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We explore interchannel coupling as a qualitative guide in dynamical calculations, and as an ingredient in
models of mN and ~m scattering. Our first model is the SU(6)-symmetric static baryon bootstrap of Capps,
Belinfante, and Cutkosky. We find, on the assumption of a successful bootstrap, that the PII and P33 mN
waves each contain a one-channel Castillejo-Dalitz-Dyson (CDD) pole. If these CDD poles survive SU(6)
symmetry breaking, we can understand and correlate a large number of heretofore puzzling features of these
waves, for example, the well-established zero in the P» amplitude, and the observed P33 high-energy phase
shift. Secondly, we assume that the observed nonet of 2+ particles is the Regge recurrence of a nonet of 0+
extinct bound states, and that these latter can be calculated in a dynamical 0 0 (3-channel) calculation.
We find, in exact SU(3') symmetry, that certain waves contain one-channel CDD poles; for example, the
T=J=O m~ wave contains one. On the assumption of SU(6), however, every extinct bound state appears
to bring down a CDD pole, in which case there would be no observable consequence of the 0+ nonet. In these
models, we try to avoid quantitative group theory, emphasizing general principles that we hope may be
valid in a larger context.

l. INTRODUCTION

'IEAREST singularity arguments, and the analysis
of the relative strength of cross-channel forces

(by means of crossing matrices), are relatively well
understood as qualitative guides in S-matrix theory.
In this paper, we wish to explore another simple con-
sideration —that of interchannel coupling' '—as a guide
in calculations, and as a way of understanding certain
features of xlV and ~m. scattering. The technique of
"crankshaft analysis'" will be employed in this study.

In Sec. 2, we shall show that in the SU(6) static
baryon bootstrap model of Capps, Belinfante, and
Cutkosky, ' both the P» (nucleon) and P» (tV* or BB
resonance) waves of sr' scattering contain one-channel
Castillejo-Dalitz-Dyson (CDD) poles. Moreover, we
shall argue that SU(6) is only being used in a semi-
quantitative way to obtain rough interchannel couplings.
If these CDD poles are really present, ~ one obtains a
model that "explains" many heretofore puzzling fea-
tures of xE scattering. In particular:

(1) It is tempting to identify the well-known zero'
of the PU. amplitude, at about 175 MeV above thresh-
old, with the CDD pole in this wave. This would then
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explain the failure of dynamical calculations to obtain
the zero. ' '

(2) The real parts of the Pss and Ptt phase shifts are
predicted to be asymptotic to x and 0, respectively, at
very high energies. In fact, the latest observations show
the P33 phase beginning to level oG at about 160' near
1150 MeV."The nucleon wave (P») is generally be-
lieved" to be leveling off near 140' around 1050 MeV—
although there has been some confusion as to whether
it actually turns over before reaching 90'."Our model
predicts that the phase shift will eventually turn over,
and tend to zero. Note that if there is no CDD pole,
the phase must go down even further (to —sr).

(3) The known phase shifts Stt and Dss (coupled to
P» and P», respectively, by the MacDowell symmetry)
can be fitted in a dynamical calculation if the P» and
+33 poles are included" —and evidently cannot be un-
derstood without these poles.

(4) It is known that, if one subtracts off the Ptt
inelasticity due to that part of the m-xX channel in
which the two pions are in a relative S state (the oX
channel), then the remaining inelasticity (due to srtVe,

for example) is small. Our model not only yields a small
inelasticity due to xÃ, etc., but associates this directly
with the very existence of the CDD pole. Although the
Capps model does not include the O.X channel, it can
be incorporated in a satisfying way: It is known" that
the inelasticity in P» (mainly oF) is incapable of
producing the zero at 175 MeV. In our model, the func-
tion of the aX channel is to create the Roper resonance, '4

after the CDD pole has caused the phase shift to change
' G. D. Doolen, T. Kanki, and A. Tubis, Phys. Rev. 142, 1072,

(1966); 142, 1082 (1966). These papers contain an adequate
referencing."P.W. Coulter and G. L. Shaw, Phys. Rev. 141, 1419 (1966}."B.H. Brandsen, P. J. O'Donnell, and R. G. Moorehouse,
Phys. Letters 19, 420 (1965)."P. R. Auvil et a/. , Phys. Letters 12, 76 (1964);S.H. Srandsen
et ul. , Phys. Rev. 139, B1566 (1965)."See Ref. 10. Their inclusion of an elementary nucleon pole is
equivalent to a CDD pole. This will be discussed further in Sec. 2.

"L.D. Roper, Phys. Rev. Letters 12, 340 (1964).
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sign. We shall emphasize that a CDD pole naturally
represents another channel which is important in the
binding, but which produces a small inelasticity (like
mS*), and not one that gives a large inelasticity (like
oE) Th.at is, vrlV* and not oE seems the most desirable
second channel to include in multichannel attempts to
avoid the CDD pole.

(5) Within the framework of the model, it seems
possible to understand how it is that the existing re-
ciprocal-bootstrap calculations' have succeeded, insofar
that they have done so, even though they ignore CDD
poles. Ke shall discuss various calculations, but their
common feature seems to be a judicious use of cutoffs
and parameters to facilitate approximate agreement
with experiment (generally only in a region relatively
remote from the CDD poles). In particular, if the P33
CDD pole lies somewhere below the nucleon force pole,
one understands qualitatively why the calculated P»
phase shift has always agreed with experiment to higher
energies than has been the case for P».

