
P H YSI CAL REVI EW VOLUME 150, NUM BER 2 14 OCTOBER 1966

High-Stress Optical Birefringence in Pure and
Degenerate n-Type Germanium* )

ALBERT FELDMAN1~~

Departntent of Physics and Institute for the Study of Metals, The IIn& ersity of Chicago, Chicago, Illinois

(Received 2 May 1966)

The stress birefringence in degenerate As- and Sb-doped Ge containing between N=1.2&10" and 7.2
X10is impurities per cc was measured as a function of uniaxial [111$compression at 1.4'K. Wavelengths
in the range 1.8—2.5 p and stresses up to 8&&10' dyn/cm' were used. These stresses were high enough to
cause a transfer of all electrons to a single conduction-band valley, and thus eQect a saturation in the bire-
fringence of the free carriers. Deviations of the results from the simple degenerate model are ascribed to tail
states below the conduction-band edge and a possible increase of eRective mass with N. The birefringence
due to interband transitions in As-doped Ge was found to differ by an amount proportional to N from that
of pure Ge and also from Sb-doped Ge. The cause for this difference is attributed to the large central-cell po-
tential of As impurities. The stress optical constants of pure Ge were also measured in the above-mentioned
wavelength range. Agreement with the data of Schmidt-Tiedemann was found. The stress optical constant
for L111$ stress Q44 shows a linear dependence on the photon energy E at 4.2' and 90'K, while the stress
optical constant for $100$ stress, Qii —Qis, deviates strongly from a linear dependence on E. In addition, the
birefringence for L100) stress exhibits a nonlinear stress dependence. The stress birefringence of pure Ge is
interpreted in terms of the eRect of stress on the electronic transitions in the neighborhood of critical points
in the interband density of states.

I. INTRODUCTION

'HK stress-induced free-carrier birefringence de-
pends on the eRective-mass anisotropy of the

carriers. It can therefore be used, particularly in multi-
valley semiconductors, to study the eRect of large im-

purity concentrations on the shape of the band extrema.
VVe have extended the work of Schmidt-Tiedemann' in
ts-type Ge to lower temperatures and to uniaxial
stresses high enough to cause a transfer of all carriers to
a, single valley ($111] stress orienta, tion). The free-
carrier birefringence then reaches a saturation value
which depends upon the anisotropy of the eRective
mass of a single conduction-band valley but is inde-
pendent of the deformation potential and the elastic
constants of the material. This work complements the
high-stress piezoresistance measurements' 4 which de-
pend on the mobility components of an individual
valley.

It is still uncertain to what degree the presence of a
large impurity concentration affects the conduction and
valence bands. It is known that the band gaps decrease
with increasing carrier concentrations' ~ and that this
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effect depends on the type of impurity used. 7 While
only a small increase of the electric-susceptibility eRec-
tive mass with increasing carrier concentration has been
observed, ' indicating a negligible effect of the impurities
on the band structure, several anomalies were observed
in transport properties of degenerate semiconductors
which seem to indicate rather strong deviations of the
bands from those of a pure crystal. Thus, tunneling ex-
periments' require for their explanation a sizeable
number of tail states' " in the forbidden-gap region;
resistivity measurements show a temperature depend-
ence" well below the degeneracy temperature; anomal-
ous effects have been observed in the magnetoresist-
ance" over a wide impurity-concentration range; and
impurity-band eRects are found even when the impurity
activation energy is zero. '4 Since transport eRects
depend both on the eRective masses and the relaxation
time, it seems important to carry out an experiment
which depends only on the eRective masses.

High-stress birefringence measurements at 1.4'K
were performed on As- and Sb-doped Ge with carrier
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concentrations varying from 1.2)& 10"' to /. 2)& 10" cm '.
The wavelength range was 1.8—2.5 p. Low temperatures
were used so that saturation in the free-carrier bire-
fringence was observed at the lowest possible stress.
ITniaxial compressional stresses along [111]of up to
8X10' dyn/cms were used, corresponding to strains
of up to about 0.5%. The results are compared to the
simple degenerate model. ' The major deviations are
attributed to the presence of tail states below the con-
duction-band edge. Nonparabolic corrections to the
shape of the valleys, which show up as changes of effec-
tive mass with carrier concentration are discussed.

The free-carrier birefringence was obtained from the
total-stress birefringence by subtracting the interband
contribution, which was obtained by measuring the
stress birefringence in pure Ge. Although the main
interest is in the free-carrier birefringence, a discussion
of interband birefringence is also presented. The inter-
band birefringence will be shown to depend on the re-

moval of the degeneracies of the symmetrically related
points in the band structure of Ge and the stress de-

pendence of the transition matrix elements.

