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In this paper the subject of radiative equilibrium of a free-electron gas in a uniform magnetic field is
studied on the basis of Landau’s quantized particle motion of the electrons and the “Golden Rule” of time-
dependent perturbation theory. The analysis presented here is somewhat analogous to the quantum theory
of blackbody radiation. It is shown that the radiative equilibrium between electrons and their radiation
field arises as a consequence of a balance between the two competing processes: photon emission (spon-
taneous plus induced or stimulated emission) and photon absorption. A coupled set of equations, one de-
scribing the time evolution of the photon distribution function and the other describing the time evolution
of the electron distribution function, is thus derived. A simple closed-form solution of the equation for the
time rate of change of the photon distribution function is presented for situations where absorption exceeeds
the stimulated emission. This solution yields equations for the steady-state photon number density and the
radiative relaxation time. It is shown that the steady-state photon number density is the familiar distribution
function corresponding to Bose-Einstein statistics for “complete thermodynamic equilibrium.” The con-
ditions for the existence of overstabilities near the cyclotron frequency and its harmonics are also discussed.
The equation for the time rate of change of the electron distribution function reduces, in the classical limit,
to a Fokker-Planck equation in which there appear the usual “diffusion’’ and “dynamical friction” terms.
In the classical limit, it is shown that this coupled set of equations (one describing the time evolution of the
electromagnetic energy density and the other describing the time evolution of the electron distribution func-
tion) is self-consistent, by proving that the average rate of loss of z momentum of the electrons as predicted
by one equation is equal to the average rate of gain of 2 momentum of their radiation field as predicted by the
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other equation. The z axis is chosen to be along the uniform magnetic field.

I. INTRODUCTION

T is well known that a particle of charge ¢ and mass

» when placed in a uniform magnetic field B= Bz,
performs a circular cyclotron motion in a plane per-
pendicular to the uniform magnetic field with a char-
acteristic fundamental frequency wy=(¢B/uc). Such a
circular motion of the charged particle is equivalent to
that of an electrical harmonic oscillator. Thus, a free-
electron gas placed in a uniform magnetic field is
equivalent to a statistical system of a large number of
electrical harmonic oscillators possessing the same
fundamental frequency ws According to quantum
theory, these electrical harmonic oscillators will emit
and absorb electromagnetic radiations of frequencies
wi=Ilwp, where the harmonic number / may take any one
of the values 0, 41, &2, ---, =, The emission and
absorption at the zeroth harmonic of the electron
cyclotron frequency ws (that is, when I=0) is essentially
due to Compton recoil. The positive values (that is,
=41, 42, ---, +») and the negative values (that
is, I=—1, —2, ---, — ) of I correspond to emission
and absorption of circularly polarized plane electro-
magnetic waves (or photons) whose sense of rotation is
the same as and opposite to that of the gyrating elec-
trons, respectively. It is our aim in this paper to study
the approach to radiative equilibrium of such a coupled
system of electrons and their radiation field in the light
of elementary nonrelativistic quantum mechanics.
This subject of radiative equilibrium of a free-electron
gas in a uniform magnetic field is, of course, somewhat
analogous to the quantum theory of blackbody radia-
tion. It may be recalled that, according to Planck
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and Einstein,? the blackbody radiation spectrum is
simply a manifestation of the radiative equilibrium be-
tween the material oscillators on the walls of the cavity
and their radiation field (that is, the equivalent radia-
tion-field oscillators). It is our aim in this paper to ex-
amine the radiative equilibrium between the material
oscillators (that is, the gyrating electrons) within a box
of volume L?® (say) and their radiation field inside the
box. It is therefore clear that there is a very close
physical similarity between a blackbody and a free-
electron gas placed in a uniform magnetic field. In this
paper we will use this physical similarity as a guide for
our mathematical discussions.

We will begin by assuming Landau’s quantized
particle motion of the electrons in a uniform magnetic
field and calculate the transition probabilities for emis-
sion (spontaneous plus the induced or stimulated emis-
sion) and absorption of a photon of momentum 7k,
energy fwy, and polarization vector e, by an electron
in some initial quantum state by making use of the
Golden Rule of time-dependent perturbation theory.
From these, we will derive a coupled set of equations
for the time rate of change of the photon and electron
distribution functions. This pair of equations provides a
simple physical picture of the way radiative equilib-
rium is established between the electrons and their
radiation field. We will then solve the equation for the
time rate of change of the photon distribution function
and then show that this solution reduces to the familiar

1. K. Richtmyer and E. H. Kennard, Introduction to Modern
Physics (McGraw-Hill Book Company, Inc.,, New York, 1947).

2 L. 1. Schiff, Quantum M echanics (McGraw-Hill Book Company,
Inc., New York, 1955).
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distribution function corresponding to Bose-Einstein
statistics for “complete thermodynamic equilibrium”;
and it yields the familiar two-stream instability for the
zeroth harmonic of the electron cyclotron frequency and
the familiar overstabilities near the cyclotron frequency
and its higher harmonics. We will also calculate the
radiative relaxation time of the system under study.
We will then examine the classical limit of this coupled
set of equations and show that this pair of equations is
self-consistent and that the classical limit of the equa-
tion for the time rate of change of the electron distribu-
tion function is a Fokker-Planck equation.

II. GENERAL THEORY

We consider the motion of a free electron of charge ¢
and mass u in a uniform magnetic field B=Bz,. [See
Fig. 17]. Let
R=uxi 4yt 42t =1+421.,
V=2v,,+v,8,+v.i,=v+v.i., 1)
P= Pxiz_*"pyiy_*"Pziz: p+pziz

be the position, velocity, and canonical momentum

vectors of the electron. One can show that the energy-
level spectrum of the electron is given by?+*

Enp,= (”+%)hwb+1722/2ﬂv ) (2)

where #=0, 1, 2,- - -, and wy=(¢B/uc) is the electron
cyclotron frequency. The nonzero matrix elements of
the perpendicular velocity and position operators v.,
vy, %, and y are given by*

Vo, oy = — Wy ny = (H2p/2u) 120112~ i0n

Vag, 0= Wy, o= (h0v/2) P 2eion (3a)
Xn,n—1= ——iyn,n_],: —i(h/Zuwz,)l/%l/?e‘N’" y
Xn-1,0=1Yn—1,a=1(1/ 2uwy)Pnt2ein, (3b)

where ¢, is an arbitrary phase factor and the matrix
elements of e*#:* are given by

<P2/ I eiikﬂ I P2>= 6?:'vfz:*:hkz . (4)

The photon-electron interaction Hamiltonian that is re-
sponsible for transitions in which only one light quan-
tum is involved is given by*5

q /]
Hint= ——(v—i- —’iz) ‘A, )
c u 9z

3L. D. Landau and E. M. Lifshitz, Quantum Mechanics
(Addison-Wesley Publishing Company, Inc., Reading, Mas-
sachusetts, 1958).