On the basis of nearest singularity arguments alone,
a one-channel CDD pole would not be expected in the
lowest channel (iris'). A CDD pole in the mX channel
indicates that a relatively large part of the nucleon
binding is done in the sum of all other participating
channels. In the Capps model, this is certainly the case.
[ Moreover, this does not seem to depend quantitatively
on SU(6), but is a feature of any large group. For
example, SU(6)s has the same features. ] Of course,
this effect is arti6cially enhanced in the Capps model
by the degeneracy of the thresholds (and consequent
irrelevan. ce of nearest singularity arguments). As the
threshold degeneracy is lifted, one certainly expects the
mX channel to do more of the binding. We shall not
claim to prove that the CDD poles of the Capps model
remain on the physical sheet as the symmetry is pro-
gressively broken (although we know of no mechanism
whereby they would necessarily be forced from it); but
rather, we shall enlarge upon those features (just
enumerated) of a model in which the CDD poles do
remain.

In Sec. 3, we discuss m~ scattering as one channel in
a coupled (7im, EE',gg) system, . under the assumption
that an SU(3) nonet of 0+ extinct bound states
(EBS)i5 "' arise in the calculation. The well-estab-
lished 2+ nonet"" would be the first Regge recurrence
of these "particles. " Analysis of the coupled system
reveals one-channel CDD poles in various waves. In
particular, the T=J=O mm wave, with two EBS
(which we call P and P) has one CDD pole. It should
be emphasized that these EBS, in that they are
"poles" with zero residues, have very few properties in
any ordinary sense. However, they do inQuence high-

"G. A. Ringland and K. I.Squires, Phys. Letters 16, 86 (1965)."G. F. Chew, Phys. Rev. Letters 16, 60 (1966)."D. Atkinson and M. B. Halpern, Phys. Rev. (to be
published)."S.L. Glashow and R. H. Socolow, Phys. Rev. Letters 15,
329 (1965).

energy phase shifts, "' so our crankshaft analysis is
peculiarly suited to the predynamical discussion of
waves which contain EBS. For example, this unitary
symmetry model predicts that the real part of the
T=J=0 mw phase shift will tend to —m at high energies.

On the other hand, if we assume SU(6) symmetry,
and put the 0+ EBS's into the 35~-piet that arises in
the reduction

350x35= 10+35n0+35i 0+Ig90+2g00+2800+405

then we find that every EBS comes down with a one-
channel CDD pole (thus there are two CDD poles in
~m. scattering, for example). Again, the result depends
only on the largeness of SU(6), rather than on quantita-
tive details. It has been shown" that, when a CDD
pole and an EBS occur in the same wave, they com-
pletely obliterate one another. If the SU(6) limit has
any application to this system, then there would be no
observable consequences of any of the EBS, and all
the phase shifts would. tend to zero asymptotically. In
particular, this could remove one of Chew's reasons for
feeling that the T=J=O m7t- phase shift starts off
negatively near threshold.

2. CDD POLES IN ~N SCATTERING

As mentioned in the Introduction, there are several
peculiar features of the P» and P» waves of mS scatter-
ing. Perhaps the most peculiar is the zero of the P»
amplitude, at about 175 MeV above threshold. To our
knowledge, this zero has never come out of a dynamical
calculation. In fact, the only known dynamically based
fitting of the Pii wave (up to about 500 MeV)" involves
the introduction of the nucleon as an elementary par-
ticle pole (in the X function), which is entirely equiva-
lent to the use of a CDD pole. '~ Several years ago,
Rothleitner and Stech' proposed an empirical test for
a CDD pole in the nucleon wave. This was subse-
quently discussed by Squires. '

Our point in this section is that in the SU(6) static
baryon bootstrap model of Capps, Belinfante, and
Cutkosky, ' both the P» and P» waves do in fact con-
tain one CDD pole each. This is because, in the model,
the nucleon is relatively little bound in the mS system:
most of the binding arises from the sum of all the other
channels. Certainly, SU(6) breakage will enhance the
mX at the expense of the other channels. However, be-
cause of the resultan. t agreement with experiment (and
for the other reasons mentioned in the Introduction),
we feel that the interchannel coupling may in fact
dominate the nearest singularity e6ect to the extent
that the CDD poles remain on the first sheet. At any
rate, we shall never pretend to prone the existence of
CDD poles in actual partial-wave amplitudes. We

"D. Atkinson and D. Morgan, Nuovo Cimento 41, 559 (1966).
In fact, as it must, Coulter and Shaw's real part of the E~j phase
asymptotes to zero."J.Rothleitner and B. Stech, Z. Physik 180, 375 (1964).
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FIG. 1. Vector dia-
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ing of the 56 wave —which causes the CDD pole is an
example of a general principle: most physical scattering
states in 35Ox56 are heavily weighted toward the larger
irreducible representations. " (In the case of the X*,
as we shall see, one of the inactive vectors will actually
have a weight larger than —', .) A little thought will
convince the reader that what has happened is roughly
as follows: At the SU(3) level, the crossing of two
octets gives

SOxS= 10yS&+S~O+1OO+iOO+27.

