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There is given a prediction concerning the effect of impurity conduction on the electron-donor recombina-
tion cross section in n-type Ge and Si at liquid-helium temperatures. The theory suggests that the capture
probability of a conduction electron and an ionized donor becomes independent of temperature below a
certain critical temperature T„where T, is primarily a function of the donor concentration. This pro-
posed effect has been observed only in a single instance; in others, the experiments either were performed at
insufEciently low temperatures or had inherent defects which tended to make a comparison of the theory
with experiment somewhat difEcult. In the latter cases, suggestions are offered to offset these difBculties.
The various theories of electron recombination are contrasted; in particular, the classical theory of Hamann
and McWhorter is shown to contain a number of serious de6ciencies.

1. INTRODUCTION

HE original theory of electron-donor recombina-
tion in n-type semiconductors at low tempera-

tures is due to Lax' and was later revised by Hamann
and McWhorter' (HM), both theories being purely clas-
sical in nature. The recombination mechanism con-
sidered by HM consists in the capture of an electron
in a highly excited donor state with a subsequent cas-
cade process by means of which the electron diffuses,
by phonon emission, to the ground state of the donor
impurity. For the purposes of the present work, how-
ever, the theory of HM is discounted for a variety of
reasons; as will be discussed below, this particular
theory is shown to contain a number of serious faults,
both conceptually and with regard to a comparison
with experiment.

With regard to the quantum-mechanical formulation,
a model for the electron-donor recombination process
has been developed by Ascarelli and Rodriguezs (AR),
and later modified by the author. 4 In this theory, there
is calculated the recombination cross section of a
conduction electron and an ionized donor in e-type
Ge and Si at low temperatures. The electron is assumed
to have a spherical efI'ective mass m~ and the bound
donor states are taken to be hydrogen-like. Recombi-
nation occurs with the initial capture of the conduction
electron in an excited (but not necessarily a highly
excited) donor state followed by successive transitions
to lower-lying states, each such transition occurring
with the emission of a single acoustic phonon. The
band structure of Ge and Si has been taken into account4
and, in the present paper, the effect of impurity con-
duction is considered. It may be mentioned that HM
have raised objections to the theory of AR; the nature
of their objections and the reasons why they are thought
not to apply will be considered in detail in a later section.

' M. Lax, Phys. Rev. 119, 1502 (1960).
~ D. R. Hamann and A. L. McWhorter, Phys. Rev. 134, A250

(1964).' G. Ascarelli and S. Rodriguez, Phys. Rev. 124, 1321 (1961).
4 Ronald A. Brown, Ph.D. dissertation, Purdue University, 1964

(unpublished). Available from University Micro61ms, Ann Arbor,
Michigan.

There have been a number of experiments on elec-
tron recombination in Ge ' ' and Si.' Some of these
apparently su6er from one or more of a variety of de-
fects which can make a comparison of theory with ex-
periment somewhat difFicult; the nature of these defects
and suggestions for offsetting them will be discussed
below.

In Sec. 2 the theory concerning the effect of impurity
conduction on the recombination process is developed.
Section 3 involves a comparsion of the theory with ex-
periment and a discussion of the experimental difIi-
culties. A detailed criticism of the theory of HM is given
in Sec. 4.

2. THEORY

Ascarelli and Rodriguez do not consider the effect
of impurity conduction which, under the appropriate
conditions, is thought to be significant. "This is due to
the fact that for sufFiciently low temperatures and
donor concentrations, transport effects in semiconduc-
tors are not due to free carriers but occur as a result
of charge transport between impurity states. At higher
donor concentrations an impurity band is formed, in
which conduction can occur. However, the donor con-
centrations of the samples used in the above-mentioned
experiments' ' are low enough that impurity banding
should not occur. We shall accordingly consider first
this so-called "low-concentration" range, namely the
case where the theory of Miller and Abrahams" is
valid. In Sec. 3.8 an extension to the intermediate con-
centration range is made. The reader is referred to a
recent article by Davis and Comptonl2 on low-temper-

' S. H. Koenig, Phys. Rev. 110, 988 (1958).' G. Ascarelli and S. C. Brown, Phys. Rev. 120, 1615 (1960).
7 R. E. Michel and B. Rosenbulm, Bull. Am. Phys. Soc. 6, 115

(1961).' S. H. Koenig, R. D. Brown, and W. Schillinger, Phys. Rev.
128, 1668 (1962).

