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Studies of Fragment Angular Distributions in the Fission of Bi"' and
U"' Induced by Alpha Particles of Energies up to 115 Mev*
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Lotorenee Radhotion Laboratory, I/Nieersity of Cateforgiu, Berkeley, California
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Using semiconductor detectors, the fragment angular distributions have been measured in the cases of
fission of Bi~'i' and U"' induced by alpha particles of various energies ranging from 23 to 115 MeV obtained
from the Berkeley 88-in. variable-energy cyclotron. The center-of-mass angular distributions were analyzed
by a least-squares fitting code to obtain the value of E'0' corresponding to the saddle-point excitation energy
E ' for each bombarding energy. The transmission coefFicients TI and the mean square of the orbital angular
momentum (P) of the fissioning nucleus required for deducing Eos were determined from optical-model
calculations. For both the cases of compound nuclei of At'" and Pu'4', it is found that the values of ICO'

increase more rapidly with E,' than expected on the basis of the Fermi-gas model, irrespective of the as-
sumptions made about the multiple-chance fissions. The fission cross sections of U238 for alpha-particle
energies up to 110MeV, also measured in this work, enabled us to check the accuracy of the optical-model
calculations. The presence of direct interactions and their effects on the deduced values of E'0 were also
investigated in detail in the case of the target nucleus Uss . Using the standard expression for I'„/Pr, the
first-chance values of Eo' have been obtained and further corrected for the estimated direct-interaction
effects, in the case of the target nucleus U"'. Even after allowance is made for the direct-interaction eBects,
the energy dependence of Eo~ appears to be significantly diferent from that expected on the basis of the
simple Fermi-gas model. These results can be explained within the framework of the Fermi-gas model if it
is assumed that J,z&/at'~' increases significantly with the bombarding energy. It appears likely that these
results suggest a rapid increase in the effective moment of inertia J,ff with the angular momentum, as can
be expected on the basis of the observed steep variation in the saddle shapes with Z'/A.

I. INTRODUCTION

N the last few years, several measurements on the
~ - angular distribution of the fragments in the fission
of a number of nuclei induced by a variety of projectiles
have been reported. ' The interpretation of these angular
distributions and further developments in this field are
primarily based on a model proposed by A. Bohr.' The
underlying idea of the model is that the stretched
fissioning nucleus in passing over the saddle point
exhibits quantum states similar to those observed in the
permanently deformed nuclei, except that the states of
the saddle-point nucleus are expected to be quasi-
stationary since the nucleus spends a very small time at
the saddle point. The orientation of the fissioning
nucleus at the saddle point, then, depends on the avail-
able quantum states characterized by I, M, and K,
where I is the total angular momentum of the nucleus,
M is the projection of I on a space-fixed axis (taken as
the incident beam direction), and K is the projection of
I on the symmetry axis of the ftssioning nucleus. By
assuming that K is conserved from saddle point to
scission point, the expected angular distribution of the
6ssion fragments can be calculated by averaging over
the distributions of the I, M, and K states available at
the saddle point. In the case of medium-energy fission. ,
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A. Bohr, in Proceedings of the First United Nations International
Conference on the Peaceful Uses of Atomic Energy, GerIeva, 1955
(United Nations, Geneva, 1956), Vol. 2, p. 151.

where the angular momentum deposited by the pro-
jectile on the compound nucleus is much larger than any
possible spin of the target nucleus or the projectile, a
simplification emerges from the fact that M=0. The
distribution in the I states can be obtained from an
optical-model calculation of the particle transmission
coeKcients as a function of I. With such considerations
Halpern and Strutinski' and GrifFin have extended the
Bohr model to the case of medium-energy fission by
further applying statistical considerations at the saddle
point to determine the distribution in the available
E states. The fission-fragment anisotropy is then found
to depend on the parameter P = (Is)//2Ess, where Ep ls

the standard deviation of the assumed Gaussian distri-
bution of the E states. Here it is assumed that the
E distribution is that of the internal states of the
nucleus corresponding to the saddle-point excitation
energy; therefore, on the basis of the statistical theory,
Eo~ is connected with the effective moment of inertia
J ff and the nuclear temperature T of the saddle-point
nucleus by the relation

Ep' J,

tran/h'.

——

The eGective moment of inertia J,~g is defined as

Art =&Jn/(~i Ai), —

where 7&1 and J& are the moments of inertia about axes
parallel to and perpendicular to the fission axis, re-

' I. Halpern and V. M. Strutinski, in Proceedirigs of the Second
Unite/j Nations International Conference on the Peaceful Uses of
Atomic Energy, Geneva, 1958 (United Nations, Geneva, 1958),
Vol. 15, p. 408.

4 J.J.Grif5n, Phys. Rev. 116, 107 (1959);127, 1248 (1962); 134,
B817 (1964).
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spectively. On the basis of the Fermi-gas model, it is
therefore expected that

(3)

where E; is the excitation energy and u~ is the nuclear
level-density parameter, both corresponding to the
saddle-point configuration of the nucleus. The values of
Eo2 (and hence J,rr) can, therefore, be extracted from
the measurements on the fragment angular distributions
and thereby information on the saddle-point shapes can
be obtained if a rigid-body value is assumed for J,ff.
These studies have been recently made by Reising
et al. ' where the values of J,fq are derived from measure-
ments of the fragment anisotropies in the 42.8-MeV
alpha-induced 6ssion of a variety of nuclei.

The analysis of the angular distributions is relatively
simple if the observed 6ssions correspond primarily to
first-chance 6ssions and, therefore, to a single value of

But at those energies where multiple-chance
fissions contribute signi6cantly to the observed dis-
tributions, the analysis of the angular distributions
requires a knowledge about the relative number of
nuclei undergoing fission at diferent excitation energies.
In other words, for such cases it is necessary to know
how F„/Fr varies with the excitation energy and mass
number. Conversely, one might expect to obtain some
information concerning the number of neutrons emitted
before fission from the measurements of fragment
anisotropies provided that other complicating processes
do not set in at these higher energies, and the theoretical
framework remains justi6ed throughout the energy
range. At the higher bombarding energies of alpha
particles, say from 40 to 110 MeV, where multiple-
chance fissions are expected both in the medium and
heavyweight nuclei, to our knowledge there are at
present almost no data on the behavior of fragment
anisotropies with the bombarding energies. Conse-
quently very little is known about the new processes
involved and the validity of the proposed theoretical
framework in this energy region. We have carried out
detailed measurements of the fragment angular distri-
butions in the alpha-induced 6ssion of Bi"' and U"', at
various alpha-particle bombarding energies ranging
from about 30 to 115 MeV. On analyzing the data
within the standard theoretical framework it is found
that Eo' varies signi6cantly more rapidly with the
excitation energy than expected on the basis of a Fermi-
ga,s dependence, irrespective of the assumptions made
about multiple-chance 6ssions. In the case of the
bombardment of U2'8, it has been possible to experi-
rnentally check the optical-model calculations of (P}
and to correct for the direct interaction effects and the
multichance 6ssions, and, therefore to quantitatively

~ R. F. Reising, G. L.Sate, and J.R. Huizenga, Phys. Rev. 141,
1161 (1966).

evaluate the deviations of first-chance Eo' with theory.
Though these results may be taken to point out a rapid
variation of J,qf with angular momentum, questions
may also be raised regarding the energy dependence
of Eo'.