II. THEORETICAL CONSIDERATIONS

The birefringence of a cubic crystal under uniaxial
stress is the phase difference per unit sample thickness
between the normal polarization modes of radiation
propagating through the crystal. For uniaxial stress

applied along a symmetry axis and radiation propagat-
ing perpendicular to the stress direction, the bire-
fringence is given by the expression

where ) is the radiation wavelength and miI and e~ are
the refractive indices for polarization parallel and per-
pendicular to the stress axis, respectively. In a region
of the spectrum with little absorption (the extinction
coeKcient ((1) the birefringence expressed in terms of
the principal components of the real part of the di-
electric tensor (et), ~ and (er)„and the zero-stress re-
fractive index mo is

is delned to be positive for extension. Thus for X along
[111]and [100]one obtains for the birefringence

and

t)/t= Q44X (4a)

A/t =Ar/t+A~/t. (5)

In the present work we are mainly interested in 6~/t.
In the following the free-carrier birefringence in Ge

will be computed assuming (1) E electrons in the con-
duction band which is undistorted by the presence of
X donor impurities per cc (simple degenera, te modeP),
(2) that the stress merely shifts the conduction-band
minima (valleys) without changing their respective
effective masses, 's and (3) that the valleys are parabolic.

One is justihed in using the simple degenerate model
because the carrier concentrations used here are higher
than the critical carrier concentration for the transition
from nonmetallic to metallic conduction" in Sb- and
As-doped Ge. This transition is usually defIned as the
carrier concentration at which the thermal activation
energy of impurity conduction" vanishes, which occurs
at JV' = 10'"/cc.

The conduction band of Ge has minima (valleys) in
the four equivalent [111]directions located at the
Brillouin zone edge. The effective-mass components are
est „=(1.588+0.005)m, and srt&

——(0.08152+0.00008)rtt, ."
At zero stress all four valleys are equivalent; hence the
expression for the free-carrier dielectric constant for

4srtVe'tr 1 2 )
3~' &srt„m, i

6/t= (Qtt —Q»)X, (4b)

respectively. In birefringence measurements, Qtt and

Q» always appear together as Q»—Q». They can be
determined individually either by measuring directly
8(et)«and 8(e&)& for [100] stress or by measuring Set
under hydrostatic pressure in conjunction with the bire-
fringence measurements.

The birefringence is the sum of interband and free-
carrier (intraband or Drude) terms

6/t= sr[(et) )(—(er),]/O~tto). (2) the equation

The calculation of the birefringence thus reduces to the
calculation of the anisotropy in e& under stress.

The stress-induced change in a~ can be expanded as
a power series in the stress X which in the low-stress
limit is

8et=hnpQ X/sr (3)

where 0 is a fourth-rank tensor with three independent
components called the stress optical constant. " Stress

14 The de6nition of the stress optical constant 0 is that used by
Schmidt-Tiedemann. Nye defines a stress optical constant m by

ba '=m I
where Q and m are related by

Q= —( /7)a, see.
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For uniaxial L100) stress the four valleys remain de-
generate in energy, so that no change in a&~ is expected
except for a small effect due to the stress dependence of
the effective masses" which is neglected in this approxi-
mation. For compression along $111], one valley
moves down in energy and three move up with a rela-
tive energy separation between the lower and upper
valleys equal to 4544 X/9, where S44 is the shear com-
ponent of the elastic-compliance tensor and is the
shear deformation potential. "There is a net transfer of
carriers to the lower valley, giving rise to anisotropy in
the dielectric tensor which becomes

(et )V=—
4xe2

where N„ is the concentration of carriers and (m '),,"

is the ij component of the reciprocal effective-mass
tensor for the vth valley. The general expression for
the free-carrier birefringence for (111]stress is then

e'X 1 1
2 ~/t= —~(Nr, Np). —

Nc m, m„)2

IIL EXPERIMEN'TAL DETAILS

The experiment was performed by passing polarized
radiation through stressed Ge. Monochromatic infrared
radiation with a resolution of better than 0.01 eV was
obtained from a Perkin-Elmer model 2108 fore-prism
grating monochromator. Wavelengths in the range
1.8—2.5 p, , i.e., photon energies of 0.49—0.69 eV, were
used. This wavelength range is a region of minimum ab-
sorption for degenerate Ge. The radiation was chopped
at 90 cps to permit use of phase-sensitive detection and
to eliminate the effects of stray radiation. A pair of
Gian-Thompson prisms in a crossed orientation were
used as polarizer and analyzer. The sample was placed
in a cryostat22 with Pyrex windows. The radiation was
focused over an area of about 0.2&(3.0 mm on the
sample. A liquid-nitrogen-cooled lead su16de photo-
resistor was used as the radiation detector.

The sample preparation has been described pre-
viously. "24 Samples were aligned by x-ray diffraction
to better than 1' and cut to dimensions of approxi-
mately 25)&1.0)&0.6 mm. The carrier concentration E
of the degenerate samples (Table I) was determined

The stress dependence enters through El. and E~, the
concentration of carriers in the lower and each of the
upper valleys, respectively; Eq. (8) shows the depend-
ence of A~/t on the effective-mass anisotropy. In the
following, the free-carrier birefringence is discussed only
in the low-temperature limit $i.e., the zero-stress Fermi
level measured from the bottom of the valleys Es(0)
is much larger than k Tj.

In the high-stress limit one obtains for the saturation
value of the free-carrier birefringence

Sample

As-1
As-2
As-3
As-4
As-5
As-6
Sb-1
Sb-2

X
(cm ')

1 24X10"
3 ~ 12
3.67
4.00
5.45
7.14
1.38
4.66

E~(0)
(eV)

7.6X10 '
14.0
15.6
16.6
20.3
24.4
8.2

18.4

TABLE I. Sample characteristics.

