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A low-energy theorem is derived for the weak axial-vector vertex. The theorem enables one to calculate
from strong or electromagnetic processes the two leading terms in the expansion of the axial-vector vertex in
powers of the leptonic four-momentum transfer. Applications to weak pion production, K.s decay, and
radiative u capture are discussed. In particular, we express the radiative u-capture matrix element, up to and
including contributions linear in the leptonic four-momentum transfer and the photon four-momentum, in
terms of the elastic weak form factors and pion photoproduction amplitudes.

INTRODUCTION

T is well known! that the infrared divergent order £
term in the matrix element for the radiation of a
photon of four-momentum % in any process (the matrix
element of the electric current) can be expressed solely
in terms of the matrix element for the same process with
no current present. Low? has shown that current con-
servation enables one to calculate the electric-current
matrix element not only to order 27 but also to order
k" in terms of the process without the current. In the
present work, we derive analogous results for the matrix
elements of the axial-vector current. We express each
such matrix element in terms of the matrix element for
the process with no axial-vector current and the matrix
element of the divergence of the axial-vector current.
The relation is exact to orders 2~ and %°. Under the
assumption of a partially conserved axial-vector current
(PCAC),? we can relate the matrix element of the di-
vergence to the corresponding matrix element of the pion
source, which is physically measurable, apart from the
usual small off-mass-shell extrapolation.* Thus we
obtain an expression for the axial-vector matrix element
solely in terms of physically measurable quantities.
Clearly, this shows that the essential point in Low’s
derivation is not current conservation, but the fact that
the divergence of the current is independently measura-
ble. Results analogous to ours will hold for any current
whose divergence is known.

In Sec. I we state two simple lemmas and rederive
Low’s results from them. In Sec. II we derive the
analogous results for the strangeness-conserving weak
axial-vector current. We also show how these results
are modified when two currents are present, instead of
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only one. As an application, we treat in Sec. IIT the
following processes: Weak pion production, K.s decay,
and radiative p capture. In particular, we find in the
case of radiative u capture that when terms of order gk
and higher are neglected (¢=Ilepton four momentum
transfer, £=photon four-momentum), the matrix ele-
ment can be expressed solely in terms of the elastic
weak form factors and pion photoproduction ampli-
tudes. This means that structure effects linear in ¢ or
linear in & are determined, giving the leading corrections
to the radiative u capture matrix element previously
calculated by Manacher and Wolfenstein® and by
Opat.b

1. LOW’S RESULTS FOR THE ELECTRO-
MAGNETIC CURRENT

We consider the process ¢ — b+, where ¢ and b are
arbitrary hadron states. The matrix element for the
process is given by’

out(b7 l a)in =ie (2'"')46 @ (ﬁa" Pb'— k)

aNbEa*Ma 3 (1)

X ¥
(202 (2h) 2

where pa, pu, Na, and N, are, respectively, the total
four-momenta and the normalization factors of the par-
ticles in states @ and b, e, is the polarization of the
photon, and £ is its four-momentum. The quantity M,
is related to the matrix element of the electromagnetic
current J,®¥ by

NaNbMa=out<bljaEMla)in- (2)

Conservation of the electromagnetic current implies
that
kaMo=0. 3)

We state two simple mathematical lemmas from
which Low’s results are easily derived. [In the follow-

(1; 5%) K. Manacher and L. Wolfenstein, Phys. Rev. 116, 782

¢ G. I. Opat, Phys. Rev. 134, B428 (1964).

7 Four-vectors have an imaginary fourth component: p= (p,p1)
= (p,ipo) and p-g=p-q+psqs=p-q—pogo. The quantity p* is de-
fined by p*=p*, ps*¥=—ps*, where * denotes the ordinary com-
plex conjugate. The v matrices (v1, v2, vs, V4, ¥s=v1v2v3Yvs) are
all Hermitian, and satisfy yayg+7v8Ya=2048.
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Fi16. 1. The nonradiative process.

ing, O(k") denotes terms of the nth or higher degree in
k]

Lemma 1: Let M, be an arbitrary four-vector
function of arbitrary independent variables, which is
independent of the four-vector k4. Then koM =0 (k?)
implies that M, =0. Proof: Obvious.

Lemma 2: If koM o=0 and Mo=Ml+M1H-0(k),
where M, is independent of £ and where k,M,=0,
then Mo=M+O0(k). Proof: kol o=FkeM =0 implies
koM 1=0(k?), so by Lemma 1, M, 1=0.

Note that “independent of % is not the same as
“zeroth order in k.” For example, ko/p-k is zeroth order
in % but is not independent of 4.

We now apply the lemmas to the two cases con-
sidered by Low. First we discuss scattering of a charged
scalar particle from a neutral scalar particle (Fig. 1).
We denote the initial and final neutral-particle four-
momenta by 71 and 7s, and the corresponding charged-
particle four-momenta by p; and p.. Let T(s=py
rirbporry, 2= (ri—r)?, Ar=pl+M2, Ao=p2+M %)
be the transition amplitude for the nonradiative process
in Fig. 1. We have explicitly indicated the dependence
of T on the amount by which the external charged par-
ticles are off the mass shell, since the amplitude for the
process in which the photon is emitted from one of the
external charged particle lines involves the off-mass-
shell nonradiative amplitude. The physical nonradiative
amplitude is 7'(s,£,0,0).