In SU(6), the calculation of the relevant Clebsch-
Gordan coeflicient involves, for example, picking an 8
and asking to which SU(6) representation (56, 70, 700,
1134) it should be assigned. One finds one 8' in 56, one
in 70 and in 700, and two in 1134. In the case of 27,
one 6nds none in 56 nor in 70, one in 700, and two in
1134.Roughly speaking then, the larger representations
gain weight for "statistical" or combinatorial reasons,
in that a given SU(3) multiplet tends to occur more
often in a larger than in a smaller SU(6) rnultiplet.
Another way of saying this is that 56 is small, as com-
pared with the full product 56)&35, i.e.,

56 1

35X56 35

is very small. In particular, it is much smaller than the
corresponding quotient

8 1

8y8 8

in SU(3). Presumably this sort of combinatorial weight
increase would be found in the application of any large
group, and is more or less independent of SU(6) itself''
We shall have more to say about this general principle
later.

The features of our model for the nucleon wave then
are these: We find a CDD pole, which we are strongly
tempted to identify with the puzzling zero of the
amplitude at 175 MeV above threshold; and, corre-
spondingly, we 6nd that the real part of the E» phase
shift will be asymptotic to 0, not —m. Moreover, the
inactivity of the 70, 700, and 1134vectors corresponds to a
small inelasticity due to those competing channels (prE*,
etc.) that are included in the model. "If the oN channel
is subtracted. away from the experimental findings, this
is roughly what one sees. In fact, one feels that it is the
xS* channel which is at least the next strongest com-

"J.C. Carter, J.J.Coyne, and S. Meshkov, Phys. Rev. Letters
14, 523 (1965). That the same phenomenon is found in SU(6)g
is evident from J. C. Carter, J. J. Coyne, and S. Meshkov, Phys.
Rev. Letters 15, 373 (1965).The N* half of an SU(6)g reciprocal
bootstrap has been discussed by R. Gatto and G. Veneziano,
Phys. Letters 19, 512 (1965).

22 This is easily seen by computing the inelasticity g. This then
is the simple physical interpretation of the inactivity of 70, 700,
and 1154.

petitor to mF for nucleon binding. Certainly this is
true in the Capps model. For example, expanding the
baryon octet (Bp) backwards, in terms of the baryon
octet-pseudoscalar octet (BpPp), and baryon decuplet-
pseudoscalar octet (BipPp), etc., Capps has given

/ 18' '/' 1/2

I2 s)=I I I~sPp&+ — I2 ipPs&
(45/ 9

2 )1/2 1 )1/2

+ —
I

l&pI'p&+ —
I l&pl'i&. (2.4)

15i 45)

It is clear from this that the nucleon is spending, in
fact, slightly more time as m-S* than as mF. An expan-
sion of the prE* Pir wave, analogous to Eq. (2.1), is in

complete agreement with this: one 6nds the coeKcient
of the 56 wave in this expansion to be 16j45 [as com-
pared with 13/90 in Eq. (2.1)).

Of course, the CDD pole in the Capps model may
move smoothly off onto the second sheet as SU(6) is
broken [although the known large breaking of SU(6)
is no guarantee that this will happen]. However, we
should consider (1) the strength of these arguments
(the smallness of the 56 weight), (2) their hopeful
generality [in that SU(6) is not needed quantitatively),
(3) the fact that the degenerate threshold assumption,
although bad from the point of view of low energies,
should be reasonable for the prediction of high-energy
phase shifts (because in this regime the effects of the
mass differences would be minimized), and, most im-
portant, (4) the interesting correspondence of the model
with observation. On the basis of all these considera-
tions, we conjecture that the predictions of crankshaft
analysis survive the symmetry breaking, and that inter-
channel coupling is the mechanism that produces the
well-known zero in Pii (and controls the asymptotics).

A little more discussion of the model is essential. As
noted above, the interchannel coupling arguments run
counter to the simplest nearest singularity arguments,
which would suggest that the xN channel, being the
closest to the nucleon bound-state pole, should domi-
nate its binding. Thus one would feel that the xX
channel ought to be free of CDD poles. According to
our degenerate-threshold crankshaft analysis, however,
the nucleon binding is shared among all the channels,
and a CDD pole is induced. in any single channel. One
way of understanding this intuitively is to note that,
from the standpoint of any single channel, it is the sum
of the rest of the channels that does the bulk of the
binding, and yet the other channels refuse to give the
single channel much information about the work they
are doing (i.e., the inelasticity is small). This informa-
tion loss must be made good, so to speak, by the
knowledge of the CDD parameters in the one-channel
calculation. We see the P1~ wave then as rather like
the "weak-coupling model" of Ref. 5. Of course, sym-
metry breaking will certainly reduce the amount of
binding done by some of the higher lying channels
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FIG. 2. Conjectured inhuence of the aE channel on E». The solid line is the phase without 0%, and the
elevated dashed line includes the effect of the 0Ã channel.

(their eKcacy will be reduced by their distance from
the nucleon pole). We are only proposing that enough
of the crankshaft argument survives to leave the CDD
pole on the physical sheet. We shall discuss how much
of the binding may be done in the other channels (of
which the srN* is the most important) in Secs. IID
and II E.

There is a good deal of inelasticity in the P» wave;.
and, as mentioned above, it is primarily associated
with the state o.N (the two pions in a relative S state).
In our model, the function of this channel is simply to
produce the Roper resonance, by pushing up the already
positive phase shift (see Fig. 2). In fact, the recent
calculation by Coulter and Shaw, " including the phe-
nomenological inelasticity, but excluding the CDD pole—see their Fig. 5(a)—shows that the inelasticity does
just this: that is, it is not adequate to produce the
resonance by itself. It is precisely because of its large
inelasticity that we think the 0-E channel has little to
do with the nucleon or the CDD pole. This channel does
tell the xE channel about its activity, via the inelasticity
factor. By contrast, in the models adduced in the past, ' '
the one-channel CDD poles are generated when the
"binding" channels couple weakly (in some sense) to
the channel of interest (and produce, therefore, a small
inelasticity).

