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We derive the conditions that the positive-definiteness of the spin density matrix implies on its multipole
parameters. We also derive the general conditions imposed by the Eberhard-Good theorem. General formu-
las are given for arbitrary spin 7, and detailed results are worked out for =1 and j=$. Some applications

of these results to spin determination are considered.

INTRODUCTION

O study the production and decay of resonant

states,! the most interesting quantity to consider
is the spin density matrix of the resonant states. This
matrix describes the spin distribution of the particle
and carries all the information from the production
process to the decay process. Thus, a determination
of the multipole parameters of the density matrix,?
through the decay angular distribution and through the
polarization angular distributions of the decay products,
allows one to assign a spin to the resonance® and to
test the various models* proposed for the production
process.

However, a complete determination of the density
matrix is not always possible. For instance, in the case
of a parity-conserving decay into 2 spinless particles
(K*— Kr, p— 2m), no polarization measurement is
possible. And in most cases, owing to large statistical
errors in the determination of multipole parameters,
one cannot decide uniquely the spin of the particle
studied or draw definite conclusions about the dynamics
of the production process.

One way to remove some of these ambiguities is to
use the theoretical conditions imposed on multipole
parameters by the general properties of the density
matrix. The aim of this paper is to look for these condi-
tions.5 In the first section we review the genral proper-
ties of spin density matrices and multipole parameters.
In Sec. II we derive the conditions imposed on the
density matrix by its positive-definiteness and in Sec.
IIT we discuss the conditions deduced from the Eber-
hard-Good theorem. In Secs. IV and V we show how
one can obtain conditions on multipole parameters.
Finally in Sec. VI we give some applications.

1 For a review of this subject see R. H. Dalitz, Ann. Rev. Nucl.
Sci. 13, 339 (1963); R. H. Dalitz, Lectures given at the Inter-
national School of Physics on Strong Interactions, Varenne,
July 1964 (to be published); J. D. Jackson, in High Energy Physics
iggg) (Gordon and Breach, Science Publishers, Inc., New York,

N, Byers and S. Fenster, Phys. Rev. Letters 11, 52 (1963).

3For a review of spin determination see R. D. Tripp, Ann.
Rev. Nucl. Sci. 15, 325 (1965).

47J. D. Jackson, Rev. Mod. Phys. 37, 484 (1965); J. D. Jackson,
J. T. Donohue, K. Gottfried, R. Keyser, and B. E. Y. Svensson,
Phys. Rev. 139, B428 (1965).

5 An analysis of spin density matrix has also been made by

M. Ademollo, R. Gatto, and G. Preparata, Phys. Rev. 140, B192
(1965); R. H. Dalitz, Nucl. Phys. 87, 89 (1966).

151

When dealing with multipole expansion of spin
density matrices, we have found it very convenient to
use the formalism of 3-7 and 6-j symbols introduced
by Wigner and Racah. We have used the formulas
given in the textbooks of Edmonds® and Wigner.’
In Appendix A we review some of the results relevant
to this paper.

I. SPIN DENSITY MATRIX AND
MULTIPOLE PARAMETERS

When the dynamical state of a quantum system is
incompletely known, the state is not represented by a
unique vector in the Hilbert space but by a statistical
set of vectors. A convenient way to describe this set
is to consider the density operator?

p=2 |m)pnim] . (1.1)

When the vectors |m) are orthogonal and normalized
to unity, pa is the probability for the system to be in
the state described by the vector |m) .Thus we have

0<pns<l and 3 pn=1. (1.2)

The general properties of the density operator follow
from its definition. It is a self-conjugate, positive operator
with unit trace.

The dynamical state of a sample .S of particles with
fixed energy-momentum and fixed spin j is represented
by a statistical mixture of pure polarization states.
The number of pure states contributing to the descrip-
tion of the sample S depends on the way this sample is
prepared; at most we can have 2j4-1 independent
states. If we choose a frame of reference and a quantiza-
tion axis, the 2j+1 vectors |jm) (proper vectors of
J? and J,) form a basis in the spin space. The spin
density operator p which describes the polarization
state of the particles is represented in this basis by a
trace-1, Hermitian, positive, (2741)X (25+1) matrix.

6 A. R. Edmonds, Angular Momentum in Quantum M echanics
(Princeton University Press, Princeton, New Jersey, 1957).

7 E. P. Wigner, Group Theory and Its A pplication to the Quantum
Theory of Atomic Spectra (Academic Press Inc., New York, 1959).

8 For a review of density matrix techniques see U. Fano, Rev.
Mod. Phys. 29, 74 (1957).
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Let us denote by p™, the matrix elements of p

pmn=(jm|p|jn). (1.3)

If we rotate the frame of reference by a finite rotation
R(eBy), the basis vectors |jm) undergo a unitary
transformation?®:

| jm)— UR)| jmy=DO[R(eBv)]"w|jm'), (1.4)

where D@(R) is the (2j41)-dimensional representa-
tion of the rotation group. The corresponding unitary
transformation of operators is

p— o' =U(R)pU~(R)
or
pmn:D(J')(R—l)mm,D(j)(R)n’"p/m'n, . (15)

By reducing the product of representations (Appendix
A4) and making use of the orthogonality properties of
3-7 symbols (A1), one obtains

n L j "
(& Do
i M m

’

L g )
)”"" w, (16)
i M w
where L runs on integer values 0< L<2j. Formula (1.6)
shows that for each value of L, the 2L+1 quantities

n L §
tML*E(2j+1>w(_ N )pmn, (L.7)
m

J

transform under rotation like the elements of an
irreducible tensor:

Lt = DI (R)M' ypt! 3y ¥, (1.8)
The quantities ¢~ are called multipole parameters.
Owing to their transformation law (1.8) they are
particularly suited to the study of spin density matrices.
By inversion!? of the definition (1.7), one obtains the
multipole expansion of the spin density matrix

25

+L
p=2j+ 1)1 Y X QL+t (Tu™)™., (1.9)
L=0 M=—1L

with " )
L\m — ()27, o 1/2 ]
(TarFyma=( ><2]+1>/(L ) (1.10)

n

The quantities (75 %)™, can be considered as the matrix
elements in the basis |jm) of an irreducible tensorial
operator T'»%. This operator can be explicitly con-
structed!* as a function of the angular momentum
operators J., J_, J,. From the definition (1.10) and

9See A. R. Edmonds, Ref. 6. In our formulas the repeated
magnetic-quantum-number indices 7 are to be summed over
(m=—j4, —j+1, .-+, +7). See Appendix A.

10 This inversion is obtained by multiplying each member of
Eq. (1.7) by a suitable 3-5 symbol and summing over repeated
indices.

