
PHYSICAL REVIEW VOLUME 15 j, , NUMBER 4 NOVEM HER 1966

Ultrasonic Studies of the Suyerconductivity of Doped Tin

LEwIs T. CLAIBoRNE AND NGRMAN G. EINBPRUOH

Texus Jmstrmmenfs Incorporated, Dallas, Texas
(Received 22 June 1966}

Detailed information concerning the anisotropy of the effective limiting superconducting energy gap 4 (0)
of doped Sn has been obtained from measurements of the temperature dependence of the attenuation of corn-
pressional ultrasonic waves. Earlier results for the In-doped Sn system have been con6rmed for other im-
purities, and analysis of the results has been made in terms of recent developments in the theory of dirty
superconductivity. Measurements have been made for the sound-propagation vector g parallel to the L001),
L110$, and (100$ directions in single crystals of In-, Cd-, Sb-, and Bi-doped Sn with impurity concentrations
ranging from ~1 to 5 000 parts per million (ppm). The measured anisotropy between the $110$ and L001j
directions for pure Sn is ~20% of the average energy gap. It is found that this anisotropy is reduced to
~2% for values of the inverse resistivity ratio p & j0 and for d,T,&15 mdegK. SCS theory, which was
developed for isotropic, weak-coupling superconductors, is applicable to the most heavily doped samples; it
is found that the energy gap (~1.76kgT, ) and the temperature dependence of ultrasonic attenuation are in
agreement with the predictions of the theory. By comparing the energy-gap measurements from tunneling
data with the energy gap obtained from ultrasonic-attenuation data, it is possible to demonstrate that the
temperature dependence of the attenuation gives a measure of more than one energy gap. In addition to the
gap obtained from the attenuation data at low temperatures, a larger gap can be observed near T,. From
tunneling data, the larger gap for g~tL001) is (1.9&0 05)ksT, ; the ultrasonic determination yields (1.92
~0.02)AT, . In addition, the temperature dependence of the larger gap is obtained near T, and is compared
with BCS theory. For L1—T/T, j ranging from ~4)& 10~ to ~4&(10 ', it is found that the BCS-predicted
approximation, a(T)/n(0) = 1.'14L1 T/T, ]'~', is —accurate to ~2%.

HE detailed relationships between the anisotropy
of the superconducting energy gap and the elec-

tronic band structure, the phonon density of states,
and the impurity concentration are among the im-
portant problems remaining in the 6eld of type-I
superconductivity. ' Studies of the temperature depend-
cncc of Ultrasonic attenuation iQ many superconductors
have yielded much information about energy-gap ani-
sotropy. ' The present work. is concerned with a study
of the inQuence of impurities on the anisotropy and
with extending further the procedure for extracting
information from the ultrasonic measurements. Since
the most detailed energy-gap measurements are those
that have been made on SQ, both by the ultrasonic' 4

and the electron-tunneling' techniques, the Sn system
was chosen for this study. The temperature dependence
of the compressional-wave attenuation at frequencies
from 30 to 460 MHz was measured in the L001$, $110J,
and L100j directions in a variety of In-, Sb-, Bi-, and
Cd-doped Sn single crystals with impurity concentra-
tions ranging from ~ j. to ~5000 parts per million. The
data have been analyzed in terms of the several existing
models for the attenuation in anisotropic supercon-
ductors. The theoretical motivation for the measure-
ments and an improved experimental technique are
discussed in Secs. I and II. In Secs. III and IV a de-
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tailed comparison is made between the tunneling data
and the CBective energy gap obtained from the ultra-
sonic data. An attempt is made to determine the
meaning of the limiting energy gap estimated in
previous studies. Finally thc variation of thc transition
temperature with impurity concentration in the single
crystals is compared with polycrystalline data and with
the existing theory of dirty superconductors.

L THEORETICAL BACKGROUND

Before considering the ultrasonic attenuation in a
complicated metal such as Sn, it is necessary to recall
the results obtained in the free-electron limit for an
isotropic material with a well delned relaxation time r.
Pippard' has shown that in this approximation the
compressional-wave attenuation due to the interaction
between the crystal lattice and the conduction elec-
tI'OQS IS

burrs. (q/, )s tan 'q/,

poC, r 3(g/, —tan 'g/, )

(All symbols are defmed in the glossary below. ) The
normal-state attenuation is a monotonic increasing
function of q/, . In general, q/, &1 for the electronic
attenuation to be SUKcicntly large to be readily meas-
urable. BCS' theory predicts that for an isotropic
superconductor the ratio of the compressional-wave
attenuation in the superconducting state to that in the
normal state is given by

' A. B. Pippard, PhiL Mag. 46, 1104 (1955).' J. Bardeen L. N. Cooper, and J. R. Schrieffer, Phys. Rev.
108, 1175 {195 ).
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where ss(T) is the isotopic temperature-dependent
superconducting energy gap. This result has been shown
to be independent of sound frequency and electron
mean free path for impurity-limited scattering. ' Morse
et a/. ' and Leibowitz' have assumed that the form of
Eq. (2) is correct for a,nisotropic superconductors, but
that for a given crystal direction the value of the
limiting energy gap 6(q, T)r s can assume a value
different from the BCS value of 1.76k~T„, where T„
is the transition temperature for the pure supercon-
ductor In. general 6(tl, T) depends on the direction of
q and in some circumstances can depend on the magni-
tude of q through the selectivity of the sound wave.
The h(t1,0) for a given crystallographic direction is
obtained. by measuring the slope of a plot of ln(o. ,/n„)
versus T./T over the low-temperature range, for which
f(~)~s a "n, and &(tI,T)~A(q, 0). The measurements
on pure Sn' indicate an anisotropy of ~20% for com-
pressional-wave propagation along the t 001] and [110]
directions.

