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A procedure is given for using the results of polarization-direction correlation and directional-correlation
measurements to analyze y-y cascades in cases in which both transitions may be of mixed multipole order.
A method is also presented for obtaining polarization-direction correlation coeKcients from the measured
rates via a Monte Carlo program based on Compton-scattering theory. The methods were applied to the
198—127-keV y-y cascade in Ru"' populated by the decay of Rh"'&. It was determined that the spin of the
127-keV state is —,

' and the spin of the 325-keV state is $+. The E2/M1 mixing ratio is 0.17+0.04 for the
127-keV transition and —0.12~0.03 for the 198-keV one. Relative p-ray intensities of 94, 100, and 21,
respectively, were found for the 127-, 198-, and 325-keV transitions. In a triple-coincidence scintillation-
counter measurement, the X internal-conversion coefBcient of the 127-keV transition was found to be
0.16~0.02.

I. INTRODUCTION
'

~~ROM a measurement of the directional correlation
of a y-y cascade following radioactive nuclear

decay, it is often possible to determine the angular
momenta of the levels populated by the cascade. How-

ever, if one or both of the y rays is possibly a mixed-
multipole transition, the analysis of directional-
correlation data may not lead to a unique determination
of the angular momenta. Such cases require additional
data. Several authors'~ have discussed the use of
polarization-correlation data for this purpose in cases
in which there is only one mixing ratio to determine.
The doubly mixed y-y cascades in which both y rays
are mixed multipoles are particularly dificult to
analyze since two unquantized. parameters must be 6tted
precisely. Here directional-correlation measurements
may be fitted by a continuous set of the two mixing
ratios. If, however, the directional-correlation data are
combined with polarization-direction correlation data,
it is then possible by appropriate analysis to obtain a
unique interpretation or at worst a small number of
possible interpretations. In the cases in which the inter-
pretation is not unique, it may be easy to choose be-
tween the different possibilities with the aid of other
data.

When only one mixing ratio in a y-y cascade is un-
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determined, polarization-correlation measurements may
be used to select from among the possible assignments
that 6t the directional-correlation data. In this role,
relatively crude polarization-correlation data may be
good enough to make possible. the selection, since the
precise value of the mixing ratio is determined from
the directional-correlation measurement. However, in
the present case in which both y rays are mixed, the
accuracy of the determination of the mixing ratios will
depend directly on the accuracy of the polarization-
correlation measurements. To gain this accuracy, the
e6ects should be large. Thus in the case of double
mixtures, polarization correlation is best applied to low-
energy y rays (say 100-500 keV) where the sensitivity
of the Compton polarimeter to polarization is high.
Fortunately, from this point of view, the doubly mixed
y-y cascades prevalent in the odd-A and odd-odd nuclei
are also frequently low in energy.

Although the Compton polarimeter is most sensitive
at low energies, it will yield accurate results only when
"calibrated" properly, i.e., one must accurately de-
termine the transformation between the measured rates
and the polarization-direction correlation coefBcients.
It is sometimes possible to determine this transforma-
tion by measuring y rays of known polarization. How-
ever, in such a determination it is not always possible
or convenient to reproduce the energy and geometrical
conditions of the actual experiment and, moreover, the
empirical method of calibration is subject to the usual
errors of measurement. Clearly, a theoretical method. of
obtaining the polarization sensitivity would be both
convenient and useful. For the case of point detectors,
the polarization sensitivity of the Compton polarimeter
may easily be calculated from the theoretical Klein-
Nishina formula. In practice, however, one is forced to
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use detector dimensions that are far from ideal in order
to realize reasonable counting rates and one must,
therefore, perform an average over the finite size of the
detectors. Since the p ray may scatter more than once
in the scatterer crystal, it is reasonable to employ the
Monte Carlo method to do this averaging. We have
written a Monte Carlo program for this purpose and
some of the steps involved are summarized in Sec. IV
and in the Appendix.