II. EXPERIMENTAL

Beams of alpha particles of different energies up to
115 MeV were obtained from the 88-in. variable-energy
cyclotron' at Berkeley. The emergent beam passed
through a quadrupole focusing magnet and was then
deQected into the experimental area by a switching
magnet where the beam was further focused by a second
quadrupole magnet to obtain a sharp beam spot at the
center of the target position in the experimental vacuum
chamber. The 6nal focusing adjustments were made by
placing a gridded quartz disk at the otherwise target
position, and by observing the beam spot through the
light emitted from the irradiated area of the quartz. A
steel cylinder of about 9.5-cm length having a collirn. ator
in the center of the side facing the beam was placed in
the beam pipe. This collimator restricted the beam area
to a circle of 0.3 cm diam. The beam then further passed
through three graphite collimators spaced 7.3 cm apart
and each provided with holes of 0.4 cm diam to ensure
that its edges would not be struck by the beam. The
distance of the last collimator from the target position
was about 14 cm.

The vacuum chamber used is similar to the one
described elsewhere. ~ After passing through the target,
the beam was collected in a Faraday cup connected to
an integrator, which measured the integrated beam
current. The bismuth targets were prepared by the
standard volatilization process, using bismuth of the
highest available purity, and self-supporting foils of
thickness 239 pg/cm' were used in the measurements.
The uranium targets, made by vacuum evaporation of
U"'02 onto 70-pg/cm' carbon backings, were ob-
tained from the Los Alamos Scienti6c Laboratory. The
U"' target was made of depleted U" with a contamina-
tion of 0.03/o U"'. The thickness of the uranium target
was 110 pg/cm'. The target ftlms were mounted on
stainless steel rings of —',-in. inner diam, and measure-
ments were made with the targets mounted at the
standard angle of 45' with respect to the beam direction.

The fragment detectors were phosphorus diGused
semiconductor detectors of 400-Q cm P-type silicon and
of 1 cmX1 cm size, which were operated at reverse bias
of 40 V. The chamber had two movable arms each of
which could be set at any angle from 0' to 180' with
respect to the beam direction ia. the two halves of the
chamber. Three fragment detectors Dg, Dg, and D3 were
mounted on one of the arms with an angular separation
of 20, and such that each of the detectors was at a.

Elmer L. Kelly, University of California Lavmence Radiation
Laboratory Report No. UCRL-10081, 1962 (unpublished).

7 T. Sikkeland, K. L. Haines, and V. E. Viola, Phys. Rev. 125,
1350 (1962).
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distance of 12.7 cm from the target center. The fourth
detector D4 was mounted at eaxctly the same distance
on the other arm in the other half of the chamber. With
this geometry the maximum angle of divergence from
the mean detection angle is about %2'. The pulses from
each detector preamplifier were fed to a standard
transistorized amplifier followed by a discriminator to
cut oR any alpha pulses caused by the scattering of the
beam. T'he amplifier outputs gated by the respective
discriminators were simultaneously recorded on a
400-channel analyzer used as 4 analyzers of 100
channels each. The adjustments in the discriminator
level of each of the systems were made to cut off any
low-energy tail in the recorded spectrum. The low-

energy ends of the recorded spectra were also finally
examined and the counts recorded in each of the scalers
were corrected for any residual low-energy tail in the
corresponding spectrum. The tail correction in general
was less than about 1%%uo.

The angular distributions were measured by changing
the angle of the arm carrying the three detectors, while
keeping the detector D4 at a fixed angle of 90' in the
other half of the chamber to serve as a monitor. During
some of the runs, where there was also interest in the
measurement of total fission cross sections, the inte-
grated beam current was used as a monitor. With the
present collimating device and the focusing adjust-
ments, the beam spot on the target could be 06 the
center by not more than 1 to 1.5 mm. Even this non-
centering of the beam could cause a change in the solid
angles of detection at 170' and 90' by about 2.5% in
opposite directions, changing the ratio of solid angles
by about 5%%u~. However, by counting the fragments at
90' on both sides of the target by means of detectors D2
and D4, it was possible to correct experimentally for any
noncentering of the beam position on the target. Using
a Cf" fission source, it was first insured that the solid
angles subtended by the two detectors are the same
within 1%%u&. Any small deviation of the beam position
from the target center which could appreciably change
the solid angle of detection at various angles was ob-
tained from the differences in the counts of D2 and D4
detectors, and the angular distributions were corrected
for this effect. Further, any small differences in the
detection geometries of the three detectors (D~, D2, and
D,) were obtained from the data in which the fragments
were counted at the same angle but with different
detectors, and these were also taken into account in
obtaining the angular distributions from the recorded
data. The angular distributions for most of the cases
were measured at angular intervals of 5' from 170' to
90' (in the backward direction), and at a few angles in
the forward direction. In all the runs, the angle of
emission of the detected fragments with the plane of the
foil was kept greater than 45'. Hence, in those cases
where thy fragments were detected in the forward
directions, the foil was rotated by 90'.
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FIG. 1. Relative differential cross section as a function of the
cencer-of-mass angle in degrees. The open and the closed points
represent the experimental data taken in the backward and the
forward directions, respectively. The solid curve is the Legendre-
polynomial fit to the data. The dashed curve represents the least-
squares fit of the data to Eq. (4) to deduce the value of P (=(P)/
2Ep'l.

III. EXPERIMENTAL RESULTS

The measured angular distributions were transformed
to the center-of-mass system with the assumption of
full momentum transfer of the alpha particles to the
compound nucleus. In fact, the measurements on the
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fragment-fragment angular correlations, as described
later, show that in the case of the less fissile nucleus
Bi'" practically all the fission events correspond to the
case of full momentum transfer even at the extreme
bombarding energy of 110 MeV. Even in the case of
623', it is found that the fraction of fission events cor-
responding to incomplete momentum transfer at 110-
MeU bombarding energy is too small to significantly
affect the results of transformations. The average
values of the kinetic energy of the fragments, equal to
74 MeV for the compound nucleus At"' and 86 MeV for
the compound nucleus Pu'~, were used in the trans-
formations. For a typical case of alpha-particle energy
of 100 MeV, the measured angular distributions plotted
in the center-of-mass system are shown in Fig. 1 for the
above two targets. It can be seen that the points
measured in the backward and the forward angles
describe nearly the same curve, providing, in a direct
way, a justification for the assumptions used in the
transformation. The least-squares fits to the angular
distributions were made with Legendre polynomials,
terminating the number of terms of the Legendre
polynomial at a value such that the X' changes by less
than 2% in going to the next term. The observed
anisotropies E(171')/E(90') ancl the coeKcients re-
sulting from the least-squares fits for the various alpha-
bombarding energies are summarized in Table I for the
two targets. It can be seen that even at the highest
bombarding energies, the higher terms are not statis-
tically significant. For the typical case shown in Fig. 1,
the Legendre-polynomial least-squares fit to the data is
also shown.

The statistical error on the anisotropy in each meas-
urement was about 1% except for the first two low-

energy points in the case of fission of Bi".However,
even after correcting for the beam position on the
target, the data were found to be reproducible only
within about 2 to 3%, possibly due to the presence of
certain other unknown systematic errors. These larger
errors are therefore assigned to the values of the
measured anisotropies given in Table I. Figure 2 shows
a plot of the measured anisotropies for the case of
alpha-induced fission of O' '. For the sake of comparison
and completeness, the results obtained by Vanden-
bosch et ul. ' and by Leachman and Blumberg for the
alpha-particle bombarding energies of less than 45 MeV
are also shown in the figure, and these results are found
to be in good agreement with the present measurements.
Qualitatively, the increase in the anisotropy with the
bombarding energy in a step-like fashion in the energy
range of 20 to 60 MeV can be understood on the
basis of the increasing angular momentum and the
onset of (n,xIIf) processes. But it appears to be an
unforeseen result that the anisotropy is nearly constant

'R. Vandenbosch, H. Warhanek, and J. R. Huizenga, Phys.
Rev. 124, 846 (1961}.

9R. B. Leachman and I,. Blumberg, Phys. Rev. D7, 8814
(&965}.
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TAnLR II.Values of Es' obtained by the least-squares fit of the observed angular distributions to the theoretical expression (4) and (6)for the various cases. E„(P),En', Epp, and E; are all deaned in the text. The rotational energy Es' for a spherical nucleus is calculated
using rp=1.216 F.

