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Mutual Refraction of Electrons and Photons*

T. W. B. Kgssx.E
Department of Physics, Imperial College of Science and technology, London, England
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The equation of motion governing the time-averaged motion of a classical electron in an oscillating
electromagnetic field is derived under very general conditions. It is shown that the motion is that of a rela-
tivistic particle of variable rest mass m (1+@,')'~, where p' is the parameter proportional to the field intensity,
introduced earlier. Nonrelativistically, it is that of a particle with the effective potential-energy function
~ mc'p, '. The complete analogy between the processes of refraction of light by electrons and of electrons by
light is emphasized. It is shown that in the case of focused laser beams, effects substantially larger than those
originally predicted are to be expected. The interaction of electrons with standing waves is discussed with
particular reference to the Kapitza-Dirac effect, and it is shown that a modified effect may perhaps be ex-
pected at high intensities and low electron velocities. The use of classical electrodynamics is justified by
showing, with the help of the WKB approximation, that specifically quantum effects should normally be
negligible. A model which helps to explain the complementarity between the two refraction eGects is pre-
sented in which the electrons and photons are treated as classical relativistic fluids. The relationship of this
model to quantum electrodynamics is pointed out.

1. INTRODUCTION

HE eEects of finite electron density on the inter-
action of light with an electron gas or plasma are

well known. But it is only in the last few years, since the
development of high-intensity laser beams, that the
complementary eEects of finite photon density have be-
gun to receive much attention. In a recent paper' (here
referred to as I) it was shown that one such effect that
we may expect is the refraction of an electron beam
passing through an intense electromagnetic wave. It
is the aim of the present paper to study this effect in
greater detail, and particularly to demonstrate its very
close similarity to the more familiar phenomenon of re-
fraction of light by electrons.

This work has developed out of earlier investigations
of the interaction of electrons with intense plane-wave
fields. ' "As was shown in I, the intensity-dependent
frequency shift in high-intensity Compton scattering,
predicted by Brown and Kibble' and by Goldman, 4 and
the refraction eHect discussed here may be regarded as

~The research reported in this paper has been sponsored in
part by the Air Force OKce of Scientific Research O. A. R. through
the European OfIice of Aerospace Research, U. S. Air Force.

'T. W. B. Kibble, Phys. Rev. Letters, 16, 1054 (1966). This
paper will be referred to as I.

'N. D. Sengupta, Bull. Math. Soc. (Calcutta) 41, 187 (1949),
44, 175 (1952); Vachaspati, Phys. Rev. 128, 664 (1962) 130;
2598(E) (1963); Z. Fried, Phys. Letters 3, 349 (1963); A. I.
Nikishov and V. I. Ritus, Zh. Eksperim. i Teor. Fiz. 46, 776
(1963) (English transl. : Soviet Phys. —JETP 19, 529 (1964)j;
H. R. Reiss, J. Math. Phys. 3, 59 (1962).

'L. S. Brown and T. W. B. Kibble, Phys. Rev. 133, A705
(1964). This paper will be referred to as BK.' I. I. Goldman, Phys. Letters 8, 103 (1964). This paper will be
referred to as G.' Z. Fried and J. H. Eberly, Phys. Rev. 136, B871 (1964).

6 T. W. B. Kibble, Phys. Rev. 138, B740 (1965).This paper will
be referred to as K.

7 L. M. Frantz, Phys. Rev. 139, B1326 (1965).
8 J. J. Sanderson, Phys. Letters 18, 114 (1965); J. M. Eberly,

ibid. 19, 284 (1965); T. W. B. Kibble, ibid. 20, 627 (1966).
9N. J. Phillips and J. J. Sanderson, Phys. Letters 21, 533

(1966). See also H. A. H. Boot, S. A. Self, and R. B.R-Shersby-
Harvie, J. Electron. Control, 4, 434 (1958)."J.H. Eberly and H. R. Reiss, Phys. Rev. 145, 1035 (1966).

150

two aspects of the same general phenomenon. They are
both produced by forces depending on the spatial
gradient or rate of change of the field intensity, of which
the simplest example is the "field-gradient force" dis-
cussed by Phillips and Sanderson. '

We shall begin by presenting in Sec. 2 a much more
thorough, and fully relativistic, derivation of the equa-
tion of motion obtained in I for the averaged motion of
a classical electron in an electromagnetic wave. This
derivation makes use of the vector potential rather than
the electromagnetic field itself, and exhibits much more
clearly the essential unity of the various effects under
consideration. We shall in particular discuss the nature
of the averaging procedure and the validity of the
approximations involved.

In Sec. 3 we demonstrate that under suitable condi-
tions the equation of motion we have obtained is pre-
cisely that of a relativistic particle with the variable
rest mass m*=m(1+ps)'I', where ps is the intensity
parameter introduced in BK, K, and I. This effective
mass has also been obtained for the case of plane-wave
fields by semiclassical' and quantum-mechanical" argu-
ments. NonrelativisticalIy, the motion is that of a par-
ticle with potential energy —,'mc'p, '.

Section 4 is devoted to a comparison between the re-
fraction of light by electrons, and of electrons by an
electromagnetic wave. We show that both eEects may
be described by saying that the propagating particle
acquires an effective mass, and that the expressions for
the mass-squared shift are identical when written in
terms of particle density and energy.