The radiative amplitude gets contributions from two
types of terms: terms in which the photon is radiated
from an external charged particle line [Figs. 2(a) and
2(b) ; we call these terms M,*¢] and terms in which the
photon is radiated from an internal line [Fig. 2(c); we
call these terms M,™*]. The infrared divergent terms
come only from M,°t, while M, is finite at k=0. We
write

M4 (k) = Moint(0)+0 (). (4)

n ry

(b) . F16. 2. Contribu-
tions to the radiative

N r process.
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We can express M,**t in terms of 7,

Maext..— (2P2+k)a

—mT[S‘l‘fz'k, £, 0, (potk)*+M?]
2 2

(Zpl_k)a

T(s—ri-k, t, (p1—Rk)*+MPH 0 }————. (5
+T[s—n (pr—k) 1 ](?1—k)2+M12 ®)
We expand T with respect to %, giving
2po+k)a 2p1— k)
Maext=_(ﬁ_2__]‘[5,t,0’0]._ T[s,t,o’()]_(P—l)_
(2pat-h)-& (2pr—Fk)-k
o « a
+(—-¢rp2 2'k+£1—r1-k)——T[s,t,0,0]
128 k P1: k ads
i}
+2P2a'—'T[S,t,0,A2]
04, Ag=0
]
+2P1¢—T[S,5,A1,0] +O(k) . (6)
04, A=0

We are now able to rewrite M, in the form required by
Lemma 2,

Mao=M >+ Maimt=MJI+M+0k),  (7)

2pr+H)a 21— H)a
Mi= LL?——T[S,):,O,O]— TTs, t,0,0]g—l-—)
(2path) -k @ps=k)-k
+( Doa ro- k+£1f—r1'k—7‘2a—7la)
Pz' k ?lk

(V]
X—T[S:txoyo:] ’ (73,)
as

9
MaII = (rga-i-rla)(;—T[s,t,0,0]
N

i)
+2p9—T[5,4,0,A2]
P2 94, [; 2

Ag=0

9
+2p1e—TLs,t,A1,0]
94, :

-+ Maint (0) .

A1=0

(7b)

From this we conclude that Mo= M, +O(%). In other
words, the terms in the radiative amplitude of order £°
as well as those of order £~ have been determined.
The procedure required by the lemmas may be re-
duced to a simple recipe: (1) Write down M <%, the sum
of the terms in which the photon is radiated from an
external charged particle line. (2) Drop all terms from
M,**t which are explicitly independent of %, giving a
truncated amplitude M,*¥. (3) Add to MY a AM,
independent of % so as tomake ko (M o=+ AM ) =0 (k?).
Then M.*¥+AM, is the M, required by the lemma.
Let us apply this recipe to the problem considered
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above. We have computed M, in Eq. (5). In the first
term let us expand 7" with respect to the off-mass-shell
variable but not with respect to the energy variable:

T[S+72 ) k, t: O) (P2+ k)2+M22]
= T[S-,—?’z : k: A 0: 0]+ [(P2+k)2+M22]

3
X {——T[s—l—rg-k, t,0, As]
oA

2

0+o<1e>] . ®

Ag=

The off-mass-shell derivative term in this expansion,
when substituted into Eq. (5), leads only to terms
which are either explicitly independent of & or are of
first order in k. These terms are dropped in forming the
truncated matrix element. We repeat this procedure for
the second term in Eq. (5). Thus the truncated matrix
element M, is

2 k)a
(—?iz—j-—>—T[s+72-k, £,0,0]
2pat-k)- %
(2;91— k)a

—T[s—r1-k, 0, O]m—k—l—O(k) ()]

Ma ext! —

The divergence of Mt is
kaMant"'—: T[s+r2' k, t, O, 0]
—T[s—r1-k, t,0,0]+0(F)

a
= (7’2' k+7’1 . k);—T[S,t,0,0:H‘O (kz) . (10)
s
Hence, AM, is determined to be
a
AM = — (72+71)a:9"T[S’t70,O] . (11)
s

Clearly, M,*¥+AM, is identical with the M. of
Eq. (7a) to order k.

As a second illustration of the procedure, we consider
the case when the charged particles have spin %. This is
the simplest photon analog of the axial-vector case,
since the axial-vector vertex cannot couple to a spin-
zero particle line. As we shall see, the only difference
from the preceding case is due to slight complications
caused by spin.

We start by writing down M ,°*¢,

M= (9] i) ———

«t=1 Yot i——0apkg)—————

i AT oy ST

XTI:S+72'k: t, O’ (p2+ k>2+M22]
+T[S—7’1'k, t, (Pl—k)2+M12; 0]
1
v (

y- (Pl—‘k)‘l-Ml\

]%(Pl)-
(12)

"
i’ya—l-i ﬂ'a,skﬂ)
M

1
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Let us discuss the first term of Eq. (12). Because the
final fermion is off its massshell, T[s+72-%, ¢, 0, (p2+%)?
+M+*] contains terms which give a vanishing contri-
bution as £ — 0 when multiplied on the left by a spinor
%(ps). These terms are not physically measurable in the
nonradiative process. It is therefore convenient to
write 7" in the form
T(s+r2-k, 8,0, (patk)*+Mo"]
__’5"/' (pot-R)+W
2w
=iy (pat-k)+W
+__—__.._~_._._

2w

TN[s+r2k, 1, 0, (pot-k)+M 4]

TP[s+rsk, ¢, 0,
X (potR)H-ME], (13)

where W denotes [— (p2+%)*]/2. The term TP[s,£,0,0]
is the amplitude measured in the nonradiative process.
We rearrange Eq. (13) in the form

