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ative method cannot be said to be much more compli-.

cated than the Jt//D.
As a final point, we would like to indicate that these

results are substantially different from those obtained
by Bransden et ul. 4 in a similar calculation using almost
the same input potential. Bransden et a/. were unable
to obtain trajectories rising up to J=i in the I= j.
partial wave for a pure p input, and were forced to
include an elementary fs in the potential. "

The main differences between our calculation and
theirs are improved accuracy and the different cutoff
scheme. Their solution involves the smooth cutoff the
potential V'(f, s) past a given sr, and introduces no
cutoff in p'(s, t). It can be easily checked that both
these differences play an important role in the dis-

crepancy between the two calculations. It is our im-

pression that our cutoff procedure is the more natural
one, as it does not interfere with the power blowup of
the potential in the s direction, and also allows simple
mathematical justification, as seen in Ref. 1.

To summarize, we can say that the above calculations
seem to show that the Mandelstam iteration technique
is indeed a feasible one from the computational point

"This point is rather questionable, as has been pointed out by
Chew Progr. Theoret. Phys. (Kyoto) Suppl. Extra Number, 118
(1965):The inclusion of the f' as an elementary particle vastly
exaggerates its effect.

of view. It is quite able to produce reasonable output
trajectories from a simple elementary-particle input
potential, and it offers many advantages over the more
usual Jt//D approach without an outrageous increase in
the necessary computations.

At present attempts are being made at calculating
fully Reggeized input potentials which will include
Pomeranchuk repulsion effects. Also a more ambitious
self-consistent scheme is being considered whereby the
output p(s, t) function obtained after the above iter-
ations have been completed is used to compute a new

potential U'(t, s) by means of crossing. This potential
could then be used in a "macroiteration" to restart the
whole calculation.
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Symmetry Predictions from Sum Rules without Saturation*
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The application of sum rules derived from current commutation relations to give SU(6)-like results is
developed without the assumption of saturation. We first derive a consistency condition by comparing sum
rules, and then study the sum rules for 1/gz and the isovector charge radii, replacing the assumption of
saturation with a simple dynamical model for the remaining continuuum contribution. This results in several
SU(6)-like predictions which contain important correction factors to the results previously derived assuming
saturation. We have also r'e-examined the experimental data for the sum rule for (rN')v/6, and Gnd that it
converges below 1 GeV like the sum rule for 1/gg' when account is taken of the contribution to the sum rule
of the large resonant M~+ and nonresonant Eo+ multipoles in pion photoproduction, and of the N~~ (1520).

I. INTRODUCTION

ECENTLY, several exact sum rules have been
derived'' from the algebra of current commu-

tators. ' These have been used together with the avail-

~ Work supported in part by the U. S. Atomic Energy Commis-
sion. Prepared under Contract No. AT(11-1)-68 for the San
Francisco Operations OfBce, U. S. Atomic Energy Commission.

f National Science Foundation Post-Doctoral Fellow.
f. Alfred P. Sloan Foundation Fellow.
)On leave of absence from Brandeis University, Waltham,

Massachusetts.
S. Fubini and G. Furlan, Physics 1, 229 (1965); S. Fubini, G.

Furlan, and C. Rossetti, Nuovo Cimento 40, 11'j1 (1965).

able experimental data to check-the agreement of the
sum rules with experiment, as exemplified by the work
of Adler and Weisberger. ' Other applications have been
the use of sum rules to obtain SU(6)-like predictions
by assuming saturation of the sum rules by the low-

lying 56-piet of baryons or 36-piet of mesons. However,
the assumption of saturation is suspect since, for ex-

ample, the value of 1/g~' derived under the assumption

' S. L. Adler, Phys. Rev. Letters 14, 1051 (1965); Phys. Rev.
140, B736 (1965);W. I. Weisberger, Phys. Rev. Letters 14, 1047
(1965); Phys. Rev. 143, B1302 (1966).

3 M. Gell-Mann, Physics 1, 63 (1964).
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of saturation is a factor of 2 smaller than the experi-
mental value obtained by Adler and Weisberger by
evaluating the relevant sun rule using experimental
pion-nucleon total cross sections.

In this paper we argue that saturation is not a particu-
larly good assumption and we replace it with a simple
dynamical model for those continuum contributions
which are omitted in the usual saturation treatment.
We show in particular that these contributions to the
sum rules for 1/gz' and the isovector charge radii may
give as much as 50% of the total contribution.

In Sec. II we derive a consistency relation,

g bb&
&r-')/6=

2M' Gp, '/ gg' mp'

by comparing two sum rules derived, assuming current
commutation relations, partially conserved axial-vector
currents (PCAC), and vector-meson dominance of
vector currents. No assumptions are required for the
continuum in the derivation of this relation, nor does
the question of subtracted versus unsubtracted dis-
persion relations appear in Sec. II.