1 For an explicit construction of 7T»Z see C. Henry and E.
de Rafael, Ann. Inst. Henri Poincaré 2, 87 (1965); E. de Rafael,
thesis, Université de Paris (unpublished).
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the properties of 3-5 symbols one can derive the follow-
ing properties of T'pL:

Tut=(—)"(T-u")", (1.11)

TI‘(TML)=(2_7'+1)6L05M0, (1.12&)
2j+1

Orr 0 . (112b)

Tr(T 3 Tap ¥ =
2L

The general properties of the density operator
impose conditions on the multipole parameters. The
Hermiticity of p implies

b= (= )Mi_p™¥; (1.13)

thus the parameters #,” are real. From (1.12a) Trp is
found to be equal to the parameter #°. Thus, the condi-
tion Trp=1 leads to

t0=Trp=1. (1.14)

From Trp=1 and from positivity one can easily derive
the conditions
(241)1< Trp?< 1. (1.15)

To this end let us diagonalize the matrix p. Since
Trp is fixed to unity and the proper values are positive,
Trp? has a maximum when one proper value is equal to
1, the others being null; then the matrix p describes
a pure state of polarization and Trp?=1. The minimum
of Trp? is reached when all the proper values are equal
to (274+1)"1; then the matrix describes a completely
unpolarized state and Trp?=(2j+1)"L

With formulas (1.9), (1.11), (1.12), (1.13), Trp? can
be expressed as a function of the parameters £;%, and
(1.15) becomes:

QDTS2+ X QLD [afPS1. (1.16)
LM

For density matrices of spin-§ particles, conditions
(1.15) or (1.16) are the only conditions induced by the
positivity. But for >3, further conditions are imposed
on the density matrix and on the multipole parameters
by the positivity property. The derivation of these
conditions is performed in the next section.

II. POSITIVITY CONDITIONS FOR
DENSITY MATRICES

In this section we first recall a result of matrix theory
and then we show how the positivity property of the
density matrix leads to conditions on the coefficients
of the associated characteristic polynomial and on the
traces of the powers of the matrix.

Let p be a Hermitian #X#n matrix. Its characteristic
polynomial is A(\)=det(A\1—p)

AN) ==\ g\ 2 (=)t

X cn—-1>\+ (_ )ncn )
=A=A)A—=N) - -(A\—Ns),

(2.1
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TasLE I. Relations between the coefficients ¢; of the char-
acteristic polynomial of a matrix p and the traces si=Trp* of
the powers of the matrix.

262 = ——Sz+ (81)2.
6c3=2s3— 35251+ (51)°.
24¢4= — 6548535143 (52)2— 652(51) 2+ (s1) .
120¢5=2455—305451+20s3(s1)2— 205352+ 15(s52) 251
—10s2(s1) 34 (s1)%.
720¢6= —120s¢-+ 144555, +905452— 90s4(s1) 2440(s3) 2
—120s35951+40s3(s1)3—15(s2)®
+45(Sz)2(31)2—1582(31)4+ (Sl)s.

(A1, Ng, * * * N4, -+ - *\, are the proper values of the matrix).
Newton formulas express the coefficients ¢; as sym-
metrical functions of the roots A;:

ca=2. N=Trp,
=1
c2= 2 Nihin, (2.2)
2142
a= 2 N Nag,
11<i2+++ <8}
Cn= )\1)\2 .. )\n= det(p) .
If we denote by s the trace of the matrix p*,
sr="Trp", (2.3)

a simple result of matrix theory!? expresses the coef-
ficients ¢; as functions of the traces s (k<1):

a= (=) si—csiat- (=) laas). (24)

Table I gives the expressions of the coefficients ¢,
¢s, *++ Cg obtained by repeated application of the
formula (2.4).

We come now to the positivity property of p. By
definition, a Hermitian matrix is said to be positive if
its proper values are non-negative.

From the above Newton formulas one sees directly
that a necessary and sufficient condition for the matrix
p to be positive is that the coefficients ¢; of its char-
acteristic polynomial should be non-negative:

(2.5)

By using result (2.4) (or Table I), the positivity condi-
tions (2.5) can be given as conditions on the traces si.
Table IT gives these conditions!? for trace-one matrices
of dimension #<6. An #n-dimensional, Hermitian,
positive matrix satisfies the inequalities of the n—1
first rows in Table I1.14 The first condition, —s;+1>0,

p positive 22 ¢;20.

12 See, for instance, F. R. Gantmakher, The Theory of Matrices
(Chelsea Publishing Company, New York, 1960), Vol. I, p. 87.

13 These conditions have also been obtained by D. N. Williams
(unpublished).

14 An p-dimensional, Hermitian matrix satisfies identically the
relations obtained by replacing the symbol > by the sign = in
the following rows.
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is the well-known condition (1.15) Trp?<1. We see
that for particles of spin j>1 (i.e., for n=27+1>2),
the positivity property implies further conditions. As
we shall see in Sec. V these supplementary conditions
are more restrictive than the first condition.

III. EBERHARD-GOOD THEOREM

In Sec. I, we saw that the dynamical state of a sample
S of particles of fixed energy-momentum and spin j
is generally represented by a statistical mixture of pure
states of polarization. The number N of independent
pure states contributing to the state of the system de-
pends on the way the sample is prepared. If this
number N is less than 25-+1, the density matrix which
describes the polarization state of the particles has to
satisfy some conditions. Indeed, the NV pure states of
polarization span an N-dimensional subspace of the
(2j4+1)-dimensional spin space. Consequently the
density matrix constructed with these V states can be
transformed by a unitary transformation into a matrix
whose only non-null elements are in the NV first rows and
columns. Otherwise stated, the rank of this matrix is
at most N; i.e., the matrix has at most NV non-null
proper values. This result is an extension of a theorem
by Eberhard and Good.®

With the notation introduced in the preceding sec-
tion we can derive completely the conditions imposed
by the Eberhard-Good theorem on density matrices.
Consider the characteristic polynomial A(\) of an
n-dimensional density matrix:

AN) =N — NI N2 - - - (=)

A necessary and sufficient condition for the matrix p
to be of rank N (i.e. for its characteristic polynomial to
have n—N roots equal to 0) is that the n—N last
coefficients should be null:

(3.1)

By using result (2.4) (or Table I), these conditions can
be expressed as conditions on the traces sz.

In the first section we have seen that for a (25+1)-
dimensional matrix the positivity property and the

prank Ne20=c¢,=cp_1=""*=CpN41.

TasiE II. Positivity conditions in terms of the traces sy=Trp*
of the powers of the matrix p (s;=1). An #n-dimensional matrix
must satisfy the conditions of the z—1 first rows of this table.

Positivity conditions

—s2+120.

2s3—3s5+120.

—6s4+8s3+3(s2)2—06s2+120.
24s55—30s4+20s3—20s355+15(s2)2— 105241 > 0.

—120s6+14455+905452—90s4+40(s53)2— 1205352
+4:0.S‘3'- 15(32)3+45 (32)2"— 1582+1 ? O.

N N N R RS
N L1 B W NI

16 P, Eberhard and M. L. Good, Phys. Rev. 120, 1442 (1960);
R. H. Capps, ibid. 122, 929 (1961).
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property Trp=1 lead to the condition Trp?> (25+1)~L
When the rank of the matrix is N (V< 2j+1) the mini-
mum of Trp? is reached when the N non-null proper
values are equal to N=!, and this minimum is N—; thus

p rank N= Trp?> N1, 3.2)

This result was first derived by Peshkin.!¢ It is to be
noticed that in relation (3.2) we do not have the con-
verse (). Thus, condition (3.2) is less restrictive than
the set of conditions (3.1), and does not express com-
pletely the information contained in the Eberhard-
Good theorem.