T[S'l‘fz'k, t) 0; (?2+k)2+M22]
= TP[S+72'k; A Oa 0]+[1‘7 (P2+k)+M2]

i)
X{[—i"/' (P2+k)+M2 f—
04,

XTP[s+re-k, t,0, Ag] +0(k)
Ag=0
1 iy (pot-h)—M,
N
2W WM,
X{TV[s+re-k, ¢, 0, (pot-k)>+M ]

—TP[s+rek,t, 0, (p2+k)2+M22]}} . (14)

When substituted back into Eq. (12), the term in bold-
face brackets in Eq. (14) leads to terms either independ-
ent of & or of first order in k. Strictly speaking, we
should have included in Eq. (12) the negative-frequency
terms in the photon-spin-3-off-mass-shell spin-% vertex.
By the same argument, these terms do not contribute
to the truncated matrix element. Hence, the truncated
matrix element is

u
Moo= =1(pe) { (i'Ya'Jf"iﬁ‘l‘“Uaﬂkﬁ)

2

X——————TP[s+r:-k,¢0,0]
iy (pat-B)+ M, ’

+TP(s—r1-k ¢t 0,0} —————
iy (pr—k)+M,

X(iva-l-iﬁmxﬂkﬂ)}u(h)—l-o(k), (15)

1
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which involves only the physically measurable matrix
element. Using the identities

A(po)iy - b—————=1(ps),
iy kR)+M
vy ([’2"‘ )Mo (16)
iy - ku(pr)=—u(py),
PR TAL
we can calculate kM ,**,
kaMaexvz12(?2){TP[:3+7’2'k, t, 0, 0]
'—‘TP[S—fl-k, t; 0; 0]}%(P1)+0(k2) . (17)

The expression between the spinors is identical to
Eq. (10) in the spin-zero case. Therefore, AM, is

0
AMG: - (1’2—|_71)0ﬂZ (?Q:TPES;!)O:OJM (Pl) ) (18)
3s
and M1 is M ¥+ AM,. This is Low’s result.

II. AXTIAL-VECTOR CURRENT

We now consider the matrix element of the strange-
ness-conserving weak axial-vector current J,47 between
hadron states @ and b,

NaNbMaj= out(b]]aAj]‘I')in- (19)

The superscript 7 is an isotopic spin index (j=1,2,3).
We no longer have the equation k.M ,/=0, since the
axial-vector current is not conserved. Let D/ be the
matrix element of the divergence of the axial-vector
current,

NoNyDi= NN pkaM 7= o4t (| —10aS a®7| @)in. (20)

Here, as in Section I, k= po— ps. The PCAC hypothesis
relates matrix elements of the divergence of the axial-
vector current to matrix elements of the pion source,

) Myga ms? )
out<b [ anaA]I a)in= out(b [ ]1r‘1l a’)in )
g-(0) k+ms?

where My and m, are the nucleon and pion masses,
J.? is the pion source, ga=g4(0)~1.18 is the weak
axial-vector coupling constant, and g.(0) is the off-
mass-shell pion-nucleon coupling constant. The [ physi-
cal coupling constant is g.=g,(—m.?); g2/4r=~14.6.]
We wish to emphasize that the PCAC hypothesis
allows one to measure D7 in purely strong interaction
experiments.

Since the axial-vector current is not conserved, we
will need a slightly modified version of Lemma 2:

Lemma 2': If kMi=Di and M= M+ M,™
+O0(k), where M, is independent of %2 and where
keM o= Di4-0 (k?), then M 7= M ,/"+0O (k). This lemma
leads to a modification of the recipe stated in Sec. I:
(1) Write down M,/ ¢, the sum of terms in which the

(21)
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axial-vector current is coupled to external particle lines.
(2) Drop all terms from M7 et which are explicitly in-
dependent of %, giving a truncated amplitude M7 ¥,
(3) Add to M7 =¥ a AM,’ independent of & so as to
make ko(Mof Y +AM ) =D'+O0(k?). Then M7 et
+AM 7 is the M,! required by the lemma. We actually
will not omit @/l terms of order %, but will consistently
retain terms of order £ which explicitly contain a pion
propagator.

As an illustration of the recipe, we will consider the
problem analogous to the second example in Sec. I,
scattering of a spin-zero particle from a spin-} particle
(which we will take to be a nucleon) with an additional
coupling of the spin-} particle to the axial-vector
current. The answer will involve the corresponding
matrix element, in which the axial-vector current is re-
placed by the pion source. We write the pion-emission
matrix element in the form

ij—: out(bljwjl a>in (NaNb>—1
=a(p2) {igr(B) riys—
’ iy (pat-B)+ My
XTP[s+7rs-k, t,0,0]+TP[s—r1-k, ¢t 0,0]

i ()i iT(0)
v (=B My

9 _
+ikx—T+7 ()
ok

A

+o<k2>}u<p1>. 22)

k

We have explicitly exhibited the Born terms in the form
given by dispersion theory, where residues are evaluated
at the Born pole and so no nucleon-off-mass-shell terms
are present. The way we write the Born terms serves as
the definition of the non-Born part 7',9(k).

We are now ready to write down M7 et

7 1

Mo == (ps) {iga () Yavs— —
2 'i‘Y‘ (P2+k)+MN

XT[s+rak, 1,0, (pot-k)+Mu*]
+ T[s'—rl' k, t, (Pl—k>2+MN2; O:l
1 7

X——————iga (B)vays—
- (?1—k)+MN1gA( )Y, 752 u(p1)

Myga }
M.
g:+(0) B+m,?