The way in which an electron acquires its increased
mass as it enters a beam of light is discussed in Sec. 5.
One may distinguish two basically diEerent situations:
Either the electron is overtaken by the beam or it
enters from one side. It is the first of these which cor-
responds to the plane wave calculation of BKand G. The
true physical situation will in general be intermediate
between these two idealized cases, but we show that in

1060



I50 M UTUAL REF RACTI 0 N OF ELECTRONS AND P HOTONS 1061

the case of a focused beam it is normally a more reasona-
ble approximation to say that the electron enters the
beam from one side. Therefore the expected effects will
be rather different from those originally predicted in
BK and G, and in fact appreciably larger. They are
moreover still of considerable interest.

In Sec. 6 we turn to the problem of the interaction of
an electron with standing waves. This is a very inter-
esting problem, particularly in connection with the
Kapitza-Dirac effect." "It also turns out to be much
more complicated than the analogous problem for the
case of a traveling wave. The effective potential-energy
function of the electron is periodic in space with period
equal to one half-wavelength of the light. (The Kapitza-
Dirac effect may be regarded as the coherent scattering
of the electron by this periodic potential. ) We show that
especially for slow electrons a remarkable variety of
possible effects may occur. In particular, it is shown that
at suQiciently high intensities the electron can only
just get over the crests of the periodic potential, the
Kapitza-Dirac effect might very well be substantially
modified. The intensity used in the experiment of
Bartell, Thompson, and Roskos" is in fact in precisely
this transition region and it is therefore peculiarly
diKcult to make reliable predictions. It is suggested that
further experiments of this type with a range of in-
tensities and electron velocities would yield some very
interesting information.

Up to this point the discussion has been entirely
classical. In order to justify this approach it is necessary
to show that the same results would be obtained
quantum-mechanically. (This is particularly true in
view of the controversy which has surrounded this
question. ~') Since the equivalence of quantum-mechani-
cal and semiclassical calculations has already been
demonstrated, e ~ our discussion in Sec. 7 will be mainly
concerned with the question of whether a quantum-
mechanical description of the electron is necessary.
Using the WKB approximation, we shall establish con-
ditions under which the classical description may be ex-
pected to suf5ce, .and show that they are indeed met in
reasonable physical situations.

Section 8. is devoted to a classical model which ex-
hibits rather clearly the mutual inQuence of electrons
and photons on each other. The electrons and photons
are:treated as classical relativistic Quids with an appro-
priate interaction. Energy and momentum are obviously
conserved in the model, which therefore provides a
suitable framework for the discussion of what happens
to the energy and momentum in a particular process.
The relationship of the model to quantum electrody-
namics is brieQy indicated in Sec. 9.

Finally, some of the conclusions are summarized and.
discussed in Sec. 10.
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rlv" = ev),F"&(x),

F),„(x)= B„A),(x) B)A—„(x),

where nl"=iI' is the velocity four-vector, and the dot
denotes differentiation with respect to the proper time
r. (For the moment we set c=1 and adopt the "time-
like" metric in which v'=v"v), =1.)

This equation may also be written in a form which
gives directly the rate of change of the canonical
momentum,

p„—=—few„+eA „(x)j= ev"B„A),(x) .
dT'

(2)

Now let us consider a series solution of this equa-
tion, starting in zeroth order with a constant four-
velocity e(p)&, so that

x(p) (r) =x"(0)+v(p)"r. (3)

The expansion parameter is the magnitude of eA„/m, a
dimensionless quantity which is always much less than
unity for physically realizable intensities. Our aim is to
find an expression for the average acceleration of the
electron in terms of electromagnetic fieM variables
evaluated at the position defined by (3).

To first order, we may replace vz and x on the right-
hand side of Eq. (1) for in Eq. (2)j by v(p)z and. x(p). It
is convenient to choose the gauge so that

v(pi 'A =—e(p) "Ag= 0. (4)

(Essentially, we are adopting the radiation gauge in the
rest frame defined by v(p).) Then to first order we ob-
tain the familiar result that the canonical momentum is
a constant, which may be identified with naacp~. Thus

mv(x)&(r) =mv (p)&—eA&Lx(p) (r)j.
Note that the relation e'= 1 is still satisfied to this order
in virtue of (4).

If there were nonoscillatory terms in the field, then
(5) would already reveal a secular acceleration, but we
are interested in the case of purely oscillatory fields for
which

es(v(()~) =—e(A~(x(p)))

=ev(o)) (~ "(x(p)))=0

where the angular brackets denote the time average
over many oscillation periods. It is therefore both con-

2. CLASSICAL EQUATION OF
AVERAGED MOTION

%e present here an alternative derivation of the
equation of motion obtained in I for the averaged motion
of an electron in an oscillatory electromagnetic field.

The classical equation of motion for an otherwise free
electron in an electromagnetic field described by the
four-vector potential A„(x) is
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so that to first order the average velocity is v(p).
We now substitute from Eq. (5) into Eq. (2) and take

the time average. What we are actually interested in is
the time average with respect to a fixed reference frame.
However, if t denotes the time in the rest frame defined
by v&», then to first order dt/dr=v&» v&&~=1. Thus we
can in fact take the average with respect to v without
introducing any error. In particular we can assume that
(A„(x&~&))=0.Hence, correct to second order, we obtain

where

(v„)=—(e/m)'(A"(x, ,)B„A (x, ,))
p 2

This is the dirnensionless intensity parameter defined in
BK and in I. It is positive in our metric, since Aq is a
space-like vector. It is evidently a scalar, but in general
depends not only on x but also on v(p), via the chosen
gauge condition (4) and because v &0& specifies the direction
in which the average is to be taken. However, we shallsee
shortly that in most cases of practical interest this de-
pendence is unimportant, so that p,

2 may be taken to be
a scalar function of position and time alone.

