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We study in detail the asymptotic behavior, for large separations, of the correlation between two spins in
the case of the two-dimensional Ising model without magnetic field. In the limit of infinite separation, this
correlation is equal to the square of the spontaneous magnetization per spin. This paper is devoted to answer-
ing the question how, for fixed temperature, the correlation approaches this limiting value. The investigation
is restricted to the situation where the two spins under consideration lie on the same row of the two-dimen-
sional lattice. There are three distinct cases where the fixed temperature is above, below, or equal to the
critical temperature or the Curie temperature. In the first two cases, the limiting value is approached ex-
ponentially as a function of the separation, while at the critical temperature the correlation behaves asymp-
totically as the inverse fourth root of the separation. In this paper, we evaluate exactly the first four terms
of the asymptotic expansion in the first case, the first three terms in the second case, and the coefficients of the
terms proportional to the —1/4 and the —9/4 powers of the separation in the third case. All these results
are obtained by first expressing the correlation as a Toeplitz determinant, and the method used is capable
of giving in principle the entire asymptotic expansion for large classes of such determinants, when the size
of the determinant approaches infinity. The explicit results for the two-dimensional Ising model also serve
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as an example where the prescription of summing the leading terms, or the most divergent terms, fails.

1. INTRODUCTION

T is the purpose of this paper to study the long-range
order in the two-dimensional Ising lattice without
magnetic field. More precisely, we investigate the ques-
tion how the two-spin correlation function approaches,
for large separations, the limiting value, which is the
square of the spontaneous magnetization.

Over two decades ago, Onsager! gave a most remark-
able treatment of the Ising model. His approach was
later greatly simplified by Kaufman.? Shortly thereafter,
Yang? calculated exactly the spontaneous magnetiza-
tion. This calculation was in turn simplified by Mon-
troll, Potts, and Ward,* who expressed the correlation
function

(1.1)

between a spin at the site (0,0) and one at (0,N) in
the form of a Toeplitz determinant, and then used a
theorem of Szego® to find the spontaneous magnetization

Sw={00,000,5)

M=+/Son. (1.2)

The theorem of Szego gives only the limiting value
of Sy as N —c. Here we pose the problem of finding
the asymptotic behavior for Sy, the leading term being
M?. The basic idea is very roughly as follows. Consider
an NXN Toeplitz determinant Dy, the elements of
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which are d;_;. Let x; satisfy the linear equations

N-1
Z di_jszai(]. (13)
=0

Then, on the one hand,

Dy—1/Dy=x0; (14)

while on the other hand, when NN is large, (1.3) may be
solved approximately by iterating a Weiner-Hopf sum
equation.®” Therefore, we can find the asymptotic be-
havior of Dy_i/Dy, and hence, by combining with
Szego’s theorem,’ that of Dy itself.

It must be emphasized that the main idea here is to
make use of the similarity between a Toeplitz deter-
minant and the corresponding Wiener-Hopf sum equa-
tion. This similarity may be utilized to gain detailed
information about the asymptotic behaviors of Toeplitz
determinants under a variety of circumstances. In this
paper, we shall restrict our attention to the application
to Sy of the two-dimensional Ising model when N is
large but T is fixed. In order of increasing complexity,
we shall treat three cases: T>T,, T<T,, and T'=T,.
We shall see in these cases that the procedure, although
simple in principle, can be technically very complicated.

The results are summarized in Sec. 8, subsections A
and B.

We follow the notation employed by Montroll, Potts,
and Ward,* who used = E;=+kTK; and = E;=4+kTK,
as the energy of interaction between horizontal and
vertical pairs of neighboring spins, respectively.
Moreover,

Z1= tanhK 1,

2= tanhK,, 1.5)

;}\T Wiener and E. Hopf, Sitzber. Deut. Akad. Wiss. Berlin,
1931.
7 A very good discussion of the equation of Wiener and Hopf

is to be found in M. G. Krein, Am. Math. Soc. Transl. 22, 163
(1962).
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and
z2¥= (1—25)/ (1+32). (1.6)
Then the critical temperature 7' is given by
2= Z2* ) (1 .7)

and the correlation function Sy of (1.1) can be expressed
as a Toeplitz determinant*?

ay a_ a_s a_Nt1
a1 12 a_y a_N42
Sy=la: @ ao a_nys|, (1.8)
aN—-1 ay—2 an-3 " Qo
where
27T
an=2x)1| @) db, 1.9)
0
with i o oy
__alez _aze—z 1
o= —— S
(1‘—0(16"10) (1"‘&2619)
0(1=212"2*, a2=22*/2,'1. (111)

In (1.10), the square root is taken such that ¢(x)>0.
We note the following qualitative differences in the
three cases:

(a) when T>T,, we have a1<1<a; and

Ine(2r)—Ine(0)= —2xi; (1.12)
(b) when T'<T,, we have a1<as<1 and
Inp(2m)—Ine(0)=0; (1.13)
and
(c) when T=T,, we have ay<az=1 and
0(0)= — o(27) = —i. (1.14)

Note that the quantity Ing(27)—Ine(0) on the left-
hand sides of (1.12) and (1.13) is just the index of the
corresponding Wiener-Hopf equation’ and plays an
important role in its theory.

2. SPIN CORRELATIONS ABOVE THE
CRITICAL TEMPERATURE

We treat first the case 7>7.. From the theory of
Wiener-Hopf sum equation, it is convenient to work
with a kernel whose index is zero, that is, a kernel with
the property that its logarithm is continuous and
periodic. Because of (1.12), we introduce

?1(0)= ¢(6)e”, (2.1)
and
27
b= (2m)! / 01(0)e"%d8. (2.2)
0
Therefore
bn=0an_1. 2.3)

8 R. B. Potts and J. C. Ward, Progr. Theoret. Phys. (Kyoto)
13, 38 (1955).
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Let Ry be the NXN Toeplitz determinant formed
from b,, i.e., Ry is given by the right-hand side of
(1.8) with all the a’s replaced by &’s. Szego’s theorem
can be immediately applied to Ry to give
lim (— 1)N Ry= [(1-'0[12) (1 —a2"2) (1"‘(11/012)2]1/4. (24)

N—wo

For large N, the difference between Ry and this limit-
ing value is exponentially small in V.
Consider the linear equations

N
Z bnm®m=08no (2.5)
m=0
for 0<#< N. Because of (2.3), Sy is given by
Sy=(—1)" Ryyxy. (2:6)

To determine Sy asymptotically, it is therefore suffi-
cient to find xy for large V. For this purpose, we de-
velop first the Wiener-Hopf procedure in a form
suitable for iterations.

As a generalization of (2.5), consider the equation

2.7

N
Z Cn—m¥m=7Yn
m=0

for 0<n<N. We assume that 3. °|c.| converges
so that

c®= g:“ Cab? 2.8)

is continuous on the unit circle. We further assume that
InC(£) is continuous and periodic on the unit circle.”
We define

Xn=1Y,=0 (2.9)
for <0 and for s> N ;
N
Un= D, CNtn-m¥m, for n>0
m=0 (2.10)
=0, for #<0,
and also
N
V=2 Con-m¥m, for n>0
m=0 (2.11)
=0, for »<0.
We further define
N
X (&)= xut", (2.12)
n=0
N
Y(§)=2 yaé", (2.13)
n=0
U =Zluné" ) (2.14)
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and
V(E)=§ vnE". (2.15)
It then follows from (2.7) that for |£| =1,
CEOXO=YEO+TU@ON+V(ED. (2.16)

Under the present assumptions, C(¢) has a unique fac-
torization,” up to a multiplicative constant, in the form

[CEOI'=PEHQE 2.17)

for [£| =1, such that P(¢) and Q(£) are both analytic
for |#|<1, and continuous and nonzero for |£|<1.
Equation (2.16) can thus be rewritten in the form

[PEOTXEO—-[EDY (O L—[OEDTU@E ]
=QENVEDNHREDY(H1-
+OEHUHE]-,

again for |£|=1, where the subscript 4+ (—) means
that we should expand the quantity in the brackets into
a Laurent series and keep only those terms where ¢ is
raised to a non-negative (negative) power. We then
apply the standard Wiener-Hopf argument by noticing
that the left-hand side of (2.18) is analytic inside the
unit circle, while the right-hand side is analytic outside
the unit circle and furthermore approaches zero at
infinity. Therefore

X(E=PEO{LQENTY ()]s

(2.18)

. HQENU(®E ]}, (2.199)
an
V(ED=—[0ENTHENY (B 1
+REDU®E]}. (2.20a)
Similarly,
XED=OLPEDY (ENE ]
+HPEDV(©E L}, (2.19)
and
UE)=—[PEHYTH{[PENY (EDE -
+LPEDV(OE]}.  (2.20b)

These are the equations that we shall use.
We now specialize to the problem of the Ising model
with 7> T,. In this case,
1/2
:| . (2.21)

(1=a1f) 1—as'§)
(2.22)

c(s)=[(1_a1£_1) RE——

P(e)=[(1—a:®)A—as8) 7,

and
QO =[A—af) 1 —as8) . (2.23)
Moreover, a comparison of (2.5) with (2.7) shows that
Y(§)=1. (2.24)
We find V (¢) approximately by using (2.20a) with the
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U (%) term neglected:
V(EY)~—[QENIeED -=[e¢E) I "1,

or

vE~eEI-1. (2.25)

Equation (2.25) is then substituted into (2.19b) to give

XEDE~QOLLENQEO L. (2.26)
The desired xy is found by setting £=0 in (2.26):

= (2mi) f dg EPEDO,  (227)

where the integration is around the unit circle. In (2.27),
the symbol 5= means that, for V—c but T fixed, the
right-hand side and the left-hand side have the same
asymptotic expansion. More explicitly, by (2.22) and
(2.23),

= (i)t f 0 £ (1—an) (1—ant) (1—as28)
X (1—ar )2, (2.28a)
or
y=— (271-)‘1/27rd0 eV (1—a1e?®) (1 —as1e??) | 1.
’ (2.28b)