4V. Arunasalam, Princeton Plasma Physics
Report No. MATT-439, 1966 (unpublished).

5W. Heitler, The Quantum Theory of Radiation (Clarendon
Press, Oxford, England, 1954).
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F1G. 1. Motion of an electron
in Cartesian coordinates.

where the vector potential A(R) for the radiation field
in a box of volume L? can be written in terms of the
usual creation and annihilation operators as

> ers(arse™R4apfeER),  (6)

s=1,2

21rhc"’)1’ 2

Am)-(
k \ L3wyg
where k-£,,=0 and |e:|2=1. Each term in Eq. (6)
represents light quanta all having a momentum #k,
energy %y, and polarization vector e,. According to
time-dependent perturbation theory, the transition
probability j(f;i) from an initial state |7) of energy E;
to a final state | f) of energy Ey is given by®

3(f38)=2n/B) | {f|3Csms| 8} | 0(E;— E).  (7)

It is our aim in this paper to examine the way in
which radiative equilibrium is established as a con-
sequence of the photon-electron interaction [see Eq.
(5)]. The fundamental emission (spontaneous plus in-
duced or stimulated emission) and absorption processes
that will drive the coupled electron-photon system to-
wards radiative equilibrium are illustrated in Fig. 2. The
two fundamental processes of emission jz(2a¢) and absorp-
tion j4(2a) illustrated in Fig. 2(a) will determine the
time rate of change of the photon distribution function,
while the time rate of change of the electron distribu-
tion function will be determined by the four funda-
mental processes of emission jz(2a), 7z(2b) and absorp-
tion 74(2a), 74(2b) illustrated in Fig. 2(a) and Fig. 2(b).

From Egs. (1), (2), and (4)—(7) we get the following
transition probabilities for absorption j4 and emission
jz of a photon of momentum 7#k, energy hwy= hlws
(where the harmonic number / may take any one of the
the values 0, =1, +2, ---, Z=«), and polarization

(N ys~1)photons
—

F T
] ] ufl;pl Nks pholons
e
Ny +1) photons Igl2a) Jp(20)
b Fig. 2 Enp,
(Nks-1) photons e 13
n,
bl ] ] i N g Photons
jg(2b) jaleb) —
(Nyg+ 1) photons
Fig.2b. En-t,p,

Fic. 2. Emission and absorption of a photon
by a “Landau electron.”
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vector &, by an electron
74(2a) = N MH(n+-1,1) 80, 0, ks

X o[ wr—lwy—k.(v,+hk./2u) ],
J8(20)= (Nt 1) M~ (n,n+1)80, 00+ 1t/

X o[wp—lwpy—k.(v.~4Ak./2u)],

jA (Zb) = NksM+(n;n_ l) 61}:".1& —hkz/u

X o[ wr—lwy—k.(v.— tik./2u) ],
jE(Zb) = (Arks_}- I)M.—(n— l;”) 67);".11; —tik:/p

(8a)

X 5[(01:"14%“/32(7}:" th/z.u)] s (8b)
where
472g? k., ) 2
ME(m,mn)= ( ) '(m ] (v:l:———iz> e, 12) 9)
L3hwy, "

and NV, represents the number of light quanta all having
a momentum 7k, energy #u;, and polarization vector
ers. To evaluate the matrix elements appearing in Eq.
(9) we will use the simplest form of the multipole
expansion

etikr= 1kt kyy)— (1/20) (ko +hyy) - - -
=14 i(k.{.f_"i_ k_1’+)

—(1/2) (kyr—thr )+, (10)
where
ky=(1/V2)(kskik,), (11a)
and
’ re=(1/V2)(w=£iy) (11b)

and the nonzero matrix elements of 7, and r_ are given

by
Pingn= Ty ) ¥ =1(1/ucy) 21 (12)

where the asterisk means the complex conjugate.

It is clear from the symmetry of the problem under
study that the uniform magnetic field B=B7, defines
the %, axis uniquely while the 7, and 7, axes are not
uniquely defined. That is, the 7, and %, axes can be
taken as any arbitrary pair of two mutually orthogonal
axes in a plane perpendicular to B= B?,. We now average
Egs. (8a) and (8b) over all such arbitrary pairs of axes
(i,,%,) since it is not very meaningful to distinguish be-
tween any two of such arbitrary pairs of axes (,,%,)
and we will designate such an average by an angular
bracket around the appropriate quantity. It is relatively
easy to show that

(- rs) (35 £10) )= { (£ &1s)*) 45, (13a)
where 7, j=ux, y, and z. Further, one can show that
(G ere)?)=((1y &rs)*)= 3)[1— (.- &xs)*]  (13b)
since exs-exs=1. From Egs. (9), (13a), and (13b) we
obtain
M (m,n)=M (nym)=M*(m,n)y=(M*(n,m))
= (4n%q%/ L¥hor){3[1— (7. &xs) 7]
XL (m|veetr | n) |24 | (m | vyex | )| 2]

+(iz' sks)z(ihkz/ﬂ)zl <m I eﬂ:ik~rl ”)l 2} ’ (14)
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since the perpendicular velocity and position operators
v and r are Hermitian.