We conclude this section with a discussion of the
validity of the approximations involved in the deriva-
tion of Eq. (7). For convenience we choose the time
axis in the direction of v(p) and assume that the field
possesses a well-defined angular frequency ra. (It is easy
to include the case of a superposition of several distinct
frequencies, since each contributes separately to the
average. ) Then, restoring the appropriate factors of c
for later convenience, we may write

p'= (e/mc') '(A') = (e/mcM) '(E') .

It is easy to verify firstly that if p2(&1 then the expansion
around the mean position of the electron is reasonable.
For, the characteristic distance over which we may ex-
pect the field to vary in spatial directions is at least of
the order of c/~. But the amplitude x of the electron
oscillation is of order eE/ma&'=tjc/&a, which is less than
this by a factor p,.

A more important approximation is the neglect of
radiative reaction. It has already been shown by
Sanderson' that this could be important in the type of
problem we are considering, and it should certainly be
included. However, it is an essentially distinct eGect
which may be treated separately. We shall return to it
later in Sec. 5.

It is also important to verify that the use of classical
rather than quantum mechanics does not introduce any
significant errors. It is convenient however to defer the
discussion of this point to Sec. 7.

sistent and desirable to impose the additional gauge
condition

(A&(x&»)) =0,

3. EFFECTIVE ELECTRON MASS

There are in practice two distinct types of electro-
magnetic waves in which we might be interested. First
we have the case of a beam, represented by a traveling
wave with a well-defined propagation direction at each
point. This is the case we consider in the present section.
Second, we may be interested in standing waves pro-
duced by multiple reQections. We defer this more com-
plicated case to Sec. 6.

Let us then suppose that the vector potential has the
form

A „(x)=ReLa„(x)e'& &~'],

where f is real and satisfies the eikonal equation

k'=0, k„=8„$,

(10)

and where k„and the complex amplitude function a„
are slowly varying functions of position and time
satisfying the gauge condition

k a=0. (12)

Then to a good approximation we may write

p'= -', (e/m) 'L—a*(x) a(x)).
Moreover, the dominant part of the gauge trans-

formation induced by a change in v(p) is the replacement

(14)

and in virtue of (11) and (12) this does not change the
value of p' as given by (13). Thus, provided the rela-
tive variations in the propagation vector and the ampli-
tude function over a few oscillations are small, we may
legitimately treat p2 as a scalar function of x inde-
pendent of vt». (In the case of plane waves discussed in
BK this is exactly true. )

With this assumption let us now investigate some of
the immediate implications of Eq. (7). First we note
that (v)'&1 in general, although of course v'= 1
always. Indeed, using the boundary condition that
(v)'=1 when p'=0, we find

(v)'= (ds/dr)'= 1+@', , (15)

d(x~)
(16)

These relations are more useful when re-expressed in
terms of the average momentum of the electron. Ke
have

(P~)=m(v~) =m, *d(x~)/ds, (17)

where s denotes the proper time of an observer moving
with the averaged velocity of the electron. The four-
vector velocity of such an observer is
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1
ds m*(x) (x&x„)'I',

2
(19)

where s is an arbitrary parameter (not necessarily proper
time) and x"=dx"/ds. Imposing the constraint x2=1,
which is consistent if m*/0, we may write it in the form

—[m*(x)*„j=a„m*(x) .
ds

(20)

On the other hand, using (15) and (17) we may write
the equation of motion (7) in the form

d m(v„) ,'mB„g-'—(p„)= = = a„m.*.
$$ (de/d7. ) (1/p2)~l2

(21)

The agreement between (20) and (21) shows that the
averaged motion of the electron is precisely that of a
classical relativistic particle with the variable rest
mass m, *.

Nonrelativistically, the variable rest mass appears as
an effective-potential-energy function

V= (m*—m)c'=-,'my'c'. (22)

Clearly the resulting force tends to push the electron
away from regions of high field intensity, as noted in a
special case by Phillips and Sanderson, ' and also in I.

4. COMPARISON BETWEEN REFRACTION OF
PHOTONS AND OF ELECTRONS

For convenience of application, we shall in this sec-
tion (and until the end of Sec. 7) restore the appropri-
ate factors of c, and also exhibit the factors of 4x which
should appear in Gaussian units within square brackets.

Let us briefly recall some features of the familiar
phenomenon of refraction of light by electrons. The dis-
persion equation for an electromagnetic wave of angu-
lar frequency co and wave vector k is

aP =c21r2+ co 2

where the eBective mass m,* is defined by

(p)'= m."=m'(1+ p') . (18)

This expression for the effective mass was also obtained
for the case of plane-wave fields in earlier semiclassical'
and quantum-mechanical" calculations.

The equation of motion of a relativistic particle of
variable rest mass m*, a prescribed function of position
and time may be obtained by variation of the action
integral'4

On the other hand, if we express the effective mass of
the electron found in the previous section in terms of the
photon density Bph we find

(eh 'each
m.*'—m'= p'm'= [4~)~—

kc h
(26)

The close similarity between (25) and (26) is apparent.
In each case, the effective-mass-squared shift is pro-
portional to the particle density divided by the particle
energy. This ratio e/E is essentially Lorentz-invariant
provided that neither e nor E varies rapidly with
position.

The analogy between the two cases extends beyond
the expressions for the effective masses. Let us consider,
for example, the refractionof a beamcrossing aboundary
whose normal we take to be the x direction. When a
photon enters a medium with plasma frequency eo„ it is
the normal component of the wave vector which
changes. The amount of change may be found directly
from (25), or

h(h, ') = —cv, '/c'. (27)

In particular, the photon will be totally reQected if
initially h (ra„/c.