The error involved in (2.28) is exponentially small in N
even when compared with xy. In (2.28b), the minus
sign on the right hand side is due to the fact that, from
(2.1), the square root under the integral of (2.28a) is
taken to be negative at the point £=—1. Finally, the
substitution of (2.4) and (2.28) into (2.6) gives

S — (ri) L (1~ a) (1—as?) (1—ar/ag)? ]

X @ dt £ (=) (1—st ) (1 =i

X (1—arig )T m,
Equation (2.29) is the desired answer; it only remains
to evaluate its right-hand side asymptotically for large
N. This is straightforward but tedious. We deform the

contour of integration around the branch cut from a;
to as! to get the result

Sy=n"las ¥ (1—as?) (1—as ) (1 —a/az)? V4

(2.29)

1
X/ dElElN_l[(l'—maz_LEl) (1—'01101251”1)
alag

X (A—ay ) (5 =172, (2.30)
From this point on, we can proceed in many slightly
different ways. For example, the simplest thing to do
is to expand the integrand of (2.30) about the point
£,=1 and then integrate term by term. We shall follow
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a procedure which is only slightly different. Let

1= (1—ar/as)(14-ar/as) = cosh2K,, (2.31)

Xo= (1 —Ollag)_l (1 +0£20£2) = COchKz , (232)
and

X3= (a22—1)‘1(a22+1) . (233)

In (2.31) and (2.32), we have used (1.11), (1.5), and
(1.6). These three «’s are related by

x1x2+x1x3—x2x3= 1. (234)
We use these three #’s in (2.30) ; for example,
(1 —ai0y18) 7= (14-an) 2 (14 £2)72
X[A+x(1=£)/(A4£) 1722, (2.35)
The result is
SVE= 1l ¥ (1—a )4 (1—ag2) V4 (1 —aap) 12
1
X / A (14 )2 (1— )
alo
XAs[(1=&)/(1+¢£)], (2.36)
where
As(@)=[1+xz) (1 —xz) (1+a32) 2. (2.37)
If we expand 45 (z) into a power series
As(z)=2 An>z", (2.38)
n=0
then the first few coefficients are
A4 0>= 1 )
Ad1>= —% (xl—x2+x3) ’
Aos= % (x12—|-x22+x32 - % (xzxa - x3x1—l-x1x2) ’
and
A= _1—56_ (x13—x23+x33)
+ ’135 (x12x2—-x1x22 — x22x3—|—x2x32—x32x1— x3x12)
—i—%xlxzx;; . (239)

If we substitute (2.38) into (2.36) in order to integrate
term by term, we can replace the lower limit of integra-
tion azas by 0 without changing the asymptotic series:

Syt ™ (1—ai) 4 (1—a ) 41— asas) H2N

X3 A2 (n+3) [T (Vb T

n=0
XF(n+3, n+35; N+n+3;%). (2.40)

In (2.40), the sum over # is to be interpreted in the
sense of asymptotic series, and we have used there
Euler’s integral representation of the hypergeometric
function F.° It is then trivial to rearrange the series

? Bateman Manuscript Project, Higher Transcendenial Func-
tions, edited by A. Erdelyi (McGraw-Hill Book Company, Inc.,
New York, 1953), Vol. I, Chap. 2.

SPIN CORRELATIONS OF TWO-DIMENSIONAL ISING MODEL

383

to get

Sy 120N (1—a?)V4(1—ag )Y (1—ay) 2N |

X3 [P +m-+H T T ()T (n-+3)

m=0

X273 As[(m—m) D+, (241)

n=0

This is the desired answer.
For completeness we write down the first few terms:

SN~7r-1/2a2—-N (1 _al2)1/4(1 _a2—2)—1/4(1 _ala2)—1/2
XNI[TWV+HHT W+ (1+341)
+@S/64)L(N+3) (V+3) I G+34 1>+ (4/15)435)
+(1AS75/S12)L(V+3) (NV+5) (V+5) T
X G+3541>4 (4/15) 4954 (8/105) 455 )4 - -},

(2.42)

or, more explicitly, as N —o,

Sy~ (rN)2ag (1 —a2) (1 —as2) 14 (1 —agan) 12
XOA+EN 4 1+ N4 25—%)
+(15/64)N=3(A3>— (7/6)A15)+-- -], (2.43)

where A1, Ass, and Ass are given by (2.39). These
are the first four terms of the long-range correlation
along the lattice sites above the critical temperature.

3. SPIN CORRELATIONS BELOW THE
CRITICAL TEMPERATURE

In this section, we consider the somewhat more com-
plicated case 7’<T,. In view of (1.13), the logarithm
of ¢(6) is continuous and periodic in the present case.
Accordingly, instead of (2.5), we study more directly
here the equations

N

Z Ay = anO
m=0

3.1)

for 0<#<N. The solution of (3.1) is related to the
correlation function Sy by

(3.2)

In order to determine Sy from %oy, we need the known
result of spontaneous magnetization?

Seo=1—a) (1 —a2)"*(1 —aiz)~12,
so that

SN= (1—a12)1/4(1-—a22)1/4(1——a1a2)_1/2 H Xon - (34)
n=N

x0=x0N=SN/SN+1~

3.3)

To calculate o approximately for large N, we use the
formalism developed in the last section, or more spe-
cifically Egs. (2.19) and (2.20). By (1.10),

C(g)=l_ (1—a;f) (1-0125—1)}1/2 |

3.5)
L(l—ag™) (1—asf)
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for T<T,, so that

P(&)=[(1—at)/(1—at) ], (3.6)

and
QO =LA—a1t)/(1—ast) . 3.7

Note that, both in this case and in the case treated in
the last section,

P(§Q(H)=1.

The procedure to be followed is (1) calculate V(§)
approximately from (2.20a) with the U(¢) term neg-
lected; (2) get U(%) from (2.20b) with the V(§) of

(3.8)

TAI TSUN WU
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For a function F(£) given on the unit circle, let

[FEL =[FOL— 2mi)* @ dEF(§)/E, (3.10)

where the path of integration is around the unit circle.
Then

[P~ Criy e § e P@EE—-0, 611
provided that the path of integration is indented out-

ward near &=¢ With this notation, (3.9) can be
rewritten as

step 1; and finally (3) compute X (0) from (2.19a) with
the U(§) of step 2. We therefore see that the case
T<T.is more complicated than I"> T, in two respects:
first, one more step is needed here to get x,; and,
secondly, from (3.4) an infinite product of the xy’s is
required to obtain Sy.

Equations (2.24) and (2.25) still hold here. By (2.20b)

UED~—[PEDTLPEMNQE ]

U@E~—[PETLPOQE)EN ]
The substitution of (3.12) into (2.19a) then gives

(3.12)

2o=X (0)=1— (2me)~1 @ d& EN1Q(E)P(E)!

XPEQEDEN], (3.13)

(3.9) or more explicitly

s L) 71— ) (1=t )8 (1 =) 21— )
dei:/ (g'_ g)—lg'—N—l (1 ~a1$')_1/2 (1 —0112"1)‘1/2 (1 — a2£'>1/2 (1 _a2£l—1)1/2 X (3. 14)

Again, the error involved in (3.14) is exponentially small in N compared with the double integral, or roughly of

the order of a,*". The double integral is of course roughly of the order a;?Y. We finally substitute (3.14) into (3.4)
to obtain, for large NV,

(1—a?) 41— ) 41 — i) 2Sy= 1+ i (xon—1)

n=N

=14 (2n) f 0§ £ (1= anf) (1= an§ )2 (1 —cnt) 2 (1— ™)

X 46— 0 (21— ) () —sf . (319

In both (3.14) and (3.15), the path of integration for the variable ¢’ is to be indented outward near §=£. Equa-
tion (3.15) is the desired answer, but it remains to evaluate the right-hand side more explicitly for large N.

Since the author is unable to find any elegant way of carrying out this evaluation, we shall proceed by brute
force. We deform the contour of integration in the variable ¢ around the branch cut from a; to as, that in the
variable ¢ around the cut from a5 to a; ™}, and change the variables

E=ant1, &=(ab)™?,

m=1—£&)/(A+£&), n=1—E&)/(1+&).
In terms of these variables and the #’s of (2.31)-(2.33), we get

(3.16)
and

(3.17)

1 1
SN% (1—a12)1/4(1—a22)1/4(1—a1a2)'1/2{1+ 167r‘2a22N+2(1—-a22)_2/ df1/ dézélNgzN
at/az

al/a

X (A4-£)722(A— £) V2 (14 £5) 52 (1— £2) 2 (1— xgm— xana+nm2) 24 <(n1)[4 <(712)]_1} , (3.18)
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where

A<(n)= 1—nx)2(14nx) 2 (1 —nxs)~12,

We need the series expansions

and
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(3.19)

A<n)= gAn<nn, (3.20)
[4<wT'=3 duar, (3.21)
(3.22)

(1—xsm—xanetnime) 2= Z CpamPne?.

p,9=0

After substituting (3.20)-(3.22) into (3.18), we replace the lower limits of integration ai/as by zero to obtain

Sy= (1—a2) V4 (1— )4 (1 — qas) 12

X {1427 1N 20N (@sl—az) 2 Y. > i

=0 n=0 p=0

where?

1
= (8N /myany / dg §Y (14 o
0

= (/0 GV T (VDT (DI V0 DTGk, nt 3 Nnk333).