Es (sat)s
(eV)

19.1X10 '
35.2
39.3
40.8
45.1
61.5
20.6
46.3

4~(satj e'XN( 1 1

)t zzpc' km, m„
(9)

a Zz(0) is zero-stress Fermi level assuming parabolic bands.
b Bz(sat) is saturation-stress Fermi level assuming parabolic bands.

Saturation occurs at the stress

X(sat) = 9E&(0)/(4"'544- ) .— (10)

'0 Cyclotron resonance in uniaxially stressed silicon indicates
very small changes in the electron eGective mass with stress. See
J. C. Hensel, H. Hasegawa, and M. Nakayama, Phys. Rev. 138,
A225 (1965).

"The notation used is that of Herring and Vogt /Phys. Rev.
101, 944 (1956)j.

In the low-stress limit the free-carrier stress optical
constant is

1 e')t 1 1 )544 jV

6zzpc' mr m„3 Es(0)

Schmidt-Tiedemann' has computed Q44~ for Es (0)&&kT.
An interesting result of the above calculation is that

the curve of A~//ANt plotted against /XE(0s) is inde-
pendent of X and X. The proof for this is given in the
Appendix.

from Hall-effect measurements on samples cut adjacent
to those used in the optical measurements. For a many-
valley cubic semiconductor with axially symmetric
valleys, "E is given in terms of the Hall coeKcient 8
and the mobility anisotropy K =tz,/tz„by' "

N =3K (K+2)/Re(1+ 2K)' (12)

"The cryostat was built by H. S. Martin and Son."H. Fritzsche, Phys. Rev. 115, 336 (1959).
'4 F. Pollak, Phys. Rev. 138, A618 (1965).
~' M. Cordona, W. Paul, and H. Brooks, Helv. Phys. Acta 33,

329 (1960).

where E was taken to be'4 4.0. The uncertainty in X
was +5%. The pure Ge samples had resistivities
greater than 10 Qcm at 300'K so that the free-carrier
e8ect could be neglected.

The stressing apparatus (Fig. 1) has been described
before. ' '4 The stress was changed smoothly by extend-
ing the spring with a motor drive. A linear variable dif-
ferential transformer (I.VDT) yielded a signal pro-
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sample. Relative stress gradients smaller than 3%/mm
are needed to explain the effect. Figure 3 shows the out-
put intensity for a sample of the As-doped Ge. The
envelope of the oscillations for the degenerate sample is
caused mainly by stress-induced free-carrier dichroism"
and impurity gradients in the sample which were found
to be less than 0.3&(10"/CC/mm. It can be shown that
if I' is the height of the intensity curve above the lower
envelope, and Io' the height between the envelopes
a,t the same stress value, then

I' = (—', Io') (1—cosA) .

MP

~P
FIG. i. Stressing apparatus. M=motor drive, LVDT=linear

variable differential transformer, C=movable core of LVDT,
SP =spring, L = lever arm, PR =pull rod, SUP =supporting
member, PF =pulling frame, S = sample, MP =movable piston,
P =pin pushing the movable piston upwards.

I= -,'I 0 (-', (A i i+2,)—(2 „A,)'" cosA), (13)

where Io is the intensity of radiation incident upon the
sample and —,'IOA«and 2IOAj. are the intensities of the
radiation leaving the sample polarized parallel and per-
pendicular to the stress axis, respectively. The intensity
I can be plotted directly a,s a function of stress X on an
X-V recorder by applying the signal from the infrared
detector to the y axis and the signal from the LVDT to
the x axis of the recorder. The output intensity for a
sample of pure Ge is shown in Fig. 2. The slight damping
of the intensity oscillations is caused by the finite band-
width of the radiation and stress inhomogeneity in the

portional to the extension of the spring. At the start
and finish of each stress sweep, the output was cali-
brated against a matched LVDT mounted on a microme-
ter head. The samples were carefully mounted into the
sample holder with epoxy resin. Exact alignment
avoided breakage at high stresses and reduced friction
to a minimum. The reproducibility of the data for in-
crea, sing and decreasing stress indicated that the
amount of friction present, and hence the uncertainty
in the stress, was always less than 2% of the maximum
stress.

The sample was placed between the polarizer and the
crossed analyzer. The polarizer was oriented at 45'
with respect to the stress axis, so that the components
of radiation polarized parallel and perpendicular to the
stress axis were of equal intensity. With the stress
along a major symmetry axis of the crystal, each polari-
zation component of the radiation propagates through
the sample with a different velocity and suffers a dif-
ferent attenuation. The radiation emerging from the
sample is thus elliptically polarized. The intensity
through the analyzer is given by

From this one obtains the birefringence 6/t as a function
of stress.

I-

CL I—
lL

PURE GERMANIUM
T=4.2 K

X = 2. I p

I-
(A

Lt1

I— 0
I I I

I.O 2.0 5.0

[III] COMPRESSION (Io DYNES/CM I

Fze. 2. Intensity as function of stress for a sample of pure Ge.