IV. CONDITIONS ON MULTIPOLE PARAMETERS

In Secs. IT and IIT we have seen that the positivity
property and the Eberhard-Good theorem imposes
conditions on the traces s; of the powers of the density
matrices. But what is experimentally measured is the
set of multipole parameters ¢yZ of the density matrix.
Thus it is interesting to give conditions on the multipole
parameters directly. To this end we must express the
traces s as functions of ¢)/%. This can be easily done by
application of the Racah calculus to the multipole ex-
pansion of the density matrix.

p=27+1)" > QL+Dtu™*Tx", (4.1)
LM
with
M J
(TML)’"n=(-—)2"(21'+1)“2< ) > (4.2)
L j n

In Appendix B we derive compact expressions for the
traces sy directly by calculating the trace of a product
of & Ty™s. However, the formulas are very intricate
and to obtain explicit expressions one has to expand a
new formula for each power 2. We prefer to use a step-
by-step method which has the advantage that explicit
expressions for s, can be obtained by repeated applica-
tion of a single formula. Furthermore, the latter method
is particularly suited when one does not want a full
algebraic expression for si as a function of £3,%, but only
a way to compute s when the numerical values of the
parameters are known.

Let us consider the product of two matrices T'5%:

TG )
i wI\L § ou)
By using (A13) we transform the product of 3-7

symbols and obtain
(T Tar® )= 25+ DV 2 (—=)7(27+1)
Ju
L L' "M M
<, 5
Jj 7 JPNL L
16 M. Peshkin, Phys. Rev. 123, 637 (1961).

M
(T Ty (24 1)( ;

J
)(—)%(Tﬂ)mn, 4.3)
M

SPIN-DENSITY-MATRIX ANALYSIS

1309

where (T,7)™, is defined by (4.2).Y Formula (4.3)
allows one to transform any product of T»* into a sum
and to calculate the powers of the matrix p as functions
of the multipole parameters. Indeed, consider p*:

(p) ™= (27+1)"2 X (RLH+1)QL'+1)tar ¥ty V" *
LM
=y,

X T u " T ™). (4.4)

By using (4.3) p? can be put in the form of a multipole
expansion identical to (4.1)

()™= (27+1)"" LZM (2L 1)U2) 3™ **

X (TMsz)mn . (4-5)

The multipole parameters #(2),” of p? are related to
to the 3% by the formula

H(2) arg2= (= )¥HE2(254-1)712 3 (2L4-1)(2L'+1)
i
L L, L2 M M/ L2
<55 N

ittty . (4.6)
L L M,

i J J
Higher powers of the matrix p are obtained by iterating
the preceding calculation. All matrices p* can be put in
the form of a multipole expansion where the multipole
parameters #(n), % are functions of the multipole
parameters of lower matrices. For instance, performing
the product pPp?, one obtains the nth power of p

(n=p+q):

pm=(2j+1)7" L"ZM" QLA+ DU e, "> Tag, M, (47)
with
) ar, = (= )2 HMn(254 1)1/ LZ;l (2L+1)(2L+1)
LaoM,
Ly L, L /Ly L,  Lu
{j i j](Mp M, —M,)
XUp)ar, U a ™. (48)

When a matrix is in the form of a multipole expansion,
its trace is equal to #; thus

Sn=t(n)00’ (49)

and formula (4.8) gives directly
o= (=) S (L)
L,.M

L L 0L L

X 3 . .
Jj i j\e =M
17 Formula (4.3) is the extension to arbitrary spin of a
well-known formula in the spin-} case: (¢:n:)(0-nz)= (n:-ny)
~+¢0-n;Xne where ¢ are the Pauli matrices and n; and n; are

arbitrary vectors. Formula (4.3) has been given by L. C. Bieden-
harn, Ann. Phys. (N. Y.) 4, 104 (1958).

0
0)z<p>Mw<q)_ML.
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TasLE IIL Positivity condition for the density
matrix of spin-1 particles.

PIERRE MINNAERT

—s52+130. 255—35:+130.

353=1(2)0%0434(2) o0 — 6Re(t(2) 114 -11) +5£(2) 020

—10Re(#(2)1%-1%)+10Re(#(2)2% 2.

Bsa= () -3 (t01) 26| 11|25 (102) -+ 1012|210 | 2]
12)0=s,
12)o = 300+ 3 (v/10) e — $ (+/30) Re(hlt_1?).
£(2) 11 =3t — §(V/15) 41122+ 3 (v/30) o112 — 3(\/10) 1142
£(2)0 =15(v/10) (1)~ 7'5(v/10) | 1| 24382 — 3 (+/10) (10?)?

FAW/10) ]2 B (/1) 2]

1(2)12= 15 (v/30) to 11+ 340112+ 3 (£/15) 1o 12— (v 10) 8,202
42)2*=15(V/15) (1) 5002+ 3 (v/10) 226> — 3 (\/15) (1:2)%.

Using explicit expressions (A9a, A15) for the 3-j and
6-7 symbols, we obtain

$o=Qj+ 17 X (2LA-1)p) w"(q)-2"(—)".

LM

(4.10)

Thus to calculate s, as function of 5% one has first to
calculate #(p)a,“» and #(g)m, ™ as functions of %,
and this can be done by repeated application of the
formula (4.8). Tables III and IV collect the results for
density matrices of spin-1 and -§ particles.!® For higher
spin values, similar tables can be constructed, but the
algebraic expressions obtained when expanding for-
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mula (4.8) are somewhat cumbersome and will not be
given here.

The advantage of the step-by-step method set forth
in this section over the global method shown in Appen-
dix B is that in the former method we have only the
rather simple formula (4.8) to expand, whereas in the
latter we have an intricate formlua to expand for each
trace Sg.

Conditions on ¢~ for a Pure State

A density operator p describes a pure state if it is a
projector p=|m)m|, ie., if we have p?’=p. This
condition can be easily expressed in terms of multipole
parameters. To have p?=p, it is necessary and sufficient
that the parameters #(2)” of the multipole expansion
of p? should be equal to the parameters #y” of the
multipole expansion of p. From formula (4.6), which
gives #(2)~ as functions of ¢y%, we conclude that the
matrix p describes a pure state if its multipole parame-
ters satisfy the set of conditions!®

tu=(=)"EQ2j+1)712 3 (2L+1)(2L"+1)
Lo
L/ LII L MI M/I L
T R e
]' ]' ]' Ll L” M

It is known that a necessary and sufficient condition

TastLE IV. Positivity condition for the density matrix of spin-§ particles.