&a
(MeV)

23.3
30.0
40.0
50.0
60.0
70.0
80.0
90.0

100.0
110.0
115.0

E
(MeV)

30.0
39.8
49.6
59.4
69.2
79.0
88.8
98.6

103.6

197.5
295.0
3933
490.0
583.7
6773
769.8
861.5
907.0

(MeV)

0.9
1.4
1.8
2.3
2.7
3.1
3.5
3.9
4.1

j%9

&Pe
(MeV)

12.1
11.8
11.5
11.2
11.0
10.7
10.4
10.2
10.0

p s

(MeV)

13.4
23.0
32.7
42.3
52.0
61.6
71.3
81.0
85.9

Ep2
Eq. (4)

49.0+0.8.
75.5~0.8
86.8~1.0
94.3~1.0

112.7+0.8
123.1~0.4
140.9~0.9
158.4~1.1
161.3~0.6

Kq. (6)

49.5~0.8.
76.0a0.8
87.4~1.0
95.0&1.0

113.5+0.8
124.0~0.4
142.0+0.9
159.9~1.1
162.8~0.6

a T'hese errors correspond to the standard deviations in the values of Xoe obtained from the least-squares fitting code and do not include any systemat1cerrors.

or slightly decreases for bombarding energies higher
than 60 MeV. The same trend can be seen in the case of
6ssion of Bi'', where the anisotropy is constant for
bombarding energies higher than about 70 MeV. These
results are discussed later in a quantitative way.

IV. ANALYSIS OF RESULTS AND DISCUSSION

A. Comparison with Theory

The observed angular distribution of the fragments
in the center-of-mass system have been analyzed to
deduce the values of Eo' for various alpha-particle
bombarding energies on the basis of the model proposed
by Halpern and Strutinski. ' According to the theory,
the differential cross section for fission at the center-of-
mass angle 0, relative to the value at 90 is given by

l of the incident projectile. T'he actual distribution in l
obtained from optical-model calculations of the particle
transmission coefFicients Tg as a function of l shows that
the probability distribution for the momentum de-
posited is, in general, rounded at the top end rather than
being uniform in P throughout, as assumed in Eq. (4).
But it is known that the anisotropy calculated from the
above expression corresponds very nearly to the actual
case, if the appropriate value of I ' is taken as I '= 2 (P),
where (P) is the average value of the square of the
angular momentum. As shown later, the computations
carried out in the present work also confirm this.
According to Eq. (4) the anisotropy depends on the
parameter P= (P)//2K, ', which can therefore be ob-
tained by a least-squares fit of the experimental angular
distributions to Eq. (4). The value of (P) for the com-
pound nuclei formed can be obtained from the relation

w(e)

W(~0')

Psin'I)) —iP sin'8
I exp IJs dP

4Es' ) 4Ess
, (4)

(P)=QP (21+1)Tg/Q (21+1)Tg.

Without introducing the simplifying assumptions re-
garding the shape of the l distribution, the following
exact expression for the diGerential cross section can be

where Jo is the zero-order Bessel function, and l is the
maximum angular momentum brought in by the inci-
dent particle. The above expression assumes that the
target and projectile spins are zero, and the particle
deposits in the nucleus all values of the angular momen-
tum up to the maximum value l with a uniform prob-
ability per unit l2. Further, a possible weak dependence
of fissionability on the angular momentum l has been
neglected here. In the present experiments, we are
actually dealing with a zero-spin target in the case of
U"', and calculations show that even for the case of
Bi"' (spin ss) the effect of the target spin on the aniso-
tropy is negligible in the present cases where large
angular momenta are brought in by the incident pro-
jectile. The total angular momentum of the nucleus is
therefore taken equal to the orbital angular momentum
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FIG. 2. The center-of-mass fragment anjsotropies versus bom-
barding energy of alpha particles in the alpha-induced 6ssion
of U23s
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TABLE III. Values of ICp obtained by the least-squares 6t of the observed angular distributions to the theoretical expressions (4) and
(6) for the case of alpha-induced fission of U"'. E.„(P),Es, and E; are all defined in the text. (l'), is the average square of the angular
momentum for the nuclei undergoing fission, as calculated from Eq. (8). E'pp is the 6rst-chance 6ssion value of E0' extracted using
Eq. (11).The values of (fs), and EpP are listed for different values of the parameter P defined by o„=or =A/P.

jV

(MeV)

23.3
30.0
40.0
50.0
60.0
70.0
80.0
85.0
90.0

100.0
110.0
115.0

(Mev)

17.8
24.5
34.3
44.1
54.0
63.8
73.6
78.5
83.5
93.3

103.1
108.1

&z' ~a
(fs) (MeV) (MeV) (MeV)

32.8 0.2 4.8 12.9
89.0 0.3 4.7 19.5

194.6 0.7 4.6 29.0
300.9 1.2 4.5 38.4
405.9 1.5 4.2 48.3
509.5 1.9 4.0 57.9
612.3 2.3 3.8 67.5
663.1 2.5 3.7 72.3
713.7 2.7 3.6 77.2
814.4 3.1 3.4 86.8
914.1 3.5 3.3 96.3
963.6 3.7 3.2 101..2

63.8+3.6.
74.9~2.4

113.1+2.1
159.5+3.0
200.5~2.4
256.8~4.3
334.5~9.5
309.0+8.2
362.7~8.2
417.2~5.0
457.1~8.0
515.8~8.1.

63.0~3.6
74.0~2.4

112.3~2.1
158.8~3.0
200.1~2.4
256.0~4.3
333.5~9.5
308.1+8.2
362.0~8.2
416.8~5.0
455.7~8.0
514.8~8.1

Ep'
Eq. (4) Eq. (6)

«').
P=8 p=15 p=23

33 33 33
90 90 91

199 200 201
311 314 314
424 428 429
539 544 544
650 658 660
707 716 718
764 774 776
878 890 892
991 1006 1009

1048 1064 1067

EPI
p=8 p=i5 P=23

64 66 68
79 84 89

119 124 130
169 176 183
214 222 229
277 285 292
362 374 384
335 346 355
395 408 418
457 472 483
502 519 530
569 587 600

a These errors correspond to the standard deviations in the values of Ko~ obtained from the least-square fitting code, and do not include any systematic
errors.

obtained by subliming the cross section for each state I,:

Psin'8) —i l' sin'f))
P(2k+1)Til exp

I
jp

W(0) 4Eps ~ 4Eps 3

W(90')
Q(2l+1)Til expl l

jp
l l,4@ps& 4Zpsi

(6)

where E~' is the rotational energy of the spherical
compound nucleus, Epp is the energy of a rotating

Ip F. Everling, L. A. Konig, J. H. E, Mattauch, and A. H.
%apstra, Nucl. Phys. 18, 529 (1960).I'I. Plasil, Ph.D, thesis, University of California Lawrence
Radiation Laboratory Report No. UCRL-11193, 1963 (un-
published) .

The observed center-of-mass angular distributions were
fitted to both Eqs. (4) and (6) with a least-squares
fitting code using an IBM 7044 computer to obtain in
each case the value of Ii.ps. The values of Ti and (P)
were computed from an optical-model code as described
in Sec. C. The values of Eo' resulting from the least-
squares fitting of the data are summarized in Tables II
and III for the cases of 6ssion of Bi'" and U"', re-
spectively. It can be seen from Tables II and III that
there is no significant diBerence in the values of Eo'
obtained from fitting to Eqs. (4) and (6), which shows

that the simplifying assumptions introduced in deriving

Eq. (4) do not introduce any significant error. For
simpli6ed presentation we have therefore discussed the
results mostly in terms of the parameter (P)/2Ep',
denoted by p.