"Free-carrier dichroism is the anisotropy in the free-carrier
absorption which is related to the anisotropy in e&~, just as the
free-carrier birefringence is related to the anisotropy in aP. By
measuring J as a function of stress with the polarizers oriented
parallel and perpendicular to the stress axis, and taking into
account the inhomogeneities mentioned above, the envelope
functions have been reproduced.

IV. RESULTS AND DISCUSSION

A. Free-Carrier Birefringence

In Fig. 4 we see 5/t plotted as a function of L111)
compression for pure Ge and As-doped Ge measured a,t
2.1 p, . Because the birefringence of the pure Ge is linear
with stress, it is described by the stress optical constant
Q44 over the entire stress range. The values of Q44 in

pure Ge, shown in Table II, are accurate to better than
2%

Assuming the interband birefringence Dr/3 in de-
generate Ge is equal to the birefringence of pure Ge,
one can obtain from Eq. (5) the free-carrier bire-
fringence A~/f as a function of stress. At the highest
stresses one obtains an error in AP/t of about 8% in the
lowest concentration sample and of about 2% in the
highest concentration sample.

Figure 5 shows h~/t for typical samples of As- and
Sb-doped Ge as calculated making the above assump-
tion. The horizontal arrows show the values of D(sat)/t
calculated from Eq. (9). The stresses at which satura-
tion is expected to occur are shown by the vertical
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TABLE II. Stress optical constants in pure Ge
in units of deg cm kg '. I80»

I
'

I I I I I I I

X
(microns) 4.2'K 90'K 300'K 350'K

l 20m

1.8
1.9
2.0
2.1
2.2
2.4
2.5

1.8
1.9
2.0
2.1
2.2
2.4
2.5

6.61~
6.32
6.04
5.74
5.51
5.03
4.83

6.66
6.38
6.01
5.76
5.52
5.06
4.86

6.38
6.33
6.12
5.90

5.68, 5.7~0.2b

5.27
5.06

6.18
6.21
6.05
5.89

~ ~ ~

5.26
5.08

0.77

1.22

~ ~ ~

1.40

Q11 Q19
0.62
0.91
1.07
1.14
1.20
1.27
1.27

—1.12—0.40
~ ~ ~

0.41
0 63 0.61+0.05b

(1/2)(Qn —Q~s+Q44) Stress L110$ Beam L110$

60m
(3

(0
Z 0

C5

K
-60'

o/~

-I20'

"I80m'

"240or

I I I I I I I

2 4 6 8

fill] COMPRESSION(IO DYNES/CM )

Fxa. 4. The bire-
fringence for pure
and As-doped Ge
as a function of
L111$ compression
at X=2.1 p and
T= 1.4'K..

(microns)
1.8
1.9
2.0
2.1
2.2
2.4
2.5

90'K
3.680
3.64
3.59
3.54
3.42
3.21
3.11

3.64~
3.65
3.54
3.45
3.36
3.17
3.07

300'K
~ ~ ~

3.060

3.22 3.16

~ ~ ~

2.99

a All experimental values have an error of +0.10 deg cm kg '.
b Obtained by Schmidt-Tiedemann; see Ref. 33.
e The data in this column were obtained experimentally.

previously.
d This column was obtained by averaging Q44 and Q —Q bt ' d, ll . 12 0 aine

arrows. They were computed from Eq. (10) using
S44=1.47X10 " cm'/dyn and" Z =19 eV. The ex-
pected saturation of A~/t is observed in the Sb-doped
sample. However, the saturation occurs at a higher
stress value than expected. This is attributed to tail
states below the conduction-band edge. Further evi-
dence for tail states will be discussed later. In all the
As-doped samples measured, it was found that h~/t did
not saturate but exhibited a linear stress dependence
well beyond the stress at which saturation was expected.
In their high-stress piezoresistance measurements,
Cuevas and Fritzsche also observed saturation in Sb-

2407T—

CO
R

lD l60m'—
0

po 0 0000000
0

00 oP«0 oO
0

on

doped' Ge, but not in As-doped4 Ge. Figure 6 shows that
saturation can be achieved in B,I/t for As-doped Ge by
subtracting a correction factor which is proportional to
E from Q44 of pure Ge. These correction factors are
shown in Table III. In measuring the indirect absorp-
tion edge in compensated Sb- and As-doped Ge,
Keldysh and Proshko7 also found a difference due to the
di6erent dopants. The indirect edge did not change
with Sb concentrations up to 10"/cc while it decreased
in energy with increasing As concentrations greater
than 10's/cc. In addition, the strength of the absorption
at the indirect edge increased with increasing As con-
centrations. The difference between As and Sb im-
purities was attributed to the greater effectiveness of
As impurities for transmitting momentum inindirect
transitions. This results from the much larger central

COI-

IL

V)
Z
UlI-
Z

I I I

N = 5.I2xIO As/cc
k = 2.5JLI.

6 7xlO0 I 2 3 4

[III] COMPRESSION (DYNES/CM )

FIG. 3. Intensity as a function of stress for a sample
of As-doped Ge.