Let NoF(E,,v.) represent the number of electrons per
unit volume which are in the quantum state |E,,v.).
That is, F(Env;) represents the probability that an
electron will have a transverse energy E,=(n-+3)hw,
in the (,,4,) plane and a longitudinal velocity », along
the 7, axis. We will assume that this probability func-
tion F(E,,v.) is normalized so that

/ v, 3 F(Enp)=1. (15)

n=0

We now consider the way in which radiative equilib-
rium is established. We will compute (9Vg,/d¢) and
[0F(E,,v.)/0t], the time rate of change of the photon
and electron distribution functions, in consequence of
the photon-electron interaction [see Eq. (5)]. Using
Egs. (8a), (8b), (14), and (15) we will now calculate
(0Ns/0t), and [0F(Enw.)/0t];, corresponding to the
emission (spontaneous plus induced or stimulated emis-
sion) and absorption of photons of energy = Alws,
where the harmonic number /=0, 1, 2, -+, &=,
The absorption and emission at the zeroth harmonic of
the electron cyclotron frequency (that is, when [=0)
are essentially due to Compton recoil. The positive
values (thatis, I=+1, 42, - - -, + ) and the negative
values (that is, /J=—1, —2, ---, — ) of I correspond
to absorption and emission of circularly polarized
photons whose sense of rotation is the same as and
opposite to that of the gyrating electrons, respectively.

We recall that in the box of volume L? we have Ny,
photons all having a momentum #k, energy #w;, and
polarization vector . Hence the photon number
density is Ny./L? By applying the principle of detailed
balance for the transition probabilties per unit volume of
emission and absorption, we obtain from Egs. (8a),
(14), and (15)

(;;(Nks/l,‘*))l: / dv:é

X {NOF(En-H,vz/XjE(za,»“ ‘NOF(EM'UZ) (jA(za)>} .

That is,

azvks d
( > =/dv, > {L3N M (n,n+1)
ot 1 n=0

Xo[wr—lws—k.(v.~+tk./2u) ]
XN+ 1)F(En+l;vz+hkz/”)_ATksF(Em”z)]}» (16)
where (7) is the average value of j averaged over all

possible choices of axes 7, and ,. From Egs. (8a),
(8b), (14), and (15) we find that the time rate of change
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of the electron distribution function may be written
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OF (En,v,) . . . . . : .
<W> =2 2 [F(Luw0)(j(20))— F(L0,0.)(Ga(2a))+F (1,0, )(§4(26) )= F (Eny0.){52(20)) ]
.

ot

k s=1,2

=2 2 A[Mnn+0D) I [ wi—lws— k(04 o/ 2u) LN ks V) F(Bya,v.4 b/ 1) — NioF (Eny2.) ]

k s=1,2

+ LM (0~ 1) J8[eor—lwop— Fa(0s— Tleo) 2) TN 06T (B —,00— lk/ ) — (Nt D) F(Eno) Ty . (17)

Equation (17) may be called the “master equation”
in accordance with the terminology used in the con-
ventional transport theory.® In Eq. (17), the summa-
tion over k may be written

2L 11— / dk (density of points in k space)[ ]
x

=<2_[;>3/d9k/0w kdEL ], (18a)

where dQy is the element of solid angle. If the medium in
which the electrons are located has a static dielectric
constant D, then Dyw;?=c%2. Thus

kdk= - (Dokawr/cV)dw,= == (Dol/2/c) o, dar.
Using Eq. (19), Eq. (18a) becomes

2L ]—»(Li’:lz)s / dQy, [ Zdwkwﬁ[ 1. (18b)

(19)

The coupled set of Egs. (16) and (17) for the photon
and electron distribution functions provides a simple
physical picture of the way equilibrium is established
between the electrons (that is, the particle oscillators)
and their radiation field (that is, the field oscillators).
It may be noted that the first and third terms of Eq.
(17) represent the gain of electrons in the state |#,v.)
as a result of emission (spontaneous plus induced or
stimulated emission) and absorption of photons of
energy hw,=hlwy, (where the harmonic number /=0,
+1, 42, -+, ), while the second and last terms of
Eq. (17) represent the loss of electrons from this state
|%,.) due to photon absorption and emission. It is
therefore clear that the radiative equilibrium arises
as a consequence of a balance between the two compet-
ing processes: photon emission (spontaneous plus in-
duced or stimulated emission) and photon absorption.
This is hardly surprising since this is how Albert
Einstein gave the first systematic deduction of Planck’s
radiation formula.

Let us now examine the terms of Eq. (16) in some
detail. In Eq. (16) we write

(1\7k3+ 1)F(En+l,7)z+ hka/l") - ZVMF(E",'U,)
= Nis[F(Eny1,0: o/ ) — F(Eny0.) ]
+F(Enti,vthk./n).  (20)

6 C. Kittel, Elementary Statistical Physics (John Wiley & Sons,
Inc., New York, 1958).

Tt is clear that the first and second terms in square
brackets of Eq. (20) represent the contributions from
induced or stimulated emission and absorption, re-
spectively, while the third term on the right-hand side
of Eq. (20) represents the contribution from the spon-
taneous emission of photons. Usually,

I;=/d’uz&[wk—lwb——kz(vz—l—hkz/zl.c)]
X[F (Enyr,vatTtke/n)— F(Eny.)]<0,

for /=0, 1, 42, ---, d, and consequently the
absorption exceeds the induced or stimulated emission.
But if, under certain circumstances, the probability
function F(F,,.) exhibits an inverted population of
states such that I;>0, then the induced or stimulated
emission will exceed the absorption and consequently
the system of electrons will exhibit maser action for
photons of frequency wi=Ilw; (where the harmonic
number /=0, +1, &2, .-, 4w). It will be seen
later that, for the zeroth harmonic of the electron
cyclotron frequency (that is, for /=0), the condition
1,>0 yields a two-stream instability for large electron
drift velocities, and for /0 the condition I,>0 yields
the familiar overstabilities” near the cyclotron frequency
and its harmonics for some values of 7', and 7',. Here
T\, and T, are the kinetic temperatures of the electrons
in directions parallel and perpendicular, respectively,
to the uniform magnetic field B= Bi.. It is clear that
when conditions are such that I;>0, (d.V,/8t);>0
and consequently, according to Eqgs. (16) and (17), there
is no possibility of radiative equilibrium. What may
happen is that the number of photons Ny, will keep
increasing until limited by nonlinear effects in the set
of coupled equations (16) and (17), combined with the
effects of the higher order terms which have been
neglected in Egs. (5) and (7) [that is, the effects of the
higher order terms which occur in the improved form
of Eq. (7) due to Heitler and Ma® and those arising
from the A? term which have been neglected* in Eq.
®)]

If conditions are such that I;<0, then Eq. (16) has
an equilibrium solution. If at time /=0 the number of
photons N,=0, then the solution of Eq. (16) for a
uniform homogeneous system is

1\7k8=Nks(0)[1_e*'yz(wk)tj’ (22)

7T. H. Stix, The Theory of Plasma Waves (McGraw-Hill Book
Company, Inc.,, New York, 1962).