This relation is very useful when taken together with
the results obtained in Secs. III and IV using a simple
dynamical model for that part of the continuum con-
tribution to the sum rules omitted under the saturation
assumption. Among the SU(6)-like predictions obtained
in Secs. III and IV, which contain sizable corrections
from the additional continuum contribution, are

(pv p„)rob=2~2—gg3ff(r~ )v/6j I

=%2' (2J|E/m p),

(Pv/Pa) Tot=

of -vector currents, whose matrix elements are taken
between pseudoscalar-meson states, to the commutator
of the divergence of axial-vector currents, whose matrix
elements are taken between vector-meson states. The
assumptions of chiral SU(2) XSU(2) 'equal-time com-
mutation relations for the currents, PCAC, and vector-
meson dominance of the vector form factors give two
different representations for forward vector-meson-
pseudoscalar-meson scattering with identical continuum
contributions. When these are equated, we obtain the
desired relation. The Anal result is not new, 4 ' but the
derivation is quite diferent from the one given by
Kawarabayashi and Suzuki, who consider the axial-
vector commutator between vacuum and one-p-meson
states and use PCAC.

First, consider the time-ordered. amplitude

Ep„= d4x e'v'(q, a; Xl T(A„(x),A„P(0))
l q, b; o&, (1&

e Gpaa Eap (0)
2 (eapceabc) 1+

m~ 4 SZ p
2

8 — c' E„'( )0) i(2s)'2E,= lim —
l

d4x
v Bv m 4 3 E '(0) a

where A„(x) denotes the axial-vector current density
with isotopic-spin index e, and l q, b; o )denotes a p-meson
state with four-momentum q, isotopic-spin index b, and
polarization 0. By taking p„p„E„„and using the tech-
niques of Refs. 1 and 2 together with the algebra of
chiral SU(2) XSU(2), we find the isotopic odd and even
sum rules (averaged over p polarization X=o):

and
25 -3) m„

(r ')/6= —
l l F(a) -+ s'+y) .

9gg' num '—m 2/

Xe' ' (,+m ')

Finally, in Sec. V we use the available experimental
information for a numerical evaluation of the sum rules
for the isovector charge radii. In particular, it is shown
that the sum rule for (r~'&v/6 converges below 1 GeV
if one takes account of the contribution of both the large
resonant N~+ and nonresonant Eo+ multipoles in pion
photoproduction at low energies and of the large con-
tribution of the Ã~~(1520) resonance to the sum rule.
Thus, throughout this paper the emphasis is placed on
avoiding the assumption of saturation by a few low-
lying bound or resonant states.

II. A CONSISTENCY CONDITION FROM
COMPARISON OF SUM RULES

In this section we obtain a consistency relation for
the pion electromagnetic radius in terms of known
coupling constants and masses from current commuta-
tion relations. The idea4 is to relate the commutator

4 H. J. Schnitzer, Phys. Rev. 141, B1484 (1966).

( 2bcb&ap+bcabbp+ bop&ba)Gpca

——i(2s)'2E,
= lim d4x e'v' ( ,+m ')

E '(0) c

X (q,a; ~l 2'(~.-(x),J.P(0))l q, b; .& , (3)

where v= p q, E, is the p-meson energy, and the con-
stant C arises from the use of PCAC, BpA„a=C& ',
with C=im 'iVg~/E ~(0)g ~N. ' The coupling constant
6, is de6ned in terms of the interaction Lagrangian

(4' ~u4' p)pu"& W c

'K. Kawarabayashi and M. Suzuki, Phys. Rev. Letters 16,
255 (1966); 16, 384K (1966).

We write m, m„and 3f as the pion, p meson, and. nucleon
masses, respectively; gz is the nudeon axial-vector coupling con-
stant; X N(p ) is the pion-nucleon form factor withe ~(m ') = 1;
g ~bt'/kr =14.8, and Gp P/kr 2.1.
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where p„ is the p-meson field. E,(0) is the p-meson-
pion form factor evaluated at zero pion mass

(E,(rtt ') =1).The subscript C in the integrals indi-
cates that the Born terms have already been separated
from the scattering amplitude.

%e get another representation of the vector-meson-
pion scattering amplitude if we consider Compton
scattering of isovector photons from pions. By using the
assumed SU(2) commutation relations of vector cur-
rents, one can obtain a sum rule relating the pion elec-
tromagnetic radius to isovector photoproduction on
pions. v Either by methods discussed by other authors, ' '~
or by an entirely equivalent method which considers

limy„g„d're' '(pctIotipt, T(V„(ot),V„'(0))IPP&, (4)

28, t,l,p+b —
Bpg,+8 a8p, 7fe2

= lim

——e(2z )'2roo
der e'&',+rtt '(0 .)

E,'(0)

&& (P,~ I
2'(p~ (z),J...'(0))

I P,P& (6)

Here, p dominance of the vector current has been
assumed in the form

pp„=- V„.
mp

2

The pion electromagnetic form factor P (q') is normal-

ized to F (0)= 1, so that F '(0) = (r '&/6. The coupling
constant f, is the effective coupling of the p meson to
the vector current, j,,,a the p current, and E,(0) is the
form factor at the p-vr-x vertex obtained by continuing
the p meson to zero mass I E,(rrt, ') = 17.