0 2 6 8

Ill COMPRESSION (IO DYNES/CM )

4

FxG. 5. The birefringence in degenerate Ge minus the bire-
fringence in pure Ge as a function of L111$ compression for a
sample of Sb- and As-doped Ge. In the Sb-doped sample this is
equal to the free-carrier birefringence (see text). The vertical
arrows indicate the stress at which saturation is expected and the
horizontal arrows indicate the expected saturation values assuming
parabolic bands. The temperature is 1.4'K, X equals 2.1 p, . o—
4.66X10"Sb/cc; EI—4.00&&10» As/cc.



150 DEGENERATE n —TYPE Ge 753

TABS,z III. Corrections to the stress optical constant of
pure Ge, Q44, for As-doped Ge at 1.4'K.

400m'

1.8
1.9
2.1
2.5

bQ44 (10 "deg cm/kg)

(—0.10+0.03)N
(—0.10+0.03)A'

(—0.10&0.03)ff
(—0.07&0.03)E

400~—

& 300~—
O

M

Cl

~ 2007r'—

Samples

0-7.14 X IO Aslcc
x -5.45
&-4.00
o-3.67
0-3.12
+ —1.24

o oococ
o

0
XX Xx

o
x

Ox

Ox
&&x J oo oooo ooooo
x ~oo x@

1007r—

~4. ++++++++++++++++

cell potential of As impurities which accounts for the
large chemical shift'7 in the impurity levels of As donors.
The additional absorption in As-doped samples might
a,ccount for the corrections in Q44 because it occurs at
energies close to the photon energies used in this experi-
ment. In the following, all values of A~/f in As-doped
Ge are obtained assuming the above mentioned correc-
tion to Q44.

The saturation value of A~/t is plotted in Fig. 7 as a
function of S. The errors in A~(sat)/t are approxi-
mately &2%. The solid line is a plot of Eq. (9) in
which the effective-mass components obtained by cyclo-
tron resonance were used. A small increase in effective
mass of the order of magnitude observed by Spitzer
et ul. ' and Bowers" would explain the small deviations
of the experimental points from the solid line at the
higher carrier concentrations. Alternatively, the de-

O
~~OO~
M

Cl

~200~lL

D
lh ~

loo~

2 4 6 ex~0'6

CARRIERS/CC

FIG. 7. Saturation value of the free-carrier birefringence as
function of carrier concentration taken from measurements at
X=2.1 p. The solid line was calculated for parabolic bands.
0—As doping; Q—Sb doping.

(15)

Assuming the constant-energy surfaces are ellipsoidal,
one obtains for the transverse effective-mass component
the term

1 1
(1—9/SrrE),

mg fgf
(16)

which is obtained from the free-carrier electric
susceptibility"

viations might be caused by a change in the mobility
anisotropy with E, which would affect the value of E
calculated from Eq. (12). The first explanation is sup-
ported by the fact that calculations of the nonpara-
bolicity of the conduction-band valleys at the point I-
in the Brillouin zone yield effective-mass increases of
the correct magnitude. From the k p method's and a
two-band model which neglects spin-orbit splitting, E
measured from the bottom of the valley in a direction
transverse to $111j is found to be

0

[III] COMPRESSION (IO DYNES/CM )

g2 (PE 2
(17)

Fro. 6. The free-carrier birefringence as a function of (111)
compression for As-doped Ge at X =2.1 p and T= 1.4'K. A correc-
tion to the stress optical constant of pure Ge, which is propor-
tional to the carrier concentration, was applied (see Table III).
This results in the saturation of the free-carrier birefringence for
all the As-doped samples.

"In phosphorus-doped Ge, where the chemical shift is half way
between that in As- and Sb-doped samples Lace J. H. Reuszer and
P. Fisher, Phys. Rev. 135, A1125 (1964)j, the behavior appears
to be the same as that of Sb-doped Ge in the few samples
measured."R.Bowers, Phys. Rev. 108) 683 (1957).

where fs is the occupation probability function and
das is the volume element in k space. The factor n is
equal to the reciprocal energy gap at the symmetry
point I. (Ez= 2.0 eV)'s and mis is the transverse effec-
tive mass at the bottom of the valley. Equation (15)
agrees with an orthogonalized-plane-wave (OPW)

'9 E. O. Kane, J. Phys. Chem, Solids 1, 249 (1957).
'OK. L. Shaklee, F. H. Pollak, and M. Cardona, Phys. Rev.

I,etters 15, 883 (1965).



754 ALBERT I ELDMAN 15O

Transitiona

p25t ~ r 2r

I.S~ —+ L1

AS ~31

X4 ~X1

aSee Ref 3
b See Ref. 30.

Energy
Symmetry gap
direction (ev)

I 000j 0.8
1113 2.0

2.3

$100$ 4.3

I110j 44

Selection rules for matrix
elements for given

polarization direction

Allowed for all polarizations
Not allowed for f111)
Allowed for all directions g to L111$
Not allowed for I 111j
Allowed for all directions J to [111j
Not allowed for I 100$
Allowed for all directions J to $100)
Not allowed for L110$ and L110$
Allowed for $001$

TABLE IV. Selection rules at some critical points in the interband
density of states of Ge neglecting spin-orbit coupling. ~ 2471"

'x
K
O

N& ice
C3

U)

O
87K

I I

~k o ao &a rnite 85 o

tel = '5. l2 s4 lO As/cc
T= I.4'K

4-I 9p
0-2. I p.