—s534130

2s3—3s2+120

—654+883+3(52)2—652+1 2 0

4sy=(4(2)0%)2+3((2)0)2+6]£(2)11 | 245 (2)2)2 410 £(2) 12| 210 £(2)22 | 2+ T(H(2) *)2+ 14 | £(2):3| 2414 £(2) 23| 2414 £(2)5° | 2
a5 =100%(2) 0+ 3401 (2) o' — 6R e (14 (2) _11) -+ 5£6%(2) o2 — 10R e(£12(2) _12) 4 10R e(82%(2) —22) + 740% (2) o — 14Re(t1%4(2) —1%)

+14Re(t:%(2)_o*) — 14Re(t5%(2) _s).

Aso= (100) 43 ()26 | 11 | 245 (2) 2+ 10] 12| 247 (1) 2+ 14| 13| 2+ 14| 17| 2414 1532,

1(2)"=s2

5(2) 01 = %toolol + %(\/S)tollfoz—' %(\/15) Re (t._xlhz) +1—10(\/105) toztoa— (2/15) (\/2 10) Re (5_12113> + %‘(\/2 1) Re (t-zztzz).
H(2)1t = 3o — 3 (v/30) 11 42+ 2 (V/15)tot 2 — 1 (n/S) i+ (/T E_osd

— H(V/42) 12215 (v T0) 1P — 25 (v/35) 11203+ 1/30(1/105) 2% 13,
1(2)o?=$tt+ (3/25) (V/5) (t6")2— (3/25) (v/5) |1 | 2+ (3/50) (v/105) ot® — (3/25) (v/ TO) Re (t1"1%) — (7/25) (V/5) (%)*

—21/50(+/5) | 3] 2+ 7/10(/5) | 45°| .

1(21%=3t"2+(3/25) (V/15)t'tr*+ (1/25) (v 210)tot* — 15 (v/42) 1 1t% — (3/50) (v/35) e — (7/10) (v/5) 85" 2

+(7/10) (V3) #23-13~— (7/50) (1/10) £:%,%.

£(2)22 = $8:%:24(3/50) (2/30) (111)2— (3/10) (n/7) t_11a*+T5 (/21 bol823 — (1/50) (/105) 12413 — (7 /10(V2) 853 _1®

+(7/5)t’ts3— (7/50) (v/30) (1)

£1(2)®= (3/70) (v/105)dot02+(3/35) (v/35) Re (111 -12) — 2(n/5)te2te3+ 2 (v/10) Re (h1%_13) +2Re (2% o%).
1(2)1%= (1/70) (v/105)¢_1 22+ (1/35) (+/210) 86112+ (3/70) (7/70) 11 o>+ 5 (V2)b_o253+ 5 (VI)_1%28 — (3/10) (n/5)te2®

_— i%(\/lo) 512503—{'—%(\/30) 2213,

12)2*= (1/19) (V2D 1>+ (1/14) (VA2) 11> +-3 (V/ S)r s — § (V)2 2413 +1%".

12)s*= B3/14) (v D ta?+3(v/S)tets* — (v S) P +-5 (V) ol

8To construct these tables we have used the tables of 3-j and 6-j symbols established by M. Rotenberg, A. Bivins, N.
Metropolis, and J. K. Wooten, Jr., The 34 and 6-j Symbols (Crosby Lockwood & Son, Ltd., London, 1959).
19 These relations have been obtained by L. C. Biedenharn (Ref. 17).
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for a positive density matrix to describe a pure state is
Trp?=Trp=1. Thus, the set of conditions on &%
expressing the fact that the density matrix is positive,
together with the condition which expresses the re-
striction Trp?=1, are equivalent to the set of condi-
tions (4.11). But of course, the condition Trp?=1
alone, without positivity conditions, is not sufficient
to insure that we have a pure state.

V. THE POSITIVITY DOMAIN

Let us introduce some vocabulary. A given nX#n
Hermitian matrix is completely characterized by the
set of its multipole parameters ¢y% To each set of
parameters, i.e., to each matrix, we associate a repre-
sentative point of an abstract space, which we call the
space of parameters. The Hermitian matrix will be
positive if its multipole parameters satisfy the positivity
conditions derived in the preceding section, i.e., if its
representative point is in a given domain of the space
of parameters. This domain will be called the positivity
domain.

An interesting question to ask is: What is the respec-
tive contribution of each positivity condition to the
determination of the positivity domain? To answer this
question, we shall first study a simple example, the one
of spin-1 matrix, and then consider the general case.

In a recent letter,? we have studied the positivity
domain of the density matrix of spin-1 particles. We
recall here the fundamental results. In fact, this simple
example can be completely worked out, and it exhibits
the features of the general case. For a spin-1 matrix the
positivity conditions including all multipole parameters

SPIN-DENSITY-MATRIX ANALYSIS
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Fic. 1. Positivity domain for the density matrix of spin-1
particles described by the parameters #! and #?2 The straight
lines correspond to ¢3=0; the ellipse E corresponds to ¢:=0.
The points A, B, C are representatives of pure states.

pact expressions one can take advantage of some
restrictions imposed on {x* by symmetry properties
of the production process. We assume that the spin-1
particle is produced in a parity-conserving two-body
reaction,’ and we choose the axis of quantization
along the normal to the production plane. Then, if
the initial particles are unpolarized and if we average
over the spin of the other produced particles, we have

L=
can be explicitly written with Table III. The results lu*=0 for odd M. SRV
are not too complicated; however, to obtain more com- Thus the density matrix is
1+ @3/ V2)te'+3(1/10)10 0 (W/15)ts?
=% 0 1—(4/10)4,? 0 (5.2)

(V15)8**

From Table III, the first positivity condition (c2>0
or Trp2<1) can be written thus:

3(te")2+5(t)?+10] 1,2 2—2<0. (5.3)

The second positivity condition (¢3>>0 or 2Trp3—3Trp?
+1>0) can also be obtained from Table IIT; but it is
most easily derived by noting the c;=detp. From (5.2),
we obtain directly the condition

[1— (/10 KL+ (/102 — § (1)
~15[62% 0. (5.4)

Conditions (5.3) and (5.4) allow one to draw the posi-

20 P. Minnaert, Phys. Rev. Letters 16, 672 (1966). Results
similar to those given in this letter had already been published
by W. Lakin, Phys. Rev. 98, 139 (1955), and displayed graphically
by J. Raynal, Centre d’Etudes Nucléaires de Saclay, Report
No. CEA 2287 (unpublished). We thank Dr. D. Zwanziger for
pointing out these references. See also D. Zwanziger, Phys. Rev.
136, B558 (1964).