9 R. S. Levitt and A. Honig, J. Phys. Chem. Solids 22, 269
(1961);M. Loewenstein and A. Honig, Phys. Rev. 144, 781 (1966).' R. A. Brown, Bull. Am. Phys. Soc. 11, 35 (1966)."A. Miller and E. Abrahams, Phys. Rev. 20, 745 (1960).~ E. A. Davis and W. Dale Compton, Phys. Rev. 140, A2183
(1965).
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ature conduction in n-type Ge, which contains numerous

references to past work in this area.
In the range of donor concentration and of temper-

ature where the theory of Miller and Abrahams is

valid, electron transport in excited donor states occurs

by the "hopping" of electrons from occupied to un-

occupied donor sites. An activation energy ~3 enters
into the hopping process because of the Coulomb barrier
arising from the presence of compensating impurities
(acceptors). The limiting donor concentrations below
which the theory of Miller and Abrahams is valid are
about 6)(10"and 10"cm ' for Ge and Si, respectively.
We consider the impurity concentration and the tem-
perature as criteria for determining whether or not hop-

ping conduction is the dominant mechansim for con-
duction in the excited donor states. With regard to the
impurity concentration, let T3 be the temperature which
is equivalent to the activation energy e~, or &&

——kT3,
k being the familiar Boltzrnann constant. The procedure
for calculating &3 as a function of the acceptor and donor
concentrations is described in Ref. 11. Secondly, with
regard to temperature, let T* be that temperature be-
low which one observes a "knee" or bend in the graph
of resistivity versus reciprocal temperature, for speci-
mens in the low-concentration range. For temperatures
less than T~, electron hopping dominates the conduc-
tion process. ""T~ is known to decrease with decreasing
donor concentration, and the behavior of T3 is similar
in this respect.

Of interest in the recombination process is the quan-
tity a., which is the cross section for capture of a con-
duction electron by an ionized donor. According to
theory, ' O.=a/(v), where n is the probability per unit
time for the capture of a conduction electron by an
ionized donor and (v) is the average thermal electron
velocity, (w) ~ T'~ (T being the absolute temperature).
Let T, be the smaller of T* and T3 and consider the
case where T(T„ in the limit as T —+O'K. In this
limit, the hopping process will be the dominant mech-
anism for charge transport; conduction in the excited
donor states will tend rapidly to zero, with a conduc-
tivity 0 ~ exp( —e3/kT) = exp( —T~//1). For sufficiently
low temperature, whereby conduction in excited donor
states becomes negligibly small, the probability for
capture of a conduction electron by an ionized donor
will become independent of temperature. That is, for T
sufFiciently less than T„recombining electrons are con-
sidered to be completely trapped in a nonconducting
state, and a further lowering of the temperature will
not noticeably alter the degree of this trapping. Ac-
cordingly, in this limit, one expects that the tempera-
ture dependence of 0., will be given by a-, ~ T '".

The hypothesis developed above is subject to certain
restrictions. The theory assumes that, initially, the
donor electrons are excited into the conduction band
by a transient external field, either an electric field or
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Frc. 1. The experimental values of the electron recombination
cross section in n-type Ge.

extrinsic radiation. Once the exciting field has been re-
moved, the electrons eventually come into thermal
equilibrium with the lattice by means of collisions and
then recombine with the ionized donors. Thus, the time-
constant of the exciting field should be much less than
the electron recombination lifetime, the latter time
being of the order of 10 ' sec for Ge.' Also, Auger
recombination of electrons" has been neglected; this
approximation is valid at low temperatures, using weak
exciting fields and for samples having low donor con-
centrations. The question as to whether the experiments
on electron recombination conform to these restrictions,
so as to make a comparison of the theory with experi-
ment meaningful, is discussed in the next section.