0 —2.5p.

a- Sb Doped Ge

o- As Doped Ge

a= 0.0eV
a= 0.5eV

I

X

E

I

4

CARRIERS / C C

I

exlPIS

FrG. 8. Reciprocal transverse mass minus reciprocal longitudinal
mass as a function of carrier concentration for the conduction band
minima of Ge. The upper line is for parabolic bands. The lower
line is obtained from a band calculation around the symmetry
point L. For clarity the horizontal error bars were omitted.
Q—Sb-doped Ge; o—As-doped Ge.

pseudopotential band ca,lculation" ca,rried out for the
neighborhood of the minima at I.. ln the two-ba, nd

model, the k y matrix element for computing mll is
zero because of the selection rules listed in Ta,ble IV.
Thus, ml& is expected to change negligibly with energy.

The value of m&
'—m« ' obtained from the saturation

value of 6"/t is plotted against E in Fig. 8. The hori-
zontal line assumes parabolic valleys, while the curved
line is obtained using Eq. (16).Both curves assume that
the shapes of the valleys are independent of X and E.
Because of the relatively large errors due mainly to the
+5% error in the determination of 1V, one can only
state that the present experiments are not in disagree-
ment with the most recent measurements' and with the
theoretically determined value of the energy depend-
ence of the effective masses. The data demonstrate that
the addition of a large number of impurities hardly
alters the effective-mass anisotropy of the valleys of
pure Ge at the Fermi level.

Figure 9 shows A~/X1Vt versus X for a sample of As-

doped Ge at several wavelengths. The fact that the

0
0 2 6

IIII COMPRESSION (IO OYNES / CM )

FIG. 9. Free-carrier birefringence, normalized with respect to
wavelength and carrier concentration, as a function of L111$
compression for a typical sample of As-doped Ge at three wave-
lengths. The solid curve was calculated using the value for the
nonparabolic correction parameter n =0.5 eV '.

data fall on a single curve demonstrates that A~/t is pro-
portional to X which implies cv'~'))1. All the other
samples exhibit the same X dependence in A~/t. The
solid curve was calculated using Eqs. (8) and (16) with

o.=0.5 eV '. The value of the deformation potential
„=18 eV wa, s used so as to obtain the best fit with the

data a,t low stress. The experimental points follow the
shape of the theoretical curve except near the onset. of
sa,turation, where the discrepancy is attributed to the
tailing of states into the forbidden gap of pure Ge."
The va, rious causes of tailing have recently been dis-

cussed by Pankove. "The present experiment indicates
that approximately 10—15% of the states occupied by
the carriers are tail states and that this percentage is

independent of cV within the experimental error. A
similar percentage can be calculated for GaAs from the
results discussed by Pankove. "Direct comparison of the
present results with optical-absorption data' cannot be
made, however, because the stress dependence of the
tail states is unknown. The data agree with the theo-
retical curve beyond the onset of saturation withi~ the
experimental error which is about &7%forA~(sat)/XÃt
largely because of the 5% error in cV.

The plot of 5~/'AÃt against X/Ez(0) at X=2.1 p for
several samples having different carrier concentrations
is shown in Fig. 10. Data from all the other samples

(except Sb-1 which comes close) fall within the range of
the points shown. The solid curve is derived from

Eq. (8) assuming parabolic valleys (i.e., rr =0). The dif-

ference in the shape of the data curves and the theoreti-
cal curve in the region near saturation is again a,t-
tributed to the presence of tail states.

Figures 9 and 10 together demonstrate that D~'/'AEt

plotted against X/E~(0) is independent of X and Ã
within the experimental error.

"After Brust. See David Brust, Phys. Rev. 134, A1337 (1964). '2 J. I. Pankove, Phys. Rev. 140, A2059 (1965).
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FIG. 10. Free-carrier birefringence, normalized with respect to
wavelength and carrier concentration, as a function of L111$com-
pression, normalized with respect to the zero-stress Fermi level,
for samples of As- and Sb-doped Ge at X =2.1 p, The solid curve
was calculated for parabolic bands.

e,=1+g—
II g 2 +f2

where the tensor 6' is proportional to the oscillator
strength of the transition and E, is the transition energy.

"K. J. Schmidt-Tiedemann, J. Appl. Phys. 32, 2058 (1961).
'4 Frank Stern, Phys. Rev. 133, A1653 (1964).

B. Interband Birefringence in Pure Ge

The measured values of the stress optical constants
of pure Ge are given in Table II and plotted in Fig. 11
as a function of photon energy E. There is excellent
agreement with the values obtained by Schmidt-
Tiedemann. " As an experimental check, the stress
optical constant for L110]stress and L110]beam propa-
gation direction, Q= —',(Qqr

—Qrs+Q44), was measured
and found to agree with the average of Q44 and Qrr —Qr,
measured separately, within the experimental error.
There are two main features to notice about the data
plotted in Fig. 11. First, it is found that Q44))Qgr Qgs.

