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compared with several models. There was qualitative
but not quantitative agreement with the random
packing model. There was reasonably good agreement
with the quasicrystalline model, except for the precise
shape of the 6rst peak and two extra oscillations in the
calculated density function. A method was devised for
calculating radial density functions using the assump-
tions of the tunnel model. The calculated density
functions agreed very well with experimental measure-
ments, but the results are based on parameters which
cannot be predicted theoretically at this time. Never-

theless, the tunnel model possesses enough features
to warrant further investigation.
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Differential measurements of close single collisions are made for the reaction He+++He —+ He+He++ in
which the probability Po for double electron exchange is found to be an oscillating function of incident
energy. Similar measurements for the reaction He+++He ~ He++He+ show that the probability Pj for
exchange of a single electron (plotted versus reciprocal velocity) oscillates at twice the frequency of the
Po oscillations. Close encounters in the one-electron collision He+++H ~ He++He+ are also studied here,
and the probability Pj. of electron exchange plotted versus energy shows an oscillation of low amplitude.
The experiments encompass incident He++ energies in the range of 2 to 200 keV and scattering angles
between 1.2' and 3.0'. The data are discussed using energy-level diagrams of the HeHe++ and HeH++
systems.

I. INTRODUCTION
' ~'XPERIMENTS studying close encounters in ion-

& atom collisions have shown resonant electron
capture phenomena to occur in a number of symmetrical
ion-atom combinations. ' The present experiment shows
that there is a similar phenomenon in He++—He
collisions which might be termed resonant double

electron capture. In the reaction

He+++ He —+ He+He++,

the fast alpha particle picks up both electrons in a
single close encounter and the probability for double
capture is here found to be a resonant or oscillating
function of incident energy.

This phenomenon in the He++—He system was pre-
dicted by I.ichten" and by Basu, Mukherjee, and Sil.4

*This work was sponsored by the U. S. Army Research Once,
Durham, North Carolina.

' Experimental work: H+-H: G. J.Lockwood and E. Everhart,
Phys. Rev. 125, 567 (1962};H. F. Helbig and E. Everhart, ibid.
140, A715 (1965); He+—He; G. J. Lockwood, H. F. Helbig, and
E.Everhart, ibid. 132, 2078 (1963);D. C. Lorents and W. Aberth,
ibid. 139, A1017 (1965).Other experiments and the related theo-
retical papers are discussed in the above papers.

'%. Lichten, Phys. Rev. I31, 229 (1963).' Vf. Lichten, Phys. Rev. 139, A27 (1965).
4 D. Basu, S.C. Mukherjee, and N. C. Sil, in Proceed&sgs of the

It is shown here that the predictions' —' regarding
spacings (versus reciprocal velocity) of the capture-
probability peaks are in good qualitative agreement
with the data. I,ichten' made the further remarkable
prediction that the single electron-capture probability
in the competing reaction

He+++He ~ He++He+ (2)

Third International Conference on Physics of Etectronic and Atomic
Collisions, london, 1963, edited by M. R. C. McDowell (North-
Holland Publishing Company, Amsterdam, 1964), p. 769.' Almost the only other one-electron combinations are Li+++—H
and He+-H+, both of which would ofter great difhculties for these
differential-cross-section measurements.

would oscillate with twice the frequency of the double
electron-capture probability. This prediction by Lichten
is indeed borne out by the present data.

Measurements of the unsymmetrical He++—H com-
bination are also presented. This is, after H+—I,
practically the only other one-electron combination
which it is feasible to study. ' This combination is
accidentally resonant (with zero energy de6cit) ac-
cording to

He+++H(1s) ~ He+(2s or 2p)+H+

if the incident particle is left in an e= 2 state after the
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energy, and the present He++-H study is the erst such
experiment where there may be accidental resonance
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FIG. 1. (a) For the He&I&++—He& & collision the
electron-capture probab'lit I'ro a i y 0 are plotted versus incident-ion

rgy at the laboratory scattering angles 8 of 1.2' 1.7
3.0'. (b) The same as for &a'I exce t t, ), p hat the single-electron-

h h mbbili E ofpro a i ity of scattering without change of charge is
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collision. Bates and Lynn' have discussed the theory of
the accidentally resonant case, but they made no
numerical calculations directly applicable here.

Stebbings' have measured the total capture cross

eir experimental difhculties in working with He++
beams and atomic hydrogen targets. However, the
present measurements are of a differential character,

eing concerned only with close encounters, i.e., those
rare collisions with small impact parameter.

Other uns ymmetrical ion-atom combinations which
have been studied experimentally'' and which show
interesting structure in close encounters are H+—He

chan e
'

— r, and Ne+—Ar. However ch r
c ange in these combinations involves a change in

.ynn, Proc. Roy. Soc. (London) A253,'D. R. Bates and N. L nn Proc.