The term in brackets in Eq. (23) is the direct coupling
of the axial-vector current to the external nucleon lines.
The term proportional to M .7 comes from the diagrams
shown in Fig. 3; although this term is formally of first
order in %, it can be important because of the small
mass of the pion.

(23)
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As we have seen in Sec. I, the truncated matrix Ny o
element is obtained by dropping the negative frequency //O\ /\()'\'\
part of 7" and by neglecting off-mass-shell terms. This Fic. 3. Pion pole | !
gives contributions to the X X

axial-vector current
i 1 matrix element. The
M. iext' =g ; - axial-vector coupling < _
* (pe) | iga (B)vavs 2 iy (patk)+My is denoted by X. S
XTP[s+rsk, t,0,0]+TP[s—r1-k, ¢ 0,0] /(i\

e

X—————————iga(F)vays—u(p1) (M7 &V 4+ AM ,7) = Di, with
iy (pr—k)+My 2 ( )

Myga

2-(0) B+m,?

Myga  ms
) = —

; Di= ——U(Ps
M0 (24) o0 B2

Using the identities . )
X 118, (0)Tiys—

. iy (part )+ M
u(?2)17~k’)'51’_—‘—-‘——7' (et Bty XTP[s47s-k, 1,0, 0]+ TP[s—r1-%, 1,0, 0]
1
1 . . P
=4 — - X ———————ig,(0) r7ys+iT.7(0)
u(?z)l: Y5t ZMN‘Ybi'y- (P2+k)+MN:| ) iy (Pl_ k)_I_MN
(23) )
. il TIB)| 0 |utp). (1)
iy -k
TR TALAS e
1 Comparing Eqgs. (26) and (27), we see that k,AM 7
= l:— st M N»ya:lu (), must satisfy
iy (pr—h)+My
i 1,4 .
we can calculate koM o7 ', BlMT=11(p2) { sgar’ysT Lstraky 1,0, 0]
. Mnga
. i —|—TP[S‘—7’1'k, t} O: OJ%gAT]75+
ko o ext'=a(m){ —3gariysTP[s+7r2-k, 1,0, 0] g(0)
_ 9 _
5= rky 1,0, 0 garive X[ 70+ rw| o )ut
MNgAm,,2‘ ) 1 ' - (28a)
Ty
k2+m1r2 5i’)’ . (P2+k)+MN =’IZ(P2) {%gATj’YaTPDJ,O:O]
XTP[s+ry-k, 8,0, 0]+ TP s—r1-k,¢,0,0] - Mnwga_
) 00 sart 7./0 up)
. &r
x- e +0( u(p
iy (pr—k)+My ’ 1 9
+kaa (P2) {7’2a%gAT]'Y5—'TPI:S;t)O;O:|
Myga R _ d as
- ———(p2) { T2(0)+kr— a .
2-(0) B+m, ok —a—TP [5,4,0,0 Bgariysria
s
5 ; \
KRAB]_jrow]ue)- 00 | Jutro. s
—T u .
£+(0) Oke k=0 )

In deriving Eq. (26), we have combined the Born terms

in M.’ with the divergence of the first term in Eq. (24),  As the reader has undoubtedly noted, the nucleon prop-
fmd have expanded the form factors g4 (k%) and g-(k%) agator terms have exactly cancelled between Eq. (26)
in powers of k% and Eq. (27), and so do not appear in Eq. (28a). In the

We determine AM,/ by the requirement that term involving 7,7, the pion propagator has dropped
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out altogether, since
k? Ma?
=1,

-+ =
Btm? Btm?

(29)

In going from Eq. (28a) to Eq. (28b), we have simply
expanded in powers of £ and collected together the
terms of zeroth, first, and second order in %.

Since k.AM 7 is of first order in %, the zeroth-order
terms on the right-hand side of Eq. (28b) must vanish
identically. This gives

_ 0
a(p2)T,f(0)u(p1)=—a(p2){

£-(0)

2M y

Tj75TP[s:l)070]

£-(0)

2Mx

+T7[5,£,0,0] Tj’Ya]%(Pl)- (30)

This formula, which has been obtained previously,?
expresses the matrix element for the emission of a zero
four-momentum pion in terms of the matrix element of
the process without the pion. Equation (30) can be used
to eliminate 7,7(0) from the term proportional to M,
in Eq. (24). Comparing the terms of first order in %, we
find

i)
AMaj:: ﬁ(?Z) rZa%gATj'YE_“TPESytyOaO]
ds

9
——TP[S,l,O,Oj%gATj’me

as

Myga 0 _ )
._._’177‘_J(k)
2:(0) Oke

Adding this expression to the M7 = of Eq. (24) gives
the analog of Low’s result for the axial-vector case.

A similar method can be applied to the case in which
more than one current is acting. As an example, we
consider the matrix element®

+

}uw. (31)

k=0

Mal= / @'y €'Y oui(b| T ()T o (y) ] @)in.  (32)

Calculating koM 447, we get

an,,.,"=/d4yeiq'” <b
out

=/d4ye“'” out{d | — 8 (xo—v0)[J 42(x) T« ()] | @)in

aJ
T AT ()] >
axa i in

+/d4ye"‘1"f out{0| —1T[da (%) o (3) ]| @)in-
(32b)

8Y. Nambu and D. Lurié, Phys. Rev. 125, 1429 (1962);
S. L. Adler, ¢bid. 139, B1638 (1965).