3. COMPARISON OF THEORY WITH
EXPERIMENT

In Figs. 1 and 2 are shown the experimental values of
~, for Ge and Si, respectively. The values for Ge are
taken from the work of Koenig' (K), and of Koenig,
Brown, and Schillinger' (KBS), while the results for
Si are from the work of Levitt and Honigg (LH). The
sample designation is as follows: sample 4.5—0.15—16
in Fig. 2, for example, has a donor concentration of
4.5&(10" cm ' and an acceptor concentration of
0.15/10" crn—'. The work of Ascarelli and Brown'
(AB) hs, s not been represented in Fig. 1. These last-

' H. Fritzsche, J. Phys. Chem. Solids 6, 69 (1958). "G. Ascarelli and S. Rodriguez, Phys. Rev. 127, 167 (1962).
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FIG. 2. The experimental values of the electron

recombination cross section in e-type Si.

mentioned authors experienced difficulties due to Joule
heating of the samples during the breakdown process
and, in addition, the absolute values of the cross sec-
tions were affected by large systematic errors associated
with the evaluation of the compensation of the sam-
ples."The work of AB is felt to be insufFiciently quan-
titative with regard to a detailed comparison with the
theory, although the order of magnitude agreement is
generally reasonable.

A. Germanium

The fact that the two curves in Fig. 1 differ in mag-
nitude is not serious, since the work of K was affected
by errors associated with the compensation of the sam-
ple, ' as was the case with AB. Barring this rather minor
difference, which affects the magnitude of o-„ it is seen
that the temperature dependence of 0, is practically
the same in both cases. From Fig. 1, the capture cross
sections are seen to level off in the direction of decreasing
temperature, below about 5'K. For the samples listed
T3 is in the range from 1.5 to 4.5'K and T* is of the
order of 3'K, so that T, several 'K. In order to ob-
serve the predicted T—'" dependence of o., one must
use temperatures which are sufFiciently less than T„.
since the temperatures only went down to 3'K at the
lowest, one would not expect to have observed the pre-
dicted effect. Michel and Rosenblum' have apparently
observed a temperature-independent recombination life-
time" in a highly purified Ge sample; however, a de-
tailed account of their investigation has not yet been
made available.

Koenig, Brown, and Schillinger have found that Auger
processes are not significant in their work. Although
the experiments of KBS and of K were performed under

"If Auger processes are neglected, the electron recombination
lifetime is given by rl. = (nE~) ', where A'g is the acceptor con-
centration and a is the capture probability as denned earlier.

steady-state conditions (i.e., in dynamic equilibrium in
the presence of a constant weak electric field), the effect
of hot electrons has apparently been adequately taken
into consideration. This was accomplished in the follow-

ing manner': The sample was biased well into the break-
down region at some fixed point A, and a steeply falling
voltage step was applied to reduce the electric field to
a value Eg. The voltage step corresponds to a fall time

10—9 sec, which is less than the electron recombination
lifetime rl. by at least one order of magnitude. The
distribution equilibrates to that appropriate to the
point B in a time 10 " sec, which is proportional to
the reciprocal of the plasma frequency. The conduction-
electron density subsequently decays, by means of lat-
tice collisions, to its steady-state value at point B in
a time less than rI.. Finally, after the initial sharp drop
in current due to the application of the voltage step,
one observed a slower decay which is indicative of the
recombining electrons. In the above manner, one can
minimize the effect of hot electrons, which otherwise
could ionize the neutral donors hy impact (or Auger)
ionization sufFiciently to be a non-negligible effect. By
using small electric fields of the order of several volts
cm ' or less, joule heating of the sample can be kept
to a low value.

