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Quasifree Scattering of 160-Mev Protons from Nuclei*
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Using 160-MeV protons and a NaI total-energy scintillation counter we have measured the spectra of
outgoing protons from 40 to 160 MeV at angles of 10-80 deg for a number of targets, Be, C", Ca~, Ni',
Sn'", and Bi~'. The data have been interpreted by means of an impulse-approximation calculation. We have
modi6ed the usual analysis to calculate the scattering from nuclei, for which we assume that an extreme
shell model is a valid representation. The differential cross section thus calculated can be expressed in terms
of the momentum of the struck nucleon. We Gnd that the shell-model description does not give enough
high-momentum components to the nucleon wave functions. This is deduced because the experimental
results necessitate high-momentum components to be able to produce high-energy large-angle outgoing
protons.

I. INTRODUCTION
' "N high-energy proton-nucleus scattering experi-
& ~ ments (E)100 MeV), one usually invokes the im-
pulse approximation' to interpret the experimental
results. ' In the impulse approximation one considers
the incoming proton as interacting with individual
nucleons in the nucleus, and replaces this interaction
by the free nucleon-nucleon interaction, neglecting o6-
the-energy-shell eGects. Using the simple impulse
approximation (the incident particle only interacts
through a nucleon-nucleon interaction, once with the
target nucleus), we would expect at a given angle the
following proton energy spectrum in a single detector
experiment' for an incident energy below x-meson
threshold:

Starting at the highest energy, we would expect a
peak corresponding to elastic scattering. In the next
approximately 20 MeV we would expect a series of
peaks, corresponding to inelastic scattering to discrete
states, though the detailed spectrum would depend
critically upon the over-all energy resolution. This
inelastic scattering corresponds to a coherent inter-
action between the incident proton and those target
nucleons in the configurations which make up the
excited state. ' Finally, one expects a very broad peak,
with the maximum at an energy approximately the
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same as though the incident nucleon were scattered
through the same angle by a free nucleon.

This type of analysis has also been discussed in detail
by Fowler and Watson'; however, their definitions of
the term "quasi-elastic" refers to what we have called
the inelastic scattering to discrete states. The process
commonly referred to as "quasi-elastic" or "quasifree"
scattering is their "direct inelastic" scattering.

The width of this so-called quasi-elastic peak should
reAect the internal momentum of the nucleons in the
nucleus, and a measurement of this spectrum may give
us information on the nucleon momentum distribu-
tion, insofar as the impulse approximation is valid and
we are observing a single scattering. If one includes
multiple scattering, as we must, since we know the
free nucleon-nucleon cross sections to be large, there
will be a general filling in of the low-energy region owing
to particles undergoing more than one collision and
therefore losing more energy. The large nucleon-
nucleon cross section also accounts for the large
imaginary component of the optical potential' so that
all absorptive processes might be expected to modify
the spectrum. These points are discussed in more detail
in Secs. III and IV.

In this experiment we studied the quasifree scatter-
ing region of the spectrum. Similar experiments have
been performed at 320 MeV' and 660 MeV' and indeed,
one does see the structure described above. Experi-
ments have also been performed with electrons on
C" (Ref. 8) and Bi' ' (Ref. 9) yielding similar results.
The experiments reported here utilize an energy resolu-
tion much better than that used in the previous experi-
ments, and therefore significantly smaller than the
width of the peak. Furthermore, the lower energy of
this experiment affords an opportunity to gauge the
e6ects of multiple scattering. Such eBects are so severe

~ T. K. Fowler and K. M. Watson, Nucl. Phys. 13, 549 (1959).' J. B. Cladis, W. N. Hess, and B. J. Moyer, Phys. Rev. 87,
425 (1952).

~ L. S. Azhgirey et al. , Nucl. Phys. 13, 258 (1959).
8 J.E.Leiss and R. E.Taylor (private communication) and see
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811



N. S. WALL AND P. R. ROOS 150

at 96 MeV that Strauch and Titus" barely, if at all, see
a quasi-elastic peak at 45', whereas at the higher
energies such a peak is apparent.