Precisely the same thing happens when an electron
enters an electromagnetic wave. For convenience we
shall drop the brackets on (p) and denote the time-
averaged momentum simply by p. From (7) or (21) it is
clear that only the normal component of the mean mo-
mentum is affected, and to be consistent with (18) this
must change according to

g(p 2) m2c2+2 (28)

Once again, if p, (mcus the electron will not be able to
penetrate the beam.

Thus the laws governing the refraction of an electron
passing through a photon beam are identical with those
for a photon passing through a cloud of electrons. (Why
this should be so will be discussed later in the context of
the model introduced in Sec. 8.) Snell's law is valid, and.

we can define a frequency-dependent or energy-
dependent refractive index in both cases, equal to the
ratio of the velocity inside the medium to that outside.
It may be written as

Thus a photon propagating in such a medium has an
effective mass m,h* given by

(ha)~)' eh ' ee

k c'I c mc'

co~'= [4m )e'm, /m. (24)

where the plasma frequency co~ is related to the electron
density n, by

(E,' (m ~c')' '~' ( (m—cp)')' '

k E'—(mc')' k p'
(29)

'4 This corresponds to the problem of ending the geodesics in a
space with the metric tensor g„„=m*'g„„where q„„ is the metric
tensor of flat Minkowski space.

where p is the momentum outside the beam. It may be
noted that the quantity mc'p/h is the true analog of the
plasma frequency co„.
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More generally we may consider a situation in which
p,
' is changing with time as well as position. If in some

region of space p' depends on the four coordinates x&

only through a single linear combination e x, then the
only component of p& which can change is that in the
direction of 22". We can write (as in I)

p~= p~(0)+22~f, (3o)

S. ENTRY OF ELECTRON INTO A BEAM

I et us now consider the various ways in which an
electron may enter an electromagnetic wave. We shall
take the s axis in the beam direction, and suppose that
the electron is initially moving with energy E and mo-
mentum p in the 2: direction. In BK the assumption of
inanite plane-wave fronts was made, so that 22 x= t s/c, —
say, and n'=0. If this description is valid we Gnd that
the mean energy E~ and momentum p* inside the beam
are given by

E* E=cp, *=—l22(mc2) 2/2E,

p**=p.
In this case the electron is overtaken by the wave. The
corresponding change in velocity to erst order in p' is
given by

mc2 ' (mc2 '
av, =-2p,'c, av.= ——2p2v.

~
. (32)

E kE

On the other hand, if the electron enters the beam
from one side, and if the intensity is almost independent
of t and s, then we have the situation described by (28),
so that

E2c E p
Q 0

p
+—[p2 ~2(mg)2)ll2

For this case, we have to lowest order

c2(mc2 '
Av, = —2p2—~, hvg=0.

v. k E
(33)

This approximation is of course valid only if v/c))y2.
For slow electrons the change in velocity could be large.

In practice it is clear that neither of these idealized
cases will provide a completely accurate description of
the physical situation, and it is therefore important to
ask which is likely to represent a closer approximation to
reality. The answer to this question obviously depends
on the values of the various parameters involved, but
we can still give a fairly general discussion. Since large
intensities can be attained at present only with pulsed
beams, it is clear that the intensity must be varying with
time. The rate of change is of order p2/T, where T is the.
duration of a pulse. Equally, it is necessary to focus the

where f may be determined from (18) as before. This
yields a quadratic equation for f,

222f2+222 p(0)f=m2+2 —y2(0)j. (31)

~2—[4~]e21/m2g2~2 (34)

Thus the force due to the intensity gradient is

g2——2'mC2~@2= [42r~ p'I
SECS)

=42rrP. 2~I/c.

beam, so that there will be a transverse intensity gradi-
ent of order p2/L, where L is the width of the hearn in the
focal region. Consider an electron which arrives at the
center of beam somewhere near the middle of the pulse
duration. The question to ask is whether it will have
entered from the side or have been overtaken by the
beam. Clearly, it must have entered from the side if
v,T&&J. Typically T=10 sec, and certainly e,& 10 'c.
(Indeed, it is more likely that v/c should be of order
10 '.) Thus the condition is satisled if L is much less
than 3 mm, as indeed it usually is. In most cases of
practical interest, therefore, it is likely that the trans-
verse spatial gradient is much more important than the
time rate of change. The typical change in velocity is
then given by (35) rather than (32).

This means that the results given by SK will not nor-
mally apply to practical cases of focused beams. To
attempt a direct verihcation of the original predictions
it would be necessary to design the experiment so that
the electrons were actually overtaken by the beam. One
would need to use slow electrons and a beam with an
extremely short pulse time and relatively poor focusing.
Such an experiment does not appear to be feasible at the
present time.

These remarks should not be taken to imply that it is
uninteresting to measure the Doppler shifts of light
scattered from an intense beam by free electrons. These
shifts should reveal changes in velocity which both con-
6rm the theory and provide information about the in-
tensity distribution in the beam. Moreover, they should
also be considerably larger (by a factor c/v at least)
than those originally predicted, and therefore easier to
observe.

Near a focus, there may be a substantial intensity
gradient in the longitudinal direction as well as in trans-
verse directions. As indicated in I, this wiQ lead to the
electrons being deviated away from the focus. If v/c
is not too much larger than p, this deviation can be
quite large, and certainly readily measurable. The eGect
might provide a useful means of determining the in-
tensity distribution near the focus of a laser beam, in
the same way that the refraction of photons can be used
to 6nd the density distribution in an electron plasma.

