press Inc. , New York, 1965), p. 385.

2' T. Nagamiya, J. Appl. Phys. Suppl. M, 1029 (1962)."J.0. Dimmoch and A. J. Freeman, Phys. Rev. Letters 13,
750 (1964).R. W. Williams, T. L. Louchs, and A. R. Mackintosh,
ibid. 16, 1.68 (1966).

'-& T..A. Kaplan and D. H. Lyons, : Phys. Rev. 129, 2072 (1963).
$(;e also F. Specht, Phys. Rev. (to be published).
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The crystal-Geld anisotropy energy, for a single ion
may be expressed, in the notation. of Miwa and Vosida28

as

E =DPs(cos8)+EP4(cos8)+Pcs(cos8)
+G sin'8 cos6$, (11)

where 8 and Q, measured from the c axis and an a axis
respectively are the spherical polar coordinates for the
moment vector J of a given atom and P (cos8) is the
I egendre polynomial of order e. The signs of the co-
eKcients in Eq. (11) have been estimated on the
assumption of tripositive ions at nearest-neighbor
positions and neglect of more distant neighbors of a
given atom Fo.r holmium the sequence is +, +, —,
for D, E, F, respectively. The sign of G is positive, as
we have indicated above. A rough estimate of the
magnitudes of the coeS.cients has been obtained also.
More important, however, the theory" predicts that
the axial anisotropy energy described by a spherical
harmonic of order e varies with the relative magneti-
zation 3f, as 3f„ to the power ',e(n+-1) and the hex-
agonal anisotropy energy as M„'. The several terms in
Eq. (11) should therefore be strongly temperature-
dependent with the second-order term DPs(cos8) being
the most important at higher temperatures. The ex-
perimental results appear to be in accord with the
above remarks.

In Ho+', the total 4 fcharge dis-tribution is slightly
Qattened in a direction parallel to the total angular
momentum J (the quadrupole moment is negative).
The positive sign for D implies a minimum of potential
energy (Es(cos8)=s(3 cos'8 —1)) if the moments are
parallel to the basal plane, and this is consistent with
an orientation of the charge distribution which places
negative charge density nearer the close out-of-plane
point charges than to the more distant in-the-plane
neighbors. "

As long as the dominant term in the axial anisotropy
energy is the second-order term, the moments are
expected to lie in the basal plane and they are observed
to do so to a temperature of about 20'K. At lower
temperatures the higher order terms may become im-
portant. If only the fourth-order energy be considered,
the moments will stay in the basal plane so long as
8&0.4D. For E&0.4D a minimum of potential energy
is achieved if cos'8=3/7(1 —0.4D/E) instead of 8=or/2.
A conical conaguration is therefore predicted. (If the
sixth-order term is included as well, the cone angle is
modified somewhat. )

From the experimental values of the cone angles in
Ho(A) and Ho(B), 77.2' and 80.9', respectively, one
obtains from the above condition ratios D/E of 2.21

'8 H. Miwa and K. Yosida, Progr. Theoret. Phys. (Kyoto) 26,
693 (1961).

"See for example R. J. Elliott, Phys Rev. 124, 3.46 (1961).
"As pointed out by 'Trammell and quoted by Elliott the

second-order anisotropy energy would vanish if the t,"/u ratio
were the ideal value 1.633. In Ho the value of this ratio is con-
siderably smaller than the ideal value.

and 2.35. Thus, at 4.2'K, the second- and fourth-order
anisotropy energies are of the same order of magnitude.

The temperature dependence of the (100) and (110)
reflections was illustrated for the temperature range
below 20'K in Fig. 3. The appearance of the intensity-
temperature curves implies that the development of
the conical conGguration is a second-order transition.
Indeed, the curves in these Ggures Inay be taken to
represent the temperature variation of the fourth-order
anisotropy energy.

On theoretical grounds, the codBcient 6 is some
10-f00 times smaller than D or E. Experimentally,
however, the hexagonal anisotropy energy makes itself
felt at much higher temperatures than the fourth-order
axial term, both in the virgin state (persistence of the
fifth and seventh harmonics) and in the ferromagnetic
state (difhculty to turn the moments out of b directions).
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APPENDIX: ON THE ORIGIN OF THE DIFFER-
ENCES BETWEEN DIFFERENT SPECIMENS

The magnetic properties of the crystal Ho(B) appear
to'conform more closely to those reported from other
types of measurements than those of Ho(A). In this
section we report briefly on the attempts we have made
to trace the origin of the diGerence in the two specimens.