(21)
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where
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Jdv. S M(nn- D) er—loy—kaoFbe)/26) 1 (v 0s-t B/ )
n=0

Np© =

(23)

Jdve S M n-D)3eon—los— (ot b/ 20) TP (Bny)— F (Enioo bk ) ]
n=0

is the number of photons at steady state (that is, when
0=0N4,/d¢), and

- / dv, S [LNM(nnt+1)]

n=0
X 6]:wk—lwb— kz(vz+ hkz/ZM)]

XF(Enye) = F(Eny1,vetk/n)]. (24)
From Eq. (24) we obtain the radiative equilibrium time
or the radiative relaxation time /;(w;) for radiations of
frequency wi=Iw;, (where the harmonic number /=0,
+1, £2, -+, ),

t(wr)=1/vi(w). (25)

It is therefore clear from Eq. (22) that the number of
photons N, of momentum 7%k, energy %w,= #ilws, and
polarization vector e, (in the box of volume L? under
consideration) will increase with time towards a steady-
state value of Ny, @ as given by Eq. (23).

It is instructive and physically interesting to examine
Egs. (23) and (24) when the system of electrons is
very near thermodynamic equilibrium. We may do this

by assuming that F(En,p.)—F©(E,,v,)=AF(E,.)
KFO(E,,3p.), where F©(E,5,) represents the proba-
bility function at thermodynamic equilibrium. For
simplicity we further assume that the system of elec-
trons under consideration is nondegenerate and thus
FO(E,9,) is given by the canonical ensemble distribu-
tion function.®8 We write

FO(Eny.)=F, O(E,)Fu©(v.), (26)
where

Fl (0)<En) =2 Sinh(hwb/ZKTl)
Xexp[— (n+%)hws/xT,]  (27a)

and

Fu®@(v.)=(1/v/7)(1/v1) exp[— (v:—va)%/vu%], (27b)

where

o= (2T /u)/2. (28)
Here | and || refer to directions perpendicular and
parallel, respectively, to the uniform magnetic field
B=Bi.; T is the kinetic temperature of the electrons;
and « is the Boltzmann constant. By replacing F by
F® in the right-hand side of Eqgs. (23) and (24), we
obtain

1Vks<0) ~ (

and
L3N 2 sinh(Zws/2xT))

’Yz(wk):( 7r”2vu]kz|

1
exp(lhwy/kT1) exp[ A(wr—lws—kva)/k T ]— 1)

(23)

){l—exp(—lluob/le) exp[ — #(wr—lwy—kva) /T ]}

Xex —|:
P k.ou

Equations (22), (23"), and (24') represent the linearized
solution of Eq. (16). For “complete thermodynamic
equilibrium,” F(Enp,)=F®(E.w,) and T,=T=T
(say) and v4=0, then Egs. (23) and (23') yield

(29)

(BE) = ).
Nks (eﬁmk/KT___ 1)

This is the familiar distribution function corresponding

wk——lwb—kz(vd—l— hkz/Z,u):r 0

{2 M(nn+l) exp[— (n+3)hes/xT.]} . (24)

n=0

to Bose-Einstein statistics.®® This result is hardly
surprising since the problem under study (that is, the
subject of radiative equilibrium of a free-clectron gas in
a uniform magnetic field) is, of course, somewhat
analogous to the quantum theory of blackbody radia-

* K. Huang, Statistical Mechanics (John Wiley & Sons, Inc.,
New York, 1963).

L. D. Landau and E. M. Lifshitz, Statistical Physics (Addison-

Yggssl)ey Publishing Company, Inc., Reading, Massachusetts,
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tion. It may be recalled that, according to Planck and
Einstein, the blackbody radiation spectrum is simply
a manifestation of the radiative equilibrium between
the material oscillators on the walls of the cavity and
their radiation field (that is, the equivalent radiation-
field oscillators). But Eq. (23') is simply a statement
of the radiative equilibrium between the material
oscillators (that is, the gyrating electrons) within the
box of volume L? under consideration and their radia-
tion field. Thus, there is a very close physical similarity
between a blackbody and a free-electron gas placed in a
uniform magnetic field.

Let us now take a look at the condition 7,>0 [see
Eq. (21)7]. It is relatively easy to see that ;>0 implies
that

lhws h(wk-—lwb-— kzvd)
f <0

KT_L I KTII
That is,

Wk_kz‘vd<lwb(1_T”/T1). (30)

It is clear that Eq. (30) represents the necessary condi-
tion for a two-stream instability for /=0, and for
170 this equation represents the necessary condition
for overstabilities near the cyclotron frequency and its
harmonics.” Under these conditions Egs. (23) and (24")
are invalid and Egs. (16) and (17) do not possess any
equilibrium solution.

Let us now examine specific cases corresponding to
the values of the harmonic number / equal to 0, +1,
and =42 in some detail.