With respect to the analysis we present in Sec. IV,
while following the essential idea of Wolff, "it is more
detailed than that of Refs. 6, 7, and 11. Calculations
for quasi-elastic scattering for the 320-MeV data on C"
and 0"at 30' and 40' were done by Wom. "Azghirey
et at. ~ used the same general description in the analysis
of their experiments at 660 MeV. These calculations
mill be described more fully later, but they are based
on the impulse approximation of Chew and Wick""
in which case one obtains

d2o /do. )
I +;(a) I

'd», (1)
dQdE kdQI y „~aye()~ ~=&

where (do/dQ)„„, q„ is the free proton-nucleon scat-
tering cross section, and %,(q) is the Fourier transform
of a single-particle wave function. In Wolff's calcula-
tions he assumed that the average nuclear momentum
distribution was a Gaussian or some other simple
analytic expression de6ned by one parameter, a char-
acteristic momentum of a nucleon in a nucleus. This
means that the sum in Eq. (1) reduces to A times one

integral. Similar calculations were made by Azghirey
et at. , including relativistic kinematics and using the
sum of two Gaussian distributions to represent the mo-
mentum distribution. Their calculations gave similar
results for the momentum distributions. A different
approach to the analysis of such experiments has been
fo11owed by Bertini' using Monte Carlo techniques.
This calculation includes the multiple scattering of the
particles in. the nucleus. A further discussion of the
method and. the results of these calculations will be
given in Sec. 4.

In both of these approaches a simple impulse ap-
proximation is assumed to be valid. Trammel and
Chalk" recently gave as a criterion for the neglect of
multiple-collision processes that the quantity p= ($/E)
X (o~/oq)' be small. In this expression $ is the scattering
amplitude, R a measure of the size of the scatterer, e~

the speed of the outgoing particle, and m~ the speed of
the struck particle in its initial state. We estimate p

to be of order 0.1, which while not too small, leads one
to expect strong single-collision phenomena down to
outgoing proton energies of the order of ~~—~~ of the in-

cident energy in these experiments. Even if multiple-
scattering effects can be neglected, it has been pointed
out by Gottfried" that at high momentum transfer
(large compared to the Fermi momentum) the validity

"K. Strauch and Titus, Phys. Rev. 104, 191 (1956)."P.A. Wo18, Phys. Rev. 8?, 434 (1952).
"G.F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1952)."G. F. Chew and M. L Goldberger, Phys. Rev. 87, 778 (1952).
"H. Bertini (private communication) and Phys. Rev. 131,

18O1 (1963).
"G.T. Trammel and J. D. Chalk, Phys. Rev. 141, 815 (1966).
"K, Gottfried, Ann. Phys. (N. Y) 21, 29 (1963).

of the simple impulse approximation is open to question.
It is to be hoped that the deviations of our experiment
from a simple, individual-particle impulse-approxima-
tion prediction (with no account taken of the detailed
trajectories of the incident and observed particle
through an optical potential) can point out nuclear cor-
relations or deviations from the impulse approximation.

II. EXPERIMEN'T

We have measured the energy distribution of protons
produced in the interaction of 160-MeV protons with
nuclei detecting only a single proton. The energy
distribution has been measured from 40 to 160 MeV in
10' steps from 20' to 80'. The targets used were Be',
C", Ca", Ni", Sn"', and Bi'".

The experimental arrangement has been described
previously. ' lt essentiaQy consisted. of a counter
telescope mounted on a 5-ft arm which could be rotated
about the target to 85'. The target was placed in a
small scattering chamber ( 13 in. in diameter) to
reduce scattering of the incident beam by air into the
counter. The counter telescope consisted of two thin
plastic scintillators ( 0.5 g/cm) and a 3-in. X3-in.
NaI Harshaw integral line-selected scintiQation counter
to measure the proton energy. A coincidence was
required between the two plastic scintillators and this
coincidence gated a multichannel analyzer which

stored the NaI pulse. The resolution of the NaI crystal
was ~%%uq for 160-MeV protons. Since in this experi-
ment we also wished to measure elastic scattering, it
was necessary to make the sum of the two plastic
scintillators 1 g/cm' ( 5 MeV for 160-MeV protons)
in order to stop the elastically scattered protons in the
NaI crystal. This and the NaI housing places approxi-
mately a 35-MeV lower limit on the proton energy.