In this paper we apply the angular-correlation method
to the 3-yr E-capture decay of Rh"'& to Ru"'. Previous
investigations of this decay include measurements of

ray spectra' 5—io directional correlation 7,8,io, ii a
electron internal-conversion spectra. ' ' ""Also, the
p-ray angular distribution following the Coulomb excita-
tion of Ru"' has been measured"" In addition
to the angular-correlation measurements, we have also
measured p-ray intensities and the internal-conversion
coeScient n~ of the 127-keV ground-state transition.

II. THEORY OF ANGULAR-CORRELATION
ANALYSIS

The theory of angular correlation has been given
by Biedenharn and Rose."Ferentz and Rosenzweig, "
using a somewhat di6erent notation, have calculated Ii
coeflicients. I et ji, j, and j2 be the initial, intermediate,
and final spins, respectively, of the p-p cascade. The
first transition yi is a mixture of 2 ' and 2 '+' poles with
a mixing ratio bi, and the second transition y2 is a
mixture of 2 & and 2 2+' poles with a mixing ratio 82.

The y-y direction-correlation function is

W(8) = 1++ A „P„(cos8),

[F (LiLljlj)+281F (LiLi+ 1jlj)
+8i'F.(Li+1Li+1jij)j/(1+8&'),

a, "&= [F„(LiLgj mj )+28iF„(LiLi+1j gj)
+8i Fp (LQ+ 1Li+1jmj)j/ (1+822) .

If the angle &t
&'& between the plane of polarization of yi

and the normal to the plane of yi and y2 is also measured,
then we have a measurement of the polarization-direc-
tion correlation given by the probability function

(8 &&
&'&) =1++A„P„(cs8)

+[+B„&'&Pv (cos8) jcos2&&'&, (2)

P (l) =)„0)+ (2)

b„& &= (—1) &[—D„(L,L,)F„(L,L,j,j)
+28&D„(L&Li+1)F„(L&L&+1jij)

+8PD„(L&+1Li+1)F„(Li+1L&+1jij))/(1+8, '),
(v—2)! 2v(v+1)L(L+1)

D„(LL)=
(v+2)! v(v+1) —2L(L+])

(v—2)!
D, (LL+1)= 2(L+1),

(v+2) &

and where 0 (Li+1) is 0 if the Li+1 pole is electric and
1 if this pole is magnetic.

If, instead, the polarization of y2 is measured, we have

&d(8&t &'&) =1++A„P, (cos8)

+[+8„&"P„'(cos8)jcos2&&'& (3)

g (2) —g (i)b (2)

f „' = ( 1). '~' [ D„(LZ,)F—„(L,L,q,&)—
+282Dv(L2L2+ 1)F,(LgL2+ 1j&j)

+8i'D, (Lg+1Li+1)F.(Li+1Li+1jij)1/(1+pi') .
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In order to determine the coefficients A, and 8„('&
(in which i=1 or 2 designates the transition whose
polarization is measured), it is necessary to measure
W(8) and the two distributions W(8,&&'&). From Eqs. (2)
and (3) it is clear that measurements need only be made
at two of the angles &!&

&'&, i.e., g =0' and 90'. If v, =4, it
is sufficient to measure the W(8,~&I&'&) at only two values
of 8, for example, at 8=90' and 135'. However, if the
transition i is known to be a dipole-quadrupole mix-
ture, it is necessary to measure W(8,&f&"&) at only one
angle 8(say 8=90' since the polarization effect is usually
maximum at this angle). In this case the coefficient
Il, &'& = D4(22)A 4—-A 4/12 and is, therefore, actually
determined from the directional-correlation measure-
ment. Consequently, in this case of a dipole-quadrupole

where v = 2, 4, , v (-', v, being the smallest of the
quantities j, Li+1, and L&+1), 8 is the angle between where
the gamma rays, and
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mixture, a measurement of W(8,&&'&) at two values of 8

yields no more information than at one angle.
To determine the spin and mixing assignment, it is

helpful to define

~ (o——fl io/g —b (o/g (~)

We note that the &„&'& depend only on j&, j, and P&

of yj while the M„(2& depend only on j, j2, and b2 of
y~. Thus for each possible pair of spins jj, j we may
deduce two possible mixing ratios 5~ and bj' from a
measurement of M2('&. I.ikewise, a measurement of
3f2('& will do the same for y~. For each spin and parity
sequence jr(e.r), j(rr), js(rrs) that we consider, there
will therefore be four mixing-ratio assignments b~, b~',

52, and 52' consistent with M2&'& and 352&~&. For each of
these possible assignments we may calculate A2 and

A4 and rule out those possibilities that do not agree
with the measured values of A~ and A4. In this way a
unique assignment or a small number of possible assign-

ments will be found consistent with the combined direc-
tional- and polarization-correlation data.