III. DETAILED CALCULATIONS FOR A FEW
VALUES OF THE HARMONIC NUMBER !

A. Harmonic Number /=0

For the zeroth harmonic of the electron cyclotron
frequency, we obtain from Egs. (3a), (10), (12), and (14)

w2q*h
1) =(E2 AT+ 1 o))
L3wkﬂ2
+4kz2(i2'£k8)2}, (31)
where R
2=kl b=k k2= 1— (5, £)2].  (32)

Here k=k/k is the unit vector along the photon mo-
mentum #k. In Eq. (31) we have retained only the
leading terms in the multipole expansion. Using
Eq. (31) in Eq. (24') we obtain

%0,

Yo(wr)= (W){i[‘l«"‘f'?)z)av*f‘ 1]

Xk12[1 - (’22 . Sks)2]+4kz2('iz . 8Ics)2}
X {1—exp[— #(wr—k.va) /T ]}
wk_‘kz(vd‘l‘ hkz/zﬂ)]z , (33)

|2

Xexp—l:

RADIATIVE EQUILIBRIUM

107
where
(D= T (DO,
n=0
1
~(++
exp(fuwy/kT1)—1
exp(fws/kT1)+1
! ) (34)
Lexp(fewn/xT1)— 172
and

wy’= (47N og*/ ) (35)
is the plasma frequency of the free-electron gas under
study. From Eq. (34) one finds that for Awy&«xT},
((m43)2)ay = (xT1/ hwy)?. Thus, we find that the classical
limit of Eq. (33) becomes

. 7r”2T1Klel2wp2 wk_kz'vd
(e

ZTll#wbzwk ’Un!kzl

wk~kzvd

Xexp—(

) [1—(.as)?].  (36)

2011

This is the radiative relaxation frequency (that is,
the reciprocal of the radiative relaxation time) of a
classical plasma in a uniform magnetic field for the
case corresponding to /=0.

If &, represents the energy in the electromagnetic
wave of wave vector k and polarization vector &,, then

é’ks=f\7kshwk. (37)

Then the classical limit of Eq. (23) becomes

w
lim 8@ = lim Neo®oe=(xTr) (*k) (38)
Wr—RVq

#—0 h—0

Equation (38) gives the steady-state emission of elec-
tromagnetic waves of wave vector k and polarization
vector e, near the zeroth harmonic of the electron
cyclotron frequency by a classical plasma placed in a
uniform magnetic field. As seen from Eq. (21), Eq.
(38) is wvalid only if koe<ws It is clear that
limp oo 8ks©® —large values as kwea— w; and the
system of electrons tends towards the conditions ap-
propriate to that of two-stream instability or inverse
Landau damping. If the medium in which the electrons
are located has a large value for its static dielectric
constant Dy, then one may be able to achieve the condi-
tion k,v4>wr=(ck/Dy'/?) in practice.

Let us now examine the classical limit of the coupled
set of Egs. (16) and (17). We may do this with the aid
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of the following relations:
En=(n+3)hop— E\;=3m?,
F(En0;) = F(Eyp.),

S0 / dEL ],

n=>0

F(E 1,07 hk,/u) — I:l:t(hlw
BEL M [P

W, 9\ 17k, 8
oLeon—leoy— (v, ks /zﬂ)]-,[li< >+_< 2

2u 00,/ 2
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hk, 0 9 hk., 9
>+%<hl&)b““‘+ _“>
0E, u dv,
0 hk, 9
><<hlwb‘+‘— ‘)‘f*‘ : ‘:]F(Elﬂ'z) )
GEL M avz
><hk; 9\ n jl i
—_— s o[ wr—lwp—Fkov, ) 39
.o é)v) il ] (39)

where E, is the kinetic energy of the electrons in a plane perpendicular to the uniform magnetic field B= Bz..
On making use of Egs. (31), (35), (37), (39), and (18b) one finds, after a certain amount of algebra, that the
classical limits of the coupled set of equations (16) and (17) for /=0 become

2wy
and
OF (Ep.) 2wk, (11— (3, 21) %]
()5

Il

47w pc® s=1,2

q2D03/2 0 Wy
( >/d9k Z dwkwkklz[l - (iz ’ sk.s)2:llclz[<_

<a‘g’”> / " / <”°’ LG %)2]) L(ﬂghs)[a( kszoF(El,vz)]Ha(wk—kzv»F(sz)J], (40)

>Elz[(i:fgks>90[a<wk—kzanoF(El,vz)J«rQo[a(wk—kz.mF(El,vz)JJ

glcs)QO

\Wp

X [5(6%—/szz)QoF(EL,Wz):|+Q0[5<wk_kzvz)F(El;vz)]jI ’ (41)

respectively, where the linear differential operator Qo is

Qo=<kz a>' 42)

MWD avz

The first term of Eq. (40) represents the rate of damping
(that is, the so-called Landau damping, the rate of
dbSOI‘pthn minus the rate of stimulated emission) of
the electromagnetic waves, while the second term of
this equation gives the appropriate classical rate of
spontaneous emission of the electromagnetic waves.
It is seen that Eq. (41) is a Fokker-Planck equation
whose first and second terms represent a “diffusion” and
“dynamlcal friction,” respectively, in the usual sense.
Tt is interesting and physically instructive to examine
the self-consistency of the coupled set of Egs. (40)
and (41). We may do this by examining this coupled
set of equations for conservation laws of z momentum.
That is, we now wish to show from Egs. (40) and (41)
that the average rate of loss of the z momentum of the
L3N electrons in the box of volume L? under considera-

tion is equal to the average rate of gain of the 2 momen-
tum of the radiation field inside the box.

The average rate of gain of particle z momentum

6F(El,‘v2)
=/dEl/dsz3No,uvz<————>
a1 0
L3w, 2Dy
~~/(iFl/dvz< )
167(' /J,wb
(43)

X / A% Y [1— (5 ers)?] / dosroork s, E2X

s=1,2
where

Xo= {[((’-’b/w k)gks:[a(wk—ksz)QOF(EL:WZ)]

+[8(ewr— k) F(En) ). (44)

In obtaining Eq. (43) from Eq. (41) we have carried
out an integration by parts and the second term result-
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ing from the integration by parts vanishes at v,=-,
Since the photon z momentum= #k,= fuwi(k./ws), Wwe
obtain:

The average rate of gain of the z momentum of the
radiation field

k2\ /08ks

-+ 2,050,
s=1,2 a¢
Liw,?Dy3'?

fofulty
167 2uws2c®

X/dﬂk Z [1—(iz'£k3)2]/ dwkwkkﬁszl?Xo.

s=1,2

In obtaining Eq. (45) from Eq. (40) we have made use
of Eq. (18b). Thus, from Egs. (43) and (45) it is clear
that the average rate of loss of the particle z momentum
as predicted by Eq. (41) is exactly equal to the average
rate of gain of the 2 momentum of the radiation field
as predicted by Eq. (40). This result is hardly surprising
and is simply a manifestation of the -momentum con-
servation relations implied by the Kronecker &’s of
Egs. (8a) and (8b). The Dirac & functions of Egs. (8a)
and (8b) indicate the conservation of total energy.