Equation (3.23) gives the desired asymptotic behavior
of Sy as N — e for T<T.,.
The first few terms are explicitly

Sy~ (1 —0[12)1/4 (1 —a22)1’4(1 ~a1a2)‘1/2{ 1+ (27FN2)_1
XV (gt —ag) 14 (2N)"1(— A 1<+4ws)+3 (2N) 2
X(—AoctA12— 22341+ 6x2—13/6)+- - - ]},

(3.25)

where, by (3.20) and (3.19),

A1<=%(—x1+x2—|—x3), (3~26)

and

Aoc=—3 (224 21200+ 222+ 251203
—_ 2x2x3—3x32) . (327)

4. SPECIAL CASE a;=0, ay=1

Because of (1.14), the case T=T, is much more
complicated, and the relevance of the Wiener-Hopf
procedure more obscure. In this section, we treat the
special case a;=0. Physically, this is the limit where,
at T="T,,

Ki—0 and Ky—o, 4.1)
such that
K =exp(—2K,). 4.2)

Throughout this and the next three sections, we take
T=T., or, by (1.7) and (1.11), as=1. We shall denote
this special case by the superscript 0; hence, by (1.9)
and (1.10),

0@ (0)=1ie ", (4.3)
and
a, V=27

~1(2n4-1)-1. (4.4)

0

(3.23)

1Ms

N—m—n—p— qu<A 2<CpeImipIntar1}

(3.24)

Let M be the (N+41)X (V+1) matrix whose elements

are, for m, n=0, ---, N,
Mpn=3700_0®= 2m—2n+1)"1, 4.5)
then
Sy11O=det2r—M)= 2z )N detM. (4.6)

To evaluate detM, we use the following theorem, which
can be easily proved algebraically!?: if

M mn= (Ilm+ Vn)_l ) (4'7)
then
detM:[ H (.“m—lln) (Vm'— Vn)]
0<m<ng N
N N
X[IT IT (umtra) Tt (4.8)
m=0 n=0
Since
un=2m+1 and v,=—2n, 4.9)
we get from (4.8)
detM =2NN[G(IN+1)J{G(2N+2)T*, (4.10)
where
G(N)=1V-128-23¥-3.. . (N—1), (4.11)

Barnes! has given the asymptotic expansion of G(XV)

1N, I. Achieser, Theory of A pproumatwn (Frederick Ungar
Pubhshmg Company, New York, 1956), p. 19.
1 E, W. Barnes, Quart. J. Math. 31, 264 (1900). See in par-
ticular p. 285. Note that our G(N) is the G(N 1) of Barnes.
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for large N,
InG(NV)=+3&—InA~43iN In2r+ 3N?—7) InN—2N?

3 (— 1) [25@s+ )T BualV-2,  (4.12)

s=1

where the B’s are the Bernoulli’s numbers, and 4 is
Glaisher’s constant,!?

A~1.282427130. (4.13)

The substitution of (4.12) and (4.10) into (4.6) then
gives, approximately for large IV,

Sy O~ AN — g N2+ - .). (4.14)

Equation (4.14) is the desired result for this special case.
In the next section, we obtain the leading term of Sy
in the more general case where a4 is not necessarily zero.

TSUN WU 149
as N — o, For a;=0, (5.4) is more simply
SyO~ (1—a2)"4{14 27N 0¥ (@ t—a2)2}. (5.5)

Therefore, (5.3) also holds as N —« for fixed T<T..
Note that Sy©@ is obtained from Sy by setting a1=0
without changing as.

It is therefore not unreasonable to expect (5.3) to
hold also as N —w for I'=T7,. More explicitly, at
=T,

Sy~ (1+a) (1 —ay) Sy ©® | (5.6)
as N —co. With (4.14), we get
Sy~ e 2124 =3(14-ap) 41 —ay) AN (5.7)

approximately for large N. It is the purpose of this
section to obtain (5.6) by a direct calculation.
Consider two N XN Toeplitz determinants

This is carried out by comparing with the special case io z—l 2_2 z“N +
a1=0. In order to get further terms of Sy, more detailed Doe cl 60 6—1 C—N+2 58)
information about this special case is needed, and this v :2 :1 0 :_N s ’
is derived in Sec. 6. . . . e
CN—1 CN—2 CN-3 ~"°* Co
d
5. SPIN CORRELATIONS AT THE an 6 oa o .
CRITICAL TEMPERATURE : T .
_ 1 Co C-1 C_N+2
The case 7> T, has been treated in Sec. 2. Consider Dy= Ca 1 Co Cnt3 ) (5.9)
the leading term on the right-hand side of (2.43), : :
which is Cnv—1 Cn—2 Cn—gz - Co
where
Sy~ (V) 2as N (1 —ap?)4(1 —az2)—14 or
X (1—amas)2,  (5.1) ca=Q2m)| Y (@e b, (5.10)
0
as N —oo. In particular, if a;=0, (5.1) reduces to and o
Sy O~ (wN) 2y (1 —ay2)~ 14, (5.2) Cn= (21r)—1/ ¥ (0)e="0df . (5.11)
Therefore, as N — o for fixed 7> T, ’ _
We ask the question how Dy and Dy are related for
Sy~ (1—a)V4 (1 —aas) 2S5y © (5.3) Jarge N if q _ N N
On the other hand, we may start with the leading PO)=y¢0) (1—aec ), (5.12)
terms of (3.25) for T'< T, where |a| <1.
e A e By (5.9)-(5.12)
Sy~ (1—a) (1 —ad)V (1 —aias) Cn=Cn—0Cnt1, (5.13)
X {14+ 2eN?) 0¥ (ag'—a2) 2}, (5.4) and
Co—acy C_1—0Cy C_2—ac_1 C—N-4+1—0QC_N42
_ C1—QCe Co—acy C_1—aCy C_N+2—QC_N43
Dy= | cr—acs c1—acy co—acy CoN43—0C_N14]| - (5.14)
CN_1.—OCCN CN_2.—‘056N_1 CN_3.—aCN_2 co;acl
Accordingly, Dy can be expressed as an (N41)X (N+1)  Suppose we define wq, #1, @3, - -+, y by the linear
PP y
determinant in the form equations
1. «a a? of o N
e o 1 s P :L;'o amx,=1, (5.16)
N [C2 G Co Cc—1 C—N+2
Dy= 3 C2 c1 co C—ny3| (5.15) and
CN CN—1 CN—2 CN—3 *°* Co g: Cnmm=0 (5.17)
m=0

27, Wz Glaisher, Messenger of Math. 24, 1 (1894).
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for 1<n<N. Then, by (5.8) and (5.15), we have
%o=Dy/Dy. (5.18)

For very large IV, the system of equations (5.16) and
(5.17) are approximately

0

> ad"x,=1, (5.19)
m=0
and
Z Cnm¥m=0 (520)
m=0
for n<1. Define y, by
2 Com®n=7Y, (5.21)
m=0

C(¢) by (2.8), X(£) by (2.12), and P(§) and Q(¢) by
(2.17), then by (2.19a)

X(&)=PELOED
=Q0)P(8),
provided that the Wiener-Hopf sum equation under

consideration has a unique solution. In order to deter-
mine o, we note that (5.19) is just

(5.22)

X(@)=1. (5.23)
Accordingly
yQ(0)P(a)=1, (5.24)
and thus
X(®=rE)/P). (5.25)
It then follows from (5.18) and (5.25) that
lim Dy/Dy=P(a)/P(0). (5.26)

N—oowo

It remains to write (5.26) in a more familiar form. Let

27

gn= (21r)“1/ df e Iny (0) , (5.27)
0
and
2m
gn=(2m)1 | d6 e Ing (). (5.28)
0
Then, by (5.12),
Gn=§n for #>0,
and (5.29)
Jn=gnta"/n for n<0.

On the other hand, it follows from (2.8) and (2.17) that

P(§)=constXexp[— i 2.87]. (5.30)
n=1
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The substitution into (5.26) gives

lim Dy/Dy=exp[—Y gna™]

N-ow n=l1

=€exp Z n(gng—n-gng—n) . (5.31)

n=l

This is the desired answer.
Next we consider the same problem except that the
condition (5.12) is replaced by

YO =¢6) (1—ce®).

In this case, we can apply (5.31) to the complex conju-
gate functions to obtain

(5.32)

lim Dy*/Dy*=exp 3 n(g_n*Gn*—g_n*g*). (5.33)
n=1

N—ow

Therefore (5.31) also holds in this case.

If (5.31) is used repeatedly a finite number of times,
then we get the following result. Let Dy and Dy be
two N XN Toeplitz determinants with their elements
the Fourier coefficients of ¢(8) and ¢ (8), as shown in
(5.8)-(5.11), let the coefficients ¢, have the property
that the corresponding Wiener-Hopf sum equation has
a unique solution, let ¥(8)/¢(8) be a trigonometric
polynomial normalized so that

PO =4I (-0 A-a0e?)], (.59

with all the o’s and &s less than 1 in magnitude; then
(5.31) holds.
Let Sy® be Dy, and Sy be Dy, then

gn=3%n"Y n0,
=0, =0, (5.35)
and
gon=31n"(1—a1?), >0,
0, n=0,
=in1(1—ar ™), n<O0. (5.36)

Therefore, by (5.31),
im Sy/Sy @ =exp 2 n{— [ (1—a;") P+ [5n 1}

N—c0 n=1

= (I4a)*(1—a)=1. (5.37)
Thus we have obtained the leading term of the
asymptotic expansion of Sy for large N at the critical
temperature. In Sec. 7, we shall show how to obtain
the asymptotic series in principle; because of algebraic
complications, we shall carry out the computation only
for the next term. For this purpose, some further
properties of the special case ;=0 are needed.
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6. SPECIAL CASE a;=0, ay=1

We consider the inverse of the matrix M. More
precisely, let

L=1rM—1, 6.1)

then, by (4.8),
Lyg=r (=174 Gurbr) LT Gt ) LT (i)

XCIT Goamim) L IT G

-1 N
X [I=IO (p—ra) I gﬂ(vw vp) I (6.2)

With (4.9), (6.2) can be simplified to

Lpe=37(2¢—2p+1)"12-*¥ (2N —2p+1) 1(2p) !
X(2N=-29)!2¢+D)IL(N—p) p!(N—q) lg!T?
=1r(2g—2p+1)"12-2N 2N —=2p+1) 11(2p—1) 1!
X (2N —=2¢—D)N2g+ DN —p)p (N —q)lg! ]
=2171(2¢—2p+1)7'T (N—p+3)T (p+3)
XT(N—g+3)T(g+HLWNV—2p) p (N —g) lg!T,
6.3)

where

(2p—1)11=1-3-5-7- - (2p—1), (6.4)

for example. As given by (6.1), L,, is defined only for
0<p<N and 0<¢g<N. Thus (6.3) may be used to
extend the domain of definition for L,, to all integers
$ and ¢. It is, however, immediately seen from (6.3)
that with this extension,