DIRECTION DETECTOR
COUNTER I

PIG. 1. The arrangement of scintillation detectors for y-7
polarization-direction-correlation measurements. Counter 1:
4q-in. -diameter )&6-in.-long NaI(Tl) on Amperex 58 AVP photo-
multipher. Counter 2: Truncated cone of NK 102 plastic scintil-
iator, 1$ in. in diameter at the base Xtas in. iong, on RCA 7N6
photomultiplier. Counter 3: 1-,'-in. -diameter )&1~~-in.-long
Nai(Ti), integral mount.

rays entering the polarization detector is measured for
a given angle 0 between counters 1 and 2 by measuring
the relative rates of scattering of these y rays into
counter 3 for the two orientations of counter 3 (parallel
and perpendicular to the plane defined by the axes of
counters 1 and 2).

The electronics consisted of a conventional transis-
torized fast-slow coincidence system. The pulses from
counters 2 and 3 were summed electronically by a
pulse-adding circuit. The full-energy peak in the sum
spectrum was selected by a pulse-height selector. A
second pulse-height selector placed a relatively wide
window on the pulses from counter 2 alone in order to
limit the range of scattering angles of y„ in the scatterer
and also to reduce y-ray scattering from counter 3
into counter 2. Coincidences between the two pulse-
height selector pulses were detected by a slow coinci-
dence circuit (resolving time r= 10-' sec) which yielded
the "polarimeter pulses. " Coincidences were also
detected between counters 1 and 2 with tunnel-diode
fast-coincidence circuitry (resolving time v=10 sec).
The fast-coincidence pulses, the polarimeter pulses, and
the pulses from a third pulse-height selector set on the
photopeak of yq in counter 1 were combined in slow
coincidence to give the fast-slow coincidence pulses
between the direction counter and the polarimeter. At
each of the two positions of counter 3, the coincidence
rate was normalized by the polarimeter rate, deter-
mined concurrently. The two normalized rates are
denoted Ex and Ãy, where X refers to the parallel
orientation and I' to the perpendicular orientation of
counter 3.

IV. DETERMINATION OF THE POLAMZATION-
DIRECTION CORRELATION COEFFICIENTS

Starting with Eq. (2), Appendix I shows that

III. POLAMZATION-CORRELATION
APPARATUS

In addition to 0~, the factors F„(O~) depend on the angle~
of scattering of the detected y rays, the finite size of the

The polarization-correlation apparatus was similar

to a system discussed previously by one of the authors. '
It consists of three scintillation counters arranged as
shown in Fig. 1. The direction of one gamma ray yq in

the cascade is determined by the "direction detector"—counter 1, a Nal(TI) crystal 4-,' in. in diameter and

6 in. long and collimated with lead. Both the polariza-
tion and the direction of the other gamma ray y~ are
determined by the "polarization detector, "a two-crystal
Compton polarimeter consistirig of counters 2 and 3.
The scattering occurs in a truncated cone of plastic
scintillator (counter 2, which has a base diameter of
1sr in. and a height of 1—', in. ) and the scattered y„ is
detected. in the 1-', -in. -diam. X 1-,'in. -long NaI (Yl) crystal
(counter 3). A lead collimator shields counter 3 from

direct radiation. The degree of polarization of the y

FIG. 2. The decay of
3-yr Rh'0~&
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detectors, the pulse-height selection in counter 2, and
the incident y-ray energy. This factor, which is defined
by Eq. (8) in Appendix I, may be calculated from the
theory of Compton scattering by a Monte Carlo calcu-
lation as discussed in Appendix II. A Monte Carlo
zoRTRAN program which computes Fs(s/2) has been
written' for the Argonne CDC-3600 digital computer.
An experimental test of the Monte Carlo computation
is given in Appendix III.