In addition to the dependence of the magnitude of the
total electronic attenuation on q/„ the selectivity of the
electron-lattice interaction is also determined by q/, .
For example, in the limit q/, »1 the electron-lattice
interaction becomes an electron-phonon scattering and
can be treated as a simple quantum-mechanical particle-
particle scattering problem. The conservation of energy
and momentum requires that only electrons having a
velocity component Vp cos8 approximately equal to the
sound velocity C„ in the direction of q, where 8 is
g(Vs, ti). These electrons lie in a band near the
equator of the Fermi surface. In the limit q/, «1, how-
ever, the interaction is best described in terms of a
relaxation of all of the electrons to a Fermi surface
deformed by the local ultrasonic strain Geld. For inter-
mediate values of q/„Leibowitz' discussed the selec-
tivity in. terms of the angle 0=0~ for which the
amplitude of the perturbation of the electron distribu-
tion due to the sound Geld is reduced to half-maximum. .
The condition is that

cosO= (C,/Vs) (+1/q/, ),
so that the interaction is weighted toward the electrons
near the equator for ql, &1. In the limit gl, —&oo, cosO
=C./ Vs ~10 '. For a simple anisotropic superconductor
one would therefore expect the measured d (q,0) to be
a function of q/, . However, Thomas' has recently
demonstrated that, for Sn single crystals with Gxed /„
there is little or no change in A(q, 0) for a wide range of
frequencies satisfying the condition q/, &1. This sur-
prising result will be discussed in Sec. III.

Pok.rofsk. ii' has extended the calculation of ultrasonic
attenuation to the case of a simple anisotropic super-
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conductor. The temperature range of interest experi-
mentally is that for which kyar T,»ksT»h(srs*C, /hkr )"s.
In this range, the calculation yields

n, =A (q)g(T/T, ) exp( —ni"&/knT], (4)

„or exp)A, (T)/kT]+1

where the summation is over all bands and the con-
stants A; are subject to the condition g;A;=2. This
form has been used for a two-energy-gap Gt for Sn with
some success. " However, even the problem of the
normal-state attenuation in a multiband metal is ex-
tremely complicated.

Pippard" has developed a formalism to treat the
electronic attenuation in a real metal and has extended
this treatment to a simple two-band model. The analysis
is based on a deformation parameter which describes
the alteration of the Fermi surface due to a strain Geld
and, on an inclusion of "intra-" and "inter-" band
transition effects. In the limit q/, «1, the model predicts
that the attenuation is a sum of two terms, a contribu-
tion due to intraband relaxation, as in the case of a
single band, and a contribution due to interband re-
laxation, which results in a new equilibrium in which
the number of electrons in each band is different from
that for the unstrained metal. For the limit q/, »1,
however, the attenuation is independent of the details
of the relaxation process and is a sum of the contribu-

"H. Suhl, B.T. Matthias, and L. R. Walker, Phys. Rev. Letters
3, 552 (1959)."R.W. Morse, IBM J. Res. Develop. 6, 58 (1962).

'8 A. B.Pippard, Proc. Roy. Soc. (London) A257, 165 (1960).

where 6("~ is the minimum value of the energy gap on
the line about the Fermi surface deGned by the electron-
phonon interaction, and A (q) is related to the normal
electronic attenuation. Qualitatively, this result seems
correct since the low-temperature limit of a linear
combination of functions such as Eq. (2) would be
dominated by the lowest energy gap. The results of
using Eq. (4) to fit the experimental data for Sn are
discussed in Sec. III.

Tunneling data' indicate that in addition to a possible
anisotropy associated with one piece of Fermi surface,
there are several gaps observed which can be related
to the multiple energy surfaces found in the higher
Brillouin zones for some crystal directions in Sn. That
there are multiple energy gaps in a real metal such as
Sn is not surprising and in fact had been predicted
previously by an extension of the BCS theory to a multi-
band model. "At present there is no detailed theory for
the effect of multiple gaps on the ultrasonic attenuation.
It is not at all clear what the effect of interband pairing
and scattering will be on the quasiparticle-phonon scat-
tering matrix. The simplest assumption is that of a
complete neglect of interband effects, i.e.,
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tions of each band. Thus, if ql,))1, and if interband
coupling can be neglected for the superconducting elec-
trons, then Eq. (5) is a reasonable approximation.
However, if interband coupling can be neglected, Suhl
and Matthias" have shown that for a two-band super-
conductor there will be two transition temperatures as
well as two energy gaps. On the contrary, tunneling
data' indicate that for Sn all of the energy gaps have
the BCS temperature dependence normalized to a
single transition temperature T„.