The binding energies of the alpha particles to the
respective target nuclei, which were used to calculate
the excitation energies E, were taken from the com-

pilations of Everling et al.' The excitation energy E,'
for the saddle-point configuration was calculated from
the relationship"

E:=E.—Epp —S—E,o,

saddle-point configuration (referred to as the Pilr. -

Pichak shape) above that of the rotating sphere, and 6
is the shell correction energy.

In the case of Bi'", the values of Epp for diferent
rotational energies were obtained from the calcula-
tions"" on the rotating liquid drop, and a value" of 6
equal to 3.6 MeV was used. In effect, the calculated
values of (Epp+6) vary from 16.2 MeV for the case of
zero angular momentum to 13.6 MeV for / 30 units
(average value of the angular momentum in the bom-
bardment with 115-MeV alphas). In the case of U"',
the values of (Epp+6) are denoted by Eir in Table III.
In this case a value of 4.9 MeV was used for the 3=0
case; this decreased with the angular momentum to a
value of 3.2 MeV for / 31 units (average angular
momentum produced in the bombardment with j.15-
MeV alphas). The values of E ' calculated in this way
correspond to the case of first-chance fission. In the
present range of bombarding energies, in both the cases
of fission of Bi"' and U"', it is expected that the ob-
served fission correspond to several values of E ' due
to fissions taking place after the emission of zero, one,
or more neutrons or other particles, and therefore the
deduced Eo' represent some average values over the
various chance fissions. These values of Eo' are plotted
against E; (calculated for the first-chance fission) in
Figs. 3 and 4 for the cases of 6ssion of Bi"' and U",
respectively. The solid line in Fig. 3 represents the
values of Eps given by the Fermi-gas model LEq. (3)j.
This was obtained by normalizing to the value of Eo'
deduced from the measurements with the 40-MeV
bombarding energy of alpha particles where essentially
all the observed Qssions take place with a single value of

"S.Cohen, F. Plasil, and %'. J. Swiatecki, University of CaH-
fornia Lawrence Radiation Laboratory Report. No. UCRL-107'75,
1963 (unpublished), and continuation of this work. (to be pub-
lished); S. Cohen and W. J. Swiatecki, Ann. Phys. (N. Y.) 22, 406
(1963).

'~W. Myers and W. J. Swiateeki, University of California
Lawrence Radiation Laboratory Report No. UCRL-11980, 1965
(unpublished).



FISSION OF Bi''' AND O''' INDUCED BY o, PARTICLES

250

200—

I 50—

8 ~ 209 ~ He

Present exp.
Chaudhry et al.
Theoretical (normalized at I3.5 Mev)

= (13.39+067) (,E )'
X

U +He4

CV
O

lOO

50

0
0 25 50

S
E {Mev)

75

CV0
hC

500— r

, 4'

Ot'
r

r+r
Or

Or

0V
0 20

250—

S
(MeV)

I I I I I

40 60 80 I 00 I ZO l40

Fio. 3. The deduced values of Eo' as a function of the excitation
energy E ' above the fission barrier for the case of alpha-induced
fission of Bi~'. The values of Eo' obtained by Chaudhry et a/. '4 for
the relatively low energy region are also shown. The region be-
tween the heavy lines represents the dependence expected on the
Fermi-gas model as obtained by normalizing to the value of E0' for
the case of 40-MeV alpha bombarding energy where essentially all
the observed fissions correspond to the first-chance fissions.

FIG. 4. The deduced values of Ee~ as a function of the excitation
energy E; above the fission barrier for the case of alpha-induced
fission of U '. The two points shown by triangle and closed circle
represent the values obtained by Simmons et ul."and Viola et al."
The dashed curve has been drawn through the experimental points
in a smooth fashion to represent the observed variation of E02
with 8 '.

E,' corresponding to 6rst-chance fission. The shaded
area around the solid line corresponds to the uncer-
tainty in the normalization constant based on the
estimated uncertainty in the measured value of Xo' at
the normalizing point. For the sake of comparison with
the present results, the values of Eo' obtained by
Chaudhry et ul. '4 in the range of energy" E,' between
about 4 and 16 MeV are also shown in Fig. 3. It can be
seen that the energy dependence of Eo' as calculated
from Eq. (3) after normalizing to the present results
with 40-MeV alpha particles gives a good fit to the
values of Eo' deduced in their measurements.

It is apparent from Fig, 3 that although the values of
Eo' deduced in the small energy range of E ' up to about
16 MeV can be fitted to the dependence given by the
Fermi-gas model, the experimental values of Eo' become

significantly larger than theory with increasing excita-
tion energy even if it is assumed that the observed
fissions correspond to erst-chance fissions. If multi-
chance fissions are taken into account, the effective
excitation energy becomes somewhat smaller than that
calculated for the 6rst-chance 6ssion. One should,
therefore, expect the values of Eo' to be higher than
those shown in Fig. 3. Figure 4 shows the deduced

"R. Chaudhry, R. Vandenbosch, and J. R. Huizenga, Phys.
Rev. 126, 220 (1962)."For the sake of consistency, their results are also plotted at the
value of E ' obtained using the calculated value of 16.2 MeV for
the fission barrier height instead of 15.8 MeV as used by them.

values of Eo' for the case of 6ssion of Pu'". The values
of Eo' deduced at two different low-excitation energies
by Simmons et al. ' and Viola et al. '~ are also shown in
this figure. The dashed curve has been drawn through
the experimental points in a smooth fashion to represent
the observed variation of Eo' with E,'. A more rapid
increase in the values of Eo' with E,' than given by the
square-root dependence expected on the Fermi-gas
model is also evident in the case of 6ssion of Pu'", as can
be seen in Fig. 4. The plot of E()'/(E ')'~' versus E '
shown in Fig. 5 brings out more clearly the observed
deviation from the theory. On the basis of the statistical
theory, it is expected that E()'/(E ')' ' should be con-
stant at higher energies where the pairing sects"
expected at low energies have disappeared. However,
the present results show that Es'/(E ')'" is increasing
with E,' even for values of E,' up to 100 MeV.

From the above simplified discussion, it appears that
in both the cases of fission of At"' and Pu"', the values
of Eo increase more rapidly with the excitation energy
than expected, irrespective of any assumptions about
multichance fissions. However, to make quantitative
comparison with the theory it is necessary to evaluate
the values of 6rst-chance Eo', and also to take into

"J.K. Simmons, R. B. Perkins, sn(l R. L. Henkel, Phys. Rev.
137, B809 (1965).

'7 V. E. Viola, Jr., J.M. Alexander, and A. R. Trips, Phys. Rev.
138, 31434 (1965)."J.J. Griijn, Phys. Rev. 132, 2204 (1963}.
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Tpggz IV, Values of /02 for the various nuclei formed during the cascade of neutron emission in the 110-MeV alpha bombardment of
Bi"' as calculated from the relation Eo'= J,ffT/A'. The values of J,ff/A' for various mass numbers are obtained by interpolation of the
results on the values of J', &r/As versus 2 /A as given by Reising st a/. ' The saddle-point temperature T is calculated from E ' taking
a=A/8.

Mass
No.