B. Harmonic Numbers =41 and I=—1

When the harmonic number ! take the values -1
and —1, we obtain from Egs. (3a), (10), (12), and (14),

n+1 } (271'2g2w1,)
n L3uwy,

[[1 (1) ]+(zb)2w<z, >] (46)

{n-}-l}

n

means that (#»+1) belongs to M(n,n-+1) and # be-
longs to M (n,n—1). In Eq. (46) we have retained only

the leading terms in the multipole expansion. Using
Eq. (46) in Eq. (24') we obtain

% %0,
W)=\ ——————— 1'— Az' s 2
ya(en) (WHIM)[[ (1o-20)"]

Mnntl)= {

where the term

+(%>2k12(iz-Sks)z]l:("-i-%)av:i:%]

X {1— exp(F hwp/kT1) exp[ — A(wiFwr—k:va)/kTu ]}

wk:wa—kz(vd—i— hk,/z;.;):r , (47)

Xexp——l:
ksvn
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where

1 U O |
(2 ( - mwb/m)—l) L s

From Eq. (48) one finds that for

hop kT, {(n+3))av= (kT1/ hsp) .
Thus, we find that the classical limit of Eq. (47) becomes
Jim s = (2 1= w1

Tl(wk:wa_ k;ﬂ)d)
¥ )

Thws

%W p%wp

wk'v.||k !

wk:wa—k,vd 2
———————) . (49)

Xexp—(
kv

vi1(wr) and y_i(wx) are the radiative relaxation fre-
quencies of a classical plasma in a uniform magnetic
field for radiations of frequencies wr=w; and wi= —ws,
respectively [that is, v41(ws) and y_1(ws) are the radia-
tive relaxation frequencies appropriate to circularly
polarized plane electromagnetic waves whose sense of
rotation is the same as and opposite to that of the
gyrating electrons, respectively]. Using Eq. (37), the
classical limit of Eq. (23') may be written

o

Im k) rmg1= (kT . (50
<h-'0 * )l = ( ll)(wk_k;‘vd:wa(l-'T”/Tl)> ( )
Equation (50) gives the steady-state emission of cir-
cularly polarized plane electromagnetic waves of wave
vector k near the electron cyclotron frequency by a
classical plasma placed in a uniform magnetic field.
(I=+41 and I=—1 correspond to radiations whose sense
of rotation is the same as and opposite to that of the
gyrating electrons, respectively.) For the case of
I=+1, it is clear from Eq. (21) that Eq. (50) is valid
only if wp—Fkps>we(1—T1/Ty); and when wp—Fk.vq
<wp(1—Ty/T,) the system under consideration is
unstable in this linearized theory and such a state is
usually referred to as the condition of cyclotron over-
stability. Similarly for the case of /=—1, Eq. (50) is
valid only if wi—k.0a>—wp(1—T1/T,), and when
wr—kpa<—wp(1—Ty/Ty) the system under study is
unstable.

On making use of Egs. (46), (35), (37), and (39) one
finds, after a certain amount of algebra, that the clas-
sical limits of the coupled set of equations (16) and (17)
for =41 and /=—1 become

(2) 0l ]

wy
X El[<—6k‘>[6(wk:l:ct)b— kz‘vz)Q:th(El’vz)]
W

i[a@k:.:wb-kzv,)F(El,vz)]], (51)
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and
(0F(E1,vz)) 5 (27r2q2wb[1 — (2. cks)“’])
ot iI_ k s=1,2 L3uwy,
Wh
X [(_"ng> {(14+EQ41)
Wi

X [:5 (wk:wa_' kzvz)Qi1F<El;v2):|}

(52)
=+ { (1+E1Qi1) [5(wkq:wb_ kzvz)F(El;vz)]}:l7

respectively, where the linear differential operators
Q41 and Q_; are

0 ( d k. 0 )
1= —=% —).
* 6E_L MWy 67);

(53)

In deriving Eq. (52) from Eq. (17) we have made use
of the relation

l¢]
a—E—Eé(wk—lwb—kzvz):|=0 (59

1

for any value of the harmonic number / since the above
8 function is not an explicit function of the perpendicular
energy E,. To evaluate the sum X in Eq. (52) one has
to simply use the prescription of Eq. (18b). The first
term of Eq. (51) represents the rate of damping (the
so-called cyclotron damping; that is, the rate of absorp-
tion minus the rate of stimulated or induced emission)
of the electromagnetic waves, while the second term of
this equation gives the appropriate classical rate of
spontaneous emission of the electromagnetic waves.
Since E,=uv?/2, (8/0Ey)=(1/uv)(8/dv). It is therefore
apparent that Eq. (52), which is the classical limit of the
“master equation,” Eq. (17), is a Fokker-Planck equa-
tion whose first and second terms represent a “diffusion”
and “dynamical friction,” respectively. It may be
pointed out that Pines and Schrieffer'® have previously
obtained somewhat structurally similar equations for
electron-plasmon and electron-phonon systems. But
it must beborne in mind that in this paper we are
dealing only with transverse photons (that is, transverse
bosons) and not with longitudinal and scalar bosons
such as the plasmons or phonons.

Let us now show by examining the conservation
laws of the z momentum that the coupled set of equa-
tions (51) and (52) is self-consistent. That is, we will
now prove that the average rate of loss of z momentum
of the electrons as predicted by Eq. (52) is equal to the

10D, Pines and J. R. Schrieffer, Phys. Rev. 125, 804 (1962).
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average rate of gain of the z momentum of their radia-
tion field as predicted by Eq. (51).