It is well established that small amounts of impurity
added to a pure superconductor tend to reduce the
transition temperature. 4 The reduction is approxi-
mately linear in l, ', and according to the current
theories" "of dirty superconductivity, the decrease in
transition temperature is simultaneous with a smearing
out of the energy-gap anisotropy. The energy gap
should be approximately isotropic when A(0)(br '.
For larger concentrations, the relative charge and size
of the impurity ions result in different eGects on the
concentration dependence of both the energy gap and
transition temperature. " " Measurements of infrared
absorption' and specific heat" indicate that the energy-

gap anisotropy is reduced by doping. These properties,
however, result from an average over the energy-gap
spectrum, thus the measurements yield no information
about the variation of the anisotropy about the Fermi
surface. Although the detailed theory of the dependence
of the transition temperature on impurity concentration
is not reviewed here, results of measurements of transi-
tion temperature as a function of resistivity ratio for
the single-crystal samples are presented in Sec. III.

IL EXPERIMENTAL TECHNIQUE

Measurements of the temperature dependence of the
ultrasonic attenuation were made using the arrange-
ment shown in Fig. 1. The pulse generator and super-
heterodyne receiver are contained in an attenuation
comparator (Sperry). The amplitude of a pulse echo was
converted to a dc signal by means of a display scanner
(Hewlett-Packard 175A oscilloscope and 178A plug-in).
To reduce the noise level and to eliminate dc drift, the
transmitter signal was chopped and the ac signal corre-
sponding to the amplitude of the pulse echo was de-
tected with a lock-in amplifier (PAR JB—5). The
chopping was accomplished using an external trigger
source (Hewlett-Packard 412) with a binary counter to
drive the ultrasonic generator n times "on" and e times
"off."The number n was chosen to be suKciently large

'4 E.A. Lynton, B.Serin, and M. Zucker, J, Phys. Chem. Solids
3, 165 (1957).
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(1963).' L. T. Claiborne, J. Phys. Chem. Solids 24, 1363 (1963).

» R. I. Gayley, Phys. Letters 13, 278 (1964)."P. L. Richards, Phys. Rev. Letters 7, 412 (1961).
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VIDEO OUT
ATTENUATION DISPLAY

COMPARATOR TRIG SCANNER
IN

RECEIVER TRANSMITTER

LOCK-IN

AMP LIF I E R

—SIG
REF

SAMPLE

THERMOMETER

i

CURRENT

SOURCE

AND

GATE
PULSE

t
GENERATOR

COUNTER

LOGARITHMIC X-Y

CONVERTER, RECORDER

=-X Y+

I'IG. 1. Block diagram of the apparatus used to measure the
temperature dependence of the ultrasonic attenuation.

to allow the display scanner to achieve the limiting
voltage in each mode. A four-stage binary counter
yielded m=8, which was suKcient for this application.
In addition, the logic circuit was used to develop the
square-wave reference signal for the lock-in amplifier.
A three-second constant for the output filter resulted in
a signal for the recorder which typically displays a
noise level of less than 0.05 dB at the working level for
the measurements. Matched 50-0 lines and attenuation
pads were used to reduce the standing-wave ratio.
Calibration of attenuation was performed by inserting
attenuation before the receiver and by always working
within a 1 to 3-dB interval for variation in receiver
input level to avoid nonlinearities in the receiver
characteristics.

A constant current of 2 pA through a 1000-Q carbon
resistor (Speer) was used to develop a voltage which
varied with temperature. The voltage was amplified by
a vacuum-tube voltmeter (VTVM) (Hewlett-Packard
425); the logarithm of the signal was taken by means
of a logarithmic converter (Moseley 60D) to give an
output which varied approximately as 2 '; this output
was used to drive the x axis of an x-y recorder (Moseley
2D). The resistance thermometer was calibrated at
~50-m'K intervals against the vapor pressure of the
liquid helium as measured with a Bourdon-tube pressure
gauge (Texas Instruments Fused Quartz Precision Pres-
sure Gauge).

The single-crystal ingots were prepared by the
Czochralski technique. The average size of the cylindri-
cal ingots was 8 cm long by 3 cm diam.
Ultrasonic samples were spark-cut (Servomet SMD)
from the ingots into cylinders of length 1 cm and
diameter 1 cm. The impurity-concentration gradients
for the large ingots were in general less than 10%,
while in the individual samples the concentration
gradients were considerably less than that of the entire
ingot. Impurity concentrations were determined by wet
analytic chemistry and by emission spectroscopy. Re-
sistivity measurements were made using a dc linear
four-point probe technique. Tungsten probes were used
for the contacts and the voltage was measured with a,

millimicrovoltmeter (Keithley 149).
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III. EXPERIMENTAL ANISOTROPY

Kith the improved experimental techniques de-
scribed above, a systematic comparison of the measured
compressional-wave attenuation in a superconductor
and the theory outlined in Sec. I was undertaken. In
this section attenuation data for pure and doped Sn
are analyzed in terms of Eqs. (1)—(5). The analysis has
been done using a convenient nonlinear least-squares
6tting technique which has general applicability. "The
BCS temperature dependence for the energy gap has
been assumed to be valid for all gaps measured in the
ultrasonic experiments. This assumption has been veri-
Ged by the tunneling data for Sn.5 An analytic repre-
sentation of the BCS function was employed to
facilitate the data reduction, i.e.,

(6)

where a= 0.40263389, b =0.09089008, c=0.12215740,
d=0.52081285, e=1.0135197. This approximation has
a standard deviation of

~
b~ (3X10 ' over most of the

temperature range from the tabulated values of Muhl-
schlegel. "Near the transition temperature this approxi-
mation breaks down, and the BCS limiting expression
$Eq. (9)j must be used.