As discussed m Sec. II, 84=24/12 when 'ry ls a
dipole-quadrupole mixture. For this case, therefore,
it follows that 84——0 if A4 ——0 and B~ may be deter-
mined from measurements of 5(0~) at a single angle
O=~/2, since Eq. (5) then yields
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p2(z/2) is obtained from the Monte Carlo
computation.

Fxo. 4. The spectrum of y rays in triple coincidence with X-shell
x rays and 198-1MV y rays.
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FIG. 3. The y-ray singles spectrum of Rh'1' in a thin-window
NaI (Tl) crystal measuring 1@in. in diameter )& 1 in. long.

"G. T. Wood, Argonne National Laboratory Physics Division
Informal Report PHY-1965 C (unpublished). This report, which
includes the FORTRAN listing, is available from the author.

"W. F. Miller and W. J. Snow, Argonne National Laboratory
Report No. ANL-6318 (unpublished).

V. GAMMA-RAY SPECTRA AND INTERNAL-
CONVERSION MEASUREMENTS

Three-yr Rh"'g decays" by E capture to Ru"' are
shown in Fig. 2. The y-ray spectrum (Fig. 3) of this
decay was measured with a thin-window NaI(T1)
scintillation counter measuring 1—,in. in diameter &(1 in.
long. The radioactive source used in this measurement
and in all of our studies was produced by cyclotron
irradiation" in 1957 so that the shorter lived components
4.5-day Rh' '~ and 206-day Rh" have largely decayed
out. However, the small component of the spectrum
above the 325-keV photopeak is attributed to the decay"
of 2.i-yr Rh"' . From Fig. 3 we have obtained the
y-ray intensity ratios Iqgq/Iq98 ——0.94 and I325/Iq98= 0.21.
The photopeak efhciencies required to obtain these in-
tensities were computed by a Monte Carlo calculation. "

From the singles spectrum in Fig. 3, one might
attempt to obta, in the internal-conversion coeKcients
of the 127- and 198-keV transitions from the relative
intensities of the 127- and 198-keV y rays and the x-ray
peak, . However, this analysis would be complicated by
the presence of electron-capture x rays which are
indistinguishable from the X-shell x rays associated,
with internal conversion of the two y rays. Moreover,
the E-capture branching ratio to the first and second
excited states is not precisely known even though the
y-ray intensities show that the E capture goes mostly
to the 352-keV state. In order to overcome these di%-
culties, we have performed a triple-coincidence measure-
ment with a crystal arrangement shown in Fig. 4. In
this arrangement we observe the spectrum in counter
1 /thin window, NaI(T1) crystal, 1—, in. in diameter,
1 in. long] in coincidence with E'-shell x rays in a thin
NaI(Tl) crystal (counter 2) and 198-keV 'y rays 1n a
2-in. -diameter X2-in. -long NaI(T1) crystal (counter 3).
For this configuration it may be shown that the number
of x lays dctcctcd ln countcl 2 ln trlplc coincidence ls
just twice the number of E-shell x rays associated with
the internal conversion of the 127-keV transition. Thus
the E conversion of the 127-keV transition is given by
half the ratio of the E-shell x-ray intensity to the 127-
keV y-ray intensity. After taking into account suitable
corrections for photopeak efficiencies, x-ray escape in
the case of the 127-keV photopeak, the Ruorescent
yield of Ru, and. the directional correlation between the
127- and 198-keV y rays, we obtain 0.~"'——0.16~0.02.

Knowing 0.~ for the 127-keV transition, our y-ray
intensity ratio I„»,/I„„,=0.94, and the intensity ratio
of E internal-conversion electrons I,»,/I„„=0.274
deduced from Hisatake's" relative-intensity measure-
ments (the data collected 1580 days after bombard-
ment), we determine ex'~8=0.041. The total transition
intensities given in Fig. 2 are based on our y-ray in-
tensity ratios and. the 0.~ given above.
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0
TABLE I. Results of polarization-direction

correlation measurements.
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Measurement S(m/2) s,(~p) 82

Pol 127-Dir 198 —0.015~0.007 1.764~0.015 —0.008~0.004
Pol 198-Dir 127 —0.094~0.007 1.751&0.015 —0.053~0.004
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VI. AÃGULAR-CORRELATION RESULTS

The angular-correlation results include both direc-
tional-correlation and polarization-direction-correlation
measurements on the 198—127-keV y-y cascade in Ru"'.

