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The magnetization—versus—magnetic-field curve of the one-dimensional chain at T'=0 is discussed. Also,
the corresponding p-V diagram of the quantum lattice gas (q.l.g.) is discussed. The ground-state wave
function for the case A>1, in a q.l.g. of a finite number of particles on an infinite lattice is analyzed in
detail, giving the “surface energy” near the ends. In the Appendix some general properties of the q.l.g. in

one, two, or three dimensions are given.

1. MAGNETIC CHAIN

HE results of paper IT* yield immediately infor-
mation on the zero-temperature-magnetization—
versus-magnetic-field problem. We have

9N =number of sites,
y=spin per site (=—1-1),
J¢=magnetic field in proper units.

The energy of the system in a magnetic field is

E=9[f(Ay)z—3y], (z=2). @
Thus minimization of E gives
a
2—'—f =3e. 2)
ay
The susceptibility X is defined by
a3 0
=22,
dy  Iy?

It was shown in paper II! that f(A,y), for fixed A, con-
caves upwards in y. Thus 3C is monotonically increasing
as vy increases. Numerical computations of the y-3C
curves can be made from the integral equations (II 9).
Some general features of these curves can be obtained
from (IT 49), (I E17), (IT 69), (II 70), (II 71), (II 66),
and (II 68).

(a) For A=0, 3¢=sin(my/2). [.See (II 71).] 3)
(b) (IT 66), (I 68), (IT 69), and (II 70) show that
for —1=A<1,
y(=0)=0,

7 (r—u) sinu 4)
X1(3e=0)=—
2u
1 C. N. Yang and C. P. Yang, Phys. Rev. 149, 327 (1966).
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The susceptibility X(3¢=0) at A= —1 is, according to
this, 2/#% a result conjectured by Griffiths?, who had
obtained (II 52a) but did not use the Wiener-Hopf
method to solve it.
(c) Griffiths has shown? that at A=—1,as y— 0+,
the derivative
ax-1

——», ®)
dy

We see now from (II E22) that for 4u(r—u)~'>~integer,
as y— 0+,

arx1 4
— finite for n<——o
ay" T—u
4u
— 4w for #>—0oH!. 6)
T—H

For the lowest # for which #>4u/(r—u), the signl==
should be the same as the sign of d; which is'the same
as that of —tanmu/(r—pu).

(d) For all AZ1, (II 70) gives at y=1,

a3 %3¢ w2
=1—A, —=0, —=——o, )
dy 9y? 4

(e) For A<—1, at y=0, by (IT 49) and (II BS)

. © (=1)"
Je=2(sinh)\) > ————
—» 2 coshu\
m sinh\ « w2
= > sech—(14-2%), (8)
o0 2\
a3c
dy

2R. B. Griffiths, Phys. Rev. 133, A768 (1964).
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oc Ar2e=2(sinhn) S (—1)m? The fact that at y=0 and A< —1, 4C is nonvanishing
;= 4 (sinh)) 2 . (10)  was already conjectured before. That 83¢/dy=0 at
Yy —= 4 coshn\ .o
such a point is a new.result.
As A — o, (at y=0) Some of these results are illustrated in Fig. 1 and
2 Sinhk Ta.ble I. . . o
JC —> sinhA— — —A-2, (11) We can also investigate the limit A— —o. In a
coshA straightforward way we obtain, from (II 7),
%3¢
-é;z-ﬁ 8. (12)  R@=30+y+0(a™), (15)
As\—0, (at y=0) b=m(1—y)(1+y)7+0(a™), (16)
3¢ — 4r exp(—n2/2\) (13) 4y /1=y
’ Fa3)=—1A+3A(1—y)—— sm(T—)
#5e  2m 2 1+y
—_—— (14)
U +0(a7). (17)
y=magnetization
F1c. 1. Zero-temperature-
magnetization — versus - 3C
curves. For A=0 the curve is Qo Q, Q. Q._j000
sinusoidal. The A=—1 curve ! —
is taken from Griffiths (Ref. 2).
In general for —1=<A<1, the
curve has a singularity in some
derivative at 3=0. The order
of the derivative becomes high
as A— 1. For A<—1, the
curve has a horizontal part 999 1000 1001
along the 3C axis. The tangents P1000 H
at P and Q are always vertical.
The curvature at Pa ap-
proaches « as A— —1. The
curvature at Q is always the
same. These properties are
summarized in Table I. The
curve for A=—2 is approxi-
mate only. The curve for large
negative A is shown by that for
A=—1000. See Eq. (18).
TaBLE I. Values of 3C and its derivatives. A <1.
ase &ie
ac ay ay?
7l'2
y=1 1-A 0 —_
4
wr—p)
—1<a<1 0 ; sing (IT E17) and (II E22)
mn
e
=—140 0 — —
2
w2
y=0 A=—1 0 —2— — oo (Griffiths)
)\2 7|'2 .7‘.3 ,”.2
=—1—— ~4m exp -——) 0 ~— exp ——)
2 22 2 2\
AZ0
AL—1 ®) 0 (10)