In spite of the precautions taken, it is still not certain
whether the above experiments, even if performed at
sufriciently low temperatures, would be able to establish
the temperature independence of 0. postulated in the
present work. The presence of hot electrons in a signifi-
cant degree would act to hinder the onset of impurity
conduction. Note that for T= T*, the conductivities of
the two competing processes —conduction band trans-
port and impurity conduction —are of equal magnitude;
the effect of the applied electric field would be to in-
crease conduction band transport at the expense of
impurity conduction, in effect decreasing T,. More
exactly, the principal change brought about by the
applied electric field would be to decrease the sticking
probabilities P„, where P„ is the probability that an
electron in the nth bound donor state will not be ionized
into the conduction band. Accordingly, electrons that
have not had the time to make a transition from an
excited state to the ground state will be more easily
re-excited back into the conduction band than if the
electric field were absent, In this way, electrons in ex-
cited donor states will act more like free carriers, i.e.,
capable of being relatively easily excited into the con-
duction band where the conductivity is given by
0 ~ exp( —r&/kT), ei being the familiar donor ionization
energy. However, under ideal conditions, as discussed
in Sec. 2, hopping (or impurity) conduction will repre-
sent the dominant mechanism for charge transport in
the excited states, the conductivity in this case being
given by 0 ~ exp( —ea/kT). It is only when hopping
conduction dominates the transport of charge in excited
states that one would expect a temperature-independent
capture probability. Therefore, it is seen that having
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too strong an applied electric field in the steady-state
condition may delay or prevent the onset of impurity
conduction and thus disallow a meaningful comparison
of the present theory with experiment.

Even in the case where an applied electric field acts
to hinder the onset of impurity conduction, one can
still attempt to predict the temperature dependence of
ir, under steady-state (as contrasted to the equilibrium
state in the absence of an exciting field) conditions.
Since AR do not consider the efI'ect of impurity con-
duction, the extension of their results to extremely low

temperatures implies that the electrons are still treated as
free carriers, rather than in the sense as given by Miller
and Abrahams. Thus, in the limit of low temperature,
the theory of AR should yield the same temperature
dependence of o-, as in the case where the e6ect of the
electric field is to increase conduction band transport
at the expense of impurity conduction. At sufhciently
low temperatures (T&5'K), AR predict a T ' depen-
dence of the capture cross section. 4 This is because,
at these temperatures, the excited donor states will ef-
fectively act as ground states for the recombining elec-
trons, since kT will be much less than the binding
energies of the excited donor states. It is known" that,
for the capture of a conduction electron into the ground
state of a donor impurity, 0-, ~ T—'. It may be recalled
that in the theory of AR only the first six or seven
excited donor states are used, contrary to the classical
theory where the highly excited states are considered
to be most important; however, in Sec. 4, the validity
of the classical theory is questioned in detail. Finally,
if the projected experiment yields the result o.,~ T ' at
low temperatures, this would appear to indicate that
the experimental controls on the hot electrons are in-
adequate. On the other hand, if such an experiment
were to show a T '~' dependence of 0-„as was observed
by Michel and Rosenblum, this would seem to imply
that the experiment had been sufficiently well controlled
to allow a meaningful comparison of the present theory
with experiment.

For T)T, the agreement of the theory of AR with
the experimental results shown in Fig. 1 is reasonably
good with regard to the temperature dependence of fT,

and agrees within a factor of 2 regarding absolute rnag-
nitude. ' This disagreement in magnitude is not con-
sidered to be serious, because of the necessary approxi-
mations involved in the theoretical calculations.