0 1— B+ (/10)te2)

tivity domain in the three-dimensional space of the
parameters £, fo, 2|1:%|. (See Fig. 1 of Ref. 20.) How-
ever, we can further simplify the expressions and the
drawings without losing generality, by considering
these conditions when £,2=0. Then, the space of parame-
ters is reduced to a plane and the density matrix is
diagonal. The second positivity condition (c;=detp>0)
becomes

3
(1+&to /1000 )(1— (/10)1)
x(1—3-¢01+%<\/1o>z02)>o. (5.5)
V2

The equation c;=detp=0 is the equation of 3 straight
lines which separate the plane (4!, #?) into several
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domains, in each of which the set of proper values has a
definite signature.?! See Fig. 1. The shaded regions, in
this figure, are those which are eliminated by (5.5).
We see that (5.5) allows four regions in the plane (f1,£0%)
but only one region (the one connected with the
origin) has the appropriate signature for the matrix to
be positive. Indeed, the other three regions are elimi-
nated by the first positivity condition,

3(t6")*+5(%%)*—2<0,

which allows only the region inside the ellipse (E)
circumscribed about the triangle ABC. Thus, the
bounds of the positivity domain are given by the equation
c3=0; the first positivity condition is needed only to
eliminate the region where ¢;>0 but where the signa-
ture is not (4+-+). That the points 4, B, C should
be on the ellipse (E) is obvious, for at these points two
proper values of p are null; consequently not only the
coefficient ¢3, but also the coefficient ¢ of the char-
acteristic polynomial is null. Since the equation of the
ellipse (E) is ¢;=0, the points 4, B, C are on this
ellipse.

From the example of the spin-1 matrices, one can see
very well how the positivity conditions work in the
general case. Let us consider the space of parameters
associated with an #X# Hermitian matrix. The equa-
tion c,=detp=0 is the equation of a surface in this
space. This surface divides the space into several
domains, in each of which the set of proper values has a
definite signature [N,No,N_] (No5%0 on the surface
¢»=0). The positivity condition ¢,>0 eliminates the
regions where N_ is odd and allows all the regions
where N_ is even. However, the matrix will be positive
only if N_=0. Now it is obvious that the origin of the
space of parameters ({3%=0, L>40) corresponds to a
positive matrix, and it is physically intuitive that the
positivity domain is connected.?? Consequently the
density matrix will be positive if its representative point
belongs to the domain connected to the origin limited
by the surface ¢,=0.

Thus as we have seen in the spin-1 case, the bounds of
the positivity domain are given by the equation c,= detp=0.
The other positivity conditions ¢,—1>0, ¢4—2>0, - - -,
co=—"Trp?*+1>0 eliminate all the regions where ¢,>0
but where N_7#0.

Let us make a few remarks on the geometry of the
surfaces ¢;=0in the space of parameters #,*. Generally
the surface ¢,=detp=0 has several singularities. The
type of each singularity can be characterized by the
value of the number Ny at this point. On the surface we

21 By the signature of the set of proper values we mean the set of
signs of the proper values. We shall denote this signature either
by the series of signs of the proper values, or by the triplet of
numbers (N 4,No,N_), where N, (No,N_) is the number of positive
(null, negative) proper values.

22 The set of positive matrices is convex, i.e., if p; and pg are
positive, the matrix api+(1—a)p: (0<a<1) is also positive.
Consequently, the multipole parametrization being linear, the
positivity domain is convex and a fortiori connected.

PIERRE MINNAERT

151

have Noy=1; at a “double point singularity” we have
No=2. Now, we have No=2 (2 proper values=0)
if ¢,_1=0. Thus the surface ¢,_1=0 intersects the sur-
face ¢,=0 along the manifold of double point sin-
gularities. Similarly, the surface c,—o=0 intersects the
surface ¢,=0 along the manifold of triple point singu-
larities (Wo=3)--- and the surface ca=0 intersects the
surface ¢,=0 along the manifold on which No=n—1.
Each of these manifolds corresponds to a matrix of
definite rank. The last manifold (No=7n—1) is the
manifold of pure states. Its equations are explicitly
given by (4.11).

It should be noticed that a given manifold (Ne=c)
may not intersect the subspace defined by some ¢52=0.
If this is the case, then a matrix defined by only a few
parameters, the others being null, cannot have rank
a. For instance, in the example of a spin-1 particle, the
matrix defined by the single parameter %' cannot have
rank 1, i.e., it cannot describe a pure state (see Fig. 1).
We shall give further examples in Sec. VI.

VI. APPLICATIONS

A. Positivity Conditions and Eberhard-Good Theorem
for the Density Matrix of Spin-3 Particles

Let us consider the spin-3 particles B* [N*(1236),
V*(1385), £*(1530)] produced in reactions of the type

P+N— B*+P, 6.1)

where P stands for pseudoscalar mesons (K,r), and N
for the nucleons. The common feature of these reactions
is that the spin state of the B* produced at a fixed
angle is a statistical mixture of 2 pure polarization
states, corresponding to the 2 states of the initial
nucleon. Consequently the density matrix of the B*
is of rank 2, i.e., the coefficients ¢; and c3 of its char-
acteristic polynomial are null. The density matrix in-
cluding all parameters ¢y% (M even) is

P33 0 ps-1 O
0 pu O p1-3
= 6'2
p p3_1* 0 p_1-1 0 ’ ( )
0 ps* O p—3-3

with
4pss=1—(9/A/ (A5)te*+ (n/5)t*—(7// (35))t® ,
4pss=1—(3/2/ (15))te'— (\/S)te®— (21 /+/ (35)t®
4p_11=1+B/v/ (15D~ (V/S)t*— (21// 35K’
4p_53=14-(9// (1SNt + (/S)te*+(7/+/ B5NH?,
(6.3a)
and
4ps1=(/(10))2>— (/(14))2,
4p13=(/(10))t22+(/ (14))t2°. (6.3b)

Writing explicitly the characteristic polynomial of p
in terms of the matrix elements pym,2. One obtains easily
the coefficients ¢4, ¢, and co.
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¢a= (psp—1-1— | pa-1| ) (p11p_s_s— | pr-s| 9, (6.42)
¢3= (pss+p-1-1) (p11p—33— | p1—3|?)
+(put+p—s-3)(pssp_1-1— | ps1|2), (6.4b)
c2= (p3sp—1-1— | ps—1| D+ (pr1p—s—s— | p1_3| %)
4 (pss+p-1-1) (p11+p—3-3). (6.4c)
The system of equations
=0, ¢3=0, 6.5)
has 3 types of solutions.
(1) pszp_r1a— |P3—l| ?=0 and pstp-11=0, (6.6)

i.e., p33=—p__1_1=0 and p3_1=0.

In terms of multipole parameters this solution is

1=/ AN+ /S)te*—(T/5/ B5)Nt*=0,

14+(3/7/ (15))te'— (v/S)te?— (21/4/ (35)t*=0,  (6.7)
G/ (10)t2—(/(14)t:°=0.
(2) P11p—3—3— 'pl—al 2=0 and putp_ss= 0,
ie., (6.8)
pu=—p_33=0 and p1-3=0.
In terms of multipole parameters this solution is
1—-G/v/ (15D — (V/3)te*+(21/+/(35))t*=0,
1+0/V/ Wt + (/5 +(T/2/ 35Nt*=0,  (6.9)

(V' (A0)t2H-(\/(14))13=0.

In both solutions (1) and (2) the relations between
the parameters are such that the density matrix can
be parametrized with one real parameter and one com-
plex parameter. It is to be noticed that these two solu-
tions are not basically different, since we go from one
solution to the other by changing the signs of the odd-L
parameters.