First, the temperature dependence of the compres-
sional-wave attenuation in pure Sn with q~~ L001j, L110j,
and L100j was analyzed assuming Eq. (2) is valid as
T—+ 0. This is equivalent to the assumption underlying
use of the traditional technique outlined in Sec. I. The
resulting limiting energy gaps are compared in Table I
with energy gaps measured by Morse et al.' The results
are in good. agreement with the values previously re-
ported. Little or no change in limiting energy gap was
observed as a function of frequency in agreement with
the data of Thomas. ' A possible explanation for the
insensitivity of the measured gap to the selectivity of
the sound wave LEq. (3)$ can be found by studying the
tunneling data. ' Zavaritskii has shown that distinct
energy gaps can be identihed with various regions of k
space, hence, with various pieces of Fermi surface,
consistent with the reduced-zone scheme. ~ The gaps

TABLE I. Comparison of pure-Sn energy-gap
(2h (0)g measurements.

associated with a specific region of k space were found
to be nearly isotropic, but the gaps exhibit widely
diGerent values on going from one piece of surface to
another. As discussed in Sec. I, the intersections of the
planes perpendicular to q with the extrema of the pieces
of Fermi surface according to the condition t/"y costI =C,
determine the group of electrons which dominates the
lattice-electron interaction for gl, &1. Thus, the tem-
perature dependence of the attenuation due to the eGect
of the various energy gaps and deformation potentials
is determined primarily by the direction of q. If the
gap surfaces are nearly isotropic, little dependence of
the measured A(0) on selectivity is expected for q/, )1.

Analysis of the ultrasonic data on the basis of Eq.
(5) for all temperatures was found to result in an
extremely good 6t for the temperature dependence of
the attenuation; however, the indicated energy gaps
were found to differ widely from the values expected on
the basis of the tunneling data. For example, it is
expected that two gaps [1.5k~T„and 1.9ksT„j will
dominate the contribution to processes involving elec-
trons in the $001] plane. Using Eq. (5) and assuming
a two-gap fit for the pure-Sn data, with q~~L001j, a 6t
within the experimental error is obtained over the entire
temperature range for Ar 1.5, Ar(0) 1.4k~T„, and
t),s(0) 4ksT, . Since the lower gap dominates over
most of the temperature range, the determination of
6~(0) is much better than that of hs(0). An energy gap
as low as 1.4k&T, has been measured by tunneling
methods'; however, As(0) appears to be much too large
to be physically meaningful. For the plane perpendicular
to the L110j direction a two-gap 6t to the data seems
impractical since tunneling data indicate that at least
four gaps will contribute. Even for this case, Eq. (5)
leads to a reasonable approximation for the temperature
dependence of the attenuation. The values of the con-
stants in Eq. (5) for several In-doped Sn samples are
presented in Table II. These values are of interest since
a combination of Eqs. (5) and (6) leads to a good
representation of the ultrasonic data for future theo-
retical comparisons.

The ultrasonic data have also been analyzed on the
basis of Eq. (4). If the term g(T/T, ) is dropped, Eq.
(4) is similar to the low-temperature limit of Eq. (2).
Some representative values of d("& and A, where A

q

$001]
110]
100$

Reference 2.

Current work
LksT.o7

(3.26~0.02)
(3.94+0.04)
(3.62+0.04)

Morse et al.~

[ksT„g
(3.2~0.1)
(3.8+0.1)
(3.5+0.1) L001j

+1/kBT o +2/kBT o

0
0.0020
0.0035
0.0093

1.43
1.49
1.58
1.78

4.32
6.22
4.58

TABLE II. Two-gap fit for In-doped Sn.

1.56
1.71
1.71
2.00

2~ D. W. Marquardt, sHARE General Program Library, Dpz NLIN
(PA) 3094, 1964 (unpublished). -

~ B.Muhlschlegel, Z. Physik 155, 313 (1959).
24 T. Olsen, in The Fermi Surface, edited by W. A. Harrison and

N. B.Webb (John Wiley and Sons, Inc., New York, 1960),p. 237.

L1101 0
0.0020
0.0065
0.0091

1.68
1.83
1.73
173

4.89
7.66
8.42

1.41
1.86
1.94
2.00
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=A(q)/n„, are given in Table III as computed both
with and without the term g(T/T, ). It is interesting
to note that when A is treated as a variable, the best
it is obtained for A 1 rather than A 2, as in the
low-temperature limit of Eq. (2). Physically, this result
should indicate the relative contribution of the low-

energy-gap electrons to the total attenuation. However,
the indicated energy gaps are somewhat lower than
those given by the tunneling data, and the physical
signi6cance of the constants in Table III is open to
question.