Comparing Eq (2) with (5) and Eq (3) with (6),
it is easily seen that we now have two relations for the

7 S. L. Adler, unpublished, and Phys. Rev. 143, 31144 (j.966);
J. D. Bjorken, unpublished, and Phys. Rev. 148, 1467 (1966);
¹ Cabibbo and L. Radicati, Phys. Letters 19, 69'I (1966); R.
Dashen and M. Gell-Mann in Proceedings of the Third Coral
Cables Coefereaee ore Symmetry I'rinei ples ot High Paergy (W. H.
Freeman and Company, San Francisco, California, 196C).

where V„e(z) is a vector current with isotopic-spin
index tt, and

I p,P& is a pion state with four-momentum

p and isospin index P, we find, assuming the p meson is
universally coupled to the isovector current, the iso-
topic odd and even sum rules (averaged over p polari-
zation ) =o):

2(e p.e.t.P" '(o)f'
8 e(2-a—)'2ro„.

=lim- d'z *e"(Q.+ tt't)~ ctt E,(0)'

&& (p, I
2'(. (*),~, .'(0))lp, ~& , (5)

and on using (8),

1 g,~~)'E g(0) 1
~.'(0) =

3Pg~' Go & E,'(0)

If we neglect mass-shell corrections, we have

gr&XI'"-'(o)=, ,I

N'g~' k G, ,) rtt, '

Since p-meson dominance of the isospin current was
already assumed in our derivation, we may further
consistently approximate I" '(0) =1/rtt, '. Then from
(11),

(g.war
'

I"„'(0),
23f'gg' (Go„

(12)

which predicts G, a/4n. ~3.3 compared to the experi-
mental result (from the p width) of 2.1. Our result was
obtained in this form by Kawarabayashi and Suzuki. 5

e refer the reader to that paper, and in particular to
their Footnotes 8 and 10, for a discussion of form factor
eGects.

It must be emphasized that Eqs. (7) and (9) are im-
mediate consequences of assuming the commutation
rules, PCAC, and the vector-meson pole dominance of
the vector currents. There are no further assumptions
such as saturation, and in particular the question of
subtracted versus unsubtracted dispersion relations
does not arise. If we generalize our discussion to chiral
U(3))& U(3), then we can calculate the E-meson form
factors in an analogous way and obtain equations
similar to (12). One find. s for the ratio of the E-meson

' M. Ge11-Mann and F.Zachariasen, phys. Re&. 124, 953 (196&i.

isotopic odd part and two relations for the isotopic even
part of the forward p-meson —pion scattering amplitude
with identical continua, since these equations just
contain two equivalent forms of the reduction formula
for the scattering amplitude. The continua are identical,
neglecting threshold corrections, since we have con-
tinued all particles to their mass shells by means of the
form factors standing in the denominators in front of
the integrals. The threshold corrections are not expected
to be important since there are no nearby resonances.
Equating the continua in Eqs. (3) and (6), we find

2 / 2
p ~ pest' ~

Equation (8) is the well-known result for the coupling
of the p meson universally to the isospin current. ' A
more interesting result is obtained by comparing Eqs.
(2) and (5), namely,
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isovector and isoscalar radii

(res)' ~ ' G xx'
1 a

(r s)s 3~ 2G &&2 sU(s) Exact
(13)

This of course is an immediate consequence of the as-
sumption of vector-meson pole dominance of the vector
currents alone, and does not depend on PCAC or the
commutation relations, in contrast to the derivation of
Eq. (9).

where
X I:o(p P)—(p+P)j (14)

(rNs) r (r„')—(r s)
=G&,'(0)-G „'(0)+, (15)

6 6 8M

~ H. J. Schnitser, Phys. Letters 20, 539 (1966).

III. SYMMETRY PREDICTIONS PROM CHIRAL
SU(2)XSU(2) SUM RULES

Let us now discuss sum rules which follow from chiral
SU(2)XSU(2) so as to obtain SU(6)-like symmetry
predictions without assuming saturation. Our treatment
of the continuum contributions will be very similar in
spirit to an earlier discussion of the axial-vector sum
rules. ' The integrals over cross sections will be divided
into two parts, a low-energy continuum contribution
dominated by a single resonance, and the part omitted
under the saturation assumption for which we assume
a simple dynamical model. These assumptions allow us
to obtain relations involving only low-energy param-
eters and resonances, particularly when combined with
the consistency condition derived in Sec. II.