(3) P33P—1—1"" IP3—1] =0 and p1ps_s— Ip1—3] 2=0.
(6.10)

In terms of multipole parameters this solution is

[1—(9// (15Dt + (v/S)te*— (7/4/ (35))t*]
X[A+G/v/ (1)) = (v/3)t*— (21/+/ 35)*]
— [V (10)t2—+/(14)1*| 2=0,
(1= G/ (A)h'— (V/S)te*+(21/4/ (35))*]
X[A+HO/v ANt + (/S)te*+(7/+/ (35))t*]
— v/ (10)t24++/(14)123| 2= 0.
Moreover in all three solutions, the multipole parame-
ters must satisfy the first positivity condition (¢2>0
or Trp?<1)
3(teY)24-5(t%) 2410 £22| 247 (46%)2
+14|1,3|2—3<0. (6.12)
Thus, the multipole parameters experimentally meas-
ured in reaction (6.1) must satisfy (6.12) and one of

(6.11)
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the three sets of relations (6.7), (6.9), and (6.11). Which
one? This is fixed by the peculiar structure that must
be exhibited by the density matrix of the B* produced
at a fixed angle in reaction (6.1). Indeed, Bohr’s theo-
rem?? [invariance under the operation R=(space
reflection) X (180° rotation around the normal to the
production plane)] requires the 4X2 transition matrix
in spin space T to have the form

0 a
b 0
T—O c

da 0

Thus, the density matrix of the B* produced from an
unpolarized target is

a* 0 ac* O
0 * 0 bd*
P=%TTT=% ca* 0 cc* 0 3
0 dv* 0 dd*

i.e., p is the sum of two rank-one submatrices.® Con-
sequently, only the third solution (6.11), which ex-
presses this peculiar structure of the matrix p, is
physical. The other solutions are unphysical; however,
if in addition to the relations (6.11), the parameters
satisfy one of the sets (6.7) and (6.9), then one of the
submatrices is null, and the rank of p is 1, i.e., the
matrix p describes a pure state of polarization.

We emphasize that in the study of a production re-
action like (6.1) we can only apply the Eberhard-Good
theorem to the matrices describing particles B* pro-
duced with fixed kinematics. This fact reduces the use-
fulness of the conditions in the case of poor statistics.

The results derived in this section can also be applied
to the study of the formation experiments of the type

P+B— B*— P+B.

The density matrix of the B* formed must also have
rank 2.

B. Positivity Conditions and the Method of
Lee and Yang

Positivity conditions, in the form which we have
given, can be applied only when one knows the density
matrix completely. However, in 1958, Lee and Yang?*
derived several inequalities, very useful for the deter-
mination of spin of the baryons, whose application
does not require a complete knowledge of the density
matrix. The derivation of these inequalities implicitly
makes use of the positivity property of the density
matrix. As a matter of fact, Lee and Yang discuss the
decay of a sample S of baryons, but they do not con-

23 A. Bohr, Nucl. Phys. 10, 486 (1959).

#T. D. Lee and C. N. Yang, Phys. Rev. 109, 1755 (1958). This
work was extended by L. Durand, III, L. F. Landovitz, and J.
Leitner, Phys. Rev. 112, 273 (1958) to the study of the polariza-
tion of the product particle.
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sider the azimuthal distribution of the decay products.
So the spin state of the sample S can be considered as
an incoherent statistical mixture of states |jm), i.e.,
the density matrix of the sample is not completely de-
termined; one knows only the diagonal elements.
The inequalities follow from the requirement I,,>0,
where I, is the statistical weight of the state |jm)
contributing to the incoherent mixture. In the language
of density matrix, it is equivalent to requiring the diago-
nal matrix elements to be positive. It is very easy to
show explicitly the equivalence of the Lee-Yang in-
equalities and the positivity conditions in the case

j=4%. The Lee-Yang inequalities are (see their relations
8 and 18)

Im>0’ (m=%7%’_%1—%) ) (613)
with
4l5j9=1—(9/a){P1)—5(P2)+(7/3c)(Ps),
41 p=1—B/a){P1)+5(Po)— (/) (Ps),  (6.14)

41_1j2=14(3/a){(P1)+5(P2)+(7/a){Ps),
41 _3/2=1+4(9/a){P1)— 5(P2)— (7/3a){P3),

where (P ) is the average over the angular distribution
of the Legendre polynomials Pz, and « is the asymmetry
parameter of the decaying baryon.

The positivity conditions are

P2m,2m>0; (m=%;%’_%’_%) (615)
with pom,2m given by (6.3a).
To show the equivalence of the two sets of conditions

(6.13) and (6.15), it sufficies to use the relations

(Pry=a(l/v/(15))t,

(Pa)=—(1//5)t?,

(Ps)=—3a(1/+/ 35N,
obtained from

Pr="[4r/(2L+1) ]2V L,
and from the Byers-Fenster? relations

(YVoE)=npote”, L even,

<Y()L>=0WLLotol’, L Odd ,
with

. PL
o= (YDAt Y.

-1 0

In Ref. 2 of their paper, Lee and Yang noted that if
the azimuthal distribution is also studied, more in-
equalities can be derived. These inequalities are precisely
the positivity conditions derived in the present paper
for complete density matrices.

Finally, let us make a remark on the use of the Lee
and Yang inequalities. Generally one considers the test
functions T'j» whose average over the angular distribu-
tion must be less than 1. The great advantage of these
test functions is that they can be used without any
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knowledge of the asymmetry parameter . However,
when this asymmetry parameter is known (it is the
case for E hyperons) it is more interesting to consider
directly the positivity condition I;»>0 which give
more information than the conditions on the test func-
tions (Tim)<1.

For instance, an analysis of the decay of 182 E~
has given?

az=0.44=0.11,

(T33)=1.050.33.

This result does not rule out j=% with a significant
probability (129,). Now, it we suppose that the major
contribution to (Tjn) arises from (P;) and if we use
the less favorable value of az (ez=0.44+4(2.5X0.11)
=0.715) we obtain

Ig,}= —0.4740.33.

(We suppose that the statistical error is not modified.)
This value violates the condition Iy3>0 by 1.40
standard deviations. Thus, with this rough calculation
we eliminate j=2 with 849, probability, improving
the above result considerably.

C. An Application of Eberhard-Good Theorem

The determination of the spin of the & hyperons has
been an unsolved problem for a long time. The more
recent analyses of experimental data? favor con-
siderably the spin-} assignment, but they do not ex-
clude absolutely the possibility that the spin is §. In
this section we derive a result which can be of some
help in this respect. We consider the density matrix of
Z hyperons produced in the parity-conserving reaction

K~+p— K++E-. (6.16)

We suppose that we have chosen the axis of quantiza-
tion such that £,Z=0 for odd M [see Eq. (5.1)]. The
experimental data are as follows: At each production
angle the parameter 4! is non-null (its magnitude,
proportional to the vector polarization, depends on the
K~ momentum and on the production angle) and all
other parameters ¢y% (L>1) are compatible with zero.
We shall suppose that they are rigorously null.