' W. L. Fite, A. C. H. Smith, and R. F. Stebbin Pro .
Soc. (London) A268, 527 (1962~.' H. F. Helbi an' F.P. Ziemba, G. .Lockwoo

e big and E. Kverhart, Phys. Rev. 136, A674 (1964).
.J. wood, G. H. Morgan, and E.Everhart

ys. ev. 8, 1552 (1960).
7
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Fza. 2. a T ese data concern the He(ai++—He(4) colli
' Th

.ocations of the maxima ( eaks apea s' and minima (valleys) of double-

e maxima and minima of single-electron-ca ture
I' are shown as dashed I' (b) A
for the (unmeasured) He(.")++-H ( )

e ines. corres ondin lot
e — e co sion. Here th e successive

e e y an in ex no and those of I'1 as indicated b the dashed
lines, are labeled by an index ni.

y e ase

"G. J. Lockwood, H. F. Helbi and
Ph . 41, 3820 (1964).

II. THE EXPERIMENT

The apparatus used here is identical to that used in
0

several other experiments in our laboratory, ' and the
procedure is also essentially the same. Particles under-
going a single close encounter with a target targe a om are

ed according to their angle of scattering, and the
number in various states of char e ft 11'

'
a er co ision are

fast
counted individually. Here I' '

th f0 is e raction of the
ast particles which are neutral after tt, I'sca ering, i is

e fraction which are singly ionized, and I'2 is the
fraction which are doubly ionized.

The He++ ion beam is formed in an rf ion source
with about 1% the abundance of the singly ionized
beam from the same source. Ord 'I H ~
would have thwou ave the same charge/mass ratio (and also the
same magnitude of current) as th H+e 2 contaminant

earn from the source and these ldwou not e sepa-
rate in t e accelerator's analyzing magnet. For this
reason helium of mass three is d

'
is use in our source, for

then the He(')++ beam is alon t ha one in its c arge mass ratio
and can be separated cleanly from all other ions.

For the He++-H combination, the target chamber
is a tungsten furnace containing h dy rogen gas over

Issociated with the furnace at 2400'K. The
construction and operation of this f h
c'escri e .'" is urnace ave been
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I'j:G. 3. These data concern the He(3)++-H(') collision. Here the
single-electron-capture probability P& is plotted versus incident-
ion energy T for scattering angles 8 of 1.2' and 1.7'.

IV. DISCUSSION

A. The He++—He Co11ision

It is useful to consider sets of data for which the
product 8T is a constant, for these sets correspond to

III. DATA

Figure 1(a) shows data for the He&'&++—He&4& case
plotting I'0, which is the probability of double electron
capture, versus incident ion energy T at the three
laboratory angles 8 of 1.2, 1.7', and 3'. Figure 1(b)
shows a similar plot of I'~, which is a measure of the
He+ scattered component, and Fig 1(c).shows the plot
for I'g which is a measure of the He++ scattered com-
ponent. Of course, Ps+Pt+Ps=1 here. Although the
peaks and valleys of P& in Fig. 1(b) are of uneven
height, a plot of the ratio Pt/Ps would show more
regularity in this respect.

Figure 2(a) shows the locations of maxima and
Ininima of I'0 as solid lines and those of I'~ as dashed
lines. These are plotted with the incident energy T as
ordinate and the laboratory scattering angle 8 as
abscissa. These contours have the same general form
as the corresponding experimental plots' for H+—H
and He+—He. Figure 2(b) shows the equivalent contours
for the (unmeasured) He&"++—He&" case where the
axes are T' and 8'. It may be easily shown, for the same
distance of closest approach and the same velocity, that

T'= ', T, 8'= s8, and -8T=8'T'. (4)

The contours on Fig. 2 stop for values of 8T or O'T'

below about 12 deg keV. Although there are data in
Fig. 1 at smaller values of 8T, the oscillations are
apparently no longer present. In Fig. 2(b) the contours
for I'0 are labeled by an index no starting with no ——1
at the highest energy peak, no ——1~ for the valley below,
no ——2 for the next peak, etc. The index n~ refers to
peaks and valleys of I'& in a similar manner.

The He|3&++—H&'& combination is shown in Fig. 3,
which plots I'& versus incident energy at 8=1.2' and
1.7'. Of course it is not known whether the He('&+

after scattering is in the (2s) or (2p) state indicated by
Eq. (3). In Fig. 3 it is not necessary to show Ps, since
Pt+Ps=1 in this case.

constant values"" of distance of closest approach Eo.
Thus along the dotted line labeled 8T=20 deg keV in
Fig. 2(a) the value of Es is constant, although incident
energy (and hence velocity) vary along this line. One
computes the velocity e corresponding to each energy
where no contours cross this dotted line. Plotting no —-',

versus 1/v as in Fig. 4 gives the sequence of points
labeled 8T=20 deg keV, and these appear to lie on a
straight line. Other values of 8T give points on other
straight lines as shown. This 6gure is rather similar to
the corresponding plot" for He+—He.