LPQ= 0 b (65)

unless 0<p< N and 0<¢g<N. It is also interesting to
note that

Ly—q,n—p=Lpq, (6-6)
and that, for large NV and fixed p and g,
Lpo~3(2g—2p+1)71277- 2t (2p—1) 11(2¢+ 1) !!
X[plg'l, (6.7)

with an error of the order of N-L In view of (6.6), it
is convenient to define the matrix operation % such
that, for an (NV+1)X (N41) matrix 90,

(M%) pg=My—p,N—q- (6.8)
Thus,
M*=M and L*=L. (6.9)
Finally, we proceed to compute the quantities
Kpn=21"13 LomMoun. (6.10)
By (6.5), K p»=0 unless 0<p<N; by (6.1),
Kpn=>0pn, (6.11)

TAI TSUN WU

149

if 0<p<N and 0<#<N. We are therefore interested
in the case where 0<p< N while either >N or #<0.
This in particular means p#n. Accordingly, for these
ranges of values for $ and #, by partial fraction

D= p+Pr(p+)

T =) iplp—n)
X[PK® (p)—nK® (n)], (6.12)
where
KO @)= 3 (n—s+ T (n+)
XT(N—m+H[(N—m) m!T*.  (6.13)

This sum for K@ (z) can be carried out to yield®
KO (z)=r(—1)"T ()T (G—2)
X[T(=N+2I (V—z+3)1".
Therefore, for 0<p< N and >N,
ity AHHDE DT =N )
(N=p)p!(n—N—1)I'(n+3)
(6.15)

(6.14)

while, for 0<p< N and #<0,
T(N=p+5T(p+3) V—n) T (G—n)
(N—p) 1p! (—n— 1) T (N—nt+3)
(6.16)

Kpn=m"(p—n)""

Equations (6.11), (6.15), and (6.16) give K, in all
cases.

We now turn our attention once more to the general
case where a; is not necessarily zero.

7. SPIN CORRELATIONS AT THE
CRITICAL TEMPERATURE

At the end of Sec. 4, we have obtained the first two
terms in the asymptotic expansion of Sy at the critical
temperature when a;=0. In this section we shall derive
a result more accurate than (5.6), namely,

Sx/Sx @ = (14a) (1 —ay) 1~

X[A+EN 20 (1—a) >0 (V3] . (7.1)
Thus the generalization of (4.14) is, as N —,
Sy= 61/421/12A-3N—1/4(1+al)1/4(1 —ay) 4
XUHN-an(1—a) 3 HO@=)}. (1)

Even though these results are rather simple, the actual
calculation, to be presented below, is quite long.

The following two observations form the basis of the
calculational procedure.

13 See Eq. 2.4 (5) on p. 79 of Ref., 9.
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(1) Define

27

dy= (2m) / 86 0(6), 0 (6)

27

= (2n) / d6 e=i9(1—a1e?)2 (1—are=i?)12,  (7.3)
J0

so that

(7.4)

0
Up—n= Z am——p(o)dp—n)

p=—00

where a, and ¢,® are given by (1.9) and (4.4), re-
spectively. For large ||, d. is exponentially small
in |n|.

(2) It is seen from (6.3) that, for large N and fixed
p and g between 0 and N,

qu=0(1) ’
LP.N—q=O(1) )
Ly_p,q=0(N7?),

(1.5)

and
Ly—pn—q=0(1).

A. Formulation of the Problem

Let @ be the (N+1)X (N+1) matrix whose ele-
ments are, for 0<m<N and 0<z<N,

Cmn=Cmn , (7.6)
so that
Syyi=det@. 7.7)
By (4.5) and (6.1),
QRO =27 M=L"1, (7.8)
Furthermore, it is clear from (1.8) that
Sn/Sws1= (@Yoo, (7.9)

where the right-hand side denotes the 00th element of

(Ba»— B2 Ba-1B@En)-1

Bl=
[_B(Z2)—1B @) (B — BU2) BEA-1BEV)~1

It is convenient to renumber the indices by introducing
four matrices B¢ :

an an = -an,
an ) = Bm,N—m

Bmu @)= -BN--m,m

for 0<m< Ny, 0<un<Ny;
for 0<m< Ny, 0<n<No;

for 0<m< Ny, 0<n<N;; (7.18)

and

an(22)=BN—m,N—n; for 0_<_m<N2, 0<n<N,.

TWO-DIMENSIONAL
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the (N+1) X (N+1) matrix @ Similarly, by (7.8),
SN(O)/SN+1(O)=L00. (710)
We propose to obtain (7.1) by calculating the quantity

Sy Sy©
=—— = (@_l)oo/Loo. (711)
SN+1 N+1(0)
Let B be the (N+1)X (N+1) matrix
B=La, (7.12)
so that
@ '=B1L. (7.13)
If v is the column matrix whose elements are
Yn= Ln()/LOO
I'(n—35)T(N—n+3)N!
e D (7.14)
nl(N—n) T'(N+3)
then by (7.13) ® can be expressed by
®=(B™7)o, (7.15)

where the right-hand side denotes the zeroth element of
the column matrix B1y.
We partition the matrix B as follows:

B B
5-| ]
BQ@2)

B
where the sizes of the four matrices B4, Ba B@n,
and B® are, respectively, N1XNi, Ni1XNj, NoXNy,
and NoX N, with Ni+N.=N-41. We chose N; and
N, to be roughly N, the precise value being unim-
portant. A possible choice is, for example,

N1=N2=%(N+1)

(7.16)

for N odd, and
Ni=Ny—1=3iN

for even. The inverse of B can be expressed in terms of
these B¢ by
— Ban-15712) (B (22) _ B Ba—-18 (12))—1]

(B@» — BeLBAD-1BAD)-1 (7.17)

Similarly, we use two column matrices y@ and v@®
defined by
'Yn(l):'Yn; for 0S”<N1;
(7.19)

and
Ya®=vy_n, for 0L<n<N,.

Then, by (7.15) and (7.17), ® can be expressed by

®={(BW— BU) Ben-1Be))~1, 1)
— Ban-1ga2 (B(zz)__B(zl)B(115—13(12))—17(2)}0.
(7.20)
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As seen from (6.3) for example, our expressions con- where
tain a rather large number of gamma functions. It is (N—n) T(V+3)
convenient to remove some of these by changing the Fn =y, @
B’s slightly. Let P(N—n+3)N! (7.23)
’ =—31"T (n—3)/n!
— T — 3 2 2 )
B = W=m) TV =nt3) B, and
TW—mt3) W —n)! o @enr@y
=2
— ) IT(N — -1 LYV
an(m:N(N m) I (N n+2)B w, T'(N—n+3)N!
T(N—m+2)(N—mn)! =—ir 1N (N—n—3)"T(n+2)/n!. (7.24)
5 o N(N—m)Il(N—n+3) . " Equation (7.22) is to be used for further development
B = TN —m+3) (N—n)! Bn @, in this section. It only remains to write down the
and e " numerous B, explicitly. By (7.12) and (7.4),
_ (N=m) T(N—n+3) .
By = Bnn® .  (7.21) N o=
I'(N—m+3)(N—mn)! an:% 2 Lng@e»®dpn
g=0 p=—o0
By (7.5) and (7.18), for large N but fixed # and #, w
all four Bu, are of the order of magnitude 1. The =3 Knpldpn, (7.25)
substitution of (7.21) into (7.20) yields p=—c0
®={(BW—N-2BW®Be»-1Be0)-ly® — N2BUVAB)  where K is defined by (6.10). Using (6.11), (6.15),
X (B — N-2Be» Ban-13an)-15®},  (7.22) and (6.16), we find
_ - I(m+5TG—2)
By =dy4rt S (m— p)*l*—2~id
p=—20 m!(—p—1)!
o Tm+5Hp T (p—N—HT(N—n+3%)
+rt X (m—p) : - : pn, (7.26)
p=N-+1 m!(p—N—1) T (p+3%) (N—n)!
_ -1 Im+3Hr(—p—1 N(N—m)! I (N—n+%)
B, @W=—7r1 3 N(N—m—p)~* ’ s dpn'’+ ’ N
pa— m!(—p—1)! I'(N—m~+3)(N—n)!
i T(m+3)p T (p— N+H)T(NV—n+3)
N 5 (W gy T i, G20)
p=N-+1 ml(p—N—1)T(p+2)(N—n)!
B —1 Tm+3)rE—op) NWN—m) T (N—n-+3%)
B, M =g"1 % N(N_m_?)_l : ! dpn’+ - N—m—n
p=—w mi(—p—1)! I'(N—m+3)(N—n)!
w Tm+35p T(p—N—HT(N—n+%)
+r N Y (N—m—p)! L : Yy, (71.28)
p=N+1 m!l(p—N—1)T(p+3)(V—n)!
and X
_ 3 (— p_1
an(22)=dmnu__1r__1 i (m~P)—1P(m+ Z)P( P 2 dpn"
p=—00 m!(—p—1)!
- P(nt- DI (p— N+HE W —n-+)
—rt 3 (m—p)! —pin. (7.29)
p=N-+1 ml(p—N—1)T(p+3)(V—n)!

In (7.26)—(7.29), we have used the notation

, (=PI W—n+)
T p+H) ()
(=) D= ntd)
TV p )W —n)!

pn p—n,

and (7.30)

"
o

—ptn-.