A. 33 Wave

The expansion of the xX F33 5-matrix element is

4 11 3
~024 Reise — 024ilss+ 0248200+ ~41144

45 18 10

This time, as was said, one SU(6) vector (the 700) has
magnitude greater than &. The assumption of a dy-

namical N* in the 56 wave, and at most resonances in
the 700 and 1134 waves, gives

~SS(~ ) srs ~200(~ ) ~1184(~)

(Recall that N* is a bound state, not a resonance, in
this model. ) Since the 700 vector is longer than the
other two vectors combined, there is no way for the
56 to communicate its full rotation to the F22 wave
itself. Hence the real part of the E'33 phase must go to
zero at infinity, and since there is one bound state
(N*), it follows that there must be a CDD pole as well.
This time, the mass splitting in the physical case is
important in this respect: As the splitting is increased,
the E*pole moves toward the xE threshold, and is then
forced off the physical sheet by elastic unitarity. There
is no such mechanism to force the CDD pole from the
physical sheet. Of course, it is always possible that it
does migrate through the cut; but there are experi-
mental reasons for believing that it stays on the
physical sheet, for, in that case, we obtain

Recess(~) =sr,

since there is one CDD pole and no bound state. This,
as mentioned in the Introduction, is quite close to
existing experiment. Presumably, in that the amplitude
exhibits no zero in the physical region, the CDD pole is
elsewhere. We shall speculate brieQy on its possible
location below.

It should also be emphasized that, although Coulter
and Shaw have calculated the F33 phase up to about
175 MeV in agreement with experiment, it is clear-
see their Fig. 3a—that their phase is already beginning
to turn around at 200 MeV, preparatory to returning
to zero (as any CDD-pole free phase must do); at
higher energies there is no agreement with the avail-
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able experimental data, which show the phase still
continuing to climb towards 180' at 1050 MeV."

B. MacDowell Symmetry

It should also be mentioned that the static model
neglects the MacDowell symmetry. "Thus, in the fully
relativistic case, the P~~ wave is linked to the S~~ wave,
and the correct Levinson theorem is really

bp„(~)+hs„(~)= 7r(—n& ec—), (2.6)

where n~ and nq are the total numbers of bound states
and CDD poles in both channels. The static model in
e6'ect gives 88„—=0; but, in fact the S» wave is quite
active, two resonances having been observed. "' More-
over, it seems that the real part of the phase shift
attains 100' at about 1050 MeV, although it is beginning
to level off. We have seen that one-channel CDD poles
arise only from bound states, or from resonances that
are bound states before symmetry breaking (and when
the bulk of the binding comes from other channels, of
course). Thus we feel that the rather high-lying S»
resonances (425 and 612 MeV above the s.X threshold,
as compared with 158 MeV for the 33) will not be able
to induce any CDD poles. On this basis, one feels that
the S~~ phase shift will turn over, and

Thus Eq. (2.6) reduces in this case to its static counter-
part, and the prediction for 6J „is not altered by the
relativistic considerations. In this connection it is very
striking to note that in the calculation of Coulter and
Shaw'0 involving a CDD pole (pseudo-elementary nu-
cleon) —see their Fig. 6—both the P» and the S»
phase shifts agree well with experiment. Without the
CDD pole, both fail badly, except at the lowest
energies.

In the case of the P» wave, the MacDowell sym-
metry involves also the D» wave. A CDD pole in the
E» amplitud. e (i.e., a pseu, do-elementary E*) would
probably also push up the D» phase, as happened for
S», (in that, in both cases, the pseudo-elementary
insertion lowers the effective pole residues) and this
would improve agreement with experiment. It would
certainly be interesting to see the detailed results of
such a .calculation.

C. Larger Grouys

One feels, from the discussion above of combinatorial
weight gaining, that, if larger and larger groups were
used to include more and more channels, one would
eventually 6nd CDD poles in any 6nite subset of
channels. One might regard such CDD poles as being,
in some sense, elementary. However, we prefer to take
the argument as one against the validity, or utility, of

"S. %. MacDowell, Phys. Rev. 116, 774 (1959).
'4 P. Bareyre et a/. , Phys. Letters 18, 342 (1965).

larger and larger groups, rather than one for "real"
CDD poles. The point is that there will eventually be
competition between the interchannel coupling argu-
ments and those deriving from symmetry breaking or
nearest singularity considerations. It seems likely that
if the group is very big, this splitting countertendency
must dominate, so that the crankshaft analysis will be
vitiated. One might very well have expected, a priori,
that the dividing line (above which nearest singularity
arguments tend to dominate) would fall somewhere
between. SU(3) and SU(6), and probably rather closer
to the former. However, we feel that the agreement with
experiment resulting from the assumption that the SU6
CDD poles remain on the first sheet indicates that SU6
may at least be accurate for the gross features explored
by the crankshaft analysis. In particular, SU6 may be
giving very crudely the right interchannel couplings
between xN and mN*, etc. ; certainly this would be our
interpretation if the CDD poles are in fact found
to eNst.

D. Discussion of Existing Dynamical Calculations

If the CDD poles discussed above are in fact present,
one expects some difhculty in performing dynamical
one-channel calculations, because the N/D equations
contain arbitrary parameters. However, as has been
pointed out, our CDD poles are essentially one-channel
phenomena, and they can be circumvented in principle
by considering a larger number of channels. (For a
"real" CDD pole, such a simple step would not
suKce. )

However, many one-channel calculations of N and
E* have been performed'" (the reciprocal bootstrap)
with no CDD poles, and some of the results are in rough
correspondence with experiment. A very interesting
problem, then, is (assuming our CDD poles exist) just
how much agreement we might expect from a CDD
pole-free approach.