The average rate of gain of particle z momentum

6F(E1,7)z)
= [ dv, dE1L3No,u'uz<——~—>
a i

- [, famE 5

k s=1,2

Gwﬁ[l—(@-skoﬂ)

k.
X (—)Elx:,:,l , (55)
where o
X 1= {[ (wo/wr) rs J[8(wrFws—k:0.)Qs1F (E1p.) ]
+[0(wrFwr—k2,)F(ELv,)]}. (56)

In obtaining Eq. (55) from Eq. (52) we have carried
out two integrations by parts, one over dE, and the
other over dv,, and the constant terms resulting from
the parts integrations vanish at E;=0 and E,=-4
and at v,=o4-co.

The average rate of gain of the z momentum of the
radiation field

k2\ /98ks
= ()G
k s=1,2 \wg ot +1

-z

~@)x T [ / dE1<§w,,2[1— (e,eks)ﬂ)
x(j;:)Elxil, (57)

where we have made use of Eq. (51). Thus, it is readily
seen from Egs. (55) and (57) that the total  momentum
of the electrons and their radiation field in the box of
volume L? under consideration is really conserved.

C. Harmonic Numbers =2 and I=—2

Similarly, when the harmonic number / take the
values +2 and —2, we obtain from Egs. (3a), (10),
(12), and (14).

(n+2)(n+1) J <7r2q2hk12)

M(nnt2)= {
n(n—1) L3wyu?

hkz

x[[1~<u-sm)ﬂ+( )k(z)] (58)

ey

where we have retained only the leading terms in the
multipole expansion. Using Eq. (58) in Eq. (24") we
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obtain
w20 2k, 2 hk
vao(wr)= (*
o

dpwrvn l kzl

X {1—exp(F2hws/kTy) exp[— h(wk:FZwb—-kzvd)/xT“]}exp{ —I:

where ((n+3)%av and ((n+%))ay are given by Egs.
(34) and (48), respectively.
The classical limit of Eq. (59) is

lim 'yig(wk)=
h—0

[7(’1/2KTJ_O)p2k12|:1 - (iz . sks)z:l]

2uwkon l kzlwb

[Tl(wkq:Zwb—kzvd 1:'
T12wy -

wr T 2wp—k.v4\ 2
Xexp[-(—) -J . (60)
kaon

Using Eq. (37), the classical limit of Eq. (23’), may be
written

( lim gks)l=;{:2
h—0

N (KT”)<wk—kzvd:F2:l;(1— T /Tl)) - 6D

For the case I=+2, Eq. (61) is valid only if wx—k,v4
>2wy(1—T1,/T)), and it predicts an overstability when
wr—k04< 2w0p(1—T'11/T)). Similarly, for the case I=—2,
this equation is valid only if wy— k0> — 20s(1— T/ Ty),
and an overstability occurs when wp—£k,24<—2ws
X (1—Tu/T.). On making use of Egs. (58), (35), (37),
and (39) one finds, after a certain amount of algebra,
that the classical limits of the coupled set of Egs. (16)
and (17) for /=+2 and /= —2 become

a8 8 w,%k 2[1_(iz'€ 3)2
< ’“) =(:l:)/dvz/dEl<7r il : ]>E12
ot /1o 4pwp?

><[(ﬁgk,)[a(wk:;zwb—kzv»QﬂF(El,vz)]

W

:I:[B(wk:FZwb—kzvz)F(El,’vz)]:I ©2)
and

<aF(EL,vz)) 5 (27r2q2k12[1—(iz'8ks)2]>
o /iy K emie

Li3wiwpu?
2w
X [(-—bgks){ (QE\H-E2Q4.)
Wi
X [6(wrTF2wp—k.v:)Q12F (Ev.) 1}
+{Q2E1+E2Q12)[ 6(wrTF2wp—k.v,)F (El,vz)]}], (63)
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>[[1—(iz-sks)2]+(az~b>2kﬁ(€z-eks)z][((n-i—%)?)avi2((n+%)>w+%]

wrF 205—ks(vathiks/ 2")]2} , (59)

kan

respectively, where the linear differential operators Q.

and Q_; are
0 ( 90 k. 6)
wo=( b —
an_ 2#(.01; 67}2

(64)

and in deriving Eq. (63) from the “master equation”
(17) we have made use of Eq. (54). To evaluate the
sum Y x in Eq. (63) we have simply to use the prescrip-
tion of Eq. (18b). It is again apparent that Eq. (63) is a
Fokker-Planck equation.

The average rate of gain of particle z momentum

aF(EJ_,'Uz)
= / dv, / dElLaNo,uvz<—————~>
oy

=(F) / dv. f wmE T <7rwp2k12[1—(iz.gks)2]>

4uwy?

k.
x(—)Efxiz, (65)
W

where

X 2= {[(205/wr) Ers J[8(wrTF 2w5—k:0.)Q 1oF (Eu,0:) ]

:E[5(wk:F2wb-kzvz)F(El)vz):l} . (66)
Here again in obtaining Eq. (65) from Eq. (63) we have
carried out two integrations by parts, one over dE,
and the other over dv,, and the constant terms resulting
from the parts integrations vanish at E;=0, E;+ o,
and at v,==co. From Eq. (62) we obtain the average
rate of gain of the 2 momentum of radiation field to be

rz (G,

= (i)ij sg,z dv, / dE(’“""Zk*Z[;:jz'%)2])

Hence, we find that the average rate of loss of z momen-
tum of the electrons as given by Eq. (63) is equal to the
average rate of gain of the 2 momentum of their radia-
tion field as given by Eq. (62). Thus, we believe
that the coupled set of Egs. (62) and (63) is self-
consistent.
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IV. GENERAL REMARKS

We remarked earlier that when conditions are such
that I, of Eq. (21) is greater than zero, there is no
possibility of radiative equilibrium in the above simple
theory and the number of photons N, will keep in-
creasing until limited by nonlinear effects in the set
of coupled Egs. (16) and (17), combined with the
effects of the higher order terms which have been
neglected in Eqgs. (5) and (7) [that is, the effects of the
higher order terms which occur in the improved form of
Eq. (7) due to Heitler and Ma and those arising from
the A? term which have been neglected in Eq. (5)].
Under such conditions one has to replace Eq. (5)
by*®