The linear relationship is consistent with the theo-
ries. ' 4 Thus no —

~ is a measure of the number of
oscillations occurring during the collision, and 1/e is
proportional to the collision time. A similar plot versus
1/e is made on Fig. 4 for Nt —rs values which correspond
to the I'~ oscillations, and these lie on a straight line of
about twice the slope.

Figure 5 shows certain relevant energy levels for
HeHe++ and He+He+ plotted versus internuclear
distance E. The curves labeled (o,)' and (o„o,) have
been calculated with good accuracy by Michels. "The
curve labeled (o„)' presents problems: The adiabatic
level, as calculated by Michels, follows the dashed line
which bends downward because of an avoided crossing
with another level not shown. The adiabatic level, as
estimated qualitatively by I ichten (in Fig. 6 of Ref. 3),
crosses many other levels (not shown) and finally
connects at 8=0 to the doubly excited state Be++(2p)'.
This is an auto-ionization level lying far within the
continuum.

According to theory' ' and to the example of other
data analyses, " the slope of the no —

~ lines in Fig. 4
can be obtained, approximately, from the area between
the gerode and Nngercde energy levels. This area is
shaded in Fig. 5. Speci6cally, twice the area in question,
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Fto. 4. For the He++—He collision a quantity a —$ is plotted
versus reciprocal velocity 1/s. Data taken at constant values of
8l' correspond to collisions where distance of closest approach Ro
is held constant. Values of eo —$ for the Po oscillations and n1 —~~

for the PI oscillations are both shown together with theoretical
predictions by Lichten and by Sasu, Mulrherjee, and Sil.

"P.R. Jones, P. Costigan, and G. Van Dyk, Phys. Rev. 129,
211 (1963)."E.Everhart, Phys. Rev. 132, 2083 (1963)."H. H. Michels (private communication).
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FIG. 5. Electronic energies are given versus interatomic distance
R for the HeHe++ and He+He+ systems. These are derived from
the work of Lichten (Refs. 2 and 3) and Michels (Ref. 13).

TABLE I. Computed values of 8T are given for various distances
of closest approach Ro for the He++—He and the He~-H systems.
The values labeled "screened" allow for electronic energies, as
explained in the text, and those labeled "Rutherford" do not allow
for electron screening.

divided by Planck's constant, gives the corresponding
slope" (for the case of large OT or small Rs). In this way
we have calculated the line marked "L"shown in Fig.
4, so marked because it depends entirely on the identi-
Gcation and estimated values of the (o„)' curve as
given by Lichten. '' Although Basu, Mukherjee, and
Sil' do not present an energy-level diagram, they do
calculate a quantity which is equivalent to the spacing
between the gerade and ungerude levels and their result
corresponds to the line marked "BMS"on Fig. 4. Both
the lines, "L" and "BMS" are drawn for the case of
small Eo, or large 8T, and agree fairly well with the data.

Lichtens analysis, which is qualitative, made the
further prediction that oscillations will be found in I'&

also and that these oscillations will be of roughly twice
the frequency of the I'0 oscillations. " Accordingly,
another line marked "L"has been added to Fig. 4 with
twice the slope of the 6rst such line. Indeed, the data
points for the I'~ oscillations fit well with this prediction
by Lichten.

Following the procedures outlined in Ref. 12 and
using the average of the (o„)s and (o o,) for the elec-
tronic energies, we have calculated HT versus Eo for
the He++—He collision, as presented in Table I. This
calculation is approximate. More accurate resu1ts
would be obtainable following the calculation procedure

outlined by Marchi and Smith. "It is interesting that
the oscillations are only seen on Fig. 1 for 8T&12 deg
keV, and this corresponds to 80&0.48 atomic units.
Unless the collisions are suKciently violent to cause the
internuclear distance to be less than this value, the
osclllations are not seen. In this respect the He++—He
collision appears to be different from the H+—I and
He+—He cases.

B. The He++—H COHision

The data curves of Fig. 3 show a weak oscillation. It
is informative to assign integral and half-integral values
to an index n~ and plot this versus reciprocal velocity,
as in Fig. 6, where the data for 8=1.2' are seen to lie
fairly well on a straight line. Although the data are not
extensive enough to draw this line for constant OT, the
slope of this line is still an approximate measure of the
oscillation frequency. This slope, multiplied by Planck's
constant, is (Ea)=80 eV A, or 5.5 in atomic units
(a.u. ) of energy)& distance.