The use of NaI or for that matter any scintillation
counter at high energies does have one disadvantage.
Some of the protons entering the crystal will undergo
nuclear interactions in the crystal, giving rise to a sub-
standard pulse height. Thus for every peak in the spec-
trum there corresponds a tail which extends over the
full energy range. In fact, at 160 MeV the tail-to-peak
area ratio is approximately 25%.'~" Measurements
of the tail-to-peak ratio for NaI have been made from
0 to 40 MeV" and 50 to 160 MeV."These measure-
ments show that the tail-to-peak ratio roughly follows
and E' dependence. Also, the tail associated with the
peak appears to be rather Qat over the entire range.
In order to correct the data for this effect, a program
was written which made corrections to the spectrum
using an E' dependence for the tail-to-peak ratio, and
assuming a Qat tail. An iterative process was used

'7 P. G. Roos and ¹ S. Wall, Phys. Rev. 140, 31237 (1965).
See also P. G. Roos, Ph.D. thesis, MIT, 1964 (unpublished).

"D. Measday, Nucl. Instr. Methods 34, 353 (1965).
"L. H. Johnston, D. H. Service, and D. A. Swenson, IRK

Trans. Nucl. Sci. NS-S, 95 (1958).
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Fza. 2. The dHFerential cross section for the elements indicated
as a function of the outgoing proton energy at a laboratory
angle of 30'.
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FIG. i. The dBerential cross section for the reaction C"(p,p')
as a function of the energy of the outgoing protons for the angles
indicated. In this and subsequent spectra the peak arising from
elastically scattered protons has been suppressed and we have
averaged over an energy integral such that low-lying discrete states
are not clearly seen. The data have not been corrected for the
scattering out caused by the plastic scintillators. This makes a
negligible change in the shape of the spectra, except at angles of
60' and larger where the broad peak in the spectrum is washed out.

In addition one run was made with particle identi6ca-
tion using the plastic scintillators as dE/dx counters,
in order to estimate contamination of the spectrum
from particles other than protons. It was found that
deuterons make up 5—10% of the spectra, and other
particles gave negligible contributions.

III. RESULTS

The results for the full proton energy spectrum (40
to 160 MeV) are shown for C'"-in Fig. 1. In these data
we observe a very broad peak ( 80 MeV) with a
maximum that shifts to lower energy with increasing
angle. The data for the other targets are all very similar
to those of carbon, as is shown in Figs. 2 and3 for 30'

which started at the high-energy end of the spectrum
and proceeded to the low-energy end. The corrected
spectrum did not diQer greatly from the raw spectrum,
though there was a slight shift of the quasi-elastic peak
to higher energy.

The absolute cross sections were obtained by nor-
malizing the inelastic scattering to the 4.43-MeV state
in C" to the data taken at Orsay" and Harwell. "The
error bars are mainly statistical, though estimates of
the error in the use of a Bat reaction tail have been in-
culded. Typical error bars are shown in Fig. 1.The data
shown in Fig. 1 have not been corrected for scattering-
out by the first scintillation counter (the second causes
a completely negligible loss). The data in subsequent

figures have been corrected using a set of programs
developed by Ball."The magnitude of the correction
is about 30% at 40 MeV, dropping sharply to 13% at
50 MeV, and is well within statistical error by 90 MeV,
where it introduces a 1% correction.
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FIG. 3. The differential cross section for the elements indicated
as a function of the outgoing proton energy at a laboratory
angle of 50'.



and 50', respectively. In these figures the data have
been plotted for all nudei at a given angle. In Figs. 2
and 3 we see-that, in general, the peak maxima and.
shapes are the same for all nuclei and that the cross
section increases with increasing A.

To get a better idea of the similarities between dif-
ferent nuclei, we have normalized a11 the data to Bi"'
(Figs. 4 and. 5). In these figures we can see even more
clearly the remarkable similarity among all of the
nuclei. One wouM expect such similarity in the shapes
and positions of the peaks on the basis of the simple
impulse approximation (single scattering) and the
shell model, which predicts a similar momentum dis-
tribution and average binding energy for all nuclei. If,
however, there are large contributions due to multiple
scattering in the nucleus, one expects a general filling in
on the low-energysideof the peak, provided small energy
losses are not allured. Such inhibition is to be expected
on the basis of the Pauli principle and. the sheQ model.
If the multiple-scattering contribution in these experi-
ments were large, the lou-energy side of the peak for
Bi' ' should look significantly different from that for
Be9. This is not the case in these data, and we are led.

to suspect that either the multiple scattering is small,
or that, if more than one scattering take splace, there is
sufhcient energy loss to bring the proton below our
threshoM, so that in effect we are observing primarily
single scattering. Our spectra also suggest that even
though multiple-proton emission is energetically pos-
sible following the first scattering, if such processes
occur, the energy of the secondary outgoing protons
wouM be below our threshold. That the secondary pro-
tons might now have energy can be seen because first
of all to a high degree of accuracy (see Sec. IV), the
incident particle ejects a particle from a shell-model

state which would lead. to fairly lour excitation energies
of the residual nucleus because the important shell-

model states are only slightly bound. Secondly, even if
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Fro. 4. The data of Fig. 2 normalized to Bi"9 to enable the
differences between various nuclei to be accentuated.
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the excitation energy of the residual nucleus were
relatively high ( E;„,/2) the secondary proton might
still undergo su6icient subsequent scattering to fall
below our experimental threshoM.