B. Asymptotic Expansion of ®

So far, no approximation has been made and (7.22)
is exact. Since (7.26)-(7.29) are rather complicated, we
restrict our attention to asymptotic expansions for
large N. As d, is exponentially small for large ||,
(7.26)-(7.29) are much simpler asymptotically. We
need to keep only the first two terms in the cases of
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(7.26) and (7.29), and only the first term in (7.27)
and (7.28):

Gl 11 T (m—p) [l (— p—1) 1T

p=—20

XT (m~+5)T G—p)dp’
Bun®= —1t 5 N(N—m—p)[ml(—p—1) ]

p=—>00

an(n)%

(7.31)

XT(m+3T(—3—p)dp”,
Ban®=nt Y N(N—m— p) [ (—p—1) T

(7.32)

p=—00

XT(m+HT G—p)dp', (7.33)
and
By’ —a7t 5 (m—p)i[m)(—p— 1) I
p=—00
XL (nt D (3= p)dpe”. (1.39)

[Strictly speaking, (7.32) is not valid if m is close to
N; and # close to Ns, while (7.33) is not valid if m is
close to Ve and # close to IVi. However, these elements
of the matrices do not contribute to the asymptotic
expansion of ®.]

Let dp.’ and dp,” be respectively the asymptotic
series for dp,’ and dp,” for large NV and fixed p and ».
Thus dp,’ and dp,” are defined, term by term, for all
and all #. Similarly, let B,.,?, i=1,2 and j=1, 2, be
the asymptotic series for B,.,, again for large N and
fixed m and #. Thus B, " is defined, term by term
for all >0 and all #2>0. We can accordingly form the
infinite matrices B¢, term by term in powers of N2,
The row and column indices for B%? each run from
zero to infinity. In the same fashion, we define infinite
column matrices 7 from the 7@ of (7.23) and (7.24),
again as asymptotic series in N~1. With the help of
these infinite matrices and (7.22), we get asymptotically

®= {(BW— N—2B» Ben—1Ben)-15m) — N2 Bav-15a)
X (B @) _ y—2Ben Ban-15 (12))—1,)7(2)} . (1.35)
[Tt is worthwhile to keep in mind that infinite matrices

may not be associative. ]
Let A be the infinite matrix whose elements are

A= ©@ =201 2m—2n+1)"1 (7.36)

for m>0 and #>0, and let AT be the transpose of A.
We also define

®W=JBw (7.37)

and
RO =T (7.38)
Therefore the required matrices BA-1 and B®-1 are
Bav-1—gw-17 (7.39)

and
Beo-1— g@-17T, (7.40)

We proceed to calculate the elements of 8" and ®®.
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Since, for p<0,
2 (m=g+3)g—p)"T (¢ +1)/q!

= (n=pH1) T Lon—g+3)+ (]
XT(g+3)/q!

=w(m—p+3)~T(—p)/TG—p), (7.41)
we must have
Bn® =201 5 (2m—2p+1)d 0!
p=0
—1
+221 Y Qm—2p+1)"'d,.
p=—00
=21 Y m—2p+1)"d,. . (7.42)
p=—0
Similarly
B @ = — 2L f @m—2p—1)"d,. . (7.43)
p=—0c0

Both (7.42) and (7.43) are to be understood in the
sense of term-by-term equality for each power of N1
A very similar calculation yields

(AFD)p=08n0. (7.44)

Unlike (7.42) and (7.43), (7.44) does not involve N
and hence is exact. With this result (7.35) can be
written alternatively in the form

R= { (1 _N—2B(ll)—IB(l2)E(22)—IB (21))—1(}3(1)_1}00
—_ N—z{B an-15a2) 1- N—2Be-1Ben Ban-1j )1
XB@-15®Y,  (7.45)

We have kept the entire asymptotic series so far.
From here on, we shall keep only enough terms to get
(7.1). For this more limited purpose, we write

R~ Rut Rt R, (7.46)

where

Ra= (BD g, (7.47)

Re=N-2{Ban-15a Bea-1 Bev®w-1y,, - (7.48)
and

R3= _N—z{E(u)—lB(m)B @)-1y@}, (7.49)

We need to calculate each of these three ®’s to the
accuracy V72 for large V.

It is useful to note, in connection with (7.42) and
(7.43), that it follows from (7.30)

dpn'=dp o[ 1+3N-1(p—n)+-0(N-2)],
and (7.50)

dpn" = d—pyal 1 =38 (p—n)+-O(N-)],
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where

N=N+0Q1). (7.51)

We therefore define an infinite matrix ® by, for m>0
and #>0,

Bun=211 Y, (2m—2p+1)
p=—x0

Xdp o[ 1+-1IN-1p—n)]. (1.52)

Thus, to order N7,

®BV~® and BP~®T. (7.53)

This approximation (7.53) may be used in (7.48) and
(7.49) for the purposes of obtaining ®2 and ®s, but is
not accurate enough for ®; as given by (7.47).

C. Approximate Calculation of &~}
Let

§=@®™". (7.54)

Since, by (7.52), ®n» depends only on m—n, we may
compute § again by the method of Wiener and Hopf.
Define C(§) for |£| =1 such that

27
®Bmn= (2m)" / df e=im—m)8C (¢i0) | (7.55)
then ’
1'—(112 1/2
— 212
Ce)=i (1-‘011/3;')
a1 —2 1 1
x[1——:—£i/-g~]. (7.56)
4N (1—af)(1—a1/8)
Let
af' =} (1+HEN) 1+ (143N
—{[1+a2(14+3IN D) P —4a2(14+3N)22) , (7.57)
then
C(H) =i (1—a)* (1 —ar/E)7"
Xe[(1—ar§)/(A—ad/E)IL(E—)/(E—)], (7.58)
where ~
C=a1(14+iNY) /ey . (7.59)

Suppose that we define P and Q on the basis of (2.17)
using this C(¢) of (7.58), then one possible choice is

P()=(1=-"(1—d)*(1—ai'8), (7.60)
and

Q®=c1— 2 (1—ad)**(1—ar't) . (7.61)
When N — o, the constant € is easily found to be

e= 1——11—60512(1—-1112)“‘]7—2 B
— ot (1—a) N340 (N-%).

By (7.54), the elements of the matrix § satisfy

(7.62)

Z (Bpmsmn= 6}7" 5 (7.63)
m=0
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and

Z 8mnBrp=0mp. (764)

n=0

Both of these equations can be solved by the method
of Wiener and Hopf and the results are, using the
notation of Sec. 2 with (7.60) and (7.61),

2o Sunfm=C (1= )V (1— )2 (1—ay/§)™
m=0
XLE(E—1)"12((— )2 ((—ar) 1] (7.65)
and
é Sunf"=C (1= 21— 01§)*2(1—a &)~
X[Em(g— D2 (f—an) 2 (E— i) ;.

Equations (7.65) and (7.66) are of course merely dif-
ferent versions of the same formula. A more symmetrical
way to write this result is as follows: Let

(7.66)

P(O)=3 putn,

n=0
and (7.67)
QB =2 gat",
n=0
for |£| <1, then
min (m,n)
Smn= Dm—iqn—i- (7.68)
=0
In particular, it follows from (7.62) that
Soo=C1=1+%a? (1 —a?)"N-2
et (1—a®)2N-3+0 (V). (7.69)

D. Approximate Calculation of ®;

In order to obtain ®i of (7.47) to the accuracy N—3,
we need a formula for d,," more accurate than (7.50).
Since, for z—o,

T'(z+3)/T(z+1)

= D+ e+ H0ED], (170)
we have from (7.30), for N — o,
dpn’ =dpn(N4§—n) 2 (N4 5—p) 17
X[14+5zN"3(n—p)+0(NV)]
=dpn(N—=n)2(N—p)2[14+0(N],  (7.71)
provided that B
N=N-+434&N1, (7.72)

On the other hand, note that the term N-! is missing
on the right-hand side of (7.69). Thus it is sufficient,
for the purpose of obtaining (7.1), to use

N=N+3. (7.73)
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By (7.71), (7.42), and (7.52), we have, to the required
accuracy,

BO~A®+®, (7.74)
where
G’ =211 piw(Zm—2p+1)-ldH<p—n)
XFN-2L@p+n)+3N(Sp*+2pm+n)].  (1.75)
Therefore, the required ®; is
R1~800—{ (8®")S} 00. (7.76)

Since $go is given by (7.69), we concentrate on the

second term here.
Let

=213 Son(2n—2p+1) (7.77)

n=0

for all integers p, then

Ri~Spo— N2 f Zw: T odpm(p—m)

p=—00 m=0
X[ Bp+m)+3N-1(5p*+2pm+m?) 18mo.  (7.78)

Since, by (7.66), the generating function for 8y, is
¥ Swmgr=C (1= 21—l P(1—ar'9)™, (7.79)
n=0

Tp is generated by

zw: T,,E”= @—151/2(&:_ 1)—1/2

X (1—af)2(1—aE)"t.  (7.80)
The point of greatest importance here is that, while
the right-hand side (7.79) has a branch cut from 1 to
infinity, the right-hand side of (7.80) is analytic in
the region

1< g <1/e. (7.81)
Accordingly
Tp,—0 (7.82)
exponentially as p — -+, and
7= Cmie) § di i (1— e
B X (E—ar)2(s—ar/)t, (7.83)

where #_ denotes a contour integral in the counter-
clockwise direction along a circular path of radius
between oy’ and 1. Note that the integrand in (7.83)
is positive for a,’ <£<1.