In this section, we will only make use of sum rules
which are odd under charge conjugation of the meson
variables since: (1) the integrals over cross sections in
the sum rules converge rapidly because of the Pomeran-
chuk theorem, (2) the dispersion relations do not seem
to require subtractions, and (3) similar dynamical as-
sumptions made for the continuum in even charge-
conjugation relations are probably incorrect. All the
sum rules discussed in this and the next section are
derived using the methods discussed in Refs. 1, 2, and 7.
Furthermore, we assume p-meson dominance of the iso-
spin current so that when vector currents appear, they
are related to strong-interaction currents and then to
strong-interaction cross sections for zero-mass p mesons.
We will neglect the mass shell and threshold corrections
on the assumption that these will not introduce serious
errors. '

We begin with the result derived by Cabibbo and
Radicatti and others, ' which when written for zero-
mass p mesons is

(rg )" 1(pv—P )s 1 "dv

6 2E 2M' ~ rrf, s „v

with Gsv (GE„) the proton (neutron) Sachs form factors
and Pv (Itt„) the proton (neutron) totat magnetic mo-
ment. We also consider the Adler-Weisberger sum rule, '

1 23P 1 "dV
= 1+ — —

C
tr(s —

p) —o (tr+p) . (16)
gg gmNN Ã yo V

2 2

We explicitly separate the 33 resonance from the
integrals in Eqs. (14) and (16), while for the residual
(i.e., continuum) contribution we assume the validity
of the simple quark model of scattering of Lipkin and
Scheck. ' An alternative model which gives the same
results in the cases of interest to us here is a model which
assumes that, in the odd amplitude for forward xE
and pE scattering, the t channel is dominated by the
same octet coupled to the isospin current. In either
model we have

dv dV—Lo(~ P)—o(~+p)j= L~(P—P) o(P+P—)] (17)

which we assume for energies above the 33 resonance
region.

The dynamical models for the continuum are not
intended to give a "high-energy tail" to the low-energy
resonance. Rather, their most important inQuence is in
an intermediate region where there are still several
distinct resonances Lsuch as the N**(1520) and
Eaa*(1690)). Thus our model is to be thought of as
giving a smooth estimate for the cross sections, taken
as an average over the resonances occurring at intermedi-
ate energies. Of course, detailed information about the
spins and parities of the intermediate energy states is
lost in our treatment, but our goal is to study low-

energy parameters rather than to predict new reso-
nances, so that this is not an active concern to us. Also,
since we make our dynamical assumption for forward
scattering only, we need not assert that real vector-
meson exchange is implied, which would give poor
predictions for nonforward scattering, but rather we are
assuming states which have certain transformation
properties. For this reason, the Lipkin-Scheck model
has greater appeal for us, particularly if one is ready to
believe that the s-channel intermediate-baryon and
meson resonances can be deduced from bound states 'of

quarks.
lf we now multiply Eq. (16) by (1/23is)(g„~&/f, s)

and subtract it from Eq. (14), using Eq. (17) to cancel
the continuum contributions, we have

1f gxÃN l
(r&&'/6 —

I

2 kgg f~l
1(Pv Pa) 1 (ger—'t 2 1 1 dv

-2k 2M ) 2Ms( f, ~- 3f,ssr a v

XL.(Pp-l=l)--(-P-I=!)j, (1g)
'o H. J. Lipkin and F, Schecky Ph&s Rev. Letters 16, 71 (196{i).
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where the E. indicates that the integrals extend from
threshold over the low-energy resonance region (in
this case, over the M resonance). "The o. (pp)-resonance
contribution is entirely elastic and so for zero-mass p
mesons we may use the photoproduction theory of
Chew, Goldberger, Low, and Nambu. "Assuming that
the photoproduction goes by a pure M1 transition, "we
write

( f.
~(p'P p'p)»=

I I
(o~'p &~'p—)» (19)

kg~AN k 2

Equation (18) then becomes

g~NN 1 P~—Ijtt 1 g~NN t .

23Isggsf p' 2 2M 2M2 fp I

4' 1 dv
y 1— — ~(~p~I= ,') . (20)-

3g~N~ g v2

Direct numerical evaluation" of the second bracket on
the right-hand side of Eq. (20) gives

4&2 1 dv
1— — o(2r—P ~. I= ,') ~0.5, -

~g~N. &2

whereas the left-hand side is rather small experimentally
when evaluated neglecting mass shell corrections to the
coupling constants. In the p-dominance model, we have
been assuming

(rN2)V (r 2)V g NN2

(21)
6 23Pg~sf '

I

where the last approximate equality comes from the
consistency condition of Sec. II. Thus the p-dominance
model requires the left-hand side of Eq. (20) to be
zero. To the same order of accuracy expected for Kq.
(21), we have

the consistency relation of Sec. II and the p-dominance
assumption. The resulting values for p, „—p, are 5.3,
4.1, and 5.9 nucleon magnetons, respectively, compared
to the experimental value of 4.7. The range of values,
5.0~0.9, gives a rough indication of the errors involved
in the assumption of p dominance, omitting mass-shell
corrections, and our continuum model. Also, we note
the striking similarity of (22c) to the Dashen —Gell-
Mann —Lee" sum rules, where our result differs in that
5/3 ~VZgz, which is numerically very close. The factor
V2 comes from the factor of 2 difference between Eq.
(14) and the rest-frame sum rule, while g~ replaces 5/3,
since saturation is not used.