We would like to discuss several indications that a
CDD pole is in fact representing (in a one-channel
calculation) a good deal of nucleon binding activity in
other channels. One such indication is the aforemen-
tioned calculation of Coulter and Shaw. "They found,
with representative forces (and a cutoff adjusted to
give the correct nucleon mass), a ~X coupling constant
twice too large. The introduction of the phenomeno-
logical xN inelasticity did not materially improve this:
The main effect was an upward boost of the (negative)
P~~ phase shift, although not enough to produce the
zero. To obtain the zero, and to fit the phase shift out
to about 500 MeV, they were forced to include the
nucleon pole itself in the N function, with the correct
mass and coupling. This elementary pole in the N
function is entirely equivalent to a CDD pole in the D
function. As it must then, the real part of their phase
asymptotes to zero.

2~ G. I'. Chew, Phys. Rev. Letters 9, 233 (1962).



POSSIBLE ONE —CHANNEL CDD POLES 1383

To obtain the correct nucleon mass, one must set the
cuto6 A. at 10 pion masses. It is of interest to ask,
keeping A fixed at this value, whether the nucleon
remains if the CDD pole is omitted. The answer, in
this model, is that it does appear, but as a low-lying
resonance. According to Schwarz, this model is optimal
in that other models (with slightly different CDD
pararnetrizations) result in a nucleon much farther
removed in the second sheet. Another way of looking
at Eq. (2.7) is to notice t.hat, at the nucleon pole (ar =0),
the CDD pole cancels about 35% of the unit term.
However, the 35% is not directly connected to the di-
agonalization coeflicients, which would be obtained by
actually performing the real multichannel calculation,
and then making the (energy-dependent) diagonaliza-
tion. That is, writing the calculated 5 matrix as' '~

5= USg) U~, (2.8)

where 8~ is the diagonalized matrix, one has, for
example,

5+X Ill (~)51+N12 ()52+ ' ' '++1n (M)5n (2 9)

LThe diagonalized 5-matrix elements are, of course, no
longer SU(6}waves. ]One could then tell, by an energy-
dependent crankshaft analysis, whether or not a CDD
pole would be induced in the ~X charm. el (with di-
agonalization cuts all drawn below the lowest threshold
branch point). Evidently, the multichannel calculation
that would yield Eq. (2.7) would give diagonalization
coefficients I;;(ra) appropriate to the generation of one
CDD pole. (Unfortunately, without the multichannel
calculation, one has no way of obtaining the relevant
I,;.) Although these coeflicients are connected quali-
tatively to the "35%" Lc.f. the discussion after Eq.
(2.7)], the relationship is not immediate, and the per-
centage does not tell us much more about the I,;(&o)

A somewhat more quantitative estimate of the weight
of the CDD pole can be obtained in Chew's" original
static model. Chew took the E function to be

A u= vss/(~+4&ss)

and assumed a once-subtracted D function. He deter-
mined the resultant linear divergence of the D function
integral by requiring a zero at the correct nucleon mass.
This resulted in good agreement for the coupling.

In order to obtain the zero of bI„, at 175 MeV,
Schwarz" has fitted the data, using Chew's D function,
plus a CDD pole:

(o+cogg ~ Cko' E(co')p(co')
D(ar) =1—

Ctl +07gg Gl —G7

0.35 (co+(egg)
+ . (2.7)

~+~ivS

than that they will yield a CDD pole. (Any nonzero
percentage tells us the same. ) In particular, we empha-
size that the 35% should not be rigidly compared with
the 85% non-~Ar binding in the Capps model. These
are essentially unrelated percentages. The 35% does
indicate of course that the CDD pole might be expected
to be rather important —which is indeed borne out by
the detailed considerations, as we have seen.

If one had obtained the correct e;;(&o), the energy
interplay of vectors leading to the CDD pole would
presumably be less extreme, by virtue of nearest singu-
larity arguments, than in the (degenerate threshold)
Capps model. That is, one certainly expects the mE
channel to do an appreciable part of the binding in the
real situation. We say merely "appreciable" because the
percentage of binding is dificult to discuss in the real
situation —in that the relative importance in the crank-
shaft analysis of the various channels is energy
dependent.

One can see from Eq. (2.7) more or less how Chew's
original cutoff prescription helps to circumvent the
CDD problem. By specifying the D function at —or»
(the location of the Ã* force pole), and requiring a zero
at the nucleon mass, he has relieved the dynamics of
a good deal of its responsibility, and is essentially
asking it only to describe the curvature of D between
these two points. Thus one tends to obtain good ac-
curacy near the force pole, near the nucleon pole, and,
in that the CDD pole is 315 MeV to the right of the
nucleon pole, even into the low-energy scattering region.
However, agreement with experiment becomes steadily
worse as one approaches the sphere of inhuence of the
CDD pole.