In addition to the acceleration produced by the in-
tensity gradient, we should also allow for the eGect of
radiative reaction. ' This is of course always to accelerate
the electron in the direction of propagation of the beam.
It is interesting to compare the magnitudes of the two
kinds of forces. In terms of the intensityI, theparameter
p, ls
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On the other hand, the force due to radiative reaction is
the rate at which momentum is removed from the beam,
namely, nrpsI/. c. Thus the ratio of the two is

(35)

if L is the typical length over which the intensity is
varying. For optical photons this ratio would be close
to unity only when L=10' cm. In most reasonable
circumstances the intensity gradient force is much larger
than the radiative reaction.

6. INTERACTION WITH STANDING WAVES

The interaction of electrons with standing electro-
magnetic waves exhibits some very interesting features,
notably the Kapitza-Dirac effect."This is the scatter-
ing of e1ectrons at the Bragg angle corresponding to a
lattice spacing equal to half the wavelength of the light.
Its experimental observation has been reported by
Bartell, Thompson, and Roskos, " and more recently
Eberly" has suggested that this type of experiment
might be a suitable place to look for effects similar to
the predicted intensity-dependent frequency shift.

As we shall see, this problem is appreciably more com-
plicated than the corresponding one in the case of
traveling waves, and the variety of possible effects is
considerably greater. The vector potential can no longer
be written in the simple form (10);instead. , we must take
a sum of two terms representing the waves traveling in
opposite directions. When we consider time averages
it is then necessary to distinguish two distinct time
scales.

Over a time interval short compared to the time taken
for the electron to travel one wavelength (that is, if
k vt«1, where k is the wave vector), the two waves
are oscillating with a fixed phase difference, and inter-
fere in the time average. Thus the intensity parameter
p' has a, form like

and we can always use (3/), which is independent of
e(p~ because the two waves contribute separately.

Except in the case of very slow electrons, the aver-
aged motion over the long times is that of a particle
moving with the slowly varying potential-energy func-
tion -', mc'p, p'. The electrons are therefore refracted in
much the same way as in a traveling wave. In particular,
the longitudinal component of velocity k v=ke„say,
is essentially unchanged while the transverse component
is reduced on entering the wave. The effect of the osciQa-
tory term in (36) is to produce a short-period oscilla-
tion in v, . The Kapitza-Dirac effect may be interpreted
as the scattering of the electron by this periodic poten-
tial, with a momentum transfer 2Ak (In terms of pho-
tons, it corresponds to the absorption of a photon from
the beam and. its re-emission into the beam in the
opposite direction. ) Since the refraction of the electron
on entering the standing wave leaves its longitudinal
momentum unaltered, the Bragg-scattering condition

p sin8'= p sin8= Ak,

where p is the electron momentum and 8, 8' are the inci-
dent and scattered angles, is actually unaffected by this
refraction. We therefore conclude that the experiment
suggested. by Eberly" should not in fact reveal any
effect.

Independently of the details of this mechanism it is
clear from the symmetry of the problem that one shouM
not expect a systematic difference between 0 and 8'.
Since there is some small spread of frequency her in the
light beam, it is actually possible to transfer a small
amount of energy to or from the electron. However, one
sign of energy transfer is in no way preferred over the
other. (This is, of course, very different from the case
where a photon is actually scattered out of the beam. )
Such energy change corresponds for nonrelativistic
electrons to a much larger change of momentum, so that
in individual cases one need not expect 0' to be equal to
8, though the Laue condition

p'= pp'L1+cos2k xj (36) p(sin8'+sin8) = 24k (39)

where p, p is a slowly varying function of x and t. Over
longer times, and provided that the electron velocity is
not too small, the oscillatory term averages out to zero,
giving an effective average potential

p2 p 2 (37)

We shall discuss the special case of slow electrons later.
Strictly speaking, ps as given by (36) is no longer inde-

pendent of the velocity e(p). In fact, a gauge transforma-
tion similar to (14) does not leave g' unchanged, be-
cause although the two four-vectors k„+——(~, ~k)
satisfy k~'=0, they are not mutually orthogonal,
k+.k /0. However this is really irrelevant, since the
extra terms are of the order o'/c' and therefore negligible
for nonrelativistic electrons. For relativistic electrons,
there is no time interval to which (36) is appropriate,

should still be satis6ed. ."However, there is no reason to
expect more electrons with 8'&8 than with 0'(8, or
vice versa.

Very slow electrons constitute a special, and particu-
larly interesting case. The relevant quantity is the mag-
nitude of the longitudinal component of velocity, e,
say. The discussion above applies only if s,/c))pp. At
the other extreme, if s,/c«pp, a classical electron would
be con6ned within a single half-wavelength in the s
direction, and would travel along this trough from one
end to the other with a nearly constant velocity, e, say,

"On this basis we would expect to 6nd ~S' —S~/(e'+8)
= (c/p)(Aced/a&), whereas for 6xed 8 the relative spread in values of
8' is only of order Aced/co. The observations of Bartell, Thompson,
and Roskos (Ref. 12) con6rm the existence of nonzero values of
8'—8, but appear to show values larger. than one might expect
from this formula.
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and a superimposed oscillation in the s direction. Thus
we see that electrons incident at angles much smaller
than pec/e would never penetrate the regions of large
intensity, and would be refracted in a very different
way from those incident at larger angles.