B. SiTicon

The validity of the interpretation of the results of
LH on electron recombination in n-type Si is, appar-
ently, open to question. '7 In their work, donor electrons
were photoexcited into the conduction band, thus elimi-
nating the joule heating associated with the breakdown

' H. Gummel and M. Lax, Ann. Phys. (N. Y,) 2, 28 (1957).
'7 Dr. A. Zylbersztejn (private communication).

process. The capture cross section 0., was measured in
the steady-state condition using a spin resonance tech-
nique. However, the cross section (Fig. 2) was measured
using an exciting wavelength of 2 p, corresponding to
a photon energy equal to about half the energy gap
in Si, although the donor ionization energy was only
0.044 eV. This restriction violates the fundamental re-
striction that the exciting field be weak; LH thought
that donor electrons were being excited to another band
or minimum above the conduction band. At any rate,
the exciting field was apparently sufficiently strong
that, under steady-state conditions, it is questionable as
to whether the excited electrons were able to come to
thermal equilibrium with the lattice v ithin a time suffi-
ciently less than the electron recombination lifetime.
One requires, actually, an exciting wavelength X 28 p, ,
corresponding to the donor ionization energy. Since this
requirement had not been fulfilled, it is thought that
the investigations of LH are open to question; this is
because the recombining electrons were probably "hot, "
or at a temperature considerably above that of the
lattice. As a criterion to establish whether or not the
work of LH is useful, it is suggested that their experi-
ments be performed using exciting wavelengths in the
range 2 p, &'A(28 p, ; if, by changing X, the results of
Fig. 2 P.= 2 p) cannot be reproduced, then the experi-
ments should be reformulated.

In anticipation of further investigations by LH, there
is offered a prediction concerning the results of such a
future experiment, using the same samples as in Fig. 2.
For five of these samples (excluding sample 4.5—0.15—16
for the moment), T* is in the rough range from 11 to
17'K while T3 for these specimens lies in the range
from 7 to 13'K. It would be useful to have curves of
resistivity versus T ' for these samples, also, so as to
yield accurate values of T* for each case. For T sufFi-
ciently less than about 7'K, one expects a temperature-
independent capture probability for all the samples.
In general, T, (Si))T,(Ge) because of the larger binding
energy of donors in Si as compared with Ge; all else
being equal, one should not have to go to as low tem-
peratures with Si as with Ge in order to observe the
predicted e8ect. For T&7'K, each sample would have
to be considered individually; in the separate cases,
for T)T„o-. should deviate more and more rapidly
from the T '~' dependence with increasing temperature.
Sample 4.5—O.f5—16, for which T3 50'K and T~ 23'K,
requires special treatment. In all of the other Si samples
(and also for the Ge samples in Fig. 1), the donor con-
centrations were well within the low-concentration
range where impurity banding should not occur to any
noticeable degree. " Sample 4.5—0.15—16 has a donor
concentration which is only a factor of 2 less than the
critical concentration of 10'~ cm ' at which banding
starts to occur. Also, the extrinsic photoexcitation causes
a certain concentration of electrons to exist in the ex-
cited donor states in addition to that concentration
which is already present in the absence of the excita-
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Fro. 3. Comparison of the electron capture cross section as
computed by Hamann an. d McWhorter (see Ref. 2) with the
experimental results of Koenig, Brown, and Schillinger (see Ref. 8)
and the theoretical results of Lax (see Ref. 1).

to be applicable to the theoretical predictions given in

the present paper. Only if the experiments of LH are
reformulated to conform to the restrictions discussed
at the end of Sec. 2 will there be a basis for comparison;
the predictions given above concerning future experi-
ments by LH must be understood in this light. A de-
tailed understanding of the work of LH involves other
considerations in addition to those discussed in the
present work and which will not be considered here.

In general it is hoped that any future experiments,
either on Ge or Si, will be performed over a wider range
of temperature and of impurity (both majority and
minority) concentration. In particular, the use of sam-

ples having donor concentrations in the intermediate
concentration range may provide interesting results.
Also, experimental values of T* for the various samples
would be helpful.