Thus far, we have been assuming that the broad peak
in the proton continuum is due to quasi-elastic scatter-
ing by individual target nucleons. One can get an idea
of the validity of this assumption by several methods.
First, we have plotted the peak maximum energy
versus angle for the data in Fig. 6. Also included in this
plot is the free nucleon-nucleon kinematics curve. The
error bars on the experimental points are such that
include the peak maxima for all nuclei. %e see that
there is quite good. agreement between the data and
the free nucleon-nucleon kinematics, thus supporting
our belief that the peak is the result of quasi-elastic
scattering. The data, however, do have a smaller slope
than the nucleon-nucleon kinematics. This can be ex-

plained fairly well at small angles by taking into account
the fact that the nucleons are bound. as will be shown in
Sec. IV.

If the scattering process were as simple as we de-

scribed, and there were no absorption phenomena to
contend with, the cross section would be proportional
to A. In Fig. 7 the ratio of o&,t,q (40 to 160 MeV) to
(Xo„,„+2Zo„,o) has been plotted as a function of A.
The quantity o~,~,~ (40-160 MeV) is the total cross
section for protons with energies between 40 and. 160
MeV measured in this experiment, and o„„„and cr„,~
are the free proton-neutron and proton-proton reaction
cross sections, about 48 and 24 mb, respectively. From
this plot we see that not all of the nucleons enter into
the reaction, since if they did and. single-nucleon scat-
tering were the dominant process this ratio would be
unity. In other words, the shape of this curve allows
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us to obtain an indication of the relative absorption
between different nuclei, and shows that a smaller
percentage of nucleons enter the reaction as A increases.

Table I gives the observed cross sections" integrated
on energy and angle assuming a constant differential
cross section for angles beyond those measured. These
cross sections are compared with the total reaction
cross section, and it is seen that even for the heaviest
nuclei the events we believe to be single scattering make
up more than one-third of the total cross section. There
is no problem arising in light nuclei because the process
we are looking at represents a large fraction of the
total cross section. We only detect one particle coming
out and say nothing about any other particle.

IV. CALCULATION

To interpret our data, we have extended the calcula-
tions of Wolff in Ref. 11.' "The basic calculation he
did was to evaluate, within the framework of the im-
pulse approximation with no multiple scattering, the
differential cross section for scattering an incident
particle from a collection of A nucleons with a given
momentum distribution. Our calculation differs in
two essential respects from his. First of all, we do not
assume an over-all momentum distribution, but, in
fact, derive a momentum distribution for each single
particle state in the nucleus. Secondly, we have taken
the binding energy, 8;f in Wol's notation, as the
single particle separation energy as measured in a
(p, 2p) or pickup experiment' In this approximation the
expression derived by Wolff takes on the form

d2o M g da's

P X, ~P, (k) ~2 (tt)kdk, (2)de k' pi p—qi ' x;„dQ
where d'&r/dQdE is the cross section for scattering a
proton of initial momentum Ap and 6nal momentum Aq

(energy E) by a nucleon in the nucleus of momentum
Ak. M is the nucleon mass,

~

4', (k)
~

' is the square of the

Target

Be'
C12
Ca4'
Ni'g
Sn120
Qi209

Total quasifree
cross section

159&11
187+13
407&29
523&37
649&45
715+50

Total reaction
cross section'

186
212
524
662

1165
1790

0.84
0.88
0.78
0.79
0.56
0.40

' See Ref. 23.

~' A. Johansson, V. Svanberg, and O. Sandberg, Arkiv Fysik 19,
572 (1961).

'4 A calculation similar to ours, but for inelastic electron scat-
tering, was done by Czyz in the analysis of the unpublished experi-
ments of Leiss and Taylor. The experimental results are in Ref. 25.

"W. Czyz, Phys. Rev. 131,2141 {1963).