Similar considerations can also be applied to the
mesons. By methods identical to those already discussed,
we find for the pion electromagnetic radius, '

As before, we separate the low-energy resonance in
both Eqs. (23) and (24) and use our continuum model
which implies in this case

dv dv

2L~(P w') —~(P+~') 1= — I:~(P &')—o(P'&') j—

Then subtracting Eq. (24) from (23), we have"

~2y2V
6 6

1 dv—u(p2r —+ I=0)
62rf p r2 v

1 1 "dv
F '(0) = — —[o (p 2r+) —o (p+2r+)], (23)

p & vp

and for the isovector E-meson radius,

(rrr2)v 1 1 "dv
Prc+'(0) —Prep'(0) =

6 p 7l pp v2

X[ (p-It+ )—(p+&+)]. (24)

12„I2„2gp~/f p, —

y,„p„~%2'—g/222p,

(228)

(22b)

2 1 dv
o(pE-+ I= ',)—. (25)-

3 p 7l g v

12v I2„~242IrIg~((r~') /6—)'I' (22c)

The alternative forms of Eq. (22)" are obtained using

: '~ We use the notation 0'(pp —+ I= ~3) to denote the contribution
of I=-', states to the sum rule, where the relevant Clebsch-Gordan
coefBcients have already been separated out. Similarly, we later
use 0 (pp -+ 10) for the decuplet contribution to sum rules obtained
from the chiral SU(3) &&SU(3) current commutation relations.

'~ G. F. Chew et al., Phys. Rev. 106, 1)45 (1957).
"See Sec. V for numerical details and corrections due to non-

resonant multipoles.
'4 Equations (22c) and (37) have been derived .by. F. Buccella,

G. Veneziano, and R. Gatto, Nuovo Cimento 42, 1019 (1966),
using the assumption of saturation where go =5/3, and also with-
out the saturation assumption, but using an' argument which
seems to us somewhat weak (see the beginning of Sec. V). SU(6)-
like results for magnetic moments have also been derived assuming
saturation by S. Fubini, G. Segre, and J. D. Walecka, Ann. Phd,
(N.Y.) (to be published).

gf SU(3) is used to relate the &s and E*contributions to
the right-hand side of Eq. (25), we of course find that
the right-hand side is zero (provided we take a degener-
ate pseudoscalar octet and degenerate vector nonet).

As an amusing exercise, we have computed the S*,
co, and E* low-energy resonance contributions to Eqs.
(14), (23), and (24) using the simple quark modelr' and
the narrow-resonance approximation. Inserting the

"R.F.Dashen and M. Gell-Mann, Phys. Letters 17, 142 (1965);
B.W. Lee, Phys. Rev. Letters 14, 676 (1965).

"The low-energy resonances contributing to Kqs. (23) and
(24) are the au and E*, respectively. The process p~.p+m is
forbidden in the quark model and very small in vector-mixing
theories'and experimentally (see Ref. 17).

"See the lectures of R. H. Dalitz, in High Energy I'hymcs,
edited by C. DeWitt and M. Jacob (Gordon and Breach, Science
Publishers, Inc. , New York, 1965), and references therein.
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8 ' 1 dv(r))r')" 25

x I:o(p-p)-o(p+p) 3,

dv

&&I o(p ~') —o(p+~') j, (26b

6 2(2M) 2''s.

V2Vp2]25(» ')' (»')' (»*»),(».
6 6 6 2' mp2

(30)(r~') 1(p„)' 1 d v

6 2(2M f)I s' o v

XPa (p E+) op+E—
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Lo(p &') —o(p+&') j—

0 X' 0 7j

—(( p2

6 2%2 3x g v2' gg2

—o(p7r-+I=0), (31)
6x

IV. PREDICTION'S FROM SU(3)XSU(3)
SUM RULES
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1 24 Ega NNl—~(~x~ 1o)=—
~

R P 25(M)1 1 G2r(0)-2
Gz'(0) 2+Gz'(0) n+

83P 2 2M

We begin with the generalization of Eq. (14) to generalization of Eq. (19), and use the result
SU(3) (involving zero-mass vector mesons),

(36)

obtained from the Adler-%eisberger sum rules by using
1 1 dp the same assumptions about the continuum made in

+ L~(p P) 0 (p+p)] (33a) this paper, then we are able to conclude"
p

X'
vp V

G2r(0) '
Gz'(0), —Gz (0)n+ =;(1 2p)2

83P 231

/=0 Ol
Gxf(0)n

=+-', , and Gz'(0) g&
——0, (37)

G2f(0) ~

1 ~dP
+ — I:~(E*—'P) —~(&*'P)], (33b)

2
p Ã vp P

which are the standard SU(6) results for the total
baryon moments and the neutron charge radius.