Expressing the directional correlation as an expan-
sion in Legendre polynomials W(8)=1+AsPs(cos8)
+A4P4(cos8) and correcting for the finite size of
detectors, we obtain A~ ——0.195&0.008 and A4 ——0.008
~0.012. These results are in agreement with Goldberg, "
who obtained 22= 0.184+0.018 and A 4 ——0.016~0.023,
and with Chilosi and Lobner, ' who obtained A~ ——0.181
+0.025 and A 4= 0.020+0.034.

Two polarization-direction correlation measurements
were performed for the 127- and 198-keV gamma rays.
We call these the "pol. 127-dir. 198" and the "pol.
198-dir. 127"correlations. The results of these measure-
ments are given in Table I, where the experimental
quantity S(vr/2) is defined by Eq. (5) and the polariza-
tion-direction correlation coeScient 82 is obtained from
Eq. (6), which applies since A4 is practically zero. The
function Fs(tr/2) was computed with the Monte Carlo
program as discussed in Sec. IV.

VII. INTERPRETATION OF THE ANGULAR-
CORRELATION RESULTS

0
0

0.6
5"

I—
R-

0
-I.O -0.5 0.5 I.O

I'xe. 5. The analysis of the 127-keV transition. The solid curves
give R versus u2 for transitions with spin sequence 2 ~ -'„-', —+ —',,
and $ —+ ~&, where R=b2/a2 for E1+M2 transitions and —b2/u2

for M1+E2 transitions. These curves are parametric in the
quadrupole content s'/(1+5'), where S is the quadrupole/dipole
mixing ratio. The quantity R can vary from 0 to ~ ~. Therefore,
when I R [)1, 1/R is plotted instead of R so that the whole range
may be conveniently presented. The limits that y-y angular
correlation measurements set upon R are indicated by the hori-
zontal dashed lines for the two choices of transition character.
The limits speci6ed by the vertical dashed lines are derived from
angular-distribution measurements of y rays following Coulomb
excitation.

To begin the interpretation of the 198—127-keV y-y
cascade, we assume that the ground-state spin" is
—,'+. Also, from the internal-conversion-coeKcient data
given in Sec. V, it is known that the 127- and 198-keV

p rays are both predominantly M1 with some E2
admixture. Therefore, the angular momentum J of
the 127-keV state is limited to the values —,'+, —,'+, and
—,'+, while the angular momentum J' of the 325-keV
state must be (J—1)+, J+, or (1+1)+.

As discussed in Sec. VI, the angular-correlation
experiments yielded three parameters, namely, A 2

——0.195
+0008 8 &"7&=—0.008~0.004, and 8 ("'&=—0053
~0.004, in which the number in parentheses refers to
the energy (in keV) of &„The ratio bs&' &/aso r~ may
be analyzed to decide between the three possible spin
sequences ~ ~ ~, ~ ~ ~, and ~ ~ 2 for the states in-
volved in the 127-keV transition. This analysis is shown

in Fig. 5, where R, which is —bs/as for MI+E2 mixtures
and bs/as for EI+M2 mixtures, is drawn (solid curves)
as a function of u~. These curves are parametric in the
quadrupole content bs/(I+bs), where 8 is the quad-
rupole/dipole mixing ratio. The experimental limits on

ss J. H. E. Griffiths and J. Owen, Proc. Phys. Soc. (London)
A65, 951 (1952).