TABLE I. The total quasi-free scattering cross section a,f for
the various targets studied, and the ratio of that cross section to
the total nuclear reaction cross section, 0t,.
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FIG. 6. The energy of the outgoing protons at the peak of the
quasifree scattering spectrum as a function of the scattering angle.
The error bars represent the span of the peak energy for the various
targets. The free nucleon-nucleon kinematics curve shown is
nonrelativistic, but a relativistic one is only very slightly diferent.
At angles greater than 60', our estimate of thepeak position is
rather poor because the scattering out by the plastic scintillators
distorts the spectrum appreciably.

normalized Fourier transform of the ith particle nucleon
state, X, is the number of such nucleons, and do, /dQ(0)
is the nucleon-nucleon center-of-mass di6erential cross
section for the scattering by an ith nucleon. E; is
that minimum momentum which a nucleon must have
to be observed at a scattering angle 0, with an energy
K if it has a binding energy in the nucleus 8;~. K; is
defined by Kq. (8) of Ref. 11, and in evaluating it we
have made no approximations. In the analysis we have
made, we have treated the nucleon-nucleon differential
cross as a constant equal to approximately (within
10/o over most of the angular range) the p-p cross sec-
tion at 160 MeV, specifically 3.53 mb/sr. '~"

To derive the single-particle states which were
Fourier eransformed to give ~+;(k) ~', we utilized the
ABAGUs II program of Auerbach. " For Ca, following
Klton et al "(who find .single-particle energy-dependent
potentials that give rise to a change-density distribu-
tion which tits the electron-scattering data), we chose a
Saxon-shaped shell-model potential with parameters
whose values are those shown in Table II. For Be' we
were not able to 6nd a single shell-model potential
which 6t both the ipat2 binding energy of 17.5 MeV
and is~~2 value of 27 MeV. We instead searched on the

"K. F. Riley, Nucl. Phys. 13, 407 (1959).
'7 R. Wilson, Nuclear-Nucleon Scattering, Experimental Aspects

(Interscience Publishers, Inc. , New York, 1963)."M. J. Moravcsik, The Tzvo-Nucleon Interaction (Oxford
University Press, London, 1963)."E.H. Auerbach (unpublished)."' L. R. B. Elton (private communication).
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FIG. 7. A plot of the ratios l7qf/(2Za'»+So»l versus the atomic
mass number A, where Oqj is the cross section integrated over the
range of angles and over energies from 40 to 60 MeV, E is the
neutron number, Z is the atomic number, and 0» and O.„„are,
respectively, the proton-proton and proton-neutron total cross
sections.

well depth (rather than on the binding energy as we did
for Ca") and found that to bind the 1sr~s state a well

depth of 57.45 MeV was necessary, whereas to bind the
1Ps/s proton a depth of 71.44 MeV was needed. The
radius for these two wells was 2.66 F and the rounding
parameter was 0.65 F. Be' is known to be quite de-
formed, having a quadrupole moment of 0.03 b. To
simulate a deformation we 6xed the well depth at 54
MeV and again used AsAcvs to 6nd the necessary size
nucleus to bind. the 1ps~s proton, by searching on the
radius parameter. We found that it was possible to
obtain such a wave function, if for the pres state, the
radius was increased to 3.15 F. These wave functions
made only a very slight difference in the quasifree cal-
culation predictions.

For Ca the binding energy of the 1s&~& state is in
fact unknown. Our calculated value is about the same as
that deduced from an extrapolation of the recent (e,ep)
experiments on aluminum and sulfur. " It is believed
that the energy dependence of the well depths given
in Table II reflects to some degree the correct non-

locality and energy dependence of the optical-model
potential which would be given by a detailed Hartree-
Fock calculation.

One further simpli6cation made in the present cal-
culations is the lack of differentiation between target

TABLE II. Parameters of a Saxon-Wood potential for the single-
particle states of Ca as given by Klton eE al. in Ref. 30. The
radius and rounding parameters were kept fixed for all the states
at R=1.30A'/'F and a=0.60F.

140-

——E IE cos8
P 0

120-

100-

o- 80-
4l

60-

40-

neutrons and protons either with respect to the assumed
nucleon-nucleon differential cross-sections or single
particle binding energies. Finally, to relate the momenta
in Eq. (2) to the incident and observed. energies we
have used a nonrelativistic transformation. The dif-
ference between relativistic and nonrelativistic two-

body kinematics is less than 3 MeV over the angular
range.