The present theory of impure superconductors" (cf.
Sec. I) predicts that the reduction in relaxation time
due to impurity scattering causes a reduction in energy-

gap anisotropy. The eGect of anisotropy on the transi-
tion temperature has been studied theoretically" "and
experimentally. "It has been shown" that the limiting
energy gap obtained from ultrasonic attenuation meas-
urements depends on impurity concentration and can
be used to determine the relative anisotropy in doped
Sn single crystals. The limiting energy gaps for

tlirt L001j,
[110j, and $100] have been measured in a variety of
In-, Cd-, Bi-, and Sb-doped single crystals and compared
on the basis of transition temperature and resistivity
ratios.

The measured changes in transition temperature
(AT,), for the samples used in these experiments, are
plotted as a function of resistivity ratio in Fig. 2. Also
included are some AT, values for polycrystalline samples
as reported in Ref. 14 (designated I.SZ) as well as some
theoretical curves (designated MK) from Ref. 17. The
lowest theoretical curve is obtained by considering the
e6ect of the electron mean free path alone. The upper
two curves include the "valence" effect for Sb and Cd,
respectively, as given in Ref. 16. The magnetically cor-
rected value of the transition temperature in pure Sn
was measured to be 3.7254'K, in good agreement with
the value listed in Ref. 14. It is found that the AT,
values for the single-crystal samples are in rough
agreement with the polycrystalline data. There is sufh-

cient scatter in both cases to prohibit a detailed investi-

gation of the effects of the valence and size mismatch
between the solute and solvent ions. This scatter for

TAaLz III. Constants for it to Pokrovskii's limiting formula.

q

Pure Sn
[110
[001

With g(T/T, )
A 6(")ikgT„

1.027
0.919

1347
0.942

Without g(T/T, )
A ~( )/kgTco

1.150
1.034

1.596
1.200

0.01 jp In
[110] 1.069 1.294 1.196 1.542

"L.T. Claiborne and N. G. Kinspruch, Phys. Rev. Letters 15,
862 (1965).
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the single-crystal samples reflects the poor accuracy of
the resistivity-ratio measurements.

In Fig. 3, the energy gaps, in units of k&T„, are
plotted as a function of ( DT,). The cur—ves in Fig. 3
show the limiting energy gaps for qiip1101, tliiL100j,
and qiig001$, respectively, as determined by an analytic
6t of data from ~1.2 to 2.2'K assuming the single-gap
BCS model. The reduction in anisotropy is obvious,
and the value of A(0) toward which the gaps tend lies
between 1.75 and 1.80, consistent with the BCS pre-
diction of 1.76 and in agreement with the infrared-
absorption" and specific-heat" data. Although it has
been shown that the selectivity of the sound wave does
not greatly affect the value of the limiting energy gap,
a precaution was taken to minimize the possibility of
such an effect in the more heavily doped samples; this
was accomplished by increasing the measurement fre-
quency in direct proportion to the change in resistivity
ratio. Measurements were made over the frequency
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FIG. 3. The limiting energy ga&s in units of k&T, for a "one-
gap" extrapolation with (a) q~ [110], (b) qadi[100], and (c)
qii[001] in In-, Cd-, Sb-, and Bi-doped Sn single crystals plotted
as a function of the change in transition temperature measured
for each sample.

FIG. 2. The change in transition temperature (AT,) from that
of pure Sn as a function of inverse resistivity ratio for several
impurities. The theoretical curves (Ref. 17) for Sb- and Cd-doped
Sn are labeled MK. Some polycrystalline data points (Ref. 14)
are labeled LSZ.
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l0

lo

Pro. 4. In(n, /n )
versus T./T for ti
~~$001) in (a) pure
Sn and (b} 0.1 at. jo
In-doped Sn. Note:
The impurity con-
centrations referred
to here and through-
out the text are
nominal values for
the ingots from vrhich
the samples frere
prep cared.

are in quite good agreement; with the theoretical
pl cdlctlon.

It must be emphasized that the limiting energy gap
is related to the smaller energy gaps of Sn. One expects
the relaxation times associated with interband and
intraband processes to be affected differently by the
impurity concentration. It is therefore of interest to
ascertain if the ultrasonic data contain any additional
information which CRQ bc lclRtcd to thc 1RI'gcl energy
gaps. Some qualitative results are discussed in Sec. IU.

IV. THE EFFECTIVE ENERGY GAP

lo
l.o 2.0

I

3.0 4.0

range from 50 MHz for pure Sn to 460 MHz for the
more heavily doped samples. The total electronic at-
tenuation ranged from 28 dB cm—' to 15 dB cm ',
indicating that the q/, variation was at worst less than
a factor of 2.