When
sing=v2pec/v, (4o)

we have an intermediate situation, in which classically
the electrons are nearly able, or just able, to get over the
crests of the periodic potential. Since such electrons
spend a relatively long time on the crests rather than in
the troughs, the effective average value of p,

' may be
enhanced. The classical motion in this case is rather
complicated, but it is not dificult to see that the aver-
age s component of momentum might no longer be
constant. However, this is one case in which a classical
treatment is not wholly reliable, and we shall defer a
complete discussion of it to a later publication, in which
a fully quantum-mechanical treatment will be presented.
(The argument justifying the use of classical electro-
dynamics which we give in the next section does not
apply when the change in local velocity is too rapid. )

A rather interesting situation occurs when the Bragg
scattering angle is about equal to the angle specified by
(40). The condition for this is that jae should be of the
same order as Ak/mc, that is,

pp Kg/K )

where ), is the electron Compton wavelength. For ruby
photons this means po'=10 ", corresponding to an in-
tensity around 6)(10' W cm '. The intensity in the ex-
periment of Bartell, Thompson, and Roskos" was in
fact of about this order, so that one might perhaps ex-
pect some modification of the Bragg-scattering condi-
tion. A repetition of this experiment over a range of
values of the intensity and electron velocity, and with
improved resolution would be very valuable.

7. QUANTUM-MECHANICAL DISCUSSION

In order to justify the use of our purely classical
methods it is necessary to show that a quantum-
mechanical calculation wouM not give substantially
different results. There are really two separate problems
involved here, the quantum-mechanical treatment of
the electrons and that of the photons.

An argument intended to show that the semiclassical
calculations used by BK' must yield the same answer
as a fully quantum-mechanical calculation was presented
in K.6 It made use of the so-called coherent states of the
radiation field, and the correspondence established by
Sudarshan" between the classical and quantum de-
scription of such a 6eld. (In a sense this result may per-
haps be regarded as a special case of the theorem of
Senitzky. 'r) More recently, a much more thorough and

"E.C. G. Sudarshan, Phys. Rev. Letters 10, 277 (1963).' I. R. Senitzky, Phys. Rev. Letters 15, 233 (1965); 16, 619
(~966).

general proof of the equivalence between the two
methods of calculation was given by Frantz. ~ The
theorem is valid provided that p'((1, that the photon
number is large enough, and that radiative corrections
are negligible. All these conditions are likely to be satis-
fied in the cases of interest to us.

Next we have to consider whether a purely classical
calculation should agree with this semiclassical calcula-
tion in which the electron is treated quantum mechani-
cally. For simplicity, we shall discuss only the non-
relativistic case. First let us suppose that the electron is
well localized in space initially. Ehrenfert's theorem"
shows that the rates of change of the expectation values
of position and momentum are given by

(u)—(x)=—,
dt m' (42)

—(y) =e(E(x)) .
dt

(43)

If the electron is localized in a small volume, near the
origin say, then we can expand E about this point, and
write approximately

E(x)=E(0)+x.VE(0) . (44)

Then it follows that

&E(x))= E((x)), (45)

so that from (42) and (43) we see that the expectation
value of position follows precisely a classical trajectory.

This proof cannot be applied directly to cases where
the initial uncertainty in the electron position is large.
Before discussing this case in detail it is worth asking
what result we should. expect to be able to prove. When
the electron momentum distribution is fairly sharp but
its position is very uncertain, it is not sufhcient to con-
sider merely the motion of the center of the wave
packet. We should expect each part of the packet to
follow approximately a classical trajectory, and to have
its own characteristic velocity. The refraction effect
we have been discussing will manifest itself not so much
in a change in the mean velocity but rather in a cor-
relation between velocity and position. If we 6nd the
electron in one region we may expect that a measure-
ment of momentum will yield a result in some appropri-
ate range; if it is in some other region the expected range
would, be different. (This is a very common situation.
For example, for an electron scattered from a central
potential there is a strong correlation between position
and velocity in the Gnal state, since the velocity is pre-
dominantly radially outwards. )

We can show that this does indeed happen by using
the WEB approximation. We write the electron wave

"See, for example, L. I. Schilf, QNoatlm Mechanics (McGraw-
Hill Book Company, Inc. , ¹vrYork, 1955), 2nd ed. , p. 184.
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function in the form

iP= y exp(iS/~ri), (46)

where P and S are real functions of t and x. Then, using
the radiation guage, the Schrodinger equation may be
separated into two real equations

length of the light. Thus for optical wavelengths and all
reasonable electron energies the condition (52) is well

satisfied.
We have therefore shown that the WKB approxima-

tion is valid, and that in this approximation the results
of a quantum-mechanical calculation agree with those of
a classical one.

a — 1 e)-—(p')+v p'—p'S —-A
~

=0,
Bt m c) (47) 8. TWO-FLUID MODEL

and
BS 1 e ' h'—+ vS—A = v'e.
Bt 2m c 2m&

(48)

The 6rst of these equations is clearly the continuity
equation corresponding to the conservation of proba-
bility. The local velocity defined by the probability
current density is

1 e )v= —vS—A ~.
m c I

(49)

The WKB approximation consists in neglecting the
right-hand side of Eq. (48). In this approximation the
equations reduce to those for a classical Quid of density
P' and velocity v. To see this, let us find the rate of
change of v. Using (48) and (49) we easily obtain

8 e 1—v+v Vv= —E+-vXB) .
8$ m c

(50)

If L is the characteristic distance over which the elec-
tron probability density P' varies, then this condition

may be written
p))A/L. (52)

The variation in g' is attributable to two distinct causes.
Firstly, the initial electron wave function will have
some finite extent in space. In respect of this variation
the condition is satisfied provided the electron momen-

tum is much larger than the momentum uncertainty.
This is a condition which is likely to be fulfilled in prac-
tice. Secondly, p varies because of inhomogeneities in
the 6eld which cause a bunching of electrons in some re-

gions. For this case L is the typical length over which the
Geld intensity varies. It is at least of the order of a wave-

This is the equation of motion of a Quid composed of
noninteracting classical electrons. Thus to find the eGec-

tive local velocity in any region it is sufficient to follow

the classical trajectories of electrons in the prescribed
electromagnetic field.