One obtains a similar qualitative interpretation of the
P» calculation, on the reasonable assumption that the
CDD pole lies below the nucleon-exchange short cut in
the energy plane. That is, by determining D at the E
force pole, and requiring the correct E* mass, one
would expect a reasonable width for the E*, and a
reasonable low-energy phase shift (since the low-energy
region is a long way from the assumed CDD pole
location). Another reason for feeling that the CDD pole
may in fact be below the nucleon short cut (that is,
relatively remote from the physical region) is that low-
energy P» calculations have always agreed with experi-
ment to higher energies than have those for P~~. It is
hard to believe that the CDD pole would lie high in the
physical region, because it would have to be above 1050
MeV, and in general one feels that these one-channel
CDD poles stay fairly close to their associated particles.
Of course at very high energies, the CDD pole will
dominate the phase shift, regardless of its position.

We feel that, in general, cutoff parameters" in any
bootstrap may easily help circumvent the CDD prob-
lem, just as we imagined its happening in the original

"J.Schwarz, Berkeley Report, 1966 (unpubhshed). "See, for example, E. Abers and C. Zemach, Phys. Rev. 131,
27 R. C. Hwa and D. Feldman, Ann. Phyp. (N. Y.) 21, 453 2305 (1963); J. S, Ball and D. Wong, ibid. 133, B1/9 (1964);

(&963). K. Y. I.in and R. E. Cutkosky, ibid. 140, B205 (1965).
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Chew model. To our knowledge, there are only a few
calculations for which a complete bootstrap (masses
and couplings) are claimed. In general, these employ
the Balasz" method; but we feel that the well-known

sensitivity of these calculations to the matching point
indicates that this point itself is being used effectively
as a parameter. That is, we feel the parameter is being
used to simula, te part of the CDD pole information in
the vital regions, just as in the case of cutouts earlier.
Not surprisingly, these calculations never yield the zero
(nor the observed asymptotics). Another recent calcula-
tion of note is that of Doolen, Kanki, and Tubis, ' who
avoid the Balasz matching-point difFiculties by feeding
in experimental data in order to determine the Balasz
pole coefBcients. Demanding agreement with experiment
at certain points is, in essence, exactly what was done
previously with cutoGs and parameters, and will clearly
help to minimize the effect of CDD poles. In general,
any time one knows the value of the amplitude at or
near a set of points (in one way or another), and,
although his calculation will not yield these values, he
demands them anyway, this procedure will tend to
circumvent the inhuence of the CDD poles, at least in
the vicinity of these "known" input points.

As a final comment on the reciprocal bootstrap, it is
worth repeating that Coulter and Shaw were unable to
bootstrap the nucleon, or to reproduce any but the
lowest energy P» phase shift, even when they included
the phenomenological inelasticity. In the end, to fit the
phase shift out to 500 MeV, they were forced to insert
in fact a CDD pole.

Finally, it should be mentioned that the recent calcu-
lation by Dashen of the neutron-proton mass difference"
involved the assumption of no CDD poles in an essen-
tial way. The same applies to the Dashen-Frautschi
octet enhancement calculations. "That the inclusion of
phenomenological D functions (with or without CDD
poles) can easily upset Dashen's conclusions, both in
magnitude and sign, has been noted by Shaw and
Wong. "When these authors constructed a D function
with CDD poles, they chose to associate them with the
Roper resonance. "Their choice was guided by an early
model, 4 but, as mentioned above, the CDD ambiguity
arises most naturally even in this model for small inter-
channel coupling (as is in general true for these models).
In fact, however, this interchannel coupling is large, as
we have stressed above. For this reason and, of course,

"See, for example, P. Singh and B.M. Udgaonkar, Phys. Rev.
130, 1177 (1963);P. Narayanaswamy and L. K. Pande, ibid. 136,
31760 (1964).

'0 R. Dashen, Phys. Rev. 135, B1196 (1964).
"R.Dashen and S. I'rautschi, Phys. Rev. 137, B1318 (1965);

137, B1331 (1965); 140, B698 (1965).
3' G. I .Shaw and D. Y. Wong, Phys. Rev. 147, 1028 (1966).
~ Shaw and Wong supposed that the one-channel X and D

functions (in the q method) had two "CDD branch points"
(associated with the Roper resonance). It is easy to show, however,
that there is a difterent N/D decomposition in which both inverse
square-root branch points have been multiplied out, and replaced
by a single pole in the D function (our form). See also J.B.Hartle
and C. E. Jones, Phys. Rev. 140, B90 (1965).

because of the Capps model, we have instead associated
the CDD pole with the nucleon.

E. Prognosis

It is difficult to say from our model just which of the
channels included in our analysis are best added to the
m S channel, in an attempt to avoid the CDD ambiguity.
As mentioned above, the xX* channel seems to be
doing a large part of the binding in the Capps model.
For this reason, and from nearest-singularity con-
siderations, we feel that this is the most logical next
candidate for inclusion in a many-channel calculation,
although we are by no means certain that it will suKce.
It is worth cautioning the dynamicist, however, that
our analysis applies to a calculation done with the
correct forces (recall that it cost us nothing to postulate
their inclusion), and that ostensibly reasonable cutoff
procedures and parametrizations can lead to a rough
"circumvention" of the CDD ambiguity in e channels,
just as in the one-channel case. One channel that we
feel it will rIot be necessary to include explicitly is O.F.
As discussed above, the inclusion of the inelasticity
factor induced by this channel will probably suKce.
According to Fulco, Shaw, and Wong, '4 it will not do
much good to include the EZ channel in the P3~
calculation [even though, at the SU(3) level, the S*
is as much in a EZ as in a s X state).