Second, it is noticed the Q44 shows a, linear E dependence
at 4.2' and 90'K and only small deviations from
linearity at higher temperatures. On the other hand,

Q» —Q» deviates strongly from a linear E dependence.
In the following we attempt to understand the inter-

band birefringence in pure Ge which, in the present
case, is related to 5er(X), the change in eq with stress,
because the extinction coefficient is very small. The
Kramers-Kronig dispersion relations relate 8sq(X) at
one photon energy to the change in the imaginary part
of the dielectric tensor hes(X) at all energies and hence
the interband birefringence at one energy to the stress
dependence of the interband transitions at all energies,

In order to compute c~ at photon energies far from
the region of absorption, Stern'4 approximated the
structure in es(E) as the sum of delta functions each
representing transitions associated with a certain
volume in k space. In this case, s~ can be written as

Peaks in iles(X) occur at critical points in the interband
density of states, " therefore, for the purpose of calcu-
lating the birefringence we can assume the above sum
is over the critical points. The critical points in the
interband density of states represent maxima, minima,
and saddle points in the dependence of the direct inter-
band energy gap on k."The expression for her(X) will

then depend on the lifting of the degeneracies of sym-
metrically related critical points and the stress depend-
ence of their transition matrix elements which are con-
tained in 6'.

Because the critica, l points occur predominantly at
symmetry points and a,long symmetry lines, " the con-
tributions to the birefringence due to the lifting of the
degeneracies will depend strongly on the stress direction.
Thus, contributions from L and A. critical points vanish
for $100] stress while the contributions from d and X
critical points vanish for

I 111]stress. In addition, the
Inatrix elements at the critical points have large polari-
zation dependences which result from the selection
rules at these points. The selection rules for matrix
elements at the most important critical points" in Ge

I I I

x —4.2OK

o —90'K
+ —300'K

I I I I
I

I I

4—

C3
o3 —g

O
O

2
CL
O x

o

0 o o

o

(b)

(c)

"G. W. Gobeli and E. O. Kane, Phys. Rev. Letters 15, 142
(1965); W. E. Engler, M. Garfinkel, and J. J. Tiemann, ibid.
16, 239 (1966)."J.C. Phillips& Phys. Rev. 104, 1263 (1956)."D.Brust, J. C. Phillips, and F. Bassani, Phys. Rev. Letters
9, 94 (1962).

I I I I I I I r I I I

0.5 0.6 0.7
E (ev)

FIG. 11. The stress optical constants of pure Ge as a function
of photon energy. (a) Q44. The data at 4.2 and 90'K coincide,
within the experimental error. The heavy solid line passes through
the origin of the coordinate system. It demonstrates that Q44 at
4.2 and 90'K is proportional to the photon energy, within the
experimental error. (b) —', (Q11—Q12+Q44). (c) QII —QI .
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TABLE V. The contribution at low photon energies to e&&
—e& due only to the lifting of the degeneracies of some

critical points in the interband density of states neglecting spin-orbit splitting.

Critical point' $111/ Stressb'

(8/9) (Grr /Ens) Z„(L)S44X
(16/9) (Gx"/Ees) "s(~)S4&X

0
0

L100j Stress '
0
0

2(Grx/A s)= (X) (Srr —Sr.)X
4(Gg /Es') L5=„(Z)—4=" (Zr)] (Srr —Srs)X

a From Table IV.
The symbols -& and -2 are the difference between the respective deformation potentials of the conduction and valence bands. The notation is that of

Ref. 21.
e The components GJ' are the only nonvanishing components of G' in the coordinate system in which Gs is diagonal. See text for definition of symbols.

are shown in Table IV. Here the small effects of spin-
orbit coupling are neglected. These selection rules
enable one to determine the sign of the various contri-
butions to the birefringence caused by the lifting of the
degeneracies. Table V shows some of these contributions
to the birefringence at photon energies much less than
the transition energies. For the moment we neglect the
F transitions. The L and h. terms dominate the bire-
fringence for L111]stress. The signs of all the constants
are positive, in agreement with the observed bire-
fringence. The X and Z terms dominate the bire-
fringence for L100] stress. By considering the energy
denominators alone, we can understand the large size
of Q44 compared to Q» —Q». It is most likely that the
various components 6&' are approximately of the same
size since the matrix elements are not very k-depend-
ent."For this same reason it is probable that the con-
tribution to the birefringence of the stress dependence
of the matrix elements is small compared to the con-
tributions because of the lifting of degeneracies.

The magnitude and sign of the stress-induced changes
of the matrix elements have not yet been determined.
Symmetry arguments do not predict that these con-
tributions to the birefringence will vanish for certain
stress directions as was the case of the contributions due
to the energy shifts of the critical points.