It is also interesting to re-examine Eq. (32) using
Eq. (36) for the decuplet contribution. One then finds

Gm(0) '
Gz'(0)~+ =2(1 20+—2P')

SM2 23f
1 Jv 27 gsNN

~(p2r + I—=0)=—
X' R P 25 3P

(38)

1 1 "dv
+ — —La (Q~p) 0 (It2'-p)] (33c) In narrow-resonance approximation, the co contribution

2fP 2I y0 P to the integral on the left-hand side of Eq. (38) is

wh~~~ G(q') 2 f G(q2)22] is the P LD]-type sachs form
factor, and G22, 2f(q') =G&,~(q2)2+Gz, ~(q2)n. Proceed-
ing as in Sec. III and using our continuum model we
write'9

18fa2 ( 222

~ I~.2—~.2i

&&r(00 +2'). (-39)

L~(p P) ~(p+P—)]-
c v

dV
L~(&*'p) —~(&*'P)]—

C P

CfV

2(~(&*—P) ~(&*+P)—], (34)

for energies above the low-lying decuplet of 23+ reso-
nances, we Gnd

1 dP 8 G2f(0) '
0(pE-+ 10)=-P2fp2- (35a)

R V 3 2M

and

Equating (38) and (39) and using Eq. (12), we find
inally

(r.2) 25 -3 m.
I'((o —+ 2r0+y) (40)

6 9gg2 n 222
2—222 22

which, except for the factor of 25/9g~2 2 contributed
by the continuum as a correction, is identical to the
result of Cabibbo and Radicati, ' who assume saturation
of Eq. (23) by the &o state. This is essentially the same
factor of 2 which appeared in Sec. III, where the con-
tinuum accounted for 50% of the total contribution to
(r ')/6 and 1/g~2. From the experimental width, 20

r (&a ~ 2r +y) =1.3+0.3 MeV, we predict

(r 2) (0.045+0.010) (1.4+0.3)

5 (G~(0))2
G,'(O&, =P(&—P

Ikm) (35b)
5$p

2

which is to be compared to the experimental value" of

Both sides of Eq. (35b) are very small, as the charge
radius of the neutron is small and p= —20y„/(p„—p„)—3/5; but putting in the experimental numbers we
find the right-hand side of Eq. (35b) is an order of
magnitude smaller than the left.

If we again make the assumption that the decuplet
photoproduction is a pure M1 transition via the SU(3)

~P Equations (34) are of the Johnson-Treiman type. See, for
example, H. Harari and H. J. Lipkin, Phys. Rev. Letters 15, 983
(1965) and references therein for a detailed discussion of this type
of relation.

(& 2) (0 041 +0.020)

V. COMPAMSON OF THE SUM RULES FOR
CHARGE RADII WITH EXPERIMENT

We now turn to a detailed numerical evaluation of the
sum rules for isovector charge radii which follow from

~ A. H. Rosenfeld et at. , Rev. Mod. Phys. 37, 633 (1965).
' C. W. Akerlof et al., Phys. Rev. Letters 16, 147 (j.966).
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assuming that the isospin-vector current densities form
the algebra of SU(2). With this assumption, we find
the sum rules for isovector photon scattering~ which
were stated earlier under the assumtpion of p domi-
nance (which is not assumed here):

(r~') v 1 d
L~r(v—J"') ~r b'&—')],

6 ~e' „v (41c)

where, as before,

and

(&~')'/6= Gatv'(0) —G~-'(0)+ 1/g~',
(v-')/6=F-'(0),

(rgP) /6=Fx" (0)—Prr '(0),

but now r = the photon lab energy, and p+= (p&+i&s)/V2
and y =(p, its)/—v2 are isovector photons corre-
sponding to y'= y3, the isovector part of the real photon.
We note that there are several ways to derive these
relations which diRer by having the (r') and (Pv —P,„)s
terms distributed in different ways between the con-
tribution of the Born pole in the scattering amplitude
and the contribution coming from the current commu-
tator, but that all methods lead to the same result,
Eq. (41).

Let us rewrite Eq. (41a), using an isospin rotation, as

(r~')v 1(v,,—IJ,„' 1 "dv

6 2 E 2M 4rrn „v

(vga)" 1(I„I.)' —1 "dv

6 2k 2M ] se'

XL,(~-p)—,(~+p)], (41.)

(r ') 1 "dv—L~r(v ~+)—~(v'~+)],
6 2m'e vp v

consists in assuming that the dominant multipoles in
this region are Eo+ and M&+. The total-cross-section data
for y+p -+ s +p are in fact very well fit in this region
simply by assuming dominance by the 33 resonance in
the M~+ multipole. "For y+p ~ s++e, however, there
is in addition to the contribution of the 33 resonance in
the M&+ multipole a large s-wave (Es+ multipole) con-
tribution from the isovector photon Born terms, which

roughly contributes equally with the 33 resonance at
energies of a few hundred MeV." On examining
the isotopic-spin coefBcients, we 6nd that the Eo+
contribution to o r(y+P ~I= rs) is twice that to
or(y+p ~ I=a), so that it gives a positive contribu-
tion to the right-hand side of (42). Furthermore, due to
its s-wave character, the Eo+ multipole will make a large
contribution close to threshold in the integral in Eq.
(42).