Tinhzgcint—i_ (q2/2#c2)A2, (68)

and according to Heitler and Ma® one has to replace
Eq. (7) by

0=/ T 8E—E), ()
e 1Tl PXF1 710
int 7

NT=4 1 iV 0

]ji—- Ef/

where |f’) is an intermediate state of energy £,
The series solution of the integral equation (70) may
be written

Tius| f)Xf'| Tins )
F—E;

A Tsmsl SIS Tioal fXS | Tima )

(Ei—Ep)(Ei~Ey») I

/

<ftTU>=<f]Tint|i>+ Z
11

+2
Ny

(71)

where | /) is another intermediate state of energy E.
In this way one can, in principle, formulate a quasilinear
particle orbit theory of a free-electron gas in a uniform
magnetic field. 11124

The classical Vlasov equation for a free-electron gas
(that is, a noninteracting system of electrons) placed in
a uniform magnetic field B= B3, may be written

where the conventional phase-space distribution func-
tion f is a function of the variables r=uai.+y%, z
v=v4,40,4, v, and ¢ and (9f/d0)s=[—(g/uc)
X (vXB)-(df/dv)] is the rate of change of f due to the
magnetic force acting on the electrons. But in the above
formalism we defined a probability function F as a
function of the variables r, z, Ei=(u/2)(v-v)=(u/2)
X (v,2+1,2), v, and ¢ Then one can write the kinetic

11 E. Frieman and P. Rutherford, Ann. Phys. (N.Y.) 28, 134
(1964).

12W, E. Drummond and D. Pines, Nucl. Fusion, Suppl.
1, Part 3, 1049 (1962).
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equation appropriate to a free-electron gas placed in
a uniform magnetic field B=Bi, as

oF  or

d oF
—F(t,3,E0.,t) =—+v-—4,
dt at ar Iz

o oF
= > {lim <——> jl , (73)
1= L7720 at/

since, for the system under study,

dE, d v g
=—[3uv-v]=pv-—=-v- (vXB)=0
dt dt at ¢

and
w(dv,/dt)=0.

Here (0F/dt); is given by the coupled set of Egs.
(16) and (17). It is therefore apparent from Egs.
(72) and (73) that the transformation f(r,z,v,v.,0) =
F(x,3,E.,v,,0) results in the replacement

af +e0 or
<—) = X [lim(——) jl .
/B 1=l ®0\3t /,
This has the following simple physical meaning.
(3f/dt)s is the rate of change of f due to the magnetic
force acting on the electrons. That is, (9f/d4)s is the

rate of change of f due to the magnetic acceleration of
the electrons. But

+% or
£ ()]
I=—wl -0 \0f/;

is the rate of change of F due to the emission and absorp-
tion of electromagnetic radiations by the magnetically
accelerated electrons (that is, by the electrons which are
being constantly accelerated by the uniform magnetic
field). Hence, Eqgs. (72) and (73) imply the following
simple physical fact: Classically speaking, all accelerated
electrons must emit and absorb electromagnetic radia-
tions and, conversely, only accelerated electrons (or,
more generally, only accelerated charged particles) can
emit and absorb electromagnetic radiations. This is
simply a statement of the familiar classical electro-
dynamics. It is, therefore, clear that under the trans-
formation of f(r,2,v,0,,t) to F(r,z,E.v.f), the kinetic
equation appropriate to a free-electron gas in a uniform
magnetic field goes over from the familiar Vlasov
equation (72) to a somewhat unfamiliar Fokker-Planck
equation (73).
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Stimulated Brillouin Scattering in Liquids™

A1aN S. PINE
Gordon McKay Laboratory, Harvard University, Cambridge, M assachusetts
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Stimulated Brillouin scattering in various liquids is examined in a transverse resonator and in a backward-
wave oscillator. Comparison with elementary resonator theory indicates that the data are in satisfactory
agreement for many liquids. The theoretical picture for the unstable backward-wave configuration is
complicated by phonon transit-time effects, but even here the results establish guidelines for the theory.
It is found necessary to discard the results for some liquids because of self-focusing and other nonlinear

processes which interfere with the Brillouin effect.

I. INTRODUCTION

OME experiments on stimulated Brillouin scattering
in liquids are devised to test the validity of existing
theories on the subject. The use of a resonator trans-
verse to a laser beam provides the most direct con-
firmation of the quantum theory of Yariv' and Pine?
or the equivalent classical theory of Chiao.? Threshold
behavior of the more conventional backward-wave
configuration is examined but does not yield conclusive
proof of either the theory of Kroll* or Bloembergen.®
It does, however, indicate the parameters of importance
for any such theory.

Based on measurements of observational thresholds
for 180° and 90° scattering and of total output in the
transverse resonator, the liquids divide into two classes
coincident with the previously distinguished® non-self-
focusing (NSF) and self-focusing (SF) categories. The
NSF liquids behave in stimulated Brillouin scattering
as would be expected from their photoelastic properties.
Self-focusing liquids however correlate poorly with
hypersonic parameters as many parasitic effects are in
evidence.

* This work was supported by the Office of Naval Research.
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Spectral output, radiation patterns, and temporal
behavior identify the Brillouin effect. Other competitive
nonlinear effects are disclosed by these measurements
and by study of concomitant Raman radiation.

II. EXPERIMENTAL RESULTS

The apparatus of the transverse-resonator experi-
ment is depicted in Fig. 1. It is similar in nature to that
used by Dennis and Tannenwald” to study the Raman
effect and by Dennis® to obtain Brillouin radiation.
Takuma and Jennings® used an off-axis cavity at small
angles to study the Brillouin effect. These latter two
experiments were performed with a limited range. of
liquids and in the Dennis case with an ambiguous
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Fic. 1. Experimental schematic for stimulated scattering in a
transverse resonator. A, aperture; F, filters; L, lenses; BS, beam
splitters; D, diffuser; A/4, depolarizer; F-P, interferometer; P,
polarizer; M, mirrors.
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