To our knowledge, there exists only one attempt thus
far to calculate xS and xS* together. " It is unclear
whether the approximations in this work are trust-
worthy; among other things, one worries about ap-
proximating the unusual physical-region short cut"
(caused by the large mass of E*) by poles on the left sr

These authors have not yet calculated their high-
energy phase shifts. In this connection, it should be
emphasized that, although the approximations in a
calculation of this sort will be essentially low-energy
ones, the high-energy limit of the reel part of the phase
shift is dictated only by the bound state and CDD-pole
structure of the amplitude, and thus is worth extracting
(despite the low-energy approximations).

In conclusion then, we feel it may indeed be very
fruitful to re-examine in detail many of these trouble-
some one-channel s.-1V bootstrap calculations (reciprocal
bootstrap, neutron-proton mass difference, FjD ratio,
etc.) this time in the framework of two or more chan-
nels, presumably beginning by adding xE*.

3. EXTINCT BOVND STATES IN
0-0- SCATTERING

Chew" has conjectured that the Pomeranchuk (P),
and second-rank Pomeranchuk (P') Regge trajectories

~ J. R. I"ulco, G. L. Shaw, and D. Y. Wong, Phys. Rev. 137,
B1242 (1965)."R. Brunet and R. W. Childers, Argonne Report, 1966
(unpublished) ."R.F. Peierls, Phys. Rev. Letters 6, 641 (1961)."B.Kayser, University of California, Berkeley Report, 1965
(unpublished).
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cross zero angular momentum at negative total energy
squared. Two J =0+ "particles" would be generated,
with imaginary masses. To avoid a confIict with uni-

tarity in the crossed channel, one hopes that the resi-

dues at the particle "poles" will vanish. We call these
entities "extinct bound states" (EBS)."

In the spirit of Ringland and Squires, "we suppose
the existence of an SU(3) nonet of 0+ EBS. The fust
Regge recurrence of this nonet would be the well-

known 2+ nonet. ""We suppose that the recurrences
of P and P' are fs and f,', respectively, both isotopic
singlets. We call the isovector EBS x', corresponding to
the A2, and the isospinor E', corresponding to the 2+E*
resonance. We suppose that the I' is predominantly an
SU(3) singlet and P' the isoscalar member of an octet,
but mixing is to be expected, as in the case of fs and
fs', and the subsequent arguments will allow for this.
We shall assume that the nonet can be generated dy-
namically in a three-channel, SU(3) symmetric, ÃD '

calculation of 0 0 scattering (mm, ICE,»). Thus we
exclude the Gell-Mann mechanism' for the extinction
of the 0+ states. (This mechanism would be operative,
for example, if the 0+ states were produced mainly in
the nucleon-antinucleon channel. )

It is important to note that, as extinct bound states,
this nonet would not be observable in any ordinary
sense. '9 In fact, because of their zero "coupling, " they
have very few properties at all. As emphasized earlier, "'7

their most outstanding property is that, as actual zeros
of the D function, they do inQuence asymptotic phase
shifts. Our crankshaft-analysis technique then is ideally
suited to discuss such properties.

In a recent paper" the authors have discussed the
possibility of a dynamical calculation of EBS's in the
SD ' framework. It was shown there that the masses
of such states cannot be determined in a one-channel
calculation and that the one-channel problem which is
equivalent to a many-channel d,ynamical system often
contains CDD poles. It will be our purpose in this sec-
tion to guess, with crankshaft analysis, in which chan-
nels the extinct bound states will bring down CDD
poles. The analysis mirrors that given in Sec. 2, except
that here S-matrix elements are expanded in terms of
SU(3) eigenphase shifts.

We erst discuss m~ elastic scattering with J=T=O,
under the assumption of SU(3) symmetry. In this case,
the S-matrix expansion in eigenphases is

3. 3. 1
assi Res ssisl+ g2isss+ ssissl

8 5 40
(3.1)

Here 8& refers to the unitary singlet, 888 to the symmetric
octet, and 627 to the 27-piet that are obtained when the

88 M. Gell-Mann, in Proceedings of the International Conference
on High-Energy Physics at CERN, 196Z (CERN, Geneva, 1962),
p. 533."It is tempting to speculate that the 0+ EBS's might be the
tadpole octet of S. Coleman and S. L. Glashow )Phys. Rev. 134,
3671 (1964lg.

Res..(~)=Ss,(~)= —~. (3.3)

However, the physical S-matrix element has two EBS
(P and P), so that there must be one CDD pole in the
xm S-wave. Evidently, from the weights of the 1 and
8g waves, it is the P that brings down the CDD pole,
while the I" is "dynamical" in this channel.

A similar expansion for EE—+EE, with T=J=O
(taking account of Bose statistics in the unitary limit) is

~&2i Reb —Xg2i81~ 1g2i88g~ 3 g2iSQ7
2 l 5 1 10 (3 4)

In this ease, it is probable that the term e2i" will force

Rehung(~) = —m. (3.5)

A very special cancellation would be required to make
this phase shift tend to zero at in6nite energy; and it is
strictly impossible for it to go to —2m. Thus we expect
one single-channel CDD pole in the EE—& EE T=J
=0 channel (since this also contains the P and P'
EBS).This time the P' is bringing down the CDD pole.

An oG-diagonal 5-matrix element which also contains
I' and I" in its T=J=O wave is +at- —& EE. The ex-
pansion coeKcients, the sum of which is not unity, are
approximately equal in magnitude for the contributing
1, 8q, and 27 waves, thus it is difFicult to state what
will happen. The phase shift could go to 0, —x, or —2x,
at infinite energy, corresponding to two, one, or no
CDD poles; but perhaps one CDD pole would again
be the most likely eventuality.