Finally, we may examine the conditions under which
the WEB approximation is valid. From (48) we see that
it is sufficient to require that

k' [v'ps'
~mv )~

2m

p=n, /p', ~=m„/k'. (53)

Then the four-vectors e,& and e~i,& representing the
electron-number and photon-number current densi-
ties are"

eJ'= pp", I~i,i'= ok".

Conservation of particle number requires that

8„(pp~) =0, a„(ok&)=0.

(54)

(55)

Next we assume that the mass of each particle varies
in accordance with the density of particles of the other
type, as described in Sec. 4. We then have

p'= m *'=m'+e'&r

k'= m I,
*'——e'p,ph

(56)

(57)

where factors of A have been omitted. One may say
either that we have set A=1, or equivalently that e'
here (and below) is an abbreviation for L4s.l(eA)'.

We have to rewrite the equation of motion (21) of a
relativistic particle of variable rest mass m, , namely,

pp, Bpmg

in a hydrodynamic form. Since the left-hand side is the

' This represents a minor change of notation k& here denotes
what we have previously denoted by hk&.

"Note that this discussion does not depend on the existence of
a velocity four-vector, and is therefore applicable to massless
photons.

In this section, we shall consider a model which ex-
hibits rather clearly certain aspects of the interaction of
photons and electrons. We first give a purely classical
discussion, and later indicate how the model may be
derived in a certain approximation from quantum
electrodynamics. The model is intended to show what
happens when a beam of photons and a beam of elec-
trons, each with 6nite density, interact with each other.
It is particularly useful in discussing the problem of
energy and momentum conservation.

We shall assume that both the electrons and the pho-
tons behave like relativistic Quids. Specifically, we
assume that at each point x of space-time there are well-
defined energy-momentum vectors pi'(x) and k&(x) such
that all the electrons in the vicinity of x have momentum
p" and all the photons have momentum k&.i9 It is con-
venient to introduce for each type of particle a Lorentz-
invariant measure of density. We de6ne
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gradient of p„ in the direction of the velocity four-
vector, we have, on multiplying by m.*,

p rixps 2~see 2e torso ~ (59)

This is the equation of motion of the electrons. Similarly,
the equation of motion of the photons may be written"

k Bgkp= gBp5$pg = g8 8 P (60)

The four equations (55), (59), and (60) together
specify completely the time development of the system.
It is easy to verify that they preserve the conditions
(56) and (57).

The stress-energy tensor of the electrons may be
written

I' sv —ppspv

case one can integrate the equations to obtain an
algebraic equation for either p or r, and it follows that
both quantities are in fact constants in this region. "
The physical reasonfor this is not hard to Gnd. Consider,
for example, the point where a beam of electrons enters
a photon beam. Since their velocity is reduced on entry,
the electron density is greater immediately inside than
outside. The sharp gradient of the electron density
thus provides a large outward force on the photons at
the edge of the beam. A sharp boundary of this type is
therefore highly unstable. Of course, this does not imply
that time-independent solutions do not exist, but merely
that they cannot have any surfaces of discontinuity.

9. RELATIONSHIP TO 'QUANTUM
ELECTRODYNAMICS

Using (55) and (59) we find that its divergence is

BSTgSy=PPSBSPP= se PBPO'.

Similarly, for the photons,

T h"—o.k k"
p

and from (55) and (60)

(62)

(63)

It is interesting to examine the relationship between
the model theory discussed in the preceding section and
quantum electrodynamics. We shall for simplicity
ignore the electron spin and therefore consider scalar
electrodynamics, for which the Lagrangian density is

I.= (8„ieA„)pe(—ri&+ieA&)p 2122&*& —srF&"F„„,—(67)

~fjiTPh" =2& &~ P (64)

T"„=pm2. (66)

Evidently, if we can find a solution of the basic equa-
tions (55), (59), and. (60), then the formula (65) for
T&„provides complete information about what happens
to the energy and momentum.

One interestiiig feature emerges when we try to solve
these equations. It would be natural to look for a static
solution representing two intersecting beams, and there-
fore to examine the boundary conditions across a sur-
face of discontinuity. However, this is not quite as
straightforward as it might appear, for it is easily seen
that no time-independent solutions of this type exist."
In fact, more generally it is impossible to have a non-
trivial solution in which all quantities in some region
depend only on a single component of x&. For in such a

"This equation cannot be written in the alternative form (58),
because the proper time is undefined for a photon, though it could
be written in the general form derived from variation oi (19).
Compare Ref. 20."It is easy to be misled by the equations specialized to the case
of a discontinuity. One must remember that a physical solution
must be the limit of a continuous solution. Thus for example the
continuity condition )on itj=o may be formally satis6ed by
setting o =0 on one side of the boundary and n %=0 on the other;
but it may rievertheless be impossible to find a solution through
the boundary.