tion." If these two contributions are comparable in

magnitude, then the effect of the excitation is equivalent
to an increase in donor concentration so that banding
could occur, which would not be the case if the excita-
tion were absent. If banding should occur, then recom-
bining conduction electrons falling into the impurity
band would be more easily reactivated back into the
conduction band than in the case where only hopping
conduction is present. If, then, banding cannot be ne-

glected, this situation would correspond to conduction
in the intermediate concentration range. In this case,
only when one goes sufFiciently below some new critical
temperature T,' would thermal reactivation from the
impurity band to the conduction band become negli-

gible; T,' should be less than the temperature T, re-

quired in the case where only hopping conduction is
present, since the impurity band may lie relatively close
to the conduction band. For T&T,', in the limit as
T~O'K, hopping conduction will ultimately dominate
the conduction process and we are back to a T—'" de-
pendence of 0., as before. For T&T„as T increases,
electrons can be more and more easily reactivated from
the impurity band back into the conduction band; thus,
the effectiveness of the trapping in excited donor states
will become correspondingly less and the capture cross
section will decrease more rapidly with increasing tern-

perature. Finally, the remarks at the end of Sec. 3.A
concerning at T ' dependence of o., are appropriate here,
also, providing that the experimental circumstances
which could give rise to the T ' dependence are actually
present.

After most of this article had already been prepared,
the author learned from Professor A. Honig (private
communication) that the original and other' experi-
ments of LH have been reinterpreted as involving
a hot electron distribution, and further, are not thought

"Since LH measured a, in the steady-state condition, this
shows yet another way in which the design of the experiment may
influence the results.

4. FAULTS OF THE CLASSICAL THEORY

The purely classical theory of Hamann and Me-
th'horter is thought4 to contain numerous and varied
faults, which cast a serious doubt on the validity of
their work. Basically, the difFiculties arise because of
the application of a strictly classical theory to a situa-
tion which requires a quantum-mechanical treatment.
According to HM, an electron is considered to be cap-
tured initially in an excited donor state by the emission
of a phonon, after which it emits or absorbs phonons
until it either reaches the ground state or is ejected
into the conduction band. Only the highly excited states
are considered to be important in the recombination
process. Also, transitions between free and bound states
are treated in identically the same way as are tran-
sitions between two bound states. Recombination is
treated as a steady-state process, corresponding to a
situation where there is some generation mechanism,
such as light, which prevents electrons from accumu-
lating in the ground state. Impurity conduction and
energy band structure (HM did their calculations for
Ge) are not considered. Criticism of the classical theory
of HM falls into a number of categories, as follows:

A. Impurity Conduction

Hamann and Mc%horter completely ignore any com-
plications due to impurity conduction. For n-type Ge
and Si it is well known that impurity conduction is the
dominant mechansim for the transport of charge in ex-
cited donor states at sufficiently low donor concentra-
tions and temperatures. " "The existence of impurity
conduction requires the presence of arceptors"; all of
the samples shown in Figs. 1 and 2 have non-negligible
acceptor concentrations E~, so that impurity conduc-
tion should exist in the proper temperature range. Yet,
in Fig. 3 (also Fig. 3 of HM), HM show the predicted
graph of 0, for a case where Ã~ 0; this case is not
physically meaningful with regard to the actual experi-
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mental samples and, further, precludes the existence of
impurity conduction at all. Also in Fig. 3, another graph
of r, has been plotted using a cuto6 concentration

X~ 10"cm ', in order to take account of the overlap-

ping of the highly excited states. For this curve, the
question as to the "apparent agreement" with experi-
ment is discussed below. In Fig. 3 the experimental
points are due to EBS (see also Fig. 1), the dashed curve
is from the original work of Lax, ' and the solid curves
represent the theoretical predictions of HM.