9In Eq. (32) we have neglected “seagull” terms, which will be
included in the calculations of Sec. III.
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The only difference from the case treated above is that
the divergence, in addition to having the term with a
pion vertex substituted for the axial-vector vertex, also
contains an equal-time commutator term. Following
the procedure of this section, we can determine M7,
apart from terms of order % and higher. If the divergence
of J, is also known, we can apply the technique a second
time, determining terms of order £ which are independ-
ent of ¢. This leaves an error which only involves terms
of order gk and higher.l® We will consider such a case in
the next section, when we discuss radiative u capture.

III. APPLICATIONS

In this section we apply the results of the previous
section to several concrete examples. We consider first
single-pion production from a nucleon by the axial-
vector current. As an illustration of the use of our
method in the strangeness-changing case, we discuss
K¢s decay. We finally discuss the process of radiative
u capture on a proton, an example in which two currents
are present.

1. Weak Pion Production

We consider the process
v(ky)+N (p1) — L(k)+N (p2)+7(9)

where the four-momentum of each particle is indicated
in parentheses. Let M, be the axial-vector matrix
element for this process, as defined in Eq. (19), with

la>in= |N(171)> )
out(bl =out<N(P2)7rn(Q)| )
k=ki—k,=p1— (p2+9).

In this case, T%[s,,0,0] is the pion-nucleon vertex
igryst™, which has no s dependence. Hence the 9/ds
terms in Eq. (31) vanish. Clearly M,*, the matrix
element with the pion source substituted for the axial-
vector current, is just the amplitude for pion-nucleon
scattering. We find

33)

(34)

T 1
M r e =g (p ){ig ()Y uys— ———
"1 "2 iy (pot k) My

1
Xigrysrigeysr——————
iv- (pr—hk)+Mx

o
Xiga(#)vars|u(p)
M N§A ika
gr(0) B+ms
10 This method has been applied to the case when only vector

currents are present by G. K. Manacher, thesis, Carnegie Institute
of Technology Report NYO 9284, 1961 (unpublished).

M7, (35a)
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1
Moin=a(ps) | ig:(R)7iys:

1g7YsT™
iy (potk)+My i

Figrysr'———————ig. (k) 7iys
iy (pr—k)+Mn

_ 9 _
HITP Qb T 0| +0) u(p.
(35b)
From Eq. (30), we find that

4 (p2)iT v (0)u(py)

+(0)
= —1i(ps) {iM

TJ'Y5'£gr'Y57'n
N

g(0)
+igr75rn2MNrm}u(po

¢-(0)

~a(pa | aw}u(po (36)

From Eq. (31), we have

Mng
AMajn_
g-(0)

From the usual expression for the pion-nucleon scatter-
ing amplitude,”! we find (remembering that —% is the
incoming pion four-momentum),

“a(po) (aTT (k)

k=0]u(p1>. (37)

J _
73 2 _ijn
“("’){ak,, @®

futp

k=0

. k- (p1t+p2)
#107”(?2) {[ <+>( WMy

q-k - .
yp=—— k2>—i-y-kB"N<+> (V,VB,kZ)]aM
2M y

H[ =A™ O (5,05, k) — iy kBN O (4,05, 12) ]

X %[T"ﬂ"]} w(p1) | k=0

QAN +)

VB

Ga ] ,
gnd
y=vB=k2=02MN

(P1+P2)a
My

AN
l: oy

y=yp=k?=0

+iv BN

Jpormeafuton. e

y=yp=k?=0

11 G, F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu,
Phys. Rev, 106, 1337 (1957). Note that, according to Eq. (34),
—k is the ingoing pion four-momentum.
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Other derivative terms vanish at »=0 because of the
well-known'!) crossing properties of 4A7¥ and B™Y,

A™NE (—p, - )= AVD (p, -..),
B™®E (—yp, -« )=FB VB (y, --.),

Since —k&? is the (mass)? of the initial pion, Eq. (38)
involves the pion-nucleon scattering amplitude ex-
trapolated slightly off mass shell. Note that Eq. (36)
is just the consistency condition on wV scattering,?

. _ 2&:(0)

y=vp=k?=0 MN

Equations (35), (37), and (38) give the two leading
terms in an expansion of M, in powers of %,

M in=M i =+ AM o n+-0 (k). (41)

Alternatively, we can use the analog of Eq. (30) to
find the leading term in an expansion in powers of ¢
(the soft pion limit). In this case, one would take TP in
Eq. (30) to be the axial-vector vertex. There will be an
additional term in Eq. (30) arising from the equal-time
commutator of the two axial-vector currents involved.
Assuming the commutation relations postulated by
Gell-Mann,*® we find!

(39)

(40)

M n=M n o= AMv'+0(q), (42)
with
0 u” (prtpade
AM Jn'—'lg—(-—)%( 2){ (pl p2)
N g4 2MN
o 1 #V
tin] g |1t
84 84
W=3.70. (43)

Clearly, at the point ¢=k=0 we must have AM,"
=AM,™. At this point p;=p, and thus 7y, and
(p1+p2)a/ (2M ) are equal between spinors. Hence,
consistency between Eq. (42) and Eq. (41) demands

. 1 ZMZNI:GA N (=)
£-(0)?

which is the sum rule for the axial-vector coupling
constant.!®

2§, L. Adler, Phys. Rev. 137, B1022 (1965).

18 M. Gell-Mann, Physics 1, 63 (1964).

“Y. Nambu and E. Shrauner, Phys. Rev. 128, 862 (1962);
S. L. Adler (to bepublished) ; G. Furlan, R. Jengo, and E. Remiddi,
Nuovo Cimento 44, 427 (1966) The dlhgent reader will actually
find that in Eq. (42), and also in Eq. (45), we have dropped certain
terms proportional to k. which are not singular at k2= —m,?2. These
terms are, of course, determined by our procedure, but they are
numerically insignificant in weak pion production because ko,
contracted with the lepton current, becomes proportional to the
lepton mass. We have also in Eq. (45) neglected a very small
extra term, proportional to 7/, which appearsin Eq. (41) when the
pion four-momentum gq is taken off mass shell [see W. I. Weis-
berger, Phys. Rev. 14§ 1302 (1966), Eq. (II.11a)7].