Both crystal specimens had been obtained from metal
produced at Ames and it was expected that both would
be of the highest purity possible. Nevertheless, since
the Ho(A) metal had been produced prior to 1959 and
the Ho(B) somewhat later, a complete quantitative
analysis for other rare earths and yttrium, and a semi-
quantitative analysis for other metallic impurities was
made spectroscopically. According to the results of the
analysis the two metals were indistinguishable and
contained less than 0.01% Lu, Yb, and Y; less than
0.05% Er, Tm, Tb, Gd, Eu, and La, and less than
0.1%Ce, Pr, Nd, Sy, and Dy. Other metallic impurities
if present were in amounts less than the limits of
detection (0..05%).

A vacuum-fusion analysis was carried out on a frag-
ment of the Ho(A) crystal to ascertain if an inordinately
high percentage of oxygen was present. The result,
0.28%, by weight appears not to be dissimilar from
the oxygen content of metal presently available
commercially.

To check further on the infiuence of oxygen impurity
on the properties of holmium, a series of polycrystalline
specimens obtained from diBerent vendors, at diferent
times, and with known oxygen content, were investi-
gated. A few variations in mechanical history were
made also. The interlayer turn angle at 4.2'K was taken
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as the criterion, and this was measured from the strong
satellites of the origin. For Ho(A) the angular sepa-
ration of the two satellites at 1.093 A was 4.54', and
for Ho(B), 3.71', and the resolution was such that the
two values could easily be distinguished.

A first sample of doubly distilled high-purity holmium
containing 0.17%Os was studied in the form of massive
pieces broken from the bulk specimen. A value of
co=30.7' was obtained at 4.2'K. A second sample of
ordinary commercial 99+% metal, also containing
0.17%Os was studied in the form of unannealed filings.
The lines were slightly broadened in comparison to
those from the high-purity specimen. A value for
~=30.3' was deduced. The third powder sample was
of commercial Ho in the form of filings and "sawdust"
which had been in the laboratory in an unsealed con-
tainer for over four years. This should have been a good
sample of poor metal, but it too yielded a value of
co=30.6' at low temperatures. The three powder

samples, as well as the other two single crystals Ho(C)
and Ho(D) all had values of rely equal, within experi-
mental error, to that of Ho(B).

It appeared that the unique behavior of Ho(A)
could not be attributed to impurities in the metal, and
a second possibility related to the manner of formation
of the crystals was considered. The crystals Ho(B),
Ho(C), and Ho(D) were all grown by a strain-anneal
method whereas Ho(A) was cut from an as-cast,
machined rod. Short of the obvious experiment of
annealing Ho(A) (we are reluctant to risk losing a
crystal which is by chance "frozen in" at a final turn
angle of 36.7') we have tried to study the effects of
mechanical history by studying severely cold-worked
polycrystalline specimens. It is not certain that the
cold-worked state is necessarily equivalent to the as-
cast condition of Ho(A), but in any case no eifects of
cold work on the final turn angle were observed. We
still have no explanation for the properties of Ho(A).
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Quantum oscillations of the ultrasonic absorption have been studied in magnesium and zinc at magnetic
Gelds between 5 and 20 kG. Low-amplitude oscillations, similar to the de Haas-van Alphen oscilla-
tions of magnetic susceptibility in period, temperature dependence of the amplitude, and line shape, are
observed when ql~1, where q is the propagation constant of the sound wave and l is the mean free path of
the electrons. The dependence of the amplitude on the angle between the magnetic-Geld vector and the
direction of sound propagation does not agree with predictions. Oscillations of much larger amplitude have
been observed in zinc with ql~15. Difhculty arises in comparing measurements of these oscillations with
theory because they are characteristic of a region intermediate between the de Haas-van Alphen and giant
oscillation regimes. Spin splitting of the absorption peaks is observed in zinc, but not in magnesium.

IN'TROD UCTIOÃ

~QUANTUM oscillations of the acoustic-attenuation~ coefficient which are periodic in the reciprocal of
the applied magnetic field have been observed in
bismuth ' zinc, ' ' antimony ' and gallium. The
phenomena are observed at high magnetic fields and
are of two types: oscillations similar to de Haas —van

*This work was supported by the National Research Council
of Canada.
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Alphen oscillations in the magnetic susceptibility, and
"giant quantum oscillations, " which are a large
amplitude resonance effect in the electron-phonon
interaction. The factors determining which oscillations
are observed are the sound frequency and mean free
path of the electrons. de Haas-van Alphen oscillations
occur when the frequency is low and the mean free
path is short, and giant oscillations occur if the fre-

quency is high and the mean free path is very long.
Although phenomena observed in bismuth, zinc,

and gallium have been described in the literature as
giant quantum oscillations, the electron mean free
path must be nearly a centimeter for this effect, and
only in gallium has this requirement been clearly
satisfied. Close examination of magnetoacoustic oscilla-
tions reported in bismuth and zinc reveals that they
are characteristic of some regime intermediate between
the de Haas —van Alphen and giant quantum oscillation