Further, HM treat transitions between free and
bound states in exactly the same manner as they treat
transitions between two bound states. At low temper-
atures and for low donor concentrations, electron-hop-

ping transitions between two bound donor states are
treated according to the theory of Miller and Abraharns,
and this type of calculation is quite different from the
calculation of the transition rate from a bound to a
free state. ' 4

B. Energy Band Structure

From the classical viewpoint of HM, complications
due to the band structure of the semiconductor are
neglected. This has been shown to be a serious failing. '
For example, when band theory is considered it is found
that the electron-lattice interaction can be separated
into two parts, one part being due to transverse phonons
while the other part arises from the longitudinal pho-
nons. In Ge it is found that the transverse part domi-

nates, while in Si only the longitudinal part exists at
all. In general one considers the two parts as being
independent, ultimately adding the two together to get
the final result. It is clear that one must be careful
to use the proper values of the speed of sound and of the
deformation potential which are appropriate to the
particular phonon polarization under consideration.
Then too, HM use the value 4X10' cm/sec for the
speed of sound in Ge, this value being an average of
the longitudinal and transverse speeds of sound and
therefore incorrect. Harnann and McWhorter state
that, with regard to their calculations: "The agreement
in absolute magnitude (of o. with experiment) must be
regarded as somewhat fortuitous, however, since the
average values of electron mass, speed of sound, and
deformation potential were chosen somewhat arbi-
trarily. A derivation beginning with an accurate model
of the ellipsoidal conduction band valleys and phonon
spectrum branches of Ge would have to be carried out
to find a systematic method of computing the necessary
parameters . ~ . ." However, a model using the con-
duction band valleys of Ge has been constructed, 4

which shows that the work of HM requires serious re-
vision with regard to the very particulars they them-
selves have stated.

Ascarelli and Rodriguez argue that the capture cross
sections for Ge should be multiplied by a factor of 4
in order to account for the fourfold degeneracy of the

conduction band edge in Ge. This conclusion is based

upon the assumption that the capture probability of an
electron from one valley of the conduction band into
an excited donor state is independent of whether this
excited state is made out of Bloch functions from the
same minimum from which the electron is captured or
from another one degenerate with it. Hamann and
McWhorter argue, on the other hand, that this factor of
4 is incorrect, since the energy of an intervalley phonon
is comparable to the binding energy of the donor ground
state, so that intervalley thermal excitations would pro-
ceed at a negligible rate compared to intravalley emis-

sion. Now, this criticism by HM would be valid if there
were perfect translational symmetry so that an elec-

tron, in going from one valley to an equivalent one,
would change its wave vector by an amount which

corresponds to the energy of the intervalley phonon
being of the order of the donor binding energy. How-

ever, the donor impurities present act to destroy the
perfect translational symmetry of the lattice, so that
the above criticism by HM is invalid. In other words,
even though intervalley lattice scattering may be negli-
gible, intervalley impurity scattering can enter the
picture. Further, there is evidence that intervalley im-

purity scattering in n-type Ge does exist at low temper-
atures and is not necessarily negligible. ""

C. Cuto8 in the Excited States

It is evident that not all of the excited donor states
need be considered in the recombination process. "The
reasoning behind this is that, for an excited state having
a sufficiently high principal quantum number n, the
radius corresponding to this state will overlap the nu-
cleus of the closest neighboring ionized donor. In this
case, an electron cannot be considered as localized on
any particular donor, so that the concept of a localized
bound donor state breaks down. Let a*=h'/4ir'm*e' be
the effective Bohr radius, the radius of the nth bound
state being r„=n'a*. Let SD+, .V~ be the concentrations
of the ionized donors and of the acceptors, respectively;
at liquid-helium temperatures, ED+ S~. If a random
distribution of the ionized donors is assumed then the
most probable separation" of the donor ions is given
by rD+= (2s.Xn+) "'. We define ro rn+/2 to be the-—
maximum radius for which bound states can yet exist.
Setting ro= no'a*, one can solve for the maximum value
no of the principal quantum number e for which the
concept of a bound state is still meaningful. The above
considerations are not intended to provide a strictly
accurate definition of ro, but the calculation should be
sufficiently reliable to yield an order of magnitude esti-
mation of no. For the Ge samples listed in Fig. 1, where

"S.H. Koenig et a~. Ref. 8, p. 1684."G. einreich, T. M. Sanders, Jr., and H. G. %white, Phys. Rev.
114, 33 (1959).