213
212
211
210
209
208
207
206

Kxpt. value

33.92
34.08
34.24
34.40
34.57
34.73
34.90
35.07

69.9
71.8
73.6
75.5
77.4
79.2
81.1
83.0

(MeV)

98.6
89.0
80.5
69.4
58.9
47.6
37.6
26.4

b

(MeV)

13.7
15.0
15.7
15.5
14.3
13.6
12.9
11.7

jV s

(Mev)

81.0
70.1
60.9
50.0
40.7
30.1
20.8
10.8

T
(MeV)

1.75
1.62
1.51
1.37
1.24
1.06
0.89
0.64

122.3
116.3
111~ 1
103.4
96.0
84.0
72.2
53.1

158.4~5.0

a Reference 5.
& These values refer to the angular-momentum-dependent fission barrier height obtained by adding the shell correction term 6 to Bpp.
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I'ro. 5. A plot of Ido'/(E ')'/' versus A', ' for the case of alpha-
induced fission of U'".

account the l dependence of the fissionability. More-
over, since the deduced values of Eo' depend crucially
on the calculated values of (P), it is desirable to check
experimentally the results of optical-model calculations.
Finally, it is also necessary to investigate the effect of
possible direct interactions a, t high-bombarding energies
on the deduced values of Eo'. As discussed in later
sections, for the case of bombardment of U"' it has been
possible to check experimentally the results of optical-
model calculations, and to obtain information on the
values of 6rst-chance Eo' corrected for the effect of a
small measured fraction of direct-interaction events to
enable a quantitative comparison with the expected
energy dependence of Eo'.

B. First-Chance Ko'

The effect of neutron emission on the magnitude and
direction of I is„ in general, not expected to be significant
even a,t the extreme a,lpha-particle energies of 110MeV.
For the case of U"' at this bombarding energy the
average initial angular momentum (l) is about 27, the
average angular momentum (l„)carried by the neutrons
is about 2.8, and the value of the parameter JsT/6'
(=o') is about 250. The ratio (l)(l )/o' is, therefore,
significantly less than unity and, therefore, the emitted
neutrons are expected to be weakly coupled to the
initial angular momentum, resulting in a nearly
isotropic addition of the neutron angular momentum
vector to the initial spin. As suggested by Halpern and
Strutinski, ' the small e6ect of the disorientation
produced in 1 may as a result get cancelled with a likely
increase in the value of /. It is therefore reasonable to
assume the same initial value of (P) for all the fissioning
species. On the other hand, the values of Eo' are ex-
pected to cha,nge significantly as a result of particle
emission. The extraction of first-chance Eo' from the
measured angular distributions and also the determi-
nation of Es' using effective (ts) which takes into
account the l dependence of the fissionability, require a
knowledge about the values of F„/Fr as a function of
excitation energy, angular momentum, and mass
number. In the case of At'", these calculations on
I'„/Pr depend rather sensitively on the input level
density pa, rameters a and uy. But at present, apart
from the uncertainties in the values of a„and ay, very
little is known about the possible energy dependence of
a„ for this nea, r magic nucleus At'". Moreover, as
pointed out by Vandenbosch, " for the case of At"',
which has a large negative alpha-binding energy, a
significant evaporation of alpha particles in competition
with neutrons can be expected at high excitation ener-
gies. The calculations on particle competition using
optical-model penetrabihties and including angular
momentum effects show that at the excitation energy

"R. Vandenbosch (private communication).
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of 110 MeV, F /F„may be of the order of unity. Be-
cause of the ambiguities in the values of a„and af, and
complexities introduced by possible alpha-particle
competition, it is dificult to exactly evaluate the values
of 6rst-chance Eo'. However, to illustrate that the
values of first-chance Eo' are expected to be higher than
the observed average values, the calculated values of
Eo' for various nuclei formed as a result of neutron
emission from the initial compound nucleus At"' are
shown in Table IV for the typical case of initial excita-
tion energy corresponding to the bombardment with
110-MeV alpha particles. In these calculations we have
taken into account the fact that as a resu1t of neutron
emission, although T decreases, the value of J,ff lil-
creases due to the increase in the value of Z'/A. The
dependence of J,«on Z'/A was taken as deduced by
Reising et a/. ' from the measurements on fragment
anisotropies. It can be seen that the net effect is that the
values of E()' are decreased for the nuclei undergoing
6ssion after the emission of neutrons. Further, in the
case of emission of alpha particles or any other charged
particles, the values of Eo' of the residual 6ssioning
nuclei are also expected to be lower because of the
decrease in both the J,g~ and T. It can therefore be
concluded that whatever be the weighting factor of the
various nuclei, the derivations from the shaded curve
(Fig. 3) based on Fermi-gas theory further increase
when the contribution of the multichance fissions are
taken into account.

In the case of fission of Pu'4' the calculations show
that neutron emission and 6ssion are expected to be the
only signi6cant competing processes, and, therefore, it
is simpler to calculate the e6ect of 1-dependence of
fissionability on the deduced values of Eo', and to
estimate the values of 6rst-chance Eo'. The I dependence
of 6ssionability arises from the differences in the
moments of inertia of two configurations in the com-
peting processes of neutron emission and approach to
6ssion barrier. In the statistical picture the resulting
decrease of the barrier height with the angular momen-
tum (as seen in Table III) increases the relative prob-
ability of 6ssion with respect to particle emission for
larger / values. |A'e have taken into account this
dependence in a simpli6ed manner by multiplying the
deduced values of ICs' by a factor (P)./(P), where (P),
and (P) are the average values of the square of the
angular momentum relevant for the compound nuclei
undergoing 6ssion and for the compound nuclei formed,
respectively. The (P), is obtained from the relation

(P),=Ds(21+1)TiPf (A,E„/)/
Q(2l+1)Tiff(A, E„/). (8)

&f=Fr/(Ff+F ). (9)

Here Pf (A,Z„l) is the probability that the nucleus with
mass 3, excitation energy E, and angular momentum
l undergoes fission, and is given by

A computer program for the IBM 7094 was set up to
correct the values of Eo' for the l dependence of Gssion-
ability, and to calculate the fraction of nuclei under-
going fission at di6'erent stages and thereby to deduce
the value EsP of 6rst-chance E'ss. The standard ex-
pression" for F /Fr with a„=uq ——A/P was used in these
computations. For the sake of simplicity, it was assumed
that the emitted neutrons carry a constant kinetic
energy equal to 2T' instead of a more realistic Max-
wellian distribution. This simplifying assumption is not
expected to introduce any signi6cant error in the present
case, since F„/F~ changes slowly with the excitation
energy throughout most of the energy range. These
calculations gave the values of (P), appropriate for
diferent nuclei formed after neutron emission, and,
therefore, an average value of (P), weighted by their
relative population was used. The following expression
was used for calculating the first-chance Eo'.
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FxG. 6. The extracted values of the 6rst-chance 6ssion X0'
(denoted by E012) versus E '. The values of E'&p are extracted
under the assumption that u =uf =A/P. The circle, cross, and
triangle represent the values of E'01' deduced for values of p equal
to 8, 15, and 23, respectively. The values of E'0p are best repre-
sented by the rectangles enclosing the three points, where the
experimental uncertainty in the values of E'0p is also included.
The values of IC0p corrected for the estimated maximum direct-
intera. ction sects are shown as closed bars.

20 J. R. Huizenga and R. Vandenbosch, in 1VNckur Reactions,
edited by P. M. Endt and P. B.Smith (North-Holland Publishing
Company, Amsterdam, 1962), p. 42.

where 6rst-cha, nce Eo' is then given by

E01 ~171~

Here x; are the number of nuclei of mass (A —i+1)
undergoing fission at saddle-point temperature T;. The
change in the effective moment of inertia Jr (=—J,fr/k )
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FIG. 7. Values of (fs) for different alpha-particle bombarding
energies calculated with the optical-model code using the Woods-
Saxon parameters as listed in the figure. The dashed and the solid
curves correspond to the target nuclei of Bi"' and U"', respec-
tively. The classical-model values of (fs) calculated with Es
= (1.5A'/'+1. 2) are shown as circles and triangles for the case of

igloo a,nd U s respectively.

due to the change in Z'/A resulting from neutron
emission is taken into account by the factor c which was
taken from the work of Reising et al. ' The above
expression for estimating Eoi' assumes that the ob-
served anisotropy is equal to the weighted average of
the anisotropies for fissions taking place at diferent
stages during neutron emission. The results of numer-
ical calculations show that there is no significant
difference in the results of this simplified procedure and
that of the rigorous procedure in which the normalized
angular distributions are averaged to obtain the result-
ing angular distributions. The last six columns of Table
III show the results of these calculations for values of
P=8, 15, and 23. It is apparent that for this highly
fissionable nucleus of Pu'4', the calculated values of
(P), and the extracted values of first-chance fission Ks'
are not very sensitive to the assumptions regarding the
level density parameters cha, racterized by P. Moreover,
the extracted values of Eoi' are not significantly in-
creased as compared to the average values of Eo'
primarily due to the predominance of first-chance
fissions. Since in any case Eoi' should at least be equal
to Eo~, the uncertainties in the assumption that u„and
a~ are equal, is not expected to significantly change the
extracted values of E0~'. A plot of Eoi~ versus E ' is
shown in Fig. 6, where the vertical open bars enclose the
values of Eoi' obtained under di6'erent assumptions
about P. It can be seen that the extracted values of
Eo~' clearly show the deviation from the expected

square-root dependence on E '. In the next two sections
the optical-model calculations and the direct-interaction
sects are examined with a view to determine any
likely contribution to the observed deviations from these
factors.