Figures 8 and 9 show the prediction of these calcula-
tions for the peak position as a function of angle. These
6gures are analogous to Fig. 6 except that the experi-
mental points are those for the particular element
rather than those corresponding to the average over all
the target elements. As can be seen, the results for Ca"
agree to within about 3 MeV out to 60' but then begin
to deviate quite seriously. For Be' the shape of the curve
for the predicted peak energy as a function of angle is
very similar to the experimental shape but is shifted
down by about 5 MeV at 10' to a shift at 80' of about
20 MeV. It should be pointed out that in neither of
these calculations has any recoil effect been taken into
account.

Figures 10 and 11 show the observed and predicted
spectra at the indicated angles for Ca and Be. For
Ca4 the shape of the spectra generally agree very well

with the predicted ones. At the peak energies, however,
the ca,lculation predicts cross sections which are about
a factor of three higher than the experimental values.
This factor is slightly angle-dependent being somewhat
greater than 3 at forward angles (3.7 at 20') and less
at large angles (2.7 at 60'). For Be' the corresponding
discrepancy is 1.7 with less angle dependence.

State V0 (MeV) V pinprb&$ (MeV)
Binding energy (MeV)

Calc. Kxpt.

20-

1$1/2
1p3/2
1pl/2
1d 5/2

2$q/2

1d3/2

85.0
60.0
60.0
53.0
53.0
53.0

29.8
29.8
11.7

11.7

62.6
31.8
24.2
14.9
9.8
8.2

24.5
15.1
10.9
8.3

"U. Amaldi, Jr., et a/. , Phys. Rev. Letters 13, 341 (1964).

0 20 80 80

FrG. 8. The energy of the outgoing protons from Ca" at the
peak of the quasifree scattering spectrum as a function of the
scattering angle. The solid line is the prediction of Kq. (2), the
dashed line is free nucleon-nucleon kinematics, and the crosses
are the experimental points for Ca40.
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FIG. 1i. The spectra predicted by Eq. (2) compared with
experiment for 160-MeV incident protons scattered from Be'
at angles of 20', 30', and 50'.
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experiment for 160-MeV incident protons scattered from Ca"
at angles of 20', 30', and 50'.

In addition to the type of calculation we have made,
Bertini" has carried out a Monte Carlo calculation of
inelastic proton scattering. This calculation is extremely
useful —particularly from the standpoint of estimating
the multiple-scattering contributions. The calculation
has been described previously in Ref. 14. The calcula-
tion essentially follows many incident nucleons through
a, nucleus composed of A target nucleons allowing the
nucleon to make more than one collision and calculates
the energy with which the protons come out. The target
nucleus is considered to be made up of three regions-
each region being described by a Fermi-gas model
hut with different Ep (Fermi momentum). In this way
one gets a density distribution which approximates the
density distributions measured in electron scattering.
Bertini has used appropriate free nucleon-nucleon cross
sections. In addition, a collision taking place in the
nucleus must transfer enough momentum to the struck
particle to knock it out of the Fermi sea. If not, the col-
lision is ignored and the particle continues unscattered.

Figure 12 shows our experimental spectrum, the result
of the Monte Carlo calculation, and the result of look-
ing at just those protons in the Monte Carlo calcula-
tion which have undergone only a single collision. The
results are at a forward angle (25'—35') for the oalcula-
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Fxo. 12. Monte Carlo calculations
for the scattering of 160-MeV protons
from Bi"' at an average angle of
30'. The curve labeled Full Calc.
represents the complete Monte Carlo
calculation described in the text.
The curve labeled Single scattering
represents those particles which escape
from the nucleus after a single
collision. The experimental results
are the data of this experiment. The
Monte Carlo results represent a
smooth curve drawn through the
histogram resulting from tracing
6000 protons through the nucleus
and looking at a 10' angular range
about 30' and approximately 2- to
8-MeV bin sizes for the energy
interval.
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F. R. in Fig. 13) result" which is probably a rather
typical evaporation spectrum. It should be pointed
out that the Monte Carlo calculation of Bertini'4
does not have a specific evaporation contribution. In
Fig. 14, the results are given for Be' at a fairly large
angle. Even in this light nucleus the full Monte Carlo
calculation predicts significant multiple scattering.