Figure 4 is a plot of ln(n, /o. „) versus T,/T for
q~~L001j in (a) pure Sn, and (b) 0.1 at. j~ In-doped
Sn, for which AT, —j.5m K. The change in energy
gap is obvious, and the data for (b) fit the BCS function
over the entire temperature range within a standard
error of 0.4% of the total electronic attenuation,
which is approximately the observed experimental error.
This result is an additional verL6cation of the validity
of the BCS theory for an isotropic superconductor.

In Fig. 5 the bmiting energy gap is plotted as a
function of resistivity ratio for a number of doped
samples with q~~L110j and L001] directions. Again, the
reduction in anisotropy is evidently a smooth function
of average electron relaxation time. It is clear that the
Rnlsotropy of thc 111Tlltlng energy gRp of Sn ls glcRtly
reduced for ~hT,

~
)15m'K or for p) 10 '. Using the

data included in Ref. 17, one can estimate the resistivity
ratio for which r i'r/d (0) and for which one expects the
reduction in anisotropy to become important for Sn,
i.e., r is/d, (0) implies that p 1.1X10-'. The results

In the previous section the attenuation data were
analyzed in terms of existing models. In this section the
data are studied from a strictly experimental viewpoint.
Although some interesting observations can be made,
any conclusions reached in this section should be taken
as tentative pending a more complete theoretical model
for the multigap superconductor.

The availability of the tunneling data permits a
more detailed examination of the meaning of the ef-
fective energy gap observed in ultrasonic Ineasurements.
Consider the CBective gap de6ned by

where rr(T) =n, (T)/a„. This deinition is equivalent to
setting the right-hand side of Eq. (2) equal to the cor-
rect attenuation function G(5&,ks, ' ' ' 3t,As ' ' ' 7)
where (6;) are the contributing energy gaps and (A;)
are the appropriate weighting factors. In order to
emphasize the difference between the CBective gaps for
the anisotropic and isotropic cases, Eq. (/) was nor-
malized to the isotropic gap at all temperatures. Since
the isotropic limiting gap was shown to be approxi-
mately equal to the BCS value and Eq. (2) was found
to hold for the heavily doped superconductors, the
normalization can be written as

where F(T) is appmxirnated by Eq. (6).
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FIG. 5. The limiting energy gaps as in Fig. 4 plotted as a function
of the measured inverse resistivity ratio.
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FIG. 6. The normalized energy ap at 50MHz as de6ned by
Eq. P) for (a) q))L110) and (h) q L001) in pure Sn plotted as
a function of reduced temperature. The normalized energy gaps,
obtained from tunnelin data, which contribute are indicated by
arrows on the left forq( 110) and on the right for q~jL001).



Figure 6 is a plot of the temperature dependence of
the normalized effective gap for I1~~$110j and L001) m
pure Sn. Tunneling data reveal that there should be
major contributions to the attenuation function G from
only two gaps for tlllL0013 directions, i.e., 1.55ksT„
and j.N~T„. The normalized values of these gaps are
indicated by arrows at the right-hand side of Fig. 6.
Near T„ the CBectivc gap is approximately equal to
the upper gap from tunneling data, and near T=O the
effective gap is approximately equal to the lower gap.
Several gaps contribute to the Il~~)110$ direction, as
indicated by arrows on the left.-hand side of Fig. 6.
For this case the cGective gap near T„ is somewhat
larger than the upper gap from the tunneling data, but
the elective gap near T=0 appears to be in good agree-
ment with the lowest gap value. The limiting gaps from
ultrasonic data for tl~~L001j, (110j, and L100$ are
compared with the tunneling data in Table IV. The
relative weight of the contribution of each gap to the
ultrasonic attenuation is estimated from the tunneling
data. The agreement between the results of the two

TABLE IV. Comparison of the eIlergy-gap values (ln units of
k@T„) from tunneling data and from the normalized effective
energy-gap plots for the ultrasonic data.

Weight Tunneling Ultrasonic Limit

L001j

L110$

Large
Large

Large
Medium
Small

1.8-1.9
1.55

2.2
1.8-1.9

1.7
1.5

1.92 t —+ 1
151 t —+0

2.38
1..92

$100) Large
Medium
Medium
Small

2.2
1.8-1.9

1.78
1,55

2.20

1.81 t —+0

methods is remarkably good considering that there is,
as yet, no theoretical model to justify this identiication.

Near T„ the ratio of the CGective energy gap to the
BCS gap approaches a constant. It is instructive to
compare the temperature dependence of the CGective

gap to the predictions of the BCS theory near T„, i.e.

d (T)—1.746(0)L1—fJ". (9)

Figure f is a plot of logh, f~(T) versus log/1 —ff for

tl~~L110j and $001j. Lines of slope —,
' have been drawn

through each set of data near T,. The 6t is quite good.
Furthermore, if one assumes that the constant (1.74)
is correct in Eq. (9), the d, (0) for II~~L0011 is 1.92ksT,
and for II~~L110$ is 2.38kBT„compared to the tunneling
values of l.9k~T, and 2.2k~T„respectively. If the
behavior of the attenuation near T, is truly single-gap-

bke, then compressional-wave ultrasonic-attenuation
studies should provide the most sensitive tool for
measuring the gap as a function of temperature because
of the large changes in attenuation which occur near T,.