A— —o0 —2—A 0 8x?
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Pressure

o 4
Volume/ Particle

Fi1G. 2. Pressure-versus-volume/particle curves. For A>1 point
A represents a many-particle bound state at zero pressure. The
A=0 curve has no singularity at 9=9/m=2/(1—y) =2, but other
curves for —1<A<1 have singularities in derivatives at this
point. For A= —1, the point v=2 has infinite second derivative.
This curve is based on Griffiths’ result (Ref. 2). For A<—1, the
curve has the same general shape as the A= — « curve except that
the change in pressure occurring at the transition point 9=2 is
finite in size. All curves have zero slopes at 9=14-0. All A< —1
curves have zero slopes at v=240.

Thus

drity 1=y
lim (5C—|-A)=———|: sin< —):l (18)
A—00 dy T l+y

2. ONE-DIMENSIONAL QUANTUM LATTICE GAS

The quantum lattice gas (q.1.g.) was first discussed by
Matsubara and Matsuda, and, Whitlock and Zilsel.?
In the Appendix the same general properties of the quan-
tum lattice gas are discussed. Applying these results we
find the following:

(a) For A<1, type (iii) 7=0 isotherm obtains (Fig.
5). The isotherms are shown in Fig. 2. They are ob-
tained from the corresponding isotherms in Fig. 1.

(b) For A=1, type (i) T=0 isotherm obtains. The
binding energy per particle in free space (i.e., in an
infinite lattice) is, by (A21), 2A’=2(A—1).

For A>1, one can in fact obtain the exact binding
energy and the exact wave function for a system of m
particles in an infinite lattice (i.e., 9= ) by taking
the wave function (I 7) and making all p’s pure
imaginary:

(19)

ihi=k;.

Assume for the time being that all «’s are real and

3 The classical lattice gas was first discussed by T. D. Lee and
C. N. Yang, Phys. Rev. 87, 410 (1952). The quantum lattice gas
was first discussed in T. Matsubara and H. Matsuda, Progr.
Theoret. Phys. (Kyoto) 16, 569 (1956); 17, 19 (1957). See also
R. T. Whitlock and P. R. Zilsel, Phys. Rev. 131, 2409 (1963);
P. R. Zilsel, Phys. Rev. Letters 15, 476 (1965).
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unequal:

K12 Ka>K2* * * > Ko (20)

Also assume for the time being that there is only one
term in the sum (I 7);

IP: eXp[K1x1+K2x2+ s +Kmxm] )
(X1<twpr - <wm). (21)

Then the condition expressed by the equation just
before (I 12) is

2Aeki—1 —eritii=(0 if ]=l-|—1. (22)

By the method of construction explained in Fig. 3 one
can find a chain of «’s satisfying (22), and satisfying
the condition

3 k=0, (23)
1

Such a chain evidently gives a solution (21) with total
momentum zero. The solution has no nodes. Hence it
is the ground state.

The ground-state energy of the q.l.g. of m particles
is thus

(Eq1g)m=2 f (1—coshx;).