With (7.65) and (7.83), the evaluation of ®; by
(7.78) is straightforward but tedious. By (7.50), it is
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convenient to rewrite (7.78) in the form

Gi~So—3N= Y % Tp{dpn[ 13N (p—m)])
p=—c0 m=(0

X{(p—m)[Bp+m)+N"(p+m)p ]} Spo.  (7.84)
Let
Gi(®) =2 (1—§) 12 (f—a1)*2(§—ay')
=% et (7.85)
G2(§)=8"(1—f)2(1—a)8) (f— )12 (£ —ay)
= % 4,0+, (7.86)
and
93(5) =1-51(1—af)2(1—a '8!
= i C8mok™. (7.87)
m=0
Then (7.84) is equivalent to
(R]_’\/Soo—%]v—z (21ri)_1 ds
XE(261G2Gs+ G1Gy' Gs)— 3N
X (461" G285+ 616" Ga)], (7.88)

where each prime means £d/d¢. In obtaining (7.88),
we have made use of the fact that G;(£) is analytic
inside the unit circle. The various functions have been
chosen in such a way that

G1(5) G:(8) Ga(8)=1. (7.89)

Because of (7.89), the evaluation of the right-hand side
of (7.88) is not difficult with the help of the formulas

f i £ig1g ) = f £dE(dIngy/de),

(7.90)
f at 161G = f £d¢(d InGi/dg)*,

for i=1,"2. By (7.62) and (7.73), the result for ®, is
®Ry= 1—%N_2a1(1—a1)_1+1l§]v—3a1(1+2a1) (1—&;.)‘2

and

+O(V)
=1— %—N‘Zal(l —al)—1+#N4a1(4—a1) (1 —'a1)_2
+O0(N—%. (7.91)
E. Approximate Calculation of ®;
Let
pu=—3n VN (N —n+3) T (n+3)/nl, (1.92)
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and
-1
Ta=2r1 3 [(=p=D!IT(=p—2)
p=—00
X [1+N_1 (p"}‘%)jjpnll s

then by (7.32), to the required accuracy, for fixed
m>0 and >0,

(7.93)

(7.94)

Let p be the infinite column matrix with elements p,,
and 7 be the infinite row matrix with elements 7,,
then by (7.49)

an a2 ~PmTn.

Rs~—N"R3' RS, (7.95)
where
Ry = (Ba-1p),, (7.96)
and
Ry =rBe-15® (7.97)

Because of (7.96), for the purpose of computing s,
we need by (7.39), (7.53), and (7.54)

(BW=1) 0, = 3 (RO ontn n®@~ Y Sommn®. (7.98)

m=0 m=0
Accordingly, by (7.66), (BM-1),, are generated ap-
proximately by
5 (BOv-t)ougr g (g—1)
X (1—aif)P(1—al'8).

We note that the right-hand side of (7.99) is analytic
in the region (7.81). On the other hand, p, are generated

(7.99)

n=0
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by, also approximately,
2 pufr~—3(1=N"H(A—-H

n=0
X[A+3N(1-51],

which is analytic in the unit circle. A straightforward
calculation from (7.96), (7.99), and (7.100) then gives

(7.100)

Ry ~—3(1—N-1) (2mi) ! f dg(E— 1) (1—a)*?

+
X (A—a O [14+IN1E(E—-1) ],

where ¢, denotes a contour integration in the counter-
clockwise direction along a circular path lying in the
region (7.81), and hence

®s'~—3(1—an?(1—3N7)

as N — with an error of the order N 2.
We proceed to calculate ®;”. By (7.97), (7.40), and
(7.53),

(7.101)

(7.102)

Ry~ (r8TAT) 5™, (7.103)

It follows from (7.50) and (7.93) that the 7, are gener-
ated approximately by

0

Z T 7"

~2E(1— 7P (=) 2 (1~ a8 (1—ay /§) 7112
X(=a//H[1=3N(1=§)7].  (7.104)
Hence, by (7.66), (7.60), and (7.67), for || <1,
-1(1_S)—1] i g-n Z_Opm£n~m

n=0

= @) @ dt(1— 91—/ (1=l /HL—IN (1= H]A—- ) A=) (L —and) 2 (L —ar§)

=2(1—= ) LA—a)? (A=) P(1—a/ ) — 13N (1—5) ],

On the other hand, by (7.24), ¥.® are generated
approximately by

S Fa® g —H (1N (E— 1)

n=0

X[1+3NE(E—= 1)1, (7.106)

for |£|>1. The substitution of (7.105) and (7.106)
gives, after some algebraic simplification very similar
to that encountered previously,

R’ ~fer(1—a) {1438 (1+200) (1—ar) 7'} (7.107)

And the substitution of (7.102) and (7.107) into (7.95)

(7.105)

yields
(Rz’\’%N_Qal (1 _al)-1/2{ 1 +%N_1011 ( 1 —al)_‘} ,

again for V —co with an error of the order N,

(7.108)

F. Approximate Calculation of R,
Entirely similar to (7.93), let

fu= =2 T [(=p=1)ITG—p)
X[A+N"1p—$)1d,.’,  (7.109)

then, by (7.33) and (7.24), we get to the required accu-
racy, for fixed m>0 and >0,

an(m)'\"y—m(z)fn .

(7.110)
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The substitution of (7.110) into (7.48) gives, because
of (7.49),

Re~ — R3(FBMT),, (7.111)

where 7, like 7, is an infinite row matrix whose elements
are the 7, of (7.109) for >0.

The computation of (F®®M-1), is again based on the
method of generating functions and contains no new
feature. The result is

(r® VN o~1— (1—ay) P4+ Ny(1—ar) 2. (7.112)

When (7.112) is used together with (7.108) in (7.111),
we get

Re+ Rz~ (Ra{ (1 ——al)”l/z-— N—lal (1—011)_3/2}
’\’%N_%ll(l ——a1)_1{ 1+%N‘1a1(1—a1)“1} .
(7.113)
All square roots have disappeared.

G. Final Result

It only remains to substitute (7.91) and (7.113) into
(7.46) to find that, as N —oo,

®R=14+1N"%a;(1—a)2+O(N-4). (7.114)

It is difficult not to be impressed by the remarkable
amount of cancellation. We now recall the definition
of ® as given by (7.11) and we find that

Sn/Sx@ = const[ 143N %a; (1—a1)2H+O0(N-3)] (7.115)

for N — . This multiplicative constant is then found
to be
(o) (1 —ay)24 (7.116)

on the basis of (5.37). The required result (7.1) is just
(7.115) with (7.116).

8. CONCLUSION AND DISCUSSIONS

(A). In this paper, we have studied in great detail
the asymptotic behavior of the two-spin correlation
{ooooon) for the two-dimensional Ising model at fixed
temperatures. The explicit results are given by (2.43)
for T>T,, (3.25) for T<T,, and (7.2) for T=T,. In
principle, we can obtain as many terms of the asymp-
totic expansion as we desire, but the computational
labor may be prohibitive.

The method of computation is much more general
than that indicated by the explicit results. The exten-
sion of the results in the following two directions are
clearly desirable.

(a) We may ask what is the asymptotic behavior of
the more general correlation (oo arw) at fixed tempera-
tures, when either M or N is large. Although there is
no way to express this correlation in terms of a Toeplitz
determinant, the procedure of Sec. 2 and Sec. 3 are
directly applicable. More precisely, the asymptotic
behavior of {oooan) can also be obtained by studying
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a pair of Wiener-Hopf sum equations, at least for
fixed T#T..

(b) The asymptotic expansions (2.43) and (3.25)
hold N — = at fixed temperatures 74 T,. Because of
the explicit form, we see that they hold if

N>, (8.1)
or
N>|1-T/T,| . (8.2)
Therefore the present consideration gives little in-
formation about the correlation function for 7" near T',.
More precisely, we may ask what is the asymptotic
behavior of Sy as N — for fixed (1—7/T,)N. This
question can also be answered by the present method.
(B). We discuss briefly the special case Ei=E,, or
K=K,=K,. In this case, by (1.11),

a1=23%, ay=2%/z, 8.3)
where
z=tanhK, and z*=¢2K, (8.4)
Consider first 7=7T,. In this case
z=V2—1, and a;=3—2V2. (8.5)
Therefore, by (7.1) and (7.2),
Sn/Sy@ =218 14+H5N240(N3)], (8.6)
or
Sy=e12MASBNU 4L N2HO(N-3)].  (8.7)

An approximate result for Sy/Sy® has been given
previously by Kaufman and Onsager.? Their result is
simply

1(1+v2). (8.8)

Our asymptotic result (8.6) for large N is about 109,
smaller than this approximate result of Kaufman and
Onsager.

Consider next T>T,. It is convenient to use the
variables

d=%(z"1—2)=csch2K>0, (8.9
and
w=5§"14+5—1>1. (8.10)
Then, by (2.31)-(2.33),
Xe— w1 = (w?—1)12,
xXe=w—+1,
and
23=w(w—1)"12, (8.11)
Accordingly, by (2.39), we have
i =3 (A= D1 — o= 1)1,
Ay =3[302+ 2o+4+ 32— 1)1],
and
A 3> =15 (0 — DV 502+ 9w+ 6— 100 (w2 — 1)1
—Sw(@—1)]. (8.12)
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The substitution of (8.12) into (2.43) gives finally

SN’\’ (,n.zv)—llz (Z/Z*)N
X (1 —_ 222*2)1/4(1_ 222*——2)—”4(1 —_ 2*2)—112
X{1+EN (w2 — DV 14 w(w—1)1]
+ 128~V [ 90?4 6w — 8+9(w?—1)1]
+ (5/1024) N-3(w?— 1)2[ 1502+ 27w— 10

— 20 (= 1) 1= 15w(w—1)2]}.  (8.13)

A similar result can be written down for 77’<7..

(C). We discuss further the case 7'=1T,. One inter-
esting question is: What is the next term on the right
hand side of (7.1)? For this purpose, we have carried
out, in Appendix A, a series expansion of Sy for small
a; but fixed N. We note that the N2 terms on the
right hand sides of (A9) and (7.1) agree up to a;~2. On
the basis of (A9) we make the following conjectures.

Congjecture (a). The asymptotic expansion of Sy/Sy©
at T=T, is of the following form:

Sx/Sx®=(1+a)h(l—a) 43 [N, (8.14)
n=0

where
f0= 1 )
and (8.15)

f1 = %a; (1 —Cl!]_)“2 .