A rough way of seeing when CDD poles are induced,
and with which particles they are associated, is afforded
by the inverse expansions:

IP~& = (s)'"
I ~~&+ (s&"'I &&&—(s&'"I») ~

I Ps) = —(-')'I'
I
n.~)+ (-')'I'

I
EX)—(-')'I' I») (3.6b)

Here
I P&) is the unitary scalar,

I Ps) the isoscalar mem-
ber of the octet. We can say that the P8.is.made mainly
from mm, the I'& mainly from EE. In the sense that the
~m CDD pole is thus associated with the P (mostly
singlet) we might expect, very roughly speaking, a
one-channel xm-m. x calculation, with no CDD pole, to
yield the P, but not the P. (A CDD pole would be
needed to generate both P' and P.) The same state-
ment can bc made for EE—& EE, but exchanging the
roles of P and P' (in this channel the P is dynamical).

direct product 8Qx8 is reduced. Since there is a bound
state in both the singlet and the octet for T=1=0 (each
one a mixture of the "physical" P and'P), it follows
that

(3 2)

where the eigenphase shifts are defined to be zero at
threshold and it is supposed that there are no CDD
poles.

In Eq. (3.1), the coeKcient of the 8s eigen-S-matrix
element is greater than —'„so that a simple crankshaft
analysis assures us that
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These conclusions agree with those made in the fore-
going paragraphs. From Eq. (3.6) one would conclude
that the pp channel is so weakly coupled to both EBS
that two CDD poles would be required in a calculation
of qp —+ pp. This conclusion is validated by a crankshaft
analysis, but we omit the details.

Even though the I" appears "dynamical" in the x~
system, it is not possible to determine its "mass" in a
one-channel calculation. "Evidently, in order to deter-
mine both the I' and I'" masses, and to avoid all CDD
ambiguities, a two-channel (em. ,EE) calculation would

be necessary. The (zp) channel could probably be
omitted.

As in the meson-baryon application discussed in Sec.
2, one has to consider the possibility that, as the sym-
metry-breaking interaction is "turned on, " the CDD
poles that have been inferred in the symmetric situation
may disappear from the physical sheet. This can be
associated with the emergence of "diagonalization
branch points" from the right-hand cut of one of the
eigenamplitudes. '" '7 The more seriously the symmetry
is broken, the more likely is it that this should happen,
especially when the interchannel couplings are strong.

Attention should be called to a general principle
operative in waves containing both I' and I". When
two particles differ only in their SU3 quantum numbers
(that is, are in the same SU2 wave) it is almost certain
that at least one CDD pole will be induced by the pair.
For there to be no CDD pole, it would be necessary,
for example, for the 88 vector to be longer than the 1
vector in some energy range, during which the 88 en-

circled the origin, and then for the 1 to grow to moro
than one-half, at the expense of the 8g, in a succeeding
energy range, after which the 1 also encircled the
origin.

We now turn to the consideration of the isovector
m. ' and the isospinor E'. The K' appears in m.E scatter-
ing, in. the T= ~ S wave. Only the 8z and 27 states con-
tribute to this wave, with respective weights 9/10 and

yp Thus there is a strong prediction of no CDD pole,
and a phase shift tending to —x. The ~' EBS con-
tributes to the T=1 S wave of EE—+ EE. This time
the 8s and 27 weights are 5 and x2. In this case also the
EBS is dynamical: i.e., there is no CDD pole, and the
phase shift goes to —x.

It should be emphasized that, whenever an EBS and
a CDD pole occur together, they completely obliterate
one another. "The final trace of the EBS (the depres-
sion of the infinite-energy phase shift to —ir) is gone,
and it is as if the EBS had never arisen at all.

Finally, it is worth mentioning that if the 0+ nonet
is assumed to arise as part of a 35-piet in SU6 (in
35Qx35 scattering), the larger group combinatorial ef-
fect is such as to force each EBS to bring down a CDD
pole. Of course SU6 arguments are always rather more
suspect than SUB. However, if one believes that all of
these CDD poles survive the breaking, then there
would be eo observable conseqlemce of any EBS. All
amplitudes would be indistinguishable from a set with
no EBS's and no CDD poles. (In the absence of bound
states, all phases would go to zero at infinity. ) In
particular, this could remove one of Chew's arguments
for expecting a negative m~-m x T=J=0 phase shif t.

y Meson

Another interesting application of our methods is to
the p meson in T=J= 1 mx scattering. One knows that
the vcr channel is also important to the correct binding
of the p,

"" the one-channel mw calculation being
notoriously inadequate. One can hope to understand
this qualitatively on the basis of our simple models. To
bring the ~ meson into the model, we go to SU(6), and
consider the p as a member of a dynamical 35-piet in
35Qx35 scattering. " In this case, the combinatorial
effect is not extreme. In the m.s wave, one finds 35, 280,
and 280 with equal coefficients (-', ). Thus one expects a
CDD pole in the sir T=J= 1 wave, presumably due to
the s.so (etc. ?) channels. Thus the known difficulty in
obtaining the correct width in one-channel p-meson
calculations could be another confirmation of the
general principles we have discussed. There is evidence
that a three-channel (ms, EEpcv) calculatio. n is not
adequate to produce the correct width, "although the
+co channel does assist in reducing the width. Fulco,
Shaw, and Kong suggest in fact that no small number
of nearby channels will adequately reduce the width;
if this is true, our SU6 calculation, though a step in the
right direction, may conceivably not include enough
channels.
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