BwW. I. Welsberger, Phys. Rev. Letters 14 1047 (1965);
S. L. Adler, Phys. Rev. Letters 14, 1051 (1965).

+B™ <—>] (44)

gA2 v y=pg=k*=q?=0
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Comparing Eqs. (43) and (38), we may determine
the terms linear in either ¢ or k. Our final result is then

Main= M o AM " +0(gh,s k), (45)
with
MNgA aA_- N (+) Qo
&r (0) Jdvg v=v3=k2=q2_—_02MN
+[g,(0)2(1_ v ) (prtp2)e
ZMZN gA2 ZMN
9+

_ T v gr(0)* ioapks

2]l[N y=yp=k*=q?=0 2JllzN 2Zl[l\/'

x@—imiﬂ%mﬂ%@a(%>

g4 g4?

Unfortunately, it is doubtful if Eq. (46) will be of
practical use, since there is a strong final-state inter-
action leading to the (3,3) resonance, which is located
only one pion mass away from threshold in energy.
This makes it unlikely that & and ¢ will be good expan-
sion parameters. However, we will use the same method
of comparing expansions in ¢ and %k in dealing with
radiative u capture, where the final-state interaction is
negligible and so the expansion may be physically
interesting.

2. K, Decay
Here we consider the process
K+(kt) = ot (pt) -+ (p)+elko)+v(k,). (47)

Again the four-momentum of each particle is indicated
in parentheses. Let the four-momentum carried away
by the lepton pair be &,

botby=k~. (48)

The most general form of the axial-vector contribution
to the decay matrix element is

Mo= ket 2pet2p )12 qui{mta—| T4 28="1| Kt)
1 (49)
=_[FI(P++P_)01+F2(p+_?_)a+F3ka—]-
mg

The form factors F are functions of the arguments
x=(pt+p7) k=, y=(p*—p7) -k, and (k)2 We define
the matrix element for #ts~— K+K~ by writing

(2k0 ZPO 2 )1/2 7T+7r_ ’ R +>i
po out K n
2 71{[:[’)}7(‘3 ) ]'

Then if we assume PCAC in the strangeness-changing
case,!®
(51)

16 R. P. Feynman, in Symmetries in Elementary Particle Physics
(Academic Press Inc., New York, 1965), p. 158. The constant Cx

(50)

0eS ot A== Crmg’px,
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we find that

d
=Crx—Txx[x3,(k)"]

z=y=(k")%=0 X

_Fl

’

(52)

z=y=(k ") =0

3
=Cx—Txx[xy,(¥)"]

z=y=(k")?=0 y

_Fz

mr

z=y=(k")%=0

Hence, the K.s decay amplitudes at a point on the
boundary of the Dalitz plot are related to the 7K ampli-
tude, with one K meson off mass shell. In terms of the

conventional Mandelstam variables, the point
x=y=(k")*=01s
s=(pt+p7)'=—mz?,
t=(k~+pt)P=—m.’, (83)

w=(k~—p~)2=—m,t.

3. Radiative u Capture

In this subsection we discuss the process of radiative
u capture by a proton. This is an example of the situa-
tion, discussed briefly at the end of Sec. II, in which
more than one current is acting. Consider then

ﬂ_(ku)'i'P(Pl) - V(kV)+7(k)+”(P2) )
and let

(54)

g=ky—Fk, (55)

be the lepton four-momentum transfer. The matrix
element for this process is given by

G
Tzé - <1’L [Jo" lP)ﬂV'Ya(l'I"YB)
1 1

*u4,
(2ko)!/2

X——————ienex
T

+<WY|J0<W|P>7ZV'Y«1(1+’YE)”M , (56)

with e\ the polarization vector of the photon and G the
Fermi constant. The two contributions to T correspond,
respectively, to radiation by the muon (which is nega-
tively charged) and to radiation by the hadrons. The
matrix element (z|J,"|p) is given by

0p2 1/2
(1;1{? 0) (n]Ta" | p)

N

=1 (p2)[F1¥ ((g—F)*Yva—F2¥ ((g—k)*)oas(g— k)5
+g4((q— R )vavs—iha((g—k)*)ys(g—k)a]u(py) .
(57)

is given by Cx= (M n-+M r)ga2¥/¢ENA(0), with g4AN the A beta-

decay coupling constant and gEV4A the KNA coupling. For appli-

cations of partial conservation of the strangeness-conserving axial-

vector current to K.4 decays, see C. G. Callan and S. B. Treiman,

?1}1ys.)Rev. Letters 16, 153 (1966) and M. Suzuki, sbid. 16, 212
966).
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Here, F1V(t) and F."(§) are the isovector Dirac and
Pauli electromagnetic form factors [FiV(0)=1,
FV(0)=u"/(2Mxy)], ga(?) is the axial-vector form
factor, and %4(f) is the induced pseudoscalar form
factor. Applying PCAC to the one-nucleon vertex of
the axial-vector current, we find that %4(f) may be
written in the form

2M +/ 2:(0
hal)= vgalgr/g:( )]Jl 0,
t+ma2

(58a)

mage ()4 lgr

1
=~ 2Mnga()—2M yg4——— |,
0 t[ suO= 2 o) (t+mﬁ)] (58b)

r(0)~2Mnga'(0),

which explicitly exhibits the one-pion pole part and the
remainder 7 (2).
We write (ny|Ja"|p) in the following form:

(2kopropee/ M2 )2 {ny | Jo7 | p)=eex* M ra-

We wish to use our knowledge of the divergences of the
vector and axial-vector currents to calculate Mya, up to
and including terms linear in ¢ and in . In order to do
this, we have to know the quantities 2\M o and goM rq.
The first of these may be determined by conservation of
the electromagnetic current. When e* is replaced by
kx in Eq. (56), the resulting expression must vanish.
This tells us that

Moo= — (propao/ M23)2(n| T7 | p).