In other words, all odd powers of 1/N do not appear.
Congjecture (b): In the above notation,

fz='31—2a1(1—'0l1)"2+ (81/128)&12(1 —011>_4.
In other words, for large N at =T,

Sw/Sx© = (14an)¥4(1—ar) 41+ N0 (1— )2
+ 128’_1N_40£1(1 —al)“2[4—|-81a1 (1 '—011)—2]

(8.16)

+O(N-9}. (8.17)
In particular, if E;= Ej, then
SN/SN = 21/8[:1+§1—2-N'2
+97N—/20484-0(N—5)]. (8.18)

We note that,”if conjecture (a) is correct, then the
O(V-3) in (7.1) and (8.6) may be replaced by O(N—%),
and the O(N-—5) in (8.17) and (8.18) replaced by O(N—¢).

(D). There are numerous reasons why it is not
trivial to render the calculation in the present paper
rigorous. For example, we may ask what is the relation
between (5.17) and (5.20). The author is unable to
answer this question in general.

The considerations in Sec. 5 have other difficulties
besides the one just mentioned. We list two others.

(a) The procedure of Wiener and Hopf, as given by

Krein,” is mathematically rigorous under the assumption

[ cn] < o0 (8.19)
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This condition is not satisfied in Sec. 5. The necessary
generalization is rather straightforward, and is con-
sidered in Appendix B:

(b) We have obtained in Sec. 5 some relation be-
tween two Toeplitz determinants if they are generated
by two functions of which the quotient is a trigono-
metric polynomial, as shown in (5.34). Since ¢(6)/ »© (6)
is not a trigonometric polynomial, a limiting process is
involved. It should be emphasized that we have not
studied this limiting process, which is certainly not
trivial. As an example, we mention that, if

Fy®=N/(N+n), (8.20)
then
Fy/F, ™ — 1 (8.21)
uniformly as N — o, but, for all W,
Fy®) =051, (8.22)

Since the dn of (7.3) goes to zero exponentially as
n—> =, it is believed that such difficulties do not
actually occur.

(E). If the limiting process just mentioned can in-
deed be carried out, then we get the following modified
form of Szego’s theorem.®

Congecture (s): Let

e©® ) =ie~%2 for 0<0<2r,
and

(0)= @ (6) e (), (8.23)

where o™’ (6) satisfies a Lipschitz condition and Ino® ()
is continuous, periodic, and

27
/ Ine®(6)do=0. (8.24)
0

Let Sy be the N XN Toeplitz determinant formed with
the Fourier coefficients of ¢(6), and Sy© with those of
0© (), then

lim SN/SN(O)

N—x0

=exp i — i L (14-2nkn) (1—2nk_n)—17], (8.25)

n=l1

where

1n¢(1) (0) = z knein0 .

n=—o

(8.26)

[The asymptotic behavior of Sx© is given by (4.14).]

If this conjecture is true, it can undoubtedly be
generalized to a large class of possible ¢©®’s.

(F). Lee and Yang! have studied the “spontaneous
magnetization” of the Ising model in an imaginary
magnetic field of a particular value. In this case, the
two-spin correlation (soocox) can be expressed in terms
of a block Toeplitz determinant, i.c., a determinant of

1T, D. Lee and C. N. Yang, Phys. Rev. 87, 410 (1952).
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the form (1.8) except that each a, is itself a 7Xj
matrix. If we apply our procedure to this case, we must
consider coupled Wiener-Hopf sum equation of the form

0
Z Cn—m¥m= afan() )
m=0

(8.27)

where each ¢n—m is a 7Xj matrix, and ¢ and each «n
is a 7X1 column matrix. In general, an equation of the
form (8.27) cannot be exactly solved. However, if the
matrix

C®)= fj Cak™ (8.28)

is of the form
CEH=COHCL (), (8.29)

where C@(§) is a single function (not a matrix), and
CW(¢) is a matrix whose elements are polynomials in £,
then (8.27) can be solved by the procedure of Wiener
and Hopf.%7 In the case considered by Lee and Yang,*
7=2and (8.29) is indeed satisfied. Thus the methods of
this paper are applicable. We should add that, since
Szego’s theorem cannot be used for block Toeplitz
matrices, the considerations of Sec. 5 here are needed
to evaluate the asymptotic series for these matrices.

(G). When T=0, only two configurations of the two-
dimensional Ising lattice are of importance. These are
the configurations where om,==1, independent of m
and #. When 0<7T'<7T,, we picture these spins as
predominantly 41 (or —1) with “islands” of spins
taking on the opposite value. What is the rough ‘“‘size”
of these islands?

Since this is a rather vague question, the answer
cannot be precise. Consider the expectation value of
oon under the conditions that

g00= 1 and O 0= — 1. (830)
If this expectation value is called {oox)e, then

{oon)e=(3(1+000)3 (1 —00e)oon)/(F (140003 (1—00x)) .

(8.31)
Since
(0'mu0'm’n’0'm"n">=0 ) (832)
we get, by (1.1),
{oon)e=(Sn—3S,)/(1=S,). (8.33)

If the first term on the right-hand side of (3.25) is used,
the result is that, for large N,

<U0N>0N (ZW]W)_I(X22N (a2—1_.a2>—2
X[ (1—a?) 41— a2) V(1 —ase)2— 1T

Thus a very rough measure of the ‘“size” is — (Inay)~".
This “‘size” approaches infinity as 77— T..

It seems very difficult to make these vague state-
ments any more precise. In particular, it may be re-
membered that there are islands inside islands ad
infinitum.
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(H). We conclude this paper with an attempt to
relate the present results on the Ising model to the
so-called procedure of summing the most divergent
terms. This procedure has been discussed in detail by
Lee, Huang, and Yang'® in connection with the boson
system of hard spheres, and is used to about the same
time by Gell-Mann and Brueckner'® to calculate the
correlation energy of a dense electron gas. In both of
these problems of statistical mechanics, the procedure is
quite successful and yields the correct answers.

More recently, procedures of this variety have been
applied to problems of quantum-field theory. By far
the two most outstanding examples are the work of
Lee!'” and collaborators on the radiative correction to
processes involving intermediate bosons and that of
Feinberg and Pais!® on higher-order weak interactions.
Both lines of investigation depend very much on the
assumption that the sum of the most divergent terms
gives approximately the correct answer when the cou-
pling constant, electromagnetic and weak respectively,
is small. For this reason, there has been a great deal of
effort to check whether this assumption is valid in
solvable cases.!® Unfortunately, in almost all of these
solvable cases, the problem reduces to the Born series
or the series of ladder diagrams.2 It therefore seems
desirable to look for examples of a different nature, and
for this purpose the attention may be turned to sta-
tistical mechanics again.

For I'>T,, the series expansion of Sy in powers of
N1 may be found from (2.36). Except the factor a5,
the series is a power series in N, with each coefficient
a polynomial in x3, which is large for 7" near T',. Suppose
that, for each #, we keep in the coefficient of N~ only
the terms with the highest power of x;. Can we get any
information about the case T'=7, by summing this
series and take the limit 77— 7', with fixed N? The
N1 here plays the role of the coupling constant.

Since we need to keep only terms with the highest
power of x3, we can approximate the 4 () of (2.37) by

A5 (2)~[(14»120) (1—x220) (14x32) 172,
where

zo=[(1— &)/ (14 £) ]| £=1=0.
That is,

As(5)~ (14x32)7172, (8.34)

( ’55% D. Lee, K. Huang, and C. N. Yang, Phys. Rev. 106, 1135
1957).
( 1"5%[ Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364
1957).
7T. D. Lee, Phys. Rev. 128, 899 (1962); J. Bernstein and
T. D. Lee, Phys. Rev. Letters 11, 512 (1963); T. D. Lee and A.
Sirlin, Rev. Mod. Phys. 36, 666 (1964); and T. D. Lee, Phys.
Rev. Letters 12, 569 (1964).
18 G. Feinberg and A. Pais, Phys. Rev. 131, 2724 (1963); 133,
B477 (1964).
19 See, for example, N. N. Khuri and A. Pais, Rev. Mod. Phys.
36, 590 (1964).
2 This is almost like trying to learn properties of infinite series
by studying only the geometric series.
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We substitute (8.34) into (2.36), and use the.ap-
proximations :

as ¥N~1,

1—aiee~1—a,
1+ EIN 2 5
w3~2(1—as™2)™,

and -
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The result is then

Sy~rt (1 an) (1 —ar) V4 (1 —ag 21
1

X / A (1= £ 014 (1—as) 1 (1— £) T8,
0

We expand the last factor by the binomial theorem and
then integrate term by term to get

w /—1 1
mSy (14a) M (1—a) i~ (1—ay?) M < 2) (1—042—2)_"/ dbgN (1—E)
0

n=0 n

= (l—ag?)y (_ﬁ) (1—as )N 0 (n+3)/T (V+n+3).  (8.36)

Since, for fixed #» and large IV,

N '/P (N-l-—n—f—%) o= N—n—1/2[1+0(N_1)] ,

n=0

n

(8.37)

we must, by the prescription of summing the most divergent terms in the limit as — 14, replace the factor

N/T(N4+n+32) in (8.36) by N2, Therefore

Sx (a1 (1 —a) Vi~ (1—ag 2 1AN-12 3° < _§>I‘(n+%)[]\7(l—ag“2)]“".

(8.38)

n=0

n

The sum on the right-hand side of (8.38) is a formal power series in the variable [NV (1—as2) ] In this variable,

the radius of convergence R is

R=0.

(8.39)

Thus the series is quite similar to that encountered by Feinberg and Pais.!® There is, strictly speaking, no unique

way of assigning a meaning to (8.38).

In view of the way (8.38) is obtained, the following way of summing the divergent series is perhaps reasonable.
Replacing the gamma function by its integral representation

r (n—i—%):/ dt e Y41
0

and reversing the order of summing over # and integrating over {, we get from (8.38)

]

7rSN(l_*_O[l)q/At(l__041)1/4,” (1_a2—2)—1/4N—1/2/ dt e 12 Z

n=0

0

<_%>t"[N(1—af2)]""

n

= (1—ay )" 1AN—12 / dt e 414N (1—az2) 42 (8.40)

0

= (1—a2‘2)1/4K0(%N(1—a2_2)) eXp%N(l—Oé{.z) ,

where K, is the modified Bessel function. The limit of
the right hand side of (8.40), as as— 14, is zero for
all N. Therefore, the procedure of summing the most
divergent terms gives, in this case, a wrong answer.