IO
Q

7

CI

r+

«0
~~ er s fb)

lo t

5 7 IO

(~-tl
5 7 IO-'

Fro. 'f. The eifective energy gap at 50 MHs for (a) g[)i 110j
and (h) q~[L001) plotted as a function of (1—t). The solid lines
indicate slopes of 2.

The problem of relating the traditional limiting en-
ergy gap at absolute zero from ultrasonic-attenuation
studies to the actual energy gaps which are contributing
to the temperature dependence of the attenuation is
considered now. It should be noted that the CGective
energy gaps at low temperatures in Fig. 6 are only
becoming BCS-like as the temperature is lowered, but
that there is still a small contribution from the larger
energy gaps. Thus, an analytic, single-gap fit, such as
described in Sec. III, will tend to average in some con-
tribution from the larger gaps and overestimate sightly
the lowest energy gap. It shouM also be noted there has
always been a problem in extrapolating the ultrasonic-
attenuation data to the absolute-zero value, no. The
theoretically significant ratio of superconducting to
normal attenuation n(T) is fn, (T)—no)/(n —ns) At
low temperatures n, (T) is very close to ns, hence, small
errors in 0,0 introduce large errors in the CGective energy
gap. For the traditional graphical method illustrated
in Fig. 4, o, is adjusted until a plot of inn(T) versus
T,/T gives the best straight-line fit at low temperatures.
For thc analytic method of Scc. III, o,o 1s left as a vari-
able parameter for the least-squares 6tting. Both the
single-gap and two-gap methods of Sec. III give ap-
proximately t e same value of os for II~~ L001j and ploj
directions; therefore, these values are used with some
conddcncc. However~ thc sltuat1on 1s much morc co1Tl-

plicated for il~~r 100j, as is illustrated in Fig. 8. Inde-
pendent of what value of eo is chosen, there is always a
kink in the normalized CGective-gap curve near a re-
duced temperature of O.55. Thus, if the single-gap
analytic method is used the value of the limiting energy
gap and eo depend strongly on the initial temperature
chosen for the Gt. Table V demonstrates the change in
parameters for three initial temperatures. The relative
n„ for these data is +2.92 dB cm—'.

Curves (a) and (b) of Fig. 8 correspond to the first
two fits, respectively, described in Table V. Curve (c)
is the result of assuming the two-gap extrapolation for
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TABLE V. The effects of the initial temperature on the constants
obtained for a one-gap St to the data for q~~L100].

1.2

g I. I

1,0

0.9

Initial
temperature

(K)
1.941
2.301
2.642

(dB cm ')
—24.118—24.214—24.097

a(0)
(u~r,.)
1.866
1.817
1.863

a.gg (0)/e (0)

1.060
1.032
1.059

0.8 I

0.4
1

0.6
1

0.8
l

1.0

Fro. 8. The normalized effective energy gap for q~~f100$ in
pure Sn at 50 MHz plotted as a function of reduced temperature
for different values of ap'. (a) ap= —24.118 dB cm ', (b) ao= —24.214 dB cm ~, and (c) aa= —24.447 dB cm '.

ap to be correct, i.e., ns —24——.447 dB cm '. Curve (b)
would obtain for the traditional graphical Qt. One
reasonable explanation for the complications when
q~~L100j can be found from a consideration of the gaps
which contribute. There should be a rather large con-
tribution from a gap at 1.8k~T, and a somewhat smaller
contribution at 1.6knT, . Curve (c) of Fig. 8 is consistent
with the onset of a Pokrovskii region for the lowest
gap which begins for 1&0.5 while in the neighborhood
of It=0.5 the 1.8kgT, gap appears to dominate. However,
there may be other explanations to be found when the
correct G is determined for Sn.

The validity of the quantitative comparisons which
have been made in the preceding few paragraphs is
admittedly open to question. However, since the nor-
malized effective gap rejects the various contributing
energy gaps for pure Sn, the temperature variation of
the eGective gap for the alloys should reQect the reduc-
tion in anisotropy of all the gaps and provide a qualita-
tive tool for studies of the doped Sn. Figure 9 is a plot
of the normalized effective energy gap for (a) pure Sn,
(b) Su+0.05% In, and (c) Su+0.1% In, with q~~f001j.
Note that for curve (b) the upper gap contribution is
little aGected by the impurity content, but that a
change in the limiting gap for small t is observed. In
curve (c) all of the anisotropy for this direction is

apparently removed. Figure 10 shows the normalized
effective energy gap with q~~t 110j for (a) pure Sn,
(b) Sn+0.01% In, and (c) Sn+0.05% In. Note that in
curve (b) the small impurity concentration affects the
largest gap contribution much more drastically than
the lowest gap contribution.