It should be pointed out that the multiple scattering
referred to here is a successive incoherent scattering
from the target nucleons, and no possible coherence is
taken into account. Nevertheless, using these calcula-
tions as a guide we are led to the conclusion that in our
experiments we are primarily observing a single-scatter-
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FiG. 13. Monte Carlo calculations
for the scattering of 160-MeV protons
from Bi"' at an average angle of 60'.
The curve labeled Full Calc. repre-
sents the complete Monte Carlo cal-
culation described in the text. The
curve labeled Single Coll. represents
those particles which escape from the
nucleus after a single collision. The
experimental results are the data of
this experiment. The Monte Carlo
results represent a smooth curve
drawn through the histogram result-
ing from tracing 6000 protons through
the nucleus and looking at a 9'
angular range about 60' and approxi-
mately 2- to 8-MeV bin sizes for the
energy interval.
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"R.Fox and N. F. Ramsey, Phys. Rev. 125, 1609 (1962).

tion and are compared with our 30' data for 160-MeV
protons incident on Bi'". One sees, in this compari-
son, rather good agreement between the single-scat-
tering result and our experiment. Also it is clear that
when multiple scattering is allowed there is a filling in
of the low-energy part of the spectrum, particularly be-
low about 40 MeV, which supports our conjecture that
if there is any multiple scattering in our experiments it
causes the particle to be shifted below our experimental
threshold. Figure 13 shows similar spectra at a larger
angle, 60'. Here the multiple-scattering e6ect is ex-
tremely pronounced, but it gives a cross section sig-
nificantly larger than the Fox and Ramsey (labeled
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ing process. We have not discussed the sensitivity of the
Monte Carlo results to the parameters of the calculation.
Only very preliminary study has been made of this
because of the large amount of high-speed computer
time necessary for each of these calculations. Some
indication of the sensitivity of the calculations can be
found in Ref. 14.

V. CONCLUSIONS
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As pointed our earlier, previous interpretations of
similar experiments have been made based upon models
which contained only the gross features of the nucleon-
momentum distribution. We have, here, used the shell
model to derive the momentum distribution so that we
automatically build in the correct eGects of the single-
particle angular momentum and the reRection at the
nuclear surface on the bound-state wave functions.
Furthermore, our use of experimental binding energies
to derive the single-particle wave functions does, to
some degree, take into account the residual interactions
in a Hartree-Pock sense. " The fact that we have
utilized a reasonably well-defined nuclear model and
obtained a high degree of agreement between experi-
ment and theory in itself lends credence to our calcula-
tions and interpretations, and we believe to the inter-
pretations of deviations from the theory.

For Ca there are two major deviations. The first
is the systematic difference for the absolute value of the
cross section between the calculated and experimental
values at the peak of the spectrum. The fact that our
prediction is not as wrong for Be' is consistent with the
discrepancy arising from an absorptive process. On the
other hand, given relatively strong absorption, a question
arises as to the validity of the impulse approxima-
tion. ""We argue that the absorption is still consistent
with the impulse approximation if the essential point
of the impulse approximation is that the incident
particle collides with individual particles in the nucleus,
and that the multiple scattering is primarily an in-
coherent scattering from different nucleons, "as in the
sense of the Monte Carlo calculations. Figures 2
through 5 showing similar spectra for all elements,
independent of A, provide the strongest evidence for
our earlier conjecture that if the absorption processes
are strong enough to produce multiple scattering that
multiple scattering simply reduces the proton energy
below our experimental threshold so that in eGect we
only observe single scattering. Optical-model parame-
ters'~ which lead to reaction cross sections which are
essentially geometric but which have a low ( 15 MeV)
real part indicate the main e6ect of the imaginary part
is to produce an attenuation but little refraction of the
incident or outgoing waves. Therefore the wave func-
tions of the incident and outgoing protons can be treated
as plane waves multiplied by a distortion factor which

"For example: G. E. Brown, United Theory of Nuclear 3/Iodels
(John Wiley R Sons, Inc. , New York, 1964), Chap. III.
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FIG. 15. The momentum distribution derived by Fourier trans-
forming the single particle states in Table 2 and multiplying by
2X(2j+1) to obtain the correct weighting. This is compared
with the calculations shown in Fig. 3 of Ref. 33, and Gaussian
momentum distributions with characteristic energies of 14 and
19MeV. The dashed lines show that the single-particle momentum
distribution can be approximated by a sum of Gaussians.

takes into account the absorption. To be able to talk
of a momentum distribution, it is necessary that the
following proportionality hoM:

T;f e'&'q (r)dr,

FxG. 14. Monte Carlo calculations for the scattering of 160-MeV
protons from Be' at an average angle of 60'. The curve labeled
Full Monte Carlo represents the complete Monte Carlo calculation
described in the text. The curve labeled Single scattering repre-
sents those particles which escape from the nucleus after a single
collision. The experimental results are the data of this experiment.
The Monte Carlo results represent a smooth curve drawn through
the histogram resulting from tracing 6000 protons through the
nucleus and looking at a 20 angular range about 60' for the full
calculation and a 6' angular range about 53' for the single scat-
tering calculation. The bin size varied from 2 to 8 MeV.
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where q(r) is the single-particle wave function and g
is the momentum transfer. Such integrals arise in a
plane-wave approximation or in the case where it is
possible to describe the v ave function as a plane wave
times an attenuation factor. Therefore the accounting
for our observations in terms of single scattering can be
consistent with large multiple scattering and the con-
comitant large total cross sections as well as the optical-
model parameters reQecting these phenomena.

The other discrepancy between the calculation and
experiment can be seen (particularly from Figs. 10
and 11) to develop at higher outgoing proton energies
as the scattering angle is increased. For example, in
Ca at 140 MeV and 50' the measured cross section is
about a factor of 3 above the predicted values, rather
than the factor of 3 below observed in the vicinity of
the peak. Similar CBects are observed in the case of
Be'. This discrepancy can be described by saying that
the single-particle wave functions we have used do not
have enough high-momentum components. The aver-

age value of E~l~ necessary to produce 140-MeV
protons at 50' corresponds' to momenta in the nucleus
of the order of 1.4 F' (280 MeV/c). As Gottfried"
has pointed out, the very nature of the processes which

give rise to such high momentum components also
leads to the breakdown of the type of analysis we are
using. In pal tlculR1 stlong short-I'ange two-body cor-
relations would lead to a breakdown of our single-

particle model. Brueckner, Eden, and Francis34 have
analyzed the CGect of such short-range correlations on
experiments similar to ours. They show that the single-

particle momentum distribution is in CQect modified

by the addition of high-momentum components. They
indicate that these two-body correlations produce an
CGective momentum distribution which is similar to a
Gaussian with a characteristic energy of the order of
15—20 MeV. Figure 15 shows such momentum distribu-
tion and the momentum distribution we derive based
on our shell-model approximation for Ca", %C see
that our calculation can describe the low-momentum

components essentially correctly, but the shell-model
momentum distribution drops much too rapidly in the
region necessary, for example, to account for the num-

ber of 140-MCV protons observed at 50'. In other words,
our experiments and calculations indicate that in re-

gions where short-range correlations are expected to be
slgn16CRnt there ls a marked d1SCI'cpRncy. Whether this
discrepancy is a direct manifestation of short-range
correlations, the breakdown of the iInpulse approxima-
tion, or "OB-the-energy-shell" CBects we cannot say
delnitely in this type of experiment. "

There is one possible source of these high momenta
'4 K. A. Brueckner, R. J. Eden, and N. C. Francis, Phys. Rev.

98, 1445 (1955).

beyond those mentioned above, namely the scattering
from quasiparticles representing collective states.
insofar as the low-lying (3.73- and 4.48-MeV) strongly
collective states of Ca40 are concerned, it is interesting
to observe their cross-section is much less than twice the
integrated cross-section between j.O-MCV and 20-MeV
excitation. Furthermore, it is known that these states
represent at least half the 2' pole and 2' pole strength
observed in elastic alpha-particle scattering. "This sug-
gests that the contributions in this energy region are
not indicative of residual she11.-model interactions.
In the language of inelastic electron scattering, the form
factor for the excitation of these collective states repre-
sents such coherent processes that they become quite
small when the momentum transfer is suKciently
large, at 50' this is of the order of 2.4F '.

One might also attempt to take into account further
corrections to our extreme model by utilizing R quasi-
particle description of the target nucleons as has
Reiner" in the case of inelastic electron scattering. How-
ever, the use of experimental binding energies, partic-
ularly in the case of the low-lying levels of the shell-
model potential, takes into account some of the CGects
of the other nucleons. 3~ 38.

While one could improve on our calculation by taking
into account the energy and angular dependence of the
nucleon-nucleon cross section they are known well
enough" ~~ to know that they couM not account for
the observed CBects.39 We believe that the next phase
of the analysis should be to take into account the
absorption of the incident and outgoing particles by
allowing them to move in complex optical potentials,
and insofar as possible build in the correlation c6ects
to this distorted-wave calculations following Ref. 33.
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