C. Optical-Model Calculations

The values of T& and thereby (P) were calculated for
each alpha-particle energy and each target nucleus with
an optical-model code" using the Woods-Saxon param-
eters given by Huizenga and Igo."Figure 2 shows the
calculated values of (P) along with the list of the
optical-model parameters used in these calculations.
The calculated reaction cross section 0-g can be ex-
pressed to a good degree of accuracy by the following
relationship:

(12)

The accuracy of the calculated (P) can, therefore, be
inferred from a comparison of the calculated 0~ with the
experimental values. The measured reaction cross
sections of U 3 and Q 3 with 18—43-MeV alpha particles
have been found" to be in good agreement with the
total-reaction cross section calculated with an optical
model using the above parameters. In the present
calculations, it has been assumed that the same param-
eters can also be used for alpha particles of energies up
to 115MeV. Even though the optical-model parameters
are expected to depend on the bombarding energy, the
use of the same parameters can be justified from the
fact that the calculated 0.~ shows a very weak de-
pendence on the potentials used, especially for higher
bombarding energies. However, since the values of Eo'
deduced from the experiment depend crucially on the
calcula, ted values of (P), it is necessary to experi-
mentally ascertain the accuracy of the present calcu-
lations of (fs). For this reason we have measured'4 the
total-fission cross sections for bombardment of U" by
alpha particles of energies up to 110 MeV. The fission
cross sections measured in the present work for alpha-
particle energies between 40 and 110 MeV are shown in
Fig. 8(a) along with the data obtained by Viola and
Sikkeland" for alpha particles of energies up to 41.6
MeV.

2' We are thankful to Dr. N. Glendenning of this laboratory for
making use of his optical-model program."J.R. Huizenga and G. Igo, Nucl. Phys. 29, 462 (&962).

23 J. R. Huizenga, R. Vandenbosch, and H. Warhanek, Phys.
Rev. 124, 1964 {1961).~ The 6ssion cross section cry was calculated by integrating the
measured angular distributions (4'~/dQ)tl over all the solid angles:

(d0/da) g
g y

—2~ (g&/'gQ) 90o &~ ~ & sigglgg&

where (d~/dQ)90' is obtained from the measured counts at 90',
total-beam current, effective target thickness, and the solid angle
subtended by the detector. The solid angle subtended by the
detector was experimentally measured using a standardized point
source of Am'".

"V. E. Viola, Jr., and T. Sikkeland, University of California
Lawrence Radiation I.aboratory Rcport UCRL-&0088,- 1962
(unpublished).
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The ratio oy/og'of themeasured lssion cross sections
to the reaction cross sections calculated with the optical
model for various alpha-particle bombarding energies
are shown in Fig. 8(b). Since the residual nuclei formed
in this bombardment have low-Gssion barriers ( 5
MeV) and high excitation energies, the probability of
the nucleus to fission at some stage of the competition
between neutron emission and fission is very large. The
observed ratio o~/o.~' of about 0.9 in the region of
alpha-particle energies of 40 MeV is consistent with the
measurements of Wing et u/. 26 which shows that in this
energy range the spallation cross section is about 9%
of the total reaction cross section. For alpha-particle
energies larger than 70 MeV, the measured 6ssion cross
sections are less than the calculated reaction cross
sections by about (10&5)%.A fraction of this order can
again be expected for the spallation cross sections at
these higher energies, if the fraction of interactions
corresponding to the incomplete momentum transfer
have increased as compared to lower energies, as dis-
cussed in Sec. D. For the typical case of 110-MeV
bombardment the fission cross section is found to be
about 15% less than the calculated reaction cross
section which could be interpreted by saying that at
this energy the fraction of direct interactions which do
not lead to fission is about 15% and the calculated
reaction cross section is in agreement with the experi-
ment. An alternative explanation for this can be that
the optical-model calculations give about 15% over-
estimate of o.~ (and therefore (P)) and there are no
direct interactions not leading to fission. However, in
either case the corrections to be applied to the values of
Eo~' are the same.

For comparison with the optical-model calculations,
we have also plotted the values of (P) in Fig. 7, as
calculated from the classical model which is expected to
be valid for the large alpha-particle bombarding ener-
gies. The values of (P) were calculated from the rela-
tionship

where M is the mass of the alpha particle, V is the
Coulomb barrier height, and R is taken equal to

1 5Arrs+1 2

It can be seen from Fig. 7 that the values of (P)
calculated from the two models are in excellent agree-
men. t in the middle range of alpha-particle energies. At
bombarding energies in the region of 110 MeV the
values of (P) calculated from the classical model are, in
fact, larger by about 5% than those calculated from the
optical model. On the basis of the above considerations,
there does not appear to be any evidence to show' that
the value of (P) may have been overestimated at higher
alpha-particle energies, thereby resulting in the larger
values of Eo'.

26 J. Wing, W. J. Ramler, A. L. Harkness, and J. R. Huizenga,
Phys. Rev. 114, 163 (1959).
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Fro. 8. (a) Measured fission cross sections at diGerent alpha-
bombarding energies for the case of alpha-induced 6ssion of U"'.
The reaction cross sections calculated from optical-model code are
shown by the solid-line curve. (b) The ratio of the measured fission
cross sections to the calculated reaction cross sections for different
alpha bombarding energies. The closed circles represent the
measurements carried out in this vrork.

D. Direct-Interaction Effect

In the transformation of the angular distribution to
the center-of-mass system and the calculation of (P), it
was assumed for the simplified analysis of the da, ta that
the incident alpha particle deposits all its momentum
on the target nucleus and forms the compound nucleus.
However, the above assumption is not expected to be
true for higher bombarding energies, where a significant
fraction of the interactions may take place via the
mechanism of direct interactions leading to incomplete
momentum transfer. The deduced values of Eo' can
then appear to be larger because of two kinds of effects
introduced by the presence of direct interactions. In the
first place, the fissions which follow direct interactions
can be expected to have different angular distributions
as compared to those which follow full momentum
transfer. Secondly, even if the nuclei do not undergo
fission following direct interactions, the very presence
of direct-interaction events may affect the va, lues of
(P). In what follows we have estimated the effect of
each kind on the deduced values of Eo~' by considering
the case of bombardment by 110-MeU alpha particles.
The fraction of fissions which follow direct interactions
can be experimentally determined" by investigating the
forward linear momentum transfer from a study of the
fragment-fragment angular correlations. These angular