In order to calculate g.M ., we made use of our knowl-
edge of the divergences of the vector and the axial-
vector parts of the weak current,'”

JaW=JaV+JaA )
6,,].,"= ieAaJaV )
anaAz ieAaJaA_!_ (\/EMNmﬂ'ng/gT(O) )¢7r+ ’

where A, is the electromagnetic vector potential and
¢+ is the field which annihilates a positive pion. Equa-
tions (61b) follow from the assumption of minimal
electromagnetic coupling and from the divergence equa-
tions in the absence of electromagnetism. (The factor
V2 in the axial-vector equation comes from the defini-
tions of Jo4 and ¢p+: Jad=JaA—1Jx4? and o+
= (¢p.'—1ip.2)/V2.) Using Egs. (61b) to evaluate
(nv|8aJ4" | p), we find

Propao\ '/
f)\*QaM)\a = < )
M2

(59)

(60)

(61a)

(61b)

ea*X(n| L\ |p)

N

VZMyga Mt Propao\ /2
7 / 2k )
6 (0) ¢hm\ My
Xe_1<'”")’ |J7r+]?>~
17§, L. Adler, Phys. Rev. 139, B1638 (1965).

(62)
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From Egs. (60) and (62), we can deduce the gauge
condition satisfied by

L *T
( 0M2 (ny | T+ p)=eex*Tx 4.

N

(63)

Replacing ex* by &\ in Eq. (62), and multiplying

Eq. (60) by ¢a, we get
¢m,? /Plo?z

(q—F)Fm2\ M2y

! (64

u P2 H g q k u Pl .
(q___ k)2+7n 2

0 1/2
b Tye — ) 1T+18)

When ¢?= —m,?2, Eq. (64) becomes kzT +1=0, the usual
gauge condition for on-mass-shell pion photoproduction.

Before stating the results for radiative u capture, we
will discuss the significance of Egs. (60) and (62). A
more conventional way to proceed in calculating
kMo and goM . would be to contract the photon in
Eq. (59), giving

1/2
eM)\a=<me20> 'i/d“x e——ik~z(_ Dx)

N

X{n| TLAN()T" (0)]12)

(65)
(o
Xela TP 7 O] 9+
with
Sha= [ d*x e~ 73(2x0)
S (n[2dx (/3207 (O] 1), (66)

where we have assumed that 4, and J," commute at
equal times. The equal time commutator term Sye in
Eq. (65), sometimes called a “seagull” or ‘“cata-
strophic” term, describes the coupling of the weak and
electromagnetic currents at the same point (see Fig. 4).
It is a reflection of the extent to which 4y appears in
Jo7. Calculating k\M ., we now get

Plono)”2

N

x(n

/dxoe”m 20 (xo)

[[onenassonro]s)

12
n (sz?zo) S

N
\ L
’
’

k)\M)\az(

(67)

Fic. 4. A “seagull” diagram.
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The commutator of the currents is

3(xo)[J "™ (x),7a" (0)]
=—§®(x)J," (0)+[possible gradient terms

proportional to 9,6® (x)]. (68)

The first term in Eq. (68) is the one conjectured by
Gell-Mann®®; the possible presence of the gradient terms
was pointed out by Schwinger.!® We see that Eq. (60)
implies that the Schwinger terms exactly cancel the di-
vergence of the “seagull” terms. This cancellation has
been proved by Feynman in a Yang-Mills theory and
has been conjectured by him to be a general result.’® In
other words, when calculating the divergence of quanti-
ties like Mq, if one neglects both the “seagull” terms
and the Schwinger terms, one gets the right result. Note
that the “seagull” terms cannot be dropped when cal-
culating the matrix element M), itself.

In order to state our answer for radiative u capture,
we have to define the amplitudes for pion photoproduc-
tion with the pion off-mass-shell. This process is re-
lated by crossing symmetry to the matrix element
{ny|J++|p) in Eq. (62). We write the photoproduction
amplitude in the following form,?

ij?zo)”?
2k (N|J.|Ny
< iy )

1
— e X >[igr<q2> VL
P ey (et + My

ok )
(uS+u¥7%)
2M

N

x%i[mwrs)—

| oake
%¢[w(1+rs)—
2M

N

(#S+erﬁ):|

Xe———————ig, () 7y
iy (pr—Q)+My T

32—k
g (—mA [, s
(oAl :IAYE(q—/’a)LI-m”2

4
+Z1 OV, DL634TV L[ 74, I+ V,0%77]
. ¢ gr(—ma?)—g.(0)
—inlriat (14 ) o O+ ]
m

2 ma?

T

+<1+—m%)0(q2)}u(?)xlem (69)

18 J. Schwinger, Phys. Rev. Letters 3, 296 (1959) and Phys.
Rev. 130, 406 (1963).

Y R. P. Feynman (private communication).