ANALYSIS OF y —y CASCADES BY POLARIZATION 961

R are specified by the horizontal crosshatched lines

(upper set for mixtures of Mi+E2 and lower for
mixtures of E1+M2). Since the internal-conversion
data indicate that the 127-keV transition is mostly M1,
the possibility of an E1+M2 mixture may be rejected.
Furthermore, an E1+M2 mixture is unlikely, since for
all such possibilities an unreasonably large M2 admix-
ture would be required to fit the angular-correlation
results. When only M1+E2 mixtures are considered,
Fig. 5 shows that for each of the three spins there are
two E2/M1 mixing ratios b that fit the b2'""/a~'""
ratio.

There are nine possibilities of spin sequence to be
analyzed for the 198-keV transition (three for each
possible spin sequence of the 127-keV p ray). Three of
these are analyzed in Fig. 6 in a way similar to that in
Fig. 5. Since R is a double-valued function of 5 for
eight of the possibilities of spin sequence and single-
valued in one (the —,

' —+ 2 case), 34 combinations (again
rejecting E1+M2 mixtures) of spin sequence and
E2/M1 mixing ratios for the 198-127-keV y-y cascade
are found to fit the two ratios b~&"'&/a "'"& and
b&'""/u2o9'& above. Of these 34, about 8 are reasonably
consistent with the measured values of A2 and A4.
Consequently, the angular-correlation analysis does not
turn out to be unique in this case. However, all but two
of these possibilities (one with spin sequence -', ~ —', ~ ~~

and the other ~
~~

2 ~ ~) require that at least one of
the two transitions have a large E2/M1 mixing ratio
(198-keV transition greater than 98%%u~E2 and 127-keV
transition greater than 30%%uoE2) and so may be
rejected on the basis of the internal-conversion data in
Sec. V. Furthermore, angular-distribution measure-
ments of the 127-keV p ray following Coulomb excita-
tion"" are consistent with the -,'—+ —,

' —&-,' case and
clearly rule out the —,'~ —,

' ~ ~ one. Thus, on the assump-
tion that the ~ ~ 2 ~ —,

' sequence is the correct one,
the p-p angular-correlation experiments yield an E2/M1
mixing ratio of —0.12~0.03 for the 198-keV transition
and 0.17+0.04 for the 127-keV one.

The complexity of the foregoing analysis is consider-
ably reduced if the Coulomb-excitation data are used
immediately together with b2'""/am""& as shown in
Fig. 5, since then a2&"'& may also be determined. The
y-ray directional-distribution coefficient of the 127-keV

ray following Coulomb excitation has the form
1+A2cou&p2(cose)~ where A2cou& p114~pp22i4 The
coefficient a2&"'& may be obtained from u&&"'& =Arne'"'/

F2(22~ j) and depends on J. Thus a&&"'&=0.317&0.06
if J= ~) 0.598~0.11 if J= 2, and —1.463~0.28 if
J= ~7. The limits imposed on a2'"') by the Coulomb-
excitation data are indicated by the vertical dashed
lines in Fig. 5; and with the horizontal limits set by
bm&"'&/a2&"'&, the possibilities are confined to a single
rectangular area for each spin case. Thus J=2 is
completely rejected. The case J=-,' is possible but re-
quires a nearly pure E2 127-keV transition, which is
inconsistent with the internal-conversion measurement.
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Only the J= ~3 case remains. Once the parameters of the
127-k.eV transition are established in this way, the
198-keV transition may be analyzed in a similar way.

-1.0 0
0~

FIG. 6. Analysis of the 198-keV transition. The solid curves
give R versus a~ for transitions with spin sequence ~~ —+ —',, ~3 -+ —,',
and -', —+ —,'. The limits on R determined by y-y angular-correlation
measurements are indicated by the horizontal dashed lines for the
two choices of transition character. In the spin —,

' ~-,' case of
Fig. 5, the horizontal dashed lines determined a2("') to lie in the
A or B regions indicated. Since a2&"')=A2/a2("'), the quantity
ag&'9 ) is also restricted for J—+ $ -+ 5 cascades, as indicated by the
solid rectangles A and B in this 6gure.
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The parameter a2'""——A2/a2'"'& may be used together
with bq&"'&/u2'"'& to restrict the possibilities to the
rectangular regions 8 indicated on the three graphs in
Fig. 6. The J'=-,' case is completely rejected. The case
J'=

~ requires a nearly pure E2 transition and is again
inconsistent with the internal-conversion measurements.
The spin J'=-,' case remains.