By (22)
(Eq.l.g.)m= "2m(A—1)+2A—26""1. (24)
Thus the average energy per particle is
—-2(a-1),
with an “end energy” for eachend
A—e >0,
1 -
-------- ¥ In(24)
el
SF
E b Cosh™A *
s
i/C

Fic. 3. Diagram construction of ground-state wave function of
q.l.g. The curve is 2A—e¥—¢ *=0 (schematic). The points a,
b, ¢ have abscissas that are the « values for three particles. The
points «, 8, v, 8 have abscissas that are those for four particles.
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For m — oo, this becomes
A—[A—(A2—1)1]= (A2—1)1~, (25)

The binding energy of the last particle is
+2(A—1)4-2¢ “m—2¢=(Dm-1

which increases with # and approaches 2(A—1) as
m—> o,

Writing ®e—%1=gs, X3—xo=gs, -
have

Y=exp[ragatrs(gstgo)+ra(gatgatgo)+---1,

where

*Em— Xm—1= gm, we

gi=1.
Thus

(g=[1—exp(2 ;" ) 1.

(82)=[1—exp(—2k1) 7,

(ga)=[1—exp(—2x—2x2) 7,
etc.

(26)
Or

Thus the two end gaps are the longest. Successive inner
gaps are successively shorter. For a very long chain,

1
<g2>—1= ’

3)— 1= 7
o (g)—1 (27

etc.
o1 ) ’
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where xo=cosh™A. Hence we have as m — «,
[excess length of chain over closest packing ]
2 2
=—t T+ <o, (28)
¢n—1 etn—1

Thus the density of particles is 1, with an “end ex-
tension” equal to half of (28) at each end.

APPENDIX: QUANTUM LATTICE GAS
(IN 3, 2, OR 1 DIMENSION)

A. Equivalence with Spin Problem
We consider a collection of bosons and replace
hZ

——V2— —double difference.
2m

We write, i.e.,

(x| kinetic energy |¢)= —(x+1|¢)

—(@—1|¥)+2x[y). (A1)
Further, we introduce an interaction energy —2A for
nearest neighbors, 4o for the hard core. It is then
easy to see that the problems of the quantum lattice
gas and the spin problem in a magnetic field are kine-

matically the same. This leads to the construction of
Table II. Notice that

Hsp= —% Z {AO’;G’z"l‘O'xU':c,'{"a'yo-y,}_gcmy' (Az)

TasiLE II. Correspondence between two problems. z=number of nearest neighbors per site. (A3) and (A4) are definitions. Then
(AS) follows. (A6) is a definition. (A7) follows. (A8), (A9), and Egs. (A10) and (A11l) can then be derived. These relations are true
for one-dimensional linear, two-dimensional square, or three-dimensional cubic lattices.

Quantum lattice gas

Spin in magnetic field 3¢

Volume (=V) or length (=L1)

no. of atoms (=m)

1 A Al
Hgrg—|——— |9z—290y[ ——
2 4 2 2

chem. potential (=u)

1
exp (—uI/27) (grand partition function)q.1.g. =exp|:-— ——--—)‘J"Lz/ T |[partition functionTsp
2 4

where (G.P.F.)=Trexp[ (um—Hq1)/T]

pressure (=®)
[®=9"T In(G.P.F.)]

entropy (=S)

=N

(A3)
=no. of down spins [=m=3N(1—y)] (A%)
= Hep+309y (AS)
—250—2(A—1) (A6)
A

(A7)

where (P.F.)=[Trexp(—Hsp/T)]
= —JC—LzA—ITIF (A8)

[§=—TIn(P.F.)]

=entropy (=) (49)

The two thermodynamical relations, for fixed 91,
de=(S/M)dT+ (m/N)du, (A10)
dF=—SdT—9Nyd3C (y=magnetization) (All)

are derivable from each other.