% G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu,
Phys. Rev. 106, 1345 (1957). The amplitudes (V1,Vs, Vs, V) &0,
as defined in Eq. (69), are respectively double the corresponding
amplitudes (4,B,C,D)®" of CGLN. [The isospin matrix elements
in Eq. (69) are one-half those of CGLN.]
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where ¢; is the isospin wave function of the pion, X; and
X, are the nucleon isospinors, % is the ingoing photon
four-momentum, and ¢ is the outgoing pion four-
momentum. The isoscalar nucleon anomalous magnetic
moment has been denoted by wS[2M yF25(0)=pS
=—0.12]. The four-vectors O, which satisfy £2\0a=0,
are given by

On="3iys(yxy-k—v k1), m=1
On=1vs[ (pr+paag-k— (p1t+p2) k], n2=1

On=2s(vrg-k—v-kq\), 7=—1 (70)
On="s[vr(p1+p2) - k—7-k(prt+par]
—iMyys(vxy-k—v-kyy). na=1

The amplitudes V, are functions of the invariants
¢, k2, v, and vp, with

V=—k'(p1+ﬁ2)/2MN, VB=Q'k/2MN. (71)

The bar on top of the V, is a reminder that the Born
term has been separated off. The numbers 7, specify the
crossing properties® of the amplitudes V,

Vo 0 (—y, - Y=p, (1, DV,E O, 2). (72)

The terms explicitly proportional to (14¢*/m,?) in
Eq. (69) are necessary to satisfy Eq. (64), the gauge-
invariance requirement when the pion is off-mass-shell.
Since

gr(—ms")—g:(0) ms?

g/ (0)+ z—z"—gr"w),

(73)

Mx

the gauge-invariance term is numerically very small.
The matrix element {yn|J.+|p), which is the one
needed in Eq. (62), is obtained from Eq. (69) by the
replacements

1
1 3
1/’]'*'—)‘//]':72 =],
0J;
a— ar, (74)
qg——q,

k——Fk.

Since the final nucleon is a neutron and the initial one
is a proton, we have

() ()

We can now state the result for radiative u capture:

M)\a=M7\uN+M)\aRPD+M)«xPPP

(75)

2 k
+M)\uR+O(L ) 'q_-) . (76)

mR2 mRZ

The mass mz, which characterizes the terms neglected
in our calculation, will typically be several pion masses
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or greater in magnitude, since we have explicitly in-
cluded all pion propagator terms.* In Eq. (76), we have

MY =u(ps) ! Liga(g)vavst+ha(g?)vsga

+iF7 (@) ¥a—1F Y (¢V)oapqs]

1 a')\gkg
X '['YH-#” ]
iy (pa—q)+Mn 2M N
-
ZMNJVY c(pr++Mn
X[iga(@®)vavs+ha(d®)vsga
+iF1 (¢)Va—1F27 (¢®)oapgs] } u(py),
2M Nga a(pa)ysu(p1)
(0) ° (g—Ry+m?

(77)

M\ EPP=

_2q ”
X[ M +5xa+(4xka*‘9'k5>\a)5]’ (78)

@ma?

e
MroPPP=—iga———i(p2)
q2+m12

S
XI:‘Ymskz
2M

My
+—m€Zﬂ0m]M(Z’1) , (79)

v gl
MroF=i(p){—oar(u¥/2M x)
+2g4" (0)(qnYetkavr—dray - £)vs
—i7(0)ra¥s+2F1" (0) (qnYatFavr)
—2F3"" (0)(groapgs— kaorike)

+[Mnga/g:(0)JOx}u(pr), (80)

with
(81)

pr=179, ur=—191,

and with

AV, ©®
Ore= ‘Yaﬂske[

ka ,371<_)[ (prtp2)e
02My 9 o 2My :|
FivsL(prtpa)nka— (prtp2) - kora ]V |0
Fvslraka—r - Era] Vs o

+EoeraciyuV 4@ |o.

In Eq. (82), | o means evaluation of the ¥; at the point
v=vp=@g*=k*=0.

Let us now discuss the various terms in Eq. (76). The
nucleon Born term M)," corresponds to the diagrams
of Figs. 5(a)-(d). The term M,,**P describes radiative

dvp

(82)

% The terms of order ¢* are determined by our procedure, but
we have omitted them in writing the answer because they are as
small numerically as the undetermined terms of order gk.
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Fi16. 5. Contributions to radiative u capture.

virtual pion decay. The ¢rga, 0ra, and .S terms corre-
spond, respectively, to Figs. 5(e)-5(g). The nontrivial
structure term .S cannot be determined by the procedure
of this paper, because it is of order ¢k compared with
the 0y term. The term M).PFF describes the structure
part of virtual pion photoproduction. The Born part of
virtual photoproduction has already been included in
M)V and M)\.RFP [see Figs. 5(c)-5(e)]. In writing
M).FPP, we have eliminated V1|, by using Eq. (30),
which implies

N
ZOMPIOT

N N

V10 o= (83)

Equation (83) is one of the photoproduction sum rules
derived by Fubini, Furlan, and Rossetti.?

The remainder term M, ® is necessary to satisfy the
divergence equations, Eq. (60) and Eq. (62). The first
term, proportional to u¥/2My, has been included in
previous calculations. It corresponds to the ‘“‘seagull”
diagram of Fig. 5(h). The remaining terms, linear in ¢
or k, are new. They are represented diagrammatically
by Fig. 5(i). We thus see that our procedure has allowed
us to determine the leading nontrivial structure effects
in radiative u capture.
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