APPENDIX I: DERIVATION OF EQ. (5)

Equation (2) may be written in the form

(o(8,y) =W(8)+W, (8)cos2y,

where

&max &max

S(O)= g e„B,P,2(cosO~)/(1+ P G,A„P„(cosO~))
1=2 1=2

&max

= E P (o)&., P)
v=2

terms of these quantities we may write

iV» —iVY E(O~)+ AW(O~)
~(O') -=—

Xx+1VY W(O)+DE(O~)

The terms AW(O~) and AE(O~) usually prove in practice
to be negligible, so that $(0') =E(O')/W(O). Finally,
this expression may be written in the form

and

W(8) =1+g A„P„(cos8),
F=2

&max

where

&P,(cos8') )x+ (P.(cos8')) YG=——
2P„(cosO')

W„(8)= P B„P2(cos8).

Define co~&'=a&(8"',m/2) and co,'=—co(8',0) for the ith
triple coincidence. Then the probabilities of triple-
coincidence detection for the two orientations of counter
3 are proportional to

4

'+x'=&ii Prix +&i Pix ~

and
SY =coll PI IY +@iPJ,Y

respectively, where (for example) Pi,x' represents the
probability that a gamma ray p„ initially polarized in
the plane of angle 8 (i.e., /=90' for event i) will be
scattered to the X (parallel) position of counter 3.

Let

&X =~iX ~l IX ) &Y =~i i Y ~L Y

&e'Pp'(cos8') )»+ &~'Py'(cos8') )y

2P„' (cos0~)

&„(O~)= e„P '(cos 0')/W(O') .

The G„are the directional-correlation attenuation
factors (for counters 1 and 2) while the e„are called
the polarization-detector eKciencies. For an ideal con-
figuration in which very small detectors are placed to
detect 90' scattering of p„and for low p-ray energies
( 100 keV), the e„will approach unity. For high p-ray
energies with large detectors pla, ced close to the source,
the e„approach zero.

APPENDIX II: THEORY OF COMPTON
SCATTERING AND THE MONTE

CARLO METHOD
Prix'+P. x'=1, Pii Y'+Pii:=1.

Then it may be shown that

ex' ——-', [W(8')+ ex'W~ (8')],
eY'=-'[W(8') —eY'W (8')]

Now the measured triple-concidence rates Ex and EY
may be related to the probabilities ex' and m Y' through

&x"&&x')x = 2[&W (8'))x+ &~x'Wy(8'))x],

&Y"&NY')Y= 2[&W(8'))Y—&~Y'&I'n(8'))Y] i

where & )x designates an average over X events and

& )Y over I' events. Define

W(O)—=—;[&W(8')& +&W(8')) ],
AW(O)—= l[&W(8')) —&W(8')) ]

E(O)—=—,'[«x'W„(8'))»+ &aY'W, (8'))Y],

AE(O) =——',[&ex'W„(8*'))»—&eY'W„(8') )Y),

where O~ is the angle (measured at the source) between
the two directional detectors (counters 1 and 2). In

In order to calculate the polarization-detection
efficiencies and the directional-correlation attenuation
coefficients de6ned in Eq. (8), it is necessary to employ
the theory of Compton scattering in a form suitable for
application to multiple-scatter events as well as single
scatters in the scatterer crystal. A theory convenient
for this purpose has been given by Wightman, "who
used a density-matrix formalism.

A photon entering the polarimeter is represented by
the wave function P= Cifi+C2$~, where fi and $2 are
two eigenstates representing the two independent
states of linear polarization. The state of polarization
of the beam of photons incident on the scatterer is
represented by a diagonal 2X2 density matrix
p,,=&C,~C;),„, where the average is over the many
photons in the beam. A photon beam fully polarized in
the plane of the two cascade p rays is represented by the

(1 Oi
density matrix

~ ~

and a beam polarized in the
0i

2I A. Wightman, Phys. Rev. 74, 1813 (1948}.