B. Non-Nearest-Neighbor Interactions

The above discussions easily generalize to a case with
non-nearest-neighbor interactions. We keep (Al) un-
changed. Equation (A2) becomes
Hyp=—% 2. (0204 0,0, )—3 2 A 3 (000.")

td.

n.n. 1

— 3Ny, (Azl)
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where n.n. means nearest neighbor, and t.i. means sum
over all pairs of type 7. Equations (A3)-(A11) remain
valid with the replacement

2A — Z 2, (A12)

where z;=number per site of neighbors of type 7. (Notice
that wherever z occurs without the factor A, it should
not be replaced. That is, z remains equal to the number
of nearest neighbors.)

C. Existence of Thermodynamical Limit

We shall only consider the case where the range of
interaction is finite. It is then not difficult to prove
rigorously that the thermodynamical limit exists for
both the quantum lattice gas and the spin problem,
and that the thermodynamical quantities satisfy (A3")-
(A11’), with the replacement (A12).

D. Some Properties of the Isotherms
in the y-3C Diagram

The isotherms in the -3¢ (magnetization-versus-
field) diagram are of course symmetric with respect to
the origin, i.e., they are invariant under

Y=y,
3 — —3C.
Furthermore, thermodynamic inequalities require
that if 3¢;>3Ce, ¥(3C1) = v(3Cs).

At T=0, the isotherm must reach y=1 at a finite
3¢=3C,. To prove this we write (A2’) as

Hy=—%3 (0:d)—32 A/ Y (0:0.)—5Co0y.
n.n. i t.4.

Now for those A/ which are >0, we write

—3Al0.0) = —3A/ 30 (1—00."), (A13)
and for those A/<0, we write
—3A/0.0. =+3A/[1—0,—0.']
—iA/(1—a)(1—0."). (Al4)

The last terms of (A13) and (A14) are both positive
operators. Thus

Ho=—} % (o)=3 X |a/ T 1-3(T Alz)

X (X 0.)—3Iy+ (positive operator)

=constant—21 > (¢-0")—3(> A/z)Iy—3CNy
n.n. AT<0

+ (positive operator).

Now the positive¥operator and —% 3,4, (¢-0”) both
attain their minima for the state with all spins up

C. N. YANG AND C. P. YANG

151
(y=1). Thus

Ep—Eu(y=1)z[3 (AZ0 Afz)+3e](1~y).
' <
Thus

for 3&>—% > Az, y=1. (A15)
A7<0
We recall that
A’=A—1 for nearest neighbors,
A=A for other interactions. (A16)

E. Isotherms in ®-density and y-3C Diagrams

The isotherms are related because by (A10) and
(A6), at constant T,

—m
dP=—2d5¢=— (1—y)d5e.
N

Furthermore, as 3¢— + o, u— — o and ® — 0. The
relationship is illustrated in Fig. 4.
From general principles,

ET(’-IEEQ-l‘g."' TS‘}"(PW—,u,m]: 0.
Thus by (A6) and (A12)

S Eq1e.—T5]

=" [um—CNJ=p3(1—y)—0C

= (—8C+32—3 X 2:4:) (1—9y)—0.
z=number of nearest neighbors. The geometrical

meaning of (A17) is illustrated in Fig. 4 and in its
caption.

(A17)

F. T=0 Isotherm

The T'=0 isotherm has, according to (A15), a point
v at which y=1 and 3¢=3¢,, to the left of which y<1.
Further,

Hy=—3 2 a0 Az, (A18)

Clearly,

0=3c,. (A19)

Applying (A17) to v we have the important relation

3yt+3 Lan Az=—3Eq1./m
=% (binding energy per particle
for an infinitely large number
of particles in free space in
the q.l.g.)

0%

0 (A20)

We are now in a position to discuss the four different
types of I'=0 isotherm behavior near 1, illustrated in
Fig. 5.

@) 3¢,=0. If all A’=0, (i.e., if the nearest-neighbor
interaction A is =1, and no interaction is repulsive)
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B |

F16. 4. Corresponding isotherms for 'l } N (U

any T (schematic). For a point P, Q,ll
the pressure @ for the q.l.g. is equal I
to the diagonally hatched area. The :
free energy per particle m1[Eq.1g.