With the above theory, the contributions to (r~s) "/6
from the region from threshold to 500 MeV are, from
(Mr+ ]s,

500 gv—L
—asar(y+p-+ rr'+e)]=-

4Ã cL yp v

and from (Es+[s,

0.028
(43)

m~'

where the numbers given are obtained from a direct in-

tegration over the total cross sections. '4" We can get
a rough alternative estimate of the contribution of the
33 resonance to the sum rule by noting that in the CGLN
theory of photoproduction, " the contribution of the 33
resonance to

L~r(~ p) ~(~—+p)]-

1 '~dv
[or(—y+ p ~ s.++n)

~n vp

0.016
s~r(—V+p~~'+p)]=+, (44)

m~'

where the notation is that of Cabibbo and Radicati. ~

Experimentally" (rNs)v/6=0. 066/m ' and

should be the same as

—',((p,„—p )/2M)'=0. 059/m. '.

The 33-resonance LN*(1238)] contribution to the in-

tegral is alone thus clearly of the wrong sign to satisfy
the sum rule.

To obtain the magnitude of the contribution of the
integral from threshold to v=500 MeV, which includes
the region where the 33 resonance gives a large contribu-
tion, we have directly integrated over the photopro-
duction total cross sections using a theory which Gts the
low-energy photoproduction data fairly well. The theory

"L.H. Chan et A., Phys. Rev. 141, 31298 (1966).

except for a scale factor which we can set by the ratio
of the peak in the total-cross-section curves. The rele-
vant integral over pion-nucleon cross sections in the 33
region is contained in the work of Adler and Weisberger 2

"M. Gell-Mann and K. M. Watson, Ann. Rev. Nucl. Sci. 4,
219 (1954).Also see the detailed calculation of the multipoles and
their 6t to the experimental data in W. Schmidt, Z. Physik 182, 76
(1964).

~ W. S. McDonald et al., Phys. Rev. 107, 577 (1957); R. L.
Walker et ol. , r'bid 99, 210 (1955)..Also see the total cross-section
data in Ref 23 and references given therein."R. L. Walker (private communication).
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By such a scaling procedure we obtain —0.030/m ' for

1 dv
$~r—(v+P ~ ~'+P)3

4z n

from Adler's calculation, where a correction for zero-
mass pions has been made, and —0.026/m ' from
Weisberger's calculation, where such a correction is not
made.

. From the numbers given in Eqs. (43) and (44), we
see that the BB resonance makes a large contribution to
the sum rule of the wrong sign, but that roughly 60%
of it is canceled by the large, but nonresonant, s-wave
contribution. If we were to now truncate the integral
and neglect continuum contributions from above 500
MeV, the sum rule would read

0.066 (r~')» ? 0.059 0.016 0.028 0.047
+ — = , (45)

m 6 m m m m2 2 2 2 2
'

If we assume the third resonance, 1V***(1690),is
also excited by isovector photons, which is not an estab-
lished experimental fact, we find by a similar numerical
integration over the resonant peak in y+P ~u++n
from 900 to 1100 MeV a contribution to (rg)»/6 of
0.002/m s. It thus appears that contributions to the
sum rule are rapidly falling off.

An alternative way to estimate the contribution from
above v=500 MeV would be to use the p dominance and
continuum model discussed above in Secs. III and IV.
In this model we have

dv—L~r(v P) —or(v+P)j

1 dv—I:~6 P) —~b+P)j
p c

2

1 ds—Lo(~ P) —~(~+P)j.
p c V

so that the right-hand side is roughly 30% too small
when the. integral is so truncated. It is amusing that
although the numbers come from very different terms,
this is fairly close to the Dashen —Gell-Mann —Lee
result "

0.066 (r~')» r ( p~ ' 0.041

m' 6 (2M m' (46)

derived from commutation relations between states at
rest and assuming saturation by the lV and E*with the
SU(6) values for matrix elements.

To get an estimate of the contribution to the sum
rule from above 500 MeV, we have again gone to the
photoproduction total-cross-section curves. As the
second resonance, 1V**(1520),is I= 2 and is excited by
isovector and not isoscalar photons, "it makes a positive
contribution to the right-hand side of Eq. (52). Integrat-
ing numerically over the peak above the 50 pb back-
ground for or(y+ p ~ s++e), we find a contribution
to (rg)»/6 of

Taking the last integral from the calculation of Adler
and Weisberger and using f,'/4s. 2.1 gives a contribu-
tion to (r~')»/6 from above 500 MeV of ~+0.015/m ',
in fairly good agreement with the numbers calculated
above by direct integration over the resonances, and
also of the right magnitude to satisfy the sum rule
(42).

Combining the various parts of our calculation, we
find for the sum rule (42),

0.066 (rN')» 0 059 0.01.6 0.028 0.016
+ +

m~2 6 m~2 m~2 m„' m~2

N IEO I' N N

+ (contributions from above 800 MeV) . (49)

This should be contrasted with the Adler-Weisberger
relation where we have roughly

1
0.7= = 1—0.5

g~ X S*
soo Mev d v—3o r (y+p ~ E**~ or++ p)

4+0' 500 MeV

+0.2
(contribution of continuum above Ã~ region).