We make the following four remarks.

(a) It is a most interesting question whether it is
justified to blame the wrong answer on (8.39). This
point is not understood by the author.

(b) As already noted in Sec. 5, we do get from (8.40)
the correct dependence of Sy on oz. In other words,

(5.6) follows from either (8.36) or the fact that the
right hand side of (8.36), and hence (8.38) and (8.40),
is independent of a;.

(c) Suppose that we know the form of (8.38) but
not the actual coefficients, that is, suppose that we know

Sx (a4 (1—ar) i~ (1—ay2)/AN-112
Xfunction of [N(1—as2) . (8.41)

Let us also make the assumption that, for N fixed but
az — 14, the right-hand side of (8.41) is finite. Then,
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we hope that, as a; — 1+,
function of [N (1—as2) 1™

~const. [N(1—as2) 4. (8.42)
The substitution of (8.42) into (8.41) then gives
Sy~ const.(1+a)4(1—ar) AN, (8.43)

This is fortuitously consistent with (5.7). What is
wrong is that the explicit result (8.40) shows that this
constant in (8.43) is actually zero.

(d) The correct answer for I'=1T, is given by (5.7),
while the sum of the most divergent terms is zero. That
the sum is zero is perhaps worth noting in connection
with the argument of Bernstein and Lee.'”

We list below the three known major pitfalls when
the procedure of summing the most divergent terms is
applied to problems of quantum-field theory.

(i) There is no reason to believe that the sum of an
arbitrary, small subset of diagrams should give an
answer relevant to the physical problem described by a
nonrenormalizable field theory. In this connection, con-
siderations applicable to ladder diagrams only must be
regarded as devoid of physical content.?

(i) It does not seem possible to justify neglecting a
larger coupling constant while keeping higher order
terms in a smaller coupling constant. Since the electro-
magnetic coupling constant is much larger than the
weak coupling constant unless the mass of the inter-
mediate boson of weak interactions is enormous, much
of the work where electromagnetic effects are neglected
is open to criticism.?

(ili) The sum of the most divergent terms may not

a©® a_© a_y®
RS a©® a_,©®
SNN a2(0) al(o) ao(o)
ay—1© ay—2©® ay—;®
@, © a_©® a_s®
a,® ap® a_©®
...I_.%.al aa(o) 0/1(0) aO(O)
ax® ay_s©® an—s©®
ao® a_© a_s©®
@© @@ a_,©®
—1a;|a,® @ ® ao®
dzs;_l(o) 111\;—2(0) dl\;—s(o)
ao® a_© a_s©®
@, © FRO) a_1©
—102| @, © @ © a0®
ay—1©® ay—2® an—3®
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be a good approximation to the sum of all terms, even
if the coupling constant is small. This makes it rather
difficult to extract useful information without explicit
calculation.
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APPENDIX A

We have seen that, at the critical temperature, the
spin correlation along the lattice sites is given by the
Sy of (1.8) with (1.9) and

0(0) =i~ (1—are®) 2 (1—aye=i®)-12. (A1)

In this Appendix, we try to expand this Sy into a
power series in ay, with IV fixed. We note that

/ 010 0(6)/ 0 (6)]=0. (A2)

Because of the rather large number of terms involved,
we shall keep only terms up to and including a2 Thus
1) (0) /\,ie—iﬁ/Z[%a12e~2i0+ %ale—*’w_'_ (1 — %a12)

—Lasei— Loyt ].

(A3)

Accordingly, with the @, of (4.4), we can write a,
in the form

@n=Fartn2©+ 3010011 O+ (1—ar?)a,®
—_ %alan_l(‘” - %a{"an_g (O +0 (Ot13) . (A4:)

And to this order Sy consists of the following terms

Ovis®  ayps®  a_y©
Ov®  Gys®  Gyys®
Ones®  On®  ays®
PRO O PRO
a—n43® a—n42® @y 1@
-nt4® N3 ®@  aye©
a-n4+5© a—n4@ oy 3@
PRO 0, © FRO)
Onis®  Gyn®  ay®©
Owsd®  Oyis® ey ®
Oyss®  Onis®  Gyye®
a5 ©® a,® a1 ®
Ovis®  Onp2® ey ©
Oyid®  Cnis®  Gyye®
d—-N+5(O) a~N+4(0) d—N+3(0)
RO PRO 20©®

(Continued on next page)

2t For example, Y. Pwu and T. T. Wu, Phys. Rev. 133, B778 (1964). As far as physics is concerned, this work is completely

incorrect on account of both (i) and (ii).
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(AS)

The first term on the right-hand side of (AS) is just Sy©@. The fourth term, which is simply —3:25x©®, appears
for the following reason. By (A3), there are NV terms, each of which is equal to —4a:2Sx®. There are, in addition,

(N—1) terms of the form
ao®
a,©
2,© e

ay_1©

G—j+1
A—jt2
G—j+3

0—j+N

©
©
©

©

a_j 1
d_j( 0
Q_jt1

0—jyN—2

©)

)

O e

Q_j—2

0)

0_j4@

a_j®

)

a_j4N—3

)

a_N41
a_N+2
a_N+3

PRO)

(A6)

where 0< < N—2. Since (A6) is equal to 2a2Sx©®, we get the fourth term on the right-hand side of (A5). Itis a
consequence of (A2) that the coefficient of this fourth term is independent of N.

The rest of the calculation involves the explicit evaluation of these eleven terms of (AS5) by the method of Sec. 4.
This is straightforward but tedious:

Sy~SyO@{1+1arN @N+1)"1—3as(— N) 2N — 1)1 —az?

—laf (V1) (V—1) 2N — 1)~ @N+1) 4 202N (V+1) 2N+ 1) @V +3)

— (= )N (V1) 2N — 1) N+ 1)+ Jau (N (N —1) 2N — 1) QN +1)
— (=N (N —1) 2N — 1) (2N —3) " Ja (—HN (V1) 2N~ 1)~ 2N +1)

+ia? QNN -1)2N—-1)"(2N-3)"}}

This is the required answer.

= Sy® {1+ 2012/ (4N2—1)+3a[1—} (4N2—1)'4-81 (4N2—9)-1/8]} .

(AT)
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It is of some interest to rewrite (A7) in the following form, in view of (5.6):

Sy~Sy® (1+1ar+3a?)[1+3as (AN2— 1) "4, 2(4N?+9/8) (4N?— 1)1 (4N2—9)~1]

= Sy© (1+3art-3ad) (1+3en (4N — 1)+ 2l (4N?—1)14-81 (4N2—1)~1(4N?—9)"1/8T} .

In particular, if we further let IV be larger, we get

Sy~Sn Q@ (1+3a1+3a?) {1431 (14 2ay) (V21N + (81/128)ay? N4}

APPENDIX B

In this Appendix, we consider the Wiener-Hopf sum
equation of Sec. 5. Let

0

2 Cnm@m="Yn (B1)
m=0
hold for all z>0. Let
e0)= X cne?, (B2)
for 0<6< 2, be such that ¢(0)70 and
2 |da] <o, (B3)
where
5 dueini= a9 4 (9). (B4)

n=—=o0

For the purposes of Sec. 5, a=3%. Without loss of gen-
erality, we can choose a such that In¢(6)+7f is con-
tinuous and periodic. We also assume that 3 ,—¢®|va|
converges.

By the Wiener-Levy theorem,? we can find G (§)
and G_(¢) such that, for |£| =1,

I Y datr=Ge(D+G_ (D), (B5)

where G,.(¢) is analytic for |£| <1 and continuous for
|£] <1, while G_(¢) is analytic for [£/>1 and con-
tinuous for |£|>1. By the procedure of Wiener and
Hopf, let
Zn= Z Cn—m¥m (B6)
m=0

for n<—1, and define
X($)= ;0 k",
n=0
and

Z®)= % mi

n=—00

22 See, for example, Chap. VI of Ref. 10.

(A8)

(A9)

We look for solutions that satisfy Y n—0®| .| < . Thus
both X (¢) and Y (¢) are analytic for |£] <1 and con-
tinuous for |£| <1. Because of (B3), limu,_.#%. exists
and Z(§) is analytic for |£/>1, and continuous for
|£]|>1 but £3#1, the singularity at £=1 being loga-
rithmic. It then follows from (B1) and (B6) that, for
[£]=1,

COXE=Y®+Z(®), (B7)

where
C(e?)=¢(0). (B8)

By (BS), (B7) can be rewritten in the form, again for
|E[=1.

X (1= 5= exp[— G4 (D]
=V () U—g)2expG_())+Z()(1—£)=
XexpG_(§), (B9)

or

X (&) (A—§)~exp[—G+(8)]
—[¥V(EA—&)expG_(§) 1+
=[YV(®A—&")expG_(§ 1 +Z(HA—-E) "

XexpG_(§) (B10)

provided that a<<1. The right- and left-hand sides of
(B10) are thus analytical continuations of each other
and they together define a function that is analytic
everywhere except possibly at £=1 and approaches zero
at infinity. Moreover, since, for £ near 1, this function
is bounded by — |1—&|~*In|1—¢| multiplied by a
constant, there is actually no singularity at £=1 for
a< 1. Therefore,

X&) A—§) = exp[—G(8)]

—[V(®A—&")expG_(£)1,=0, (B11)
or
X(&)=(1—&LexpG.(8)]
XY (OA—=gY = expG_(§) 1. (B12)

Consequently, for 0<a<1, the Wiener-Hopf equa-
tion (B1) has a unique solution given by (B12). This
is the case relevant to Sec. 5. For «<0, (B1) does not
have a solution that satisfies 2 ,—0®|%,| < o unless

@/de)" [V (A=) expG_ ()| e=a=0 (B13)

for all integers # such that 0<#<—a; if (B13) is satis-
fied, the solution is unique. For a>1, the solution of
(B1) is not unique.