Although the absorption due to the I' transitions is
weak, '8 the F transitions could make a signihcant con-
tribution to Q because of their proximity to the energy
region of interest. From Eq. (18) it can be seen that at
energies much less than the minimum absorption energy
et is independent of E or ) so that Q is proportional to
the photon energy E. The magnitude of the deviation
of Q from a linear E dependence might indicate the size
of the contribution from the F transitions. Thus
Qrt —Qrs probably contains a large contribution from I'

while Q44 does not. The increasing deviations of Q44

from a linear E dependence with increasing temperature
is caused by the shrinking of the band gap at F which

brings the I' transition closer to the photon energies
used in the experiment.

Because the relative inhuence of the I' transitions on
the birefringence for L100] stress is large, these tran-

ss H. R. Phillip and E. A. Taft, Phys. Rev. 113, 1002 (1959).

20 m

O

Eh
C,
O

U
Q

l.9p,

-20 m.

I.sp.

I i I l I

2 4 6

[100] compression lio dynes/cm )

Fro. 12. The birefringence of pure Ge as a function of L100j
compression at 300'K.

"W. H. Kleiner and L. M. Roth, Phys. Rev. Letters 2, 334
(1959); G. E. Pious and G. L. Sir, Fiz. Tverd. Tela 1, 1642 (1959)
[English transl. : Soviet Phys. —Solid State 1, 1502 (1960)g; J. J.
Hall, Phys. Rev. 128, 68 (1962)."A. M. Glass, Can. J. Phys. 43, 12 (1965).

4' U. Gerhardt, Phys. Status Solidi ll, 801 (1965).

sitions might also be responsible for the nonlinear
stress dependence observed in the birefringence for
$100] stress which is shown in Fig. 12. These transitions
are more complicated than the previous cases because
of the degeneracy of the valence bands at I". The
uniaxial stress lifts the degeneracy'9 and causes the
valence bands to split linearly" with stress into two

highly anisotropic bands. It further causes a mixing of
the wave functions resulting in a large stress dependenc e
in the transition matrix elements. Thus the contribution
to the birefringence due to F is expected to have large
nonlinear terms in its stress dependence.

Nonlinear effects have been observed by Gerhardt"
due to the shift with stress of the h. saddle points in k
space. The above-mentioned nonlinear effects might be
present in the birefringence for [111]stress but have
not been observed because of the predominance of the
large linear stress effect,
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V. SUMMARY

The free-carrier birefringence measurements on de-
generate e-type Ge agree with the simple degenerate
model except near the onset of saturation. Here the
measurements require for their explanation a tailing of
states into the forbidden gap.

A possible increase of effective mass with carrier con-
centration has been observed, which is consistent with
the calculated shape of the valleys of pure Ge. The value
for the nonparabolic correction factor n obtained from
experiment is 0.=0.5&0.5 eP '. From the energy gap
at" 1(2.0 eV) one obtains n=0.50 eV '.

A difference between the stress optical constant Q44

in pure Ge and the interband stress optical constant
Q44r in As-doped Ge was found which is proportional
to the impurity concentration E. This difference is
attributed to the decrease of the energy gaps with E
which is related to the large central cell potential of As
impurities. The effect has not been observed in Sb-
doped Ge where the central cell potential of Sb im-
purities is much smaller.

The interband birefringence was shown to depend
mainly on the direct interband transitions around the
critical points in the interband density of states, with
those transitions closest to the energy of the measure-
ments having the greatest inAuence. The stress optical
constants of Ge for [111]stress Q44 and [100] stress

Qn —
Qq2 were measured in the wavelength range

1.8—2.5 p. It was found that Q,4))Qu —Q~2. This was
interpreted as being due to the selection rules for tran-
sitions at I.and A.. These selection rules cause important
contributions to the birefringence to vanish for [100)
stress. The F transitions were found to have a small
relative influence on Q44 but a large relative influence
on Qu —Qr, . This was used to explain the nonlinear
stress dependence observed in the birefringence for
[100) stress.
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APPENDIX

N„/N= [8—(n„X/Ep(0)))'~'. (A3)

In the above, terms corresponding to an empty valley
are set equal to zero. By eliminating P from Eqs. (A2)
and (A3), we obtain N„/N as a function of X/E~(0)
and independent of X. This completes the proof.

We show here that for aribtrary uniaxial stress,
6"/XNt versus X/ E~( 0) at T=O is independent of X

and S if the assumptions of Sec. II are made. From
Eqs. (2) and (7) one can easily show that D~//XNt is in-
dependent of A. If suKces then to show that (eP);,/N
versus X/ E~(0) is independent of N. From Eq. (7) we
see that this is implied if N„/N versus X/E~(0) is in-

dependent of E.
The shift in energy of the minimum of the vth valley

with stress is n„X, where a„ is related to the stress
direction, the orientation of the valley, the elastic corn-

pliance tensor, and the deformation potentials. If the
Fermi level Ep(X) for stress X is measured from the zero-
stress position of the valley minima and Ez(v) is the
Fermi level measured from the minimum of the ith
valley, then we obtain for the case of e-type Ge

4E 3~ (0)=g Ep3~2(v)=g„(Ep(X) e,X) ~, (—Ai)

since N=Q N„. Setting EI(X)/EI&(0)=P we obtain
from Eq. (A1)

Q, [j9—(n„X/E p (0)))'~'= 4. (A2)

Also