~7 T. Sikkeland, E. L. Haines, and V. E. Viola, Jr., Phys. Rev.
125, 1350 (1962).
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correlations were measured" for the cases of Qssion of
Si"' and U"' bombarded by 110-MeV alpha particles,
and the results are shown in Fig. 9(a) and 9(b). It can
be seen from Fig. 9 that the angular correlation for the
case of Bi"' shows a single symmetric peak with a half-
width of about 5.5'. A single syrrnnetric peak is ex-
pected for the case of specific momentum transfer
followed by symmetric 6ssion and, therefore, it can be
inferred that in the case of bombardment of Bi"'
practically all the observed 6ssions correspond to the
case of full momentum transfer even when the alpha-
particle energy is as high as 110 MeV. This is what one
expects for these less fissile nuclei, where the 6ssion
cross section decreases sharply with the decrease in the

2 In these measurements one of the detectors was kept fixed at
90' to the beam direction and fragment-fragment coincidences
were counted for diferent angular positions of the second detector
placed on the other side of the foil. The angular spread in these
measurements as defined by the size of the collimator in front of
the detectors was ~1/3,

Iab

FIG. 9.The measured fragment-fragment angular correlation for
the case of alpha-induced 6ssion of (a) Bis09 and (b) Uns. The
number of fragment-fragment coincidences is plotted for various
angular positions of one of the detectors with respect to the beam
direction, while the second detector is kept at a fixed angle of 90'
with the beam on the other side of the foil. For the case (b) of
target nucleus U"', the best fit to the observed distribution is
obtained by the sum of two Gaussian distributions represented by
solid-line curves in the figure. From the area under the secondary
small Gaussian peak, the percentage of fissions following incom-
plete momentum transfer is inferred.

energy deposited on the nucleus, thereby reducing by a
large amount the probability of fission in the case of
direct-interaction events.

However, for the case of bombardment of U"' the
observed distribution does indicate the presence of a
small secondary peak corresponding to the fissions
following incomplete momentum transfer. In this case
the fraction of the fissions following direct interactions
was determined by fitting the observed distribution to
the sum of two Gaussian distributions by a least-
squares fitting code. The two Gaussian distributions
which, when summed, give the best fit to the observed
distribution are also shown in Fig. 9(b). From the
fractional area under the secondary peak, it is estimated
that in this case about 9'Po of the fission events follow
direct interactions. It is expected that the laboratory
angular distributions transformed to the center-of-mass
system under the assumption of full momentum transfer
will not be appreciably affected due to the presence of
this small fraction of the direct-interaction events. In
fact, the only e6ect, if any, of taking into account this
fraction in the transformation will be to reduce the
center-of-mass anisotropy resulting in a further increase
in the value of EsP. (This is because the angular
distributions are measured mainly in the backward
directions; and the assumption of full momentum
transfer leads to overcorrection if there are some events
with incomplete momentum transfer. )

However, since the fragments in the direct-interaction
events are expected" to have different angular distri-
butions, the deduced values of Eo~' should be corrected
for these background events. Under the reasonable

assumptions that the values of 1V(90')/Ã(0') for these
events are between 1.0 and 3.0, the overestimate' in the
deduced values of Eo' corresponds to between 10 and
16/~, respectively. Secondly, the presence of direct
interactions not leading to 6ssion can reduce the value
of (P) relevant for the nuclei undergoing fission. This is
because the direct interaction, which presumably is a
surface reaction, occurs at the expense of compound-
nucleus formation with large / values. In the presence
of direct interactions, the value (P), relevant for the
compound-nucleus interactions can be written as

where (P) is the value calculated from the optical model
and 0-„gq are the cross sections for the events cor-
responding to compound nuclei and direct interactions,
respectively.

'9 Although in these events also forward-backward anisotropy
results with respect to the recoil axis of the nucleus, the distribu-
tion with respect to the incident beam after averaging over all
possible nucleus recoil directions should result in an angular
distribution di8erent from the case of full momentum transfer.

3' For values of p close to 1, the change Ap in parameter p due
to the change DA in anisotropy A is given by

np/p t'A/(A —1)3(nA/A).

For A 1.5, np/p 3nA/A.
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In the case of U"' we fincl that the fission cross
section at 110 MeV is about 15% lower than the total-
reaction cross section calculated from the optical model.
Since at this energy all interactions with complete
momentum transfer are expected to ultimately lead to
fission, the above deviation pointing to the formation of
spallation products can be interpreted as due to the
direct-interaction events occurring with a fraction of
about 15%. The total fraction of direct-interaction
events which either lead to fission or spallation products
can therefore be est:imated to be about 24% (15%+9%)
in this case, implying that the value of (P) relevant for
the compound-nucleus interactions is lower by the same
value. Therefore, the total direct-interaction events
which do or do not lead to fission can be expected
to give rise to an apparent increase of about 34%
(24%+10%) in the values of EoP at 110-MeV bom-
barding energy. In order to correct the values of Eoj'
throughout the energy range it has been assumed that
the fraction of direct-interaction events decreases
linearly with the bombarding energy. The closed
rectangles in Fig. 6 represent the deduced values of
E0~2 corrected for this estimated direct-interaction
effect. To bring about clearly the deviations of these
corrected values of Eo~' from the expected Fermi-gas
dependence, we have shown in Fig. 10 a plot of EoP/
(E;)'~' versus E '. It is clear from Fig. 10 that EsP/'
(E;)'~s, instead of being constant, increases signifi-
cantly with E,'.

E. General Discussion

From the analysis of the results in the case of Pu'~
fission, where it has been possible to correct the data for
the known complexities, it is clear that Eo~' does not
seem to vary with E ' as expected on the statistical
theory (Fig. 10).The same trend is found in the case of
fission of Bi"', where for the typical case of bombard-
ment with 110-MeV alpha particles the deduced value
of Es' is found to be at least 30% larger than expected.
In this case also the corrections for the multichance
fissions and the l dependence of fissionability should
further increase the values of first-chance Eo~', espe-
cially at higher energies. The energy dependence of
Ess/(E;)'~' was also indicated from the angular
distribution measurements of Viola eI, al." in the case
of heavy-ion-induced fission of bismuth and gold. It is
very likely that in their work also only a part of the
observed disagreement with the theory might have
arisen from the direct-interaction effects, and their
results also indicated a genuine deviation from theory.
In what follows the various possible reasons leading to
the observed deviations from the predictions of a simple
Fermi-gas model are discussed.

As seen from Fig. 6, it is possible to explain the
present results, if Eo~' is assumed to be proportional to

3'Victor E. Viola, Jr., T. D. Thomas, and G. T. Seaborg, Phys.
Rev. 129, 2710 (1963).
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extracted for 6rst-chance 6ssion at saddle-point excitation energy
E '. These values of E0p have been further corrected for the
estimated maximum direct-interaction eftects. On the Fermi-gas
model, this can also be written as a plot of J,ff/I'A'ay'/') versus E '.
The values of the average angular momenta of the 6ssioning
nucleus are shown on the top x axis in terms of rotational parame-
ter y, where y is the ratio of the rotational energy ER to the
surface energy E,' for the initial spherical shape of the nucleus.
The surface energy E.o is taken as equal to 17.8A'~' (MeV).
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E; rather than (E;)'".This would imply that either
the distribution of E states at the saddle point is
determined from considerations other than that sug-
gested by Halpern and Strutinski, ' or the saddle-point
nuclear temperature has a linear dependence on E '
rather than the square-root dependence given by the
Fermi-gas model. Although the known linear depend-
ence of Eo' on E; for low values of E; has been ex-
plained on the basis of nuclear pairing effects, ' it can
be said that the same linear dependence persists
throughout the energy range of E ' even after the
pairing effects have presumably died out.

On the other hand if the Fermi-gas dependence of
Eo' on E ' is assumed to be true, the present results can
be explained if one assumes that J,rr/ur' ' increases
with the excitation energy or with the increasing angu-
lar momentum as shown in Fig. 10. If the decrease of
aj with the excitation energy is not expected, which
appears reasonable, one has to infer that J,g~ is increas-
ing with excitation energy or angular momentum. The
increase in J,fq can be expected for values of E; up to
about 20 MeV on the basis of disappeararice of the
pairing effects with the increasing excitation energy.
For higher excitation energies, where a rigid-body value
of J ff is assumed, a change in J,«should involve some
other effect.