One cannot draw any conclusion from these simple
facts. Indeed, £,%=0 for L>1 is a necessary condition
for the spin to be %, but we may have the case of a
higher spin (%, £, -+ -) which by accident has less than
the maximum possible complexity in its spin distribu-
tion. However, we have one more piece of information
on the spin state of the E’s produced at a fixed angle in

2% U, Nguyen-Khac, thesis, Ecole Polytechnique, Paris, 1964
(unpublished). We thank Dr. Louis Jauneau and Dr. Nguyen-
Khac for a discussion of the experimental data.

26 D, D. Carmony, G. M. Pjerrou, P. E. Schlein, W. E. Slater,
D. H. Stork, and H. K. Ticho, Phys. Rev. Letters 12, 432 (1964);
J. Button-Shafer and D. W. Merrill, University of California
Radiation Laboratory Report No. UCRL 11884, 1965 (un-
published).
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the reaction (6.16). We know that it is a statistical
mixture of 2 pure polarization states corresponding to
the 2 initial proton states. Thus we know, from the
Eberhard-Good theorem (Sec. III), that the density
matrix of the &’s must have rank 2. Now the density
matrix p(j) (for spin j) constructed with the single
parameter fo! is diagonal, the diagonal matrix elements
being [see (1.9), (1.10), and (A9b)]

p(7)"m= (27417 H{1+(=)Bte'm[F(G+ 1T} . (6.17)

From this form of the matrix elements, it is obvious
that, whatever the value of !, we can have at most
one null diagonal matrix element. Consequently the
rank of the matrix p(j) reduces at most from 2541
to 24. Thus if the rank of p(7) has to be 2, the dimension
of the matrix is at most 2 or 3; i.e., the spin is } or 1.
Since in our case we have to decide between half-integer
spins, we eliminate the spin 1 and we remain with the
sole possibility that j=%. This result can be stated?”:

If the polarization of the Y* particles produced in the
parity-conserving reaction

K=+p— Y*+x(K)

is described by the parameter ty' alone, then the spin of the
Y*is %,

Direct application of this result to & hyperons is
somewhat difficult, for the experimental parameters
tyn“(L>1) are not rigorously null. However, if we sup-
pose 7>13, the requirement that the rank of the density
matrix should be 2 imposes very strong conditions on
the multipole parameters. These conditions were
derived for j=% in Eq. (6.11).

The present result is an illustration of the last remark
of Sec. V, namely, when an n-dimensional matrix is
defined by only a few parameters (the others being
null) its rank cannot always take any arbitrary value.
This can be understood in another way. An #-dimen-
sional density matrix is defined by #?—1 real parame-
ters. Suppose that ¢ of these parameters are null
(i.e., the density matrix is defined by p=(n2—1)—¢q
parameters) and that we ask that the matrix should
have rank » (i.e., —r proper values are null); then we
have g4+#n—r relations between 7n?—1 quantities. If
g+n—r>n*—1ie., if

n—r—p>0,

the system is impossible unless some of the n—r rela-
tions are equivalent. Moreover, the parameters must
of course satisfy the conditions prescribed by the
positivity requirement.

Let us consider another illustration of these facts.
We consider again the density matrix of ¥* produced
in the reaction

K—+p— V¥4,
21 A similar result has been given by M. Peshkin, Phys. Rev.

129, 1864 (1963); however, his derivation is much more laborious
than ours.
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Let us suppose that for a given production angle the
density matrix of the ¥* is completely defined by the
real parameter f? and the complex parameter f,?
(p=3), i.e., the particle has only quadrupole polariza-
tion. The Eberhard-Good theorem provides n—r
relations (r=2) between the three real quantities
1%, Rety?, and Imt?. If we suppose j=% (n=4), then
n—r—p=—1 (<0), and the system is not completely
determined. The two relations between the parameters
are given by the set (6.11). It is easily seen that in this
case both relations are identical and give

5(t%)24-10] 422 2—1=0.
This is compatible with the positivity condition
5(t?)2410] 22— 350.

If we suppose j=% (n=6), then n—r—p=1 (>0).
The system is thus impossible unless some of the four
Eberhard-Good relations are equivalent. Working out
the calculation one shows that the former is effectively
the case. The Eberhard-Good theorem provides only
two relations between the parameters #? and |f?|,
but these nonlinear relations have no real solution.
Consequently, the hypothesis j=% has to be rejected,
and by the same reasoning all higher spins are elimi-
nated. This result can be stated:

If the particle Y* produced in the parity-conserving
two-body reaction
K~+p— V¥4r

has only L=2 tensorial polarization, then the spin of
V* is § and we have the relation

5(462)24+10] 1,2 2—1=0

between the parameters.

VII. CONCLUSIONS

The purpose of the present work was twofold. On the
one hand we have shown that besides the well-known
condition Trp?<1, the positive-definiteness imposes
further conditions on the density matrix and on its
multipole parameters. On the other hand, we have seen
that in some physical situations, the Eberhard-Good
theorem imposes strong relations between the elements
of the density matrix.

Both sets of conditions may be of some help in the
problem of determining the spin of the resonant states
and in the study of production or formation processes.

For instance, we have shown how the Eberhard-
Good theorem can be used to study reactions of the
type P+B— B*+P or P4+B— B*¥— P+ B, and to
determine the spin of = hyperons. As for the positivity
conditions, they can be very useful to remove the
ambiguities which remain in the determination of spin
by the method of Byers and Fenster. For instance, in
his review article,® Tripp points out that, after an
extensive study, the possibility j=$ for ¥* (1385) was
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ruled out by the inequality ¢;>0 (Trp?<1). Had the
complete set of positivity conditions (cs>0, ¢;2>0,
€420, ¢320, ¢,>0) been used, the possibility j=3%
would no doubt have been excluded earlier.
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APPENDIX A
1. 3-j Symbols
The 3-j symbol is defined by the relation

(fl Jo f)
my Mg M

= (=)= (2 5+ 1)7V2(fuma joms | fijaj—m) (A1)

where (jimijome| j1j2j—m) is the Clebsch-Gordan
coefficient of Condon and Shortley. The 3-7 symbols are
invariant under any even permutation of the columns.
For any odd permutation we have

<j2 J1 j>=(_)j1+j2+f(j1 7 j)- (A2)

e M1 M mi1 me m

Another property of 3-7 symbols is

( i g f>=(_)h+j2+j<fl o ) (A3)

—my —iMmy —Mm my Mg

Wigner has introduced the very convenient concept of
covariant and contravariant 3-7 symbols. The metric
tensor which allows one to raise and lower the magnetic-
quantum-number indices is

C™™ = (=)""0mm

C(j)mm’ = (" )H—mamy—m’ )
and we have

i Jr om N2 )
(55 (2 4 1)
mi my ] my me W

=(_)j_m<]'1 Ja ]'>. (A5)

miy me —Mm

(A4)