ANAI. YS I S OF y —y CASCAD ES 0 Y PO I. A RI ZAT I 0 N

corresponding perpendicular direction by the density
0 0)

matrix ~. With each scattering that occurs in
0 1)

the scatterer, the state of polarization is altered and
consequently the density matrix undergoes transforma-
tion. The matrix S that produces this transformation is
given by Wightman" and depends on the linear-momen-
tum vector of the photon before and after scattering.
For single scattering, the 6nal density matrix is then
given by pfj„g,$ g'jgjt;j, jS, where yj»&j, i is the initial
density matrix. If e scatters occur, then yfj
S'S' S", where S' represents the transformation
matrix for the jth scatter. After the erst scatter, the
density matrix ordinarily becomes nondiagonal. To
interpret it physically, we must consider the response of
the detector of scattered y rays (counter 3) to the
multiple-scattered p ray. For this purpose we must also
know the density matrix that characterizes the detec-
tor's sensitivity to linear polarization. In our case
the detector (counter 3) is insensitive to polarization
and its sensitivity is represented by the density matrix

Pdat =
~

(1
Prrx'= Tr

/

(0

0 1 0
ISrS2" S

]

0) I 0 —,'i
— 0 0) /-', 0P,*=Tr ~SrSe S~~

0 1) (0

where the St in this case cause scattering to the position
of counter 3 in its X orientation.

In applying the Monte Carlo method, it is desired
to follow the photon as it undergoes scattering processes
in the scatterer and is 6nally detected in the detector
(counter 3).The mathematical techniques for doing this
in the case in which polarization eGects may be neglected
are well known and have been used extensively. In the
present case, in which polarization eBects must be
considered, it is possible as well as advantageous to
6rst neglect polarization and make use of the published

Finally, the probability of detecting a given multiple-
scattered photon is given by the trace (pft~gipQet). Thus
for each event i we may calculate the quantities P»x'
and P,x' needed to calculate e' and F„(O~). The expres-
sions are

method (we follow Qashwell and Everett"). In this

approach, polarization eBects need to be considered only
for those Monte Carlo histories that result in detection.
Thus, most of the events that do not result in detection
are treated without the complications of polarization.
For those histories i resulting in detection, the eKcien-
cies ex' ——P&~' —Pll~' and ey =Pily —P'gy are com-

puted as discussed in Appendix I.Finally, the polariza-
tion-detection efficiencies e. and the factors F„(O) must
be calculated by averaging according to Eq. (8) over
all histories resulting in detection. In averaging, proper
weight is given to the various histories in proportion to
the product of W(8*) and the probability that the photon
makes a first scatter. The 6rst weight factor is neces-
sary since the p-p coincidence is forced, while the second
weight factor is necessary since the first scatter of p„
is forced "

APPENDIX III: EXPERIMENTAL TEST OP
MONTE CARLO PROGRAM

In order to test the Monte Carlo program, polariza-
tion-direction correlation and directional-correlation
measurements were performed on the 1409-keV—122-keV
p-p cascade in Sm'" populated in the E-capture decay
of 13-yr Ku'" with the apparatus shown in Fig. 1.
The Ku'" source was in a solid form and consequently
the directional correlation (A2 ——.0.163+0.002) was
signi6cantly attenuated relative to the value that would
have been obtained if a liquid source were used. How-
ever, since p„(the 122-keV gamma ray) is known to be
pure E2, the polarization-direction correlation coef5-
cient 82 in this case is directly related to the measured
directional-correlation coefficient A& by the expression
82= —~22. The polarization-direction-correlation ex-
periment yielded a value S(s./2) = —0.142&0.006. Con-
sequently, we may determine F2(e-/2) experimentally
from the calculation

F e(rr/2) =S(rr/2)/B2 = —2S (rr/2)/A 2

= 1.74+0.08.

The Monte Carlo calculation yields

Fm(rr/2) = 1.733+0.017,

which agrees well with the experimental result. The
errors quoted for both values of Fe(7r/2) include only
statistical contributions.
IE. D. Cashwell and C. J. Everett, A Praott'oat 3Iartttal ott the

Monte Carlo 3fethod for Random 8'alk Problems (Pergamon Press,
Inc., New York, 1959).