This (Ea) value gives a clue as to the transition
responsible for the oscillation, which may be seen by
studying the energy-level diagram. Bates and Carson"
have calculated the HeH++ states, and these electronic
energies are shown plotted versus E in Fig. 7. If, indeed,
the accidentally resonant reaction of Eq. (3) were re-
sponsible for the resonance, then the area between the
2po and the average of the 2p7r and 2so states, integrated
over a range in E out to some value X', shouM equal half
the above (Za) value, or 2.75 in atomic units. This
reasoning is analogous to that of the theory of the
symmetric-resonant case, which such a relationship
holds rather closely. However, the states in question
are too close together; in order to pick up sufhcient
area it is necessary to integrate out to X'=13 a.u. ,
which is an impossibly large distance for the electron
exchange to occur. The conclusion is that the acci-
dentally resonant reaction is not responsible for the
oscillations seen.

On the other hand, we can tentatively assign the
oscillation to the 2pa —1so transition which is widely

Rp {a.u.)

t)IT (deg keV)
He++—He He++—H

Screened Rutherford Screened Rutherford

0.1
0.2
P.3
04
0.5
0.6
0.8
1.0
1.2

. 1.4

62.0
30.1
20.6
14.7
11.3
8.99
5.95
4.05
2.86
2.01

62.4
31.2
20.8
15.6
12.5
10.4
7.80
6.24
5.20.
4.46

31.0
15.5
10.4
7.77
6.23
513
3.76.
2.91
2.32
1.79

31.2
15.6
10.4
7.80
6.24
5.20
3.90
3.12
2.60
2.23

2—

5 lo l5

units of IO sec/cm
20

"This prediction concerning P& oscillations appears in Fig. 6
and in Eqs. (22) and (23) of Ref. 2. There is a misprint in Lichten's
Kq. (23) which should read P&=& sin p& in his notation. See also
Sec. II 3 of Ref. 3.

Fzo. 6. For the He++-H collision, a quantity rs& —~ is plotted
versus reciprocal velocity 1/e for data taken at 8 =1.2'.

"R.P. Marchi and F.T. Smith, Phys. Rev. 139, A1025 (1965),"D. R. Bates and T. R. Carson, Proc. Roy. Soc. (I.ondon}
A234, 207 (1956).
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calculations of Bates and Carson (Ref. 15).

spaced. Reasoning by analogy with the approximate
treatment by Lichten" (as applied to the nonresonant
ease), we conclude that the area between these curves
between E=O and X=X should be a measure of the
oscillation frequency. We find that the required area
of 2.75 in atomic units can be found by integrating the
area between the 2po —1so lines out to X=1.2 a.u. and

this dimension is shown on the diagram. This is a
reasonable limit to the interaction distance and. suggests
that the reaction responsible for the oscillation is thus
identified.

For reference, the very approximate relationship
between 8T and Eo for the He++—H case has also been
included in Table I. The electronic energies used are
those of the 2po state averaged with values midway
between the 2ps. and 2so states.
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Proof of a Conjecture by Moszkowski for the Variances of
Syectral-Line Distributions
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Moszkowski has suggested that the variances of distributions of spectral lines for transitions of the
form l" —+ l" 'l' can be given in terms of the variance for the two-electron P —+ ll' transition by

op(te ~ tn 1P)——(rt —1)(¹—rt)o' (tp -+ tt'),(¹—2)

assuming that the l' electron in the final state does not interact with the remaining l" ' configuration.
Probability matrices are used to prove this conjecture.

I. INTRODUCTION

HE means and variances of interaction energies
of configurations of the form l" and of line dis-

tributions for transitions from such conlgurations to
those of the form l" 't', neglecting the interaction of the
P electrons with the l electrons, has been studied by
Moszkowski. ' He also neglected the splitting of terms by
the spin-orbit interaction.

It is known' that the n-electron mean interaction
energy is related to the two-electron mean interaction
energy by

(tt
(~(f ))= I l(~(P))

E2

*National Science Foundation Cooperative Graduate Fellow.
' S. A. Mosskowski, Progr. Theoret. Phys. (Kyoto) 28, 1

{1962}.
s J. C. Sister, Quarttum Theory of Atomic Structure (McGraw-

Hill Book Company, Inc. , New York, 1960},Vol. I.

,
(m)

toy—n).,

(r'(P), (3)~s (fm)—
(Xp—2)

' R. F. Bacher and S. Goudsmit, Phys. Rev. 46, 948 (1934}.
4 D. H. Men@el and L. Goldberg, Astrophys. ].84, 1 (1936}.' G. Racah, Phys. Rev. 63, 367 (1943).

and it can easily be shown that

(g(l& ~ f"—'P))= (rt —1)(g(P -+ )P)). (2)

Moszkovrski carried out explicit calculations for a
number of con6gurations, using tables that can be
found in Sacher and Goudsmit, ' Menzel and Goldberg, '
and Racah. ' He was led by this numerical evidence to
conjecture that the variances of the energy level and
line distributions for con6gurations of equivalent
particles are