—TS7] for the q.lg. is equal to the

sum of the two hatched areas divided

ONE-DIMENSIONAL CHAIN
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Il

\ba
P

c

by —3(BQ). B is the point y=1, e

=—%(3: z4:;)+3%2. The chemical
potential u for the q.lg. is —2(QP). A
A horizontal part of the isotherm in
the left diagram corresponds to a g
vertical part of the isotherm in the
right diagram, and vice versa. "

(A18) and (A19) show that this case obtains. Notice
that H,=0 implies that

(21)

(ii) 0<3C,, and there is a vertical stretch vG. The
point G represents a pressure-free q.l.g. system at a
finite density. Thus it represents a “fluid” resembling
He* liquid at T=0, or a crystal. It has a nonvanishing
binding energy. Thus the distance By>0.

(iil) 0<3C,, there is no vertical stretch going down
from v, and By=0. This is the case if some A’<0, and
all A’<0, (e.g., if the nearest-neighbor interaction
A<1, and no other interaction is attractive) because
then (A18) and (A20) lead to 3C,=3Cs.

(iv) Same as (iii), but By>0. This case obtains if
the q.l.g. forms “molecules” that repel each other.

the binding energy per particle=-43 A’z.

G. Off-Diagonal Long-Range Order

The concept of off-diagonal long-range order
(ODLRO) has been introduced* in the discussion of
superfluidity. The same concept is also applicable in
the quantum lattice gas. Because of the simplicity of
the q.l.g. one hopes that the absence or presence of
ODLRO can be investigated more readily. For the
special case where there is only nearest-neighbor inter-
action with strength A;=1 [see (A2’)] one can in fact
explicitly compute at 7=0 the ODLRO for the 1-, 2-,
or 3-dimensional lattice: The Hamiltonian is

H=% (—}0-0).

Each term in the sum attains its minimum value when
the wave function is symmetrical with respect to the
two spins in question. Thus a wave function totally
symmetrical with respect to all spins, if it exists, must
represent the ground state. For a cyclic lattice of 9
sites in 1, 2, or 3 dimensions, with 7 down spins and

(A22)

4 C. N. Yang, Rev. Mod. Phys. 34, 694 (1962); J. Math. Phys.
4, 418 (1963).

(9t—m) up spins, such a wave function exists and is a
state in which all the 9UI[m!(t—m)!]* different spin
arrangements have the same weight. For this state
{(ajta;)=average number of down spins at site 7

=, (A23)
y
P
B |7
o—-l- .
0] 4
1 m- ™M
y
ey P (i)
]G (ll’ Y'
X
S —— | > G
I m M
y
| ' ___B,Y
(iii)
S
y
fL. .
/ (i) ]r' (iii), (iv)
_y V
1 mi

F16. 5. T=0 isotherms (schematic). The point B is given by
y=1, §€=—4% > A’z. B never lies to the right of v and 2(Bvy)
= (binding energy per particle for an infinitely large number of
particles in free space in the q.l.g. problem)=0. The point 4/ is
the point that corresponds to vy for y=—1. Notice that by the
construction method of Fig. 4, one concludes that v’ has a finite
pressure @. Thus at T=0, a quantum lattice gas can always be
squeezed to a fully packed density by a finite pressure.
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where a; represents the annihilation operator at site j.
In spin language a; flips a down spin up, or

a;=[3(ozti0y) ;.

We can also calculate (a;fa;), which is the probability
that at site 5 the spin is up and at site 7 it is down:

(A24)

m (—m)

. A25
R (o—1) (425)

(a;ta;)=

Equations (A23) and (A25) give the elements of the
reduced density matrix p; in coordinate representation:

(Glosl jy=m/7,

(@lp] H=m@—m)RG—1)"".  (A26)

p1is a cyclic matrix which is diagonal in the momentum

C. N. YANG AND C. P. YANG
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(which is discrete) representation:

E'|pa|k)=0 if kk,

(k| p1| k) =mITL—m (F—m) I (N —1)~1
=m(m—1)31(—1)"1<1,

(k| p1| k) =mIt"+-m (R —m)I*
=mIT 1 (H—m+1) if k=0.