Throughout the paper we adopt the convention that
the repeated magnetic quantum number indices are to
be summed over (m=—7j, —j+1, ---, +7). Summa-
tions over j when they occur are always indicated,
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From (AS) one easily deduces the property
T TR ) my me M
(520"
m1 me m Jv 72 7

The orthogonality of Clebsch-Gordan coefficients leads
to the relations

1o Ja FN\[/m1 me w
< )( >=(2j+1)_lajj'6mm’: (A7)

my me m/\j1 jo §

z<2j+1>(]‘ 7 ])(mf " "f)
7 my me wm/ \J1 Je 7
(A8)

= Omym’ 1Omam’s -

Finally, we give the values of some special 3-5 symbols

(f J
m —m

o
<] ! )=<—>f—Mm[<zj+1>j<j+1>J—w. (A9b)

m —m O

O\ ymaj 1y
O)—( (i), o

2. 6-j Symbols
Definition (Edmonds 6.2.3):

{ﬁ J2 ]3] <]1 Jo s )(ml M2 ls)
Lo by s my my m3/\ J1 ly w3
i ome ws\fm L ms
X . ) ) ) . (A10)
wm J2 W/ Nh o ope g
The 6-j symbols are invariant under any permutation

of the columns, and they are invariant under the
following operation:

{jl Iy la} []1 Je ]3}
L J2 73 A
Due to the orthogonality properties of 3-j symbols the

following formulas are equivalent to the definition
(A10)

{]'1 Ja ja](ﬂh Mo 1”3) <m1 e l3>
o by LINjL J2 s 1ol
me uz  l\/ms p1 b

X( . )( . > (A12)
J2 I3 p Js Ii pe

. j1 jz js my me2 M3
(L it | )
73 L b I Ji J2 78

(j3 b H2> (Wh M2 ls)(mz M3 l1)
ms w b \ji b ow/\j b ow/’

(A11)
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or
(m1 Mo ls)(mz u3 ll)
N LAY
(g1 J2 gs)f/m1 me §
=Z(2js+1)(—)““’2‘“*[1 2 ]}( S ]3)
s L by I3 \j1  ja ms
ms pe b
X( . ), (A13)
Js b om
Ji Je ]3}

=3 (2454+1)(— 11—12+m3{
%(]3 )(—=) L oL

Ji 7 Ja\/ms ue
X .
w1 mg M3 VE ls

Finally, we give the value of a special 6-j symbol,

:i) . (Al4)

{j1 J2 73
0 ja J2

} = ()AL (2 1) 2k 1) T,
(A15)

3. Properties of the Matrices D (R)

DO (R =[DD(R)"p 11 =[DP(R) " ]t

=DOR)™,*, (A16)

D@P[R(@By)]"w=emdD (@)mwe™ .  (A1T)

The matrix elements d@(8)™, are real and have the
properties

AP (=B) " =dD(B) ", (A18)
AD ()™ = (—)"=™dD(B)™ 1y
= (=) A B s (AL9)
thus
DD(R)™p*=(—)""DD(R)™ ... (A20)

4. Reduction of a Product of Representations

Edmonds (4.3.2) gives the formula

. ) Ji g2 L
DGR DRy = 3 (2L+1) )
LM M m n M
S
XD(L)(R)M/M*(jl .72 ),
m n M
which can be transformed into
D(h)(R)mm,D(jz)(R)nn,
m n L
-5 ewnes(” ")
LM\ M J1 Je M
Choq M
XDOR) ), 2
m' n L
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or
’ ’ L
( )D(il)(R)mm,D(jz)(R)nn,
1 jo M
m
=< >D<L>(R)M’M. (A22)
g1 e M’

APPENDIX B

In this Appendix®® we derive compact expressions
for the traces s; directly by computing the trace of a
product of & Ty %s. From the definition,

J
) @

n

L
<TML)mn=<—)2f<zj+1>”2(M

and formula (A14), we obtain the very useful relation

(T Tary )= 2+ 1)1 20 (27 +1)(— )+
J

Ly Ly Jy/L1 L, J
P

)(Tﬂ)mn. (B2)
My My —u

i g J

By successive application of this formula one can

transform any product of 7's” into a sum. Since we
know the trace of 7T,/

Tr(Tu")=(25+1)8 70840, (B3)

it is possible to calculate the trace of any product of

T u*. For instance, by taking the trace of both sides of
(B2) and using (A9a), (B3), and (A15), we obtain

2741
Tr(TMlLlTMzLZ) = (—)Ml 15L1L25M1.—M2 . (B4)
1

Similarly, to compute the trace of a product of three
TuPs, we first transform

Tr(Tae™ Tars™ T ary™) = 25+ 1)12 20 (2741)(=)***
J

Li Ly J1/Li L T
><{. N Ve T
J o7 JI\My My —p

then we use (B4) and obtain
TR ar Tt T 9= (= 1)

L1 L2 La Ll L2 L3
x [ A }( ) . (B5)
J o7 jI\My My M,
28 Results similar to those of Sec. II and of this Appendix are

given by M. C. Marinov, Moscow, 1965, unpublished report.
We thank Dr. Marinov for sending us a copy of his work.
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By the same procedure (first reducing with (B2), then using previous results) we obtain

L Ly J
Tr(TMlLlTMZLzTMaLaTMf‘*)=(2j+1)2Z(ZJ+1)(—)’[ . }
J

J 7 7
(Ly Ly Jy/u Ly Lo\/J Ls L4
S J{ ). @0
J 7 N My My/\u Ms; M,
. Li I, J
Tr(T a0, X1 T ars X2 T ar5 ™ T ag 4T ap28) = (254+1)5/2(— )27 3 (—)“‘"'(2]—!—1)(2]’—}—1){ o }
JI! J 7 7

Ly Ly NV (J J LyysLi Ly w\/ Ly Ly u\/J J Ly
<GS e e N e 2 )
o7 by g gI\My M. J/I\Ms My J/\u u Ms
With these formulas one easily obtains the traces s;
s2= 27+ 1)1 X (2L+1) ™ (3, (B8)
LM

. Ly Ly L3 Ly Ly Ljg
o= (22 X <zL1+1><2L2+1><2L3+1>tM1L1zM2Lz¢M3Ls{. _ }( ) (B9)
Litaly g3 3N My My

4 Li Lo JYy(Ls Ly J
=) T H{(ZL,-+1>tM,-Li}z<—>-'<zf+1>{ P H s }
Lidt =1 7 i Adlyogi

Ll L2 M L3 L4 ]
(e 1), o
My My J/\Ms M4 pun

Ly Lz J} {Lg L4 Jl]
i3 pli g g
J J’ L5 Ll Lz 14 L3 L4 }l., ] Jl L5
I o (A VP L
J o7 JI\My My, J/\Ms M, J/\u ' Ms
Owing to the rather impressive collection of indices to be summed over in these expressions, we cannot hope to

expand each formula and obtain full algebraic expressions for the traces si as functions of #3r. For practical use we
prefer the step-by-step method set forth in the text.

s5=(=)¥(2j+1)7 X f[ {(2LiA4-1)tar "} JZ,; (=) (274+1)(27'+1) {

Li,Mi i=1