Thus there is a conserved stress-energy tensor given by

T"„=pp"p„+ok"k„se'spo 8—"„. (65)

The last term may be regarded as due to the interac-
tion, although of course the interaction does also affect
the other terms to the extent of changing the masses.
It is interesting to note that the mass shifts disappear if
we take the trace,

with P„,=B,A„—B„A„, where we have now unequivo-
cally set A=c= i.

It is easy to see that the eGective-mass shifts arise
from the interaction term esA2&*g. In a state with
Gnite electron or photon density we can define the
invariant (22/E) density functions by

Q*~)=-:p, (-A"A.)=, (68)

where of course the angular brackets now denote a
quantum-mechanical expectation value. '4 Thus when
there is a'finite photon density we get a contribution

—e'(—A 2)peg = —e'o $*Q (69)

which changes the eftective electron mass to m, *;
while if there is a finite electron density we have

es(yey)A2 respA2 (70)

which yields the effective photon mass mph*.
One can best see the relationship with our model

theory by dropping the linear interaction terms from
(67), keeping only this quadratic term. Since the linear
terms are oscillatory in character, this is essentially a
similar step to the time averaging we carried out earlier
in Sec. 2.

This modi6ed Lagrangian,

I= 8 /*8' tnsg*g+esA2$—*$ 'Fs"F (71—)-
IThe situation discussed in Ref. 22 corresponds to a sudden

change from one root to another on crossing a boundary. This is
not physically allowable.

~ The relative factor of 2 between these equations arises from
the fact that the field is real in one case and complex in the other.
Both positive and negative frequency components of A& con-
tribute, whereas only negative frequency components of @ do so.
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yields the stress-energy tensor

T&.= 8&$*8„/+8~$8„$*+F&"F&,„
+2e'y*pA "A„8&„—L. (72)

Now let us consider the expectation value of this
quantity. %e shall make the assumption that within the
region of interest only a very limited range of Fourier
components of the 6elds contribute appreciably to this
expectation value, so that we can for example replace

8„p by —i p„p. We shall also assume that the four-field

expectation value can be factorized:

(73)

To be consistent with the equations of motion,

(8'+m')P =e'A'P,

8„(8"AI' 81'A")—= 2e'P*y—A",

(74)

(75)

it is necessary to choose p„and k„ to satisfy the condi-
tions (56) and (57). Thus we find

(T&„)=pp&p„+ok&k —k'(A&A„)

+e'(A&A )—8& [(p'—m') p—ie'pa+ ik'0]

10. DISCUSSION

Earlier treatments by BK, G, and others have dealt
almost exclusively with the case of plane waves. The
methods developed here are far more general, and can be
applied to all cases which are likely to arise in practice,
including in particular sharply focused beams and
standing waves. The approximations involved would
break down only for intensities much higher than those
currently available. For p'= 1 (corresponding for optical
frequencies to intensities around 10"W cm ') the higher
terms in the expansion in powers of p' would obviously
be important. However, there is no immediate prospect
of achieving such intensities. The approximations would

also be somewhat dubious for really high-velocity elec-
trons (m=c) and sharply focused beams, since we

assumed that the amplitude was nearly constant over

many oscillations of the Geld.

and using (56) and (57) we see that this is identical
with (65).

It is obvious that to obtain our model theory we have
to do considerable violence to quantum electrodynamics.
Nevertheless, it does appear as a reasonable 6rst
approximation, at least for some purposes, in the case
where the particle densities are large.

We have seen that the important effects in most
cases of practical interest can all be understood in purely
classical terms. The only signi6cant exception is the
Kapitza-Dirac effect, which is of course a quantum eGect.
The justification for the use of classical electrodynamics
is provided by the work of Frantz7 and the discussion of
Sec. 8. However, in view of the controversy which has
surrounded the question of the equivalence of classical
and quantum-mechanical treatments, it may be desira-

ble to supplement the considerations of this paper with

a speci6cally quantum-mechanical calculation. Accord-

ingly, we intend to present such a calculation in a
future publication.

There are two kinds of experiments which are sug-

gested by these investigations. One involves the use of

sharply focused beams in which large intensity gradients

appear. It should be possible to observe the refraction of
electrons passing close to a focus either directly or by
examining the spectrum of scattered light. To get a
large eGect one should use electrons of as low an energy
as possible consistent with having a well-de6ned elec-

tron beam. The other category of experiments comprises
those involving standing waves. As discussed earlier, it
would be very interesting to see what happens in the

type of experiment performed by Bartell, Thompson,
and Roskos at other intensities.

Since the original prediction of BKand G refers, as we

have seen, to the situation where the electron is over-
taken by an electromagnetic wave rather than entering
it from the side, an experiment to verify this prediction
directly becomes rather dificult. It would certainly be
interesting to perform such an experiment if one could
be devised, but at the present time it does not seem to
be possible.

Perhaps the most interesting conclusion of this paper
from a theoretical point of view is the very precise
similarity between the two refraction eGects, of elec-
trons by photons and of photons by electrons. The origin
of both eGects lies in the same interaction term, and
both may be described by essentially the same equations.
There is however one point of dissimilarity which was

ignored in our earlier discussion, namely, the space-
charge eGect in the electron beam. For dense electron
beams this is obviously an important factor which

should be included in the discussion. It could be elimi-

nated by using an ion-electron plasma in place of a beam
of free electrons. However, the eGect would then be con-
siderably reduced in magnitude. The force on the elec-
trons would remain the same but would yield accelera-
tions reduced by a factor m/M. Nevertheless, with

suKciently high intensity the eGect might still be
observable.