Figures 9 and 10 provide evidence of the complicated
manner in which the gap anisotropy is removed. As
was pointed out in Sec. III, the single relaxation-time
approximation of Markowitz and KadanoQ" is not
adequate to describe the anisotropy removal for a
Inultigap superconductor. For example, ionized-im-
purity scattering results in different relaxation times
for the intraband as well as for the interband relaxation.
In the limit of the Born approximation for parabolic
bands, it can be shown that the intraband relaxation
time goes as v. ~ Vp', where Vg is measured from the
bottom of the band. Thus, it is expected that to a 6rst
approximation the anisotropy of the small pieces of
Fermi surface will be removed at lower concentrations
than required for larger pieces and that interband
anisotropy will remain at even higher concentrations.
It is then tempting to apply this interpretation to
Figs. 9 and 10. The changes between the effective-gap
curves (a) and (b) would be predominantly associated
with intraband effects, while the changes between
curves (b) and (c) would be predominantly associated
with interband eGects. This identi6cation is at least
consistent with Zavaritskii s interpretation of the tun-
neling data.

Finally, the ultrasonic data indicate that the gaps
observed near T„for q~~(100j and $110) are associated
with the surface for which Zavaritskii found a single
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Fro. 9. The normalized effective energy gap for qttL0017 in
(a) pure Sn, (b) Su+0.05%%uo In, and (c) Su+0.1% In plotted as a
function of reduced temperature. The arrows on the right indicate
the normalized energy gaps for this direction as determined by
tunneling measurements.
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Fro. 10. The normalized effective energy gap for q~)L110$ in
(a) pure Sn, (b) Sn+0.01% In, and (c) Sn+0.05% In plotted at
a function reduced temperature.
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isotropic gap. Also, the anisotropy of this gap appears
to be removed by the addition of a very small amount
of impurity ( 0.01% In) as measured by the ultrasonic
technique. Tunneling studies applied. to pieces of Fermi
surface located away from the center of the Brillouin
zone are hampered by the fact that the k vector relevant
to the appropriate density of states for the tunneling
current is measured from the zone center. Thus, it is
dificult or impossible to obtain by tunneling the energy
gap for a direction perpendicular to the axis of such a
surface. For this very special case the ultrasonic tech-
nique should supply more information about the
energy-gap anisotropy than the tunneling technique.

V. CONCLUSIONS

The research reported above has led to several defi-
nite conclusions and has also provided a motivation for
further ultrasonic studies in pure and doped super-
conductors. Two definite needs for future research in
this area have been illustrated: (1) the need for a more
complete theory for compressional-wave attenuation in
a multigap superconductor, and (2) the need for de-
tailed tunneling studies in single crystals of doped Sn
to complement the ultrasonic data. The conclusions
reached are as follows:

(1) There is a distinct reduction in the anisotropy of
doped Sn as indicated by the limiting energy gap deter-
mined from the temperature dependence of the com-
pressional-wave ultrasonic attenuation for ~AT, ~)15
m'K. and for p)10 '.

(2) The temperature dependence of the supercon-
ducting energy gap near T, predicted by the BCS
theory has been confirmed.

(3) Information about the larger energy gaps for Sn
is contained in the temperature dependence of the
compressional-wave attenuation, and from a direct
comparison with the tunneling data it appears that this
information can be obtained in a straightforward
manner.

(4) Normalized plots of the effective energy gap as
defined by Eq. (8) can be used for qualitative studies
of the gap anisotropy and the selectivity of the sound
wave.

It has been possible to shed light on the meaning of
the limiting energy gap as determined by the tradi-
tional ultrasonic measurements. Some of the problems
involved in relating the limiting gap to real gaps have
been pointed out. Finally, it has been demonstrated
that ultrasonic-attenuation data can be used to comple-
ment tunneling data particularly in relating measured.
energy gaps to specific regions of k space.

APPENDIX: GLOSSARY
=—Weighting constant for contribution to super-

conducting attenuation of ith group of
electrons.

A(q) =—Pokrovskii weighting constant for supercon-
ducting attenuation at low temperatures.

C, —=Compressional wave velocity—=&o/
~ q ~

.
=—Planck's constant divided by 2m.

k~ —=Boltzmann's constant.
k~ =—Wave vector of electron at Fermi surface.—=Electron mean free path.—=Number of electrons per unit volume.
m, =—Mass of free electron.
m* =—Effective mass of electron.
R =—Ratio of resistance at room temperature to

that at 4.2'K.
T =—Temperature.
T, =—Superconducting transition temperature.
T.o =—Superconducting transition temperature for

pure Sn.
AT, —=T 0

—T,.
T/T. . —

n„—=Impurity limited compressional-wave attenua-
tion in the normal state.

n, (T) =—Compressional-wave attenuation in the super-
conducting state at temperature T.=—Extrapolated compressional-wave attenuation
at absolute zero.

h(q, 0) =—Limiting energy gap at absolute zero from a
6t of n, (T) to Eq. (2) at low temperatures.

ff (T)=—Effective energy gap at temperature T from
compressional-wave ultrasonic attenuation
and Eq. (2).—=Minimum energy gap on equator of Fermi sur-
face perpendicular to q.

eo(T) =—BCS value of isotropic energy gap at tempera-
ture T.

=—Angle between q and kF.
—=Angle between q and k~ at which the per-

turbation to the electron distribution due to
sound wave becomes half-maximum.—=R ' the inverse resistivity ratio.

=—Density of the crystal.=—Isotropic electron relaxation time.—=2x times the sound frequency.
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