An increase in the value of J,gg with excitation energy
may be expected to come about due to the presence of
wriggling and bending modes of oscillations about the
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saddle-point shapes as described by Nix and Sw'iatecki. "
Since these modes are not axially symmetric, their
presence should on the average increase Jl t and decrease
J„resulting in an increase in the value of J,tt. Qualita-
tively, it is therefore expected that J,«should increase
with excitation energy as the result of an increase in the
intensity of these oscillations with nuclear temperature.
However, some quantitative estimates made by Nix33

show that the increase in J,~~ due to these e6ects is only
about 2% when the nuclear temperature is increased
from 0 to 2 MeV; therefore, this effect can be ruled out
as a possible reason for the observed increase in J,ff.

The rapid increase in the value of J,gg with the bom-
barding energy can be interpreted to suggest that the
saddle-point shape of the nucleus changes significantly
with the increasing angular momentum t. Although a
dependence of the saddle shape on the angular momen-
tum is expected on the basis of the liquid-drop calcu-
lations, " the results of these calculations show a much
weaker dependence on the rotational energy than
required to explain the results shown in Fig. 10. For
example, these calculations show an increase in the
value of J.«of only about 9jo for Pu'~, and of only
about 5%%uq for the case of At"' in going from zero rota-
tional energy to the values corresponding to the 1.15-
MeV alpha bombardment. In Fig. 10, the rotational
energy E~' of the initial spherical nucleus is shown in
terms of the dimensionless parameter y =Ejp/E, s,

where the surface energy E,' is taken equal to 17.8 A' '
(MeV). If the observed deviations are attributed
entirely to the angular-momentum effect, the present
results show' that for the case of Pu'", J,ff is nearly
doubled in value in going from y=0 to y=0.0058
((P),= 1060). Comparing this with the results of
rotating liquid-drop calculations, one finds that the
observed increase of J,«with rotational energy has to
be about ten times more rapid than that given by these
calculations.

It is known' that the observed values of J,~g are found
to increase more rapidly with Z'/A than, expected on
the basis of the above calculations for values of Z'/A
greater than about 33. It has been suggested by
Strutinski' that if a curvature correction term to the
surface energy is included in the calculations, the
variation of J,it with Z'/A can be made more rapid (and
therefore in accordance with the deduced values) for the
range of Z'/A greater than about 33. It is shown in the
Appendix that if the slope of J,tr versus Z'/A is modified

by incorporating some changes in the surface energy
term, the natural consequence is that the slope of J,ff

versus y is also changed in the same ratio. Therefore, in
the region of Z'/A corresponding to Pu'4', if it is

"J.R. Nix and W. J. Swiatecki, Noel. Phys. 71, 1 (1965).
~ We are thankful to J.R. Nix for communicating the results of

these calculations.
'4 V. M. Strutinski and I. V. Kurchatov, Atomic Energy- Insti-

tute, Moscow, Report No. IAE-735, 1964 (unpublished), pp, j.-v
LEnglish transL: Argonne National Laboratory translation
157j.

assumed that J,qq increases about ten times more rapidly
with Z'/A than the increase given by the above calcu-
lations, one can expect an equally more rapid increase
in J,gg with angular momentum as compared to the
above calculated results. Though the variation of J,ff
with Z'/A as deduced by Reising et al. ' does appear to
be more rapid than the calculated one, it is dificult to
infer the exact slope because of the presence of scatter
in the deduced values. In any case, the difference in the
slopes of the experimental and calculated variation of
J ff with Z /A indicates at least qualitatively a signif-
icantly more rapid increase of J,«with angular
momentum than the calculated one.

If the observed deviation in the values of Eo' with the
theory is not fully attributable to the sects mentioned
above, this would imply that certain assumptions of the
theory may not be true, especially at higher energies.
In particular, if the time the nucleus spends in passing
over the barrier becomes comparable with the nuclear
period, so that the states at the saddle point are not
even quasistationary, the spectrum of states at the
saddle may have little physical significance even in the
statistical approach. In such a case a somewhat weaker
correlation may exist between the angular-momentum
axis and the fission axis, thereby resulting in a lower
anisotropy and consequently apparently larger values
of Eo'. However, within the framework of the statistical
approach of Halpern and Strutinski it is most reason-
able to infer that either J,~q increases too rapidly with
the angular momentum or the relationship between the
saddle-point excitation energy and the nuclear tem-
perature is different from that given by the Fermi-gas
dependence.
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APPENDIX: VARIATION OF J,«WITH S'/A
AND ANGULAR MOMENTUM /

The variations" of J,«with nuclear charge (i.e.,
Z'/2) and with angular momentum 7 may be related to
each other by making use of the fact that under certain
circumstances (i.e., when dealing with fairly elongated
shapes) the electrostatic repulsion and the centrifugal
forces are fairly similar in their eGects in modifying the
shape of a nucleus. (The principal tendency of both
eGects is to tear apart an elongated nucleus into frag-
ments. ) In fact, if the presence of rotation (i.e., the
presence of angular momentum /) can be simulated by
an increase in the amount of charge (i.e., an increase in
Z'/A) it follows that anomalies present in the plots of
J.qf (or any other quantity related to deformation)
against Z'/A may have their counterpart anomalies in
plots against l.

One can illustrate the above argument quantitatively
in the following manner: It is assumed here that both
the Coulombic and centrifugal forces are identical in
the sense that when balanced against the surface energy
they lead to a sill'e family of saddle-point shapes
characterized by a deformation parameter 8.

The total deformation energy E~ of a nucleus as a
function of deformation parameter tI can be written as

E (8)=E E'+Ec—Ec'+E—g EgP, (A1)—
where E„Ez, and E& are, respectively, the surface,
Coulomb, and rotational energies for the deformed
nucleus and E,', Eq', and Eg are the corresponding

"The contents of this section are primarily due to the sugges-
tions and work by Dr. %. J. Swiatecki.

F(8)—+ 2xG(8)+yH (8), (A3)

where B,=E,/E, o, Bg=Eg/Ego, B~=Ea/Ego, x=Ec/
2E,'= (Z'/A—)/(Z'/A)c, and y=E~'/E, '. The saddle
shape is obtained from the relation

F'(8)+2xG'(8)+yH'(8) =0. (A4)

Differentiating Eq. (A4) with respect to x an.d y, one
gets

and

d8 —2G'(8)

dx F"(8)+2xG" (8)+yH" (8)

d8 —H'(8)

dy F"(8)+2xG"(8)+yH" (8)

(A5)

(A6)

The variation of J,ff can be written in the form

and

d(J, ff) d(J,gg) d8

dr d8 dx

d(J.«) d(J.gf) d8

dy d0 dy

(A7)

(AS)

It follows from Eqs. (A7) and (AS) that

d (J.«)/dx 2G'(8)
= a quantity independent of F(8), i.e. ,

d(J.«)/dy H'(8)
independent of surface energy. (A9)

On the basis of Eq. (A9) if the surface-energy term in
the liquid-drop calculations is modi6ed in order to
change the slope d(J,fq)/dx, as a result of this, the slope
d(J,ff)/dy will also get changed in the same ratio. In
particular, if the inclusion of curvature correction'4 in
the calculations leads to a more rapid variation of J,ff
with Z'/A, it should also give a more rapid variation of
J,ff with /.

quantities for the original spherical nucleus. The
deformation energy in units of the surface energy E,'
can be written as

E.(8)/E'=—t(8) = (B.—&)+2x(Bc—I)+y(B~—~) (A2)