(50)

0.008

mx 2
(47)

'6L. D. Roper et al., Phys. Rev. 138, 3190 (1965); B. H.
Bransden et al., Phys. Letters 11, 339 (1964); P. Auvil et al. ,
Phys; Letters 12, 76- (1964). Also see L. D. Roper and R. M.
Wright, Lawrence Radiation Laboratory (Livermore) Report
UCRL-7846 (1964).

As the second resonance is roughly 50% inelastic, "i.e.,
there is an equal contribution to o r(y+ p ~E**)from

ar(y+p —+S**-+S+s+s), we estimate the total
contribution to the sum rule from the region of the
second resonance to be +0.016/m, '.

By comparison, it is interesting to note that: (1) both
sum rules seem to converge below»= 1 GeV; (2) when
written as in Eqs. (49) and (50), the contribution from
above the region of the M resonance is important in
both cases and is 30 to 40% of the combined contribu-
tion from the nucleon and integral over the low-energy
region; but (3) for the (rg)»/6 sum rule there is an
important nonresonant contribution to the sum rule at
low energy which is neither in the Adler-Weisberger
sum rule, nor in SU(6) or representation mixing
theories.

A similar numerical evaluation of the isotopically
rotated sum rules coming from Eqs. (41b) and
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(41c), through D wave, we have

(r 2)rr 1 A—[or (y'+rr' ~ I=0)
8x o, vp

+o r (y'+rr+ & I=—1)—5/4or (y'+7r' ~I=2)], (51)

and

(r 2)'v

6 4

is impossible owing to our lack of data for y+x and
y+E cross sections, but we can proceed to give a rough
evaluation from the known decay widths of meson reso-
nances into y+rr and y+E, or into p+rr and p+E
together with a p-dominance model of the decay into
y+s and y+E. It is interesting that all the established
meson resonances have isospins such that they contrib-
ute positively to the right-hand sides of Eqs. (51) and
(52).

In the case of Eq; (51), the possible established reso-
nances contributing to the sum rule are the ~, @, and A 2.

For (52), it is the E*(891)and E**(1405).From theories
of p —~ mixing, "we know that p ~ vr'+y' is forbidden,
or nearly so. Using Breit-Wigner resonance shapes for
the total cross sections,

Fz Mg, rF&.~r/&'
o r (s) = (2s ) (2l11)

(s—sp)'+ snF,.P (53)

and (0.29/m ')F(E**+—& E++y'), respectively.
For F(ar ~ s.+y), we use the value 1.27+0.30."We

calculate F(A s+ ~ s++y') from I'(A s+ ~ rr++ p ) using
the p-dominance model for the decay. As the decay is

where s is the total center-of-mass energy of the photon
and meson, 0 is the photon momentum, and / is the
orbital angular momentum, we find using the total
widths of Rosenfeld et al. ,"that the contributions of the
&a and As to (r ')/6 are (0.018/m ')F(~ ~ rr+y') and
(0.0077/m, s)I'(A s+ —~ s++y') (widths in MeU). Simi-

larly, the contributions to (rrr')"/6 from the E~ and
E'** are (0.15/m ')F(E~~E++ys) and (0.41/m„s)
XF(E**+-+E*+y'). As a check, we have calculated
these same contributions in the narrow-resonance
approximation, obtaining (0.014/m ')F (s& —+ x'+y),
(0.0071/m. ')F(As+ ~ ~++ps),

(0.13/m ')F(E*+-+ E++ys),

)&F(As+ rr++ps) = 1.2 MeV. (54)

The matrix elements for E*+-+E++y' and E**+~
E*+y' are calculated from the matrix elements for
&o-+ rr+y and As-+ rr+y using SU(3). We then Gnd
I"(E*+—+ E +y )=0.17 Me V and F(E**+—+ E++7')

0 25 MeV
The resulting values for (r s)r/6 and (rrrs)r/6 are

and

(r s) 0.023 0.009 0.032

m~ m~
2' 2

co Ag

mx 2
'

(rrc')v 0.026 0.010 0.036
+

6 m~' m '

(55)

(56)
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s' Assuming that the A~ meson exists and that F(Aq ~ p+s)
=125 MeV, we calculate F(2~+ ~m++y) =2.5 MeV using the
p-dominance model for the decay, and Gnd a contribution to
(r ')/6 of 0.016/m '. There could, of course, be important con-
tributions to the sum rule from y+3- in the 1+ state without an
actual resonance in that state.

The value obtained for (r ')/6 is very close to 1/m, '
=0.033/m s and agrees within errors with the value of
rr=0.70+0.20 F, or (r ')/6= (0.041 s.ass "')/m '
given by Akerlof et ul."It is, however, smaller by a factor
of two than (r&')r/6, which we conjectured in Sec. III
should equal (r ')/6. It would be interesting to have a
more accurate value for (r ')/6 to test this conjecture
and to see whether either further resonant contributions
to Eqs. (51) and (52), such as an octer of axial-vector
mesons, "or nonresonant contributions as for (r~s) /6v,

are required to bring the right-hand sides of Eqs. (51)
and (52) into agreement with experiment for the left-
hand sides.