These equations show that there is condensation of
particles in one ‘“‘single-particle state” characterized by
k=0. In other ‘“single-particle states” (k#0) the
occupation number is <1. This is an explicit example
where the speculation of Girardeau® does not hold.
[Girardeau’s speculation is that, e.g., ~ (m)*5 states
are multiply occupied each with ~ (m)*5 particles. ]
We suspect that it also does not hold in a physical
system.

8 M. D. Girardeau, J. Math. Phys. 6, 1083 (1965).

(A27)
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Nuclear-Magnetic-Resonance Study of Self-Diffusion
in a Bounded Medium*

R. C. Wayne} anp R. M. Corts
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(Received 20 June 1966)

The investigation of the effects of diffusion in a magnetic field gradient on the spin-echo experiment in
nuclear magnetic resonance (NMR) is extended to small samples in which the diffusion is bounded, or
restricted. From the point of view of NMR, bounded diffusion means that the spin dephasing time 75>>t,,
the average time for a molecule to diffuse once across a sample width a. A more realistic criterion is that & is
small enough or that the diffusion coefficient D is large enough that the quantity yGa®/D is about equal to or
less than 1, where G is a Jinear magnetic field gradient and v is the nuclear gyromagnetic ratio. An effective
self-diffusion coefficient D'(f) = —12 In[M (,G)/M (#,0)]/+*G¥* is defined from the Hahn spin-echo experi-
ment, where #= 27 is the time of the echo, and M (#,G) is the echo amplitude. For infinite samples, D’ =D, the
true self-diffusion coefficient. However, when #,<T’;, then D’/D<1 and D’ depends on ¢, The measurement
of D' is made by holding the times of an echo, =27, constant and varying G. Experimental data are pre-
sented on D’ (¢) for four values of ¢ and values of ¥Ga?/D which range from being much greater than unity to
less than unity. Results of the Carr-Purcell experiment are also presented and briefly discussed. A comparison
of data from the spin-echo experiment is made with a theoretical calculation of D’ () which uses Torrey’s
modification of the Bloch equations and requires that boundary conditions be satisfied. Results are com-
pared with the theory developed by Robertson. A universal curve for D’/D versus /1, is plotted, illustrating
that D’ is independent of G. It is shown that the reduced rate of decay of the echo envelope in the case of
bounded diffusion is, in effect, a motional-narrowing phenomenon.
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I. INTRODUCTION

HIS paper is concerned with the effect of diffusion

in a nominfinite sample on the Hahn spin-echo
experiment! and the Carr-Purcell experiment.?2 In pre-
vious studies'™ known to the authors the assumption
has been made that the sample is infinite in size. For

* This work was supported by the National Science Foundation
and the Advanced Research Projects Agency. Based in part on
il;gtsPh.D. dissertation of Richard C. Wayne, Cornell University,

T Present address: Sandia Corporation, Albuquerque, New
Mexico.

1E. L. Hahn, Phys. Rev. 80, 580 (1950).

2H. Y. Carr and E. M. Purcell, Phys. Rev. 94, 630 (1954).

3 H. C. Torrey, Phys. Rev. 104, 563 (1956).

(1‘§)5 C. Douglass and D. W. McCall, J. Phys. Chem. 62, 1102

958).

many experiments this assumption is perfectly valid;
however, there exists a group of experiments for which
the diffusion coefficient D is so large and/or the sample
size a is so small that the infinite-sample assumption
breaks down. In particular, two such experiments have
motivated the present work. Measurements of the spin-
lattice relaxation time 7', and the spin dephasing time
T were made on small particles of liquid lithium® and}on
rapidly self-diffusing protons® in powdered NbH, under

5D. Zamir, R. C. Wayne, and R. M. Cotts, Phys. Rev. Letters
12, 327 (1964).

§D. Zamir and R. M. Cotts, Phys. Rev. 134, A666 (1964);
D. Zamir and R. M. Cotts, Proceedings of the XII1th Collogue
Ampere, Leuven, 1964 (North-Holland Publishing Company,
Amsterdam, 1965), pp. 276-283.