~' For a further discussion relating to this section, the reader is
referred to Ref. 9."S. Chandrasekhar, Rev. Mod. Phys. 15, 1 (1943).
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1V~+ 10"cm ' it is found that no 10. For a Si sample
with XD+ 10'4 cm ' (see Fig. 2), na 6. Accordingly,
it is seen that the emphasis placed by HM on the very
highly excited donor states is of questionable validity.
For Ge, the quantum-mechanical theory' assumes that
no= 7; the neglect of the remaining states is not serious,
however, because the sticking probabilities P„ in the
excited states decrease rapidly with increasing n.23

In their justi6cation of the use of the very highly
excited states, HM use the argument that the multi-
plicity of the states having higher values of n is large;
in this way, the very highly excited states would be
of most importance because many transitions are possi-
ble from among the various substates of the initial
bound state to those of the 6nal bound state. On the
other hand, the theory of AR treats only transitions
between s states. The reasoning behind this assumption
of AR is as follows: consider the rate 8"„„for the
transition of an electron from an initial state (having
principal quantum number) m to the final state I' This.
transition rate involves the square of the matrix element

Jr~ exp( iq —r) ~f,); f; and fr are the wave functions
of the initial (n) and final (I') bound states, respectively,
and q is the wave vector of the phonon emitted during
the transition e ~ e'. Consider, for example in Ge, the
transition from the first donor excited state (n=2) to
the ground state (e'=1). Using as the approximate
speed of sound for transverse phonons c&

——4X 10'
cm/sec and letting r a*=38.5 A, the product qr is of
the order of 10 (the Debye approximation &a=pc~ is
used). Thus, in the above matrix element, the expon-
ential factor exp( —iq r) will oscillate rapidly through-
out the spatial integration. The s states, whose wave
functions are different from zero at the nuclear sites
(r=0), yield a nonvanishing value of the matrix ele-
ment' because qr is vanishingly small in the near vicinity
of the nuclear sites. On the other hand, the wave func-
tions for states of higher angular momentum than zero
vanish at the nuclear sites, and peak at relatively large
distances of the order of several Bohr radii from the
nuclear sites. In this way, for states having high angular
momentum, the above matrix element will be quite
small because of the rapid oscillation of the exponential
factor. Accordingly, states of angular momentum higher
than zero are expected to be far less signi6cant that the
s states, with regard to electron transitions between two
bound states. The claim, by HM, that the multiplicity
of the highly excited states is of crucial importance, is
therefore open to question.

Finally, it seems to be unusual that HM require
using the degeneracy of the bound states but not the
degeneracy of the free states (the factor of 4 due to AR),
and yet they treat transitions between free and bound
states identically the same as transitions between two
bound states. Since it has already been mentioned that
intervalley impurity scattering is not necessarily negli-

~ See Figs. 6 and 7 of Ref. 4.

gible, HM's treatment of electron transitions appears
to be internally inconsistent.

D. The C1assica1 Limit

Ascarelli and Rodriguez have taken their results to
the classical limit and have calculated the ratio a.'(m)/
a, (n), where a,'(n) is the classical limit of the quantum-
mechanical cross section a, (n), for the capture of a con-
duction electron into the nth bound donor state. This
ratio, for n&4, is considerably less than unity; for ex-
ample, using m= 4 in the case of Ge, a, '(4)/a, (4) = 1/19.
In accordance with the correspondence principle,
La, '(n)/a(n))~ 1 as n +a—a; thus, HM were forced to
use the very highly excited donor states if they were to
get an order of magnitude agreement with experiment.

E. The Comparison with Experiment

In Fig. 3, HM compare the results of their theoretical
predictions (solid curves) with the experimental values
of KBS and with the theoretical calculation of Lax
(dashed curve). Since doubts have already arisen con-
cerning the (apparent) order of magnitude agreement
of HM's work with experiment, let us concentrate on
the temperature dependence of the capture cross sec-
tions as predicted by these authors. As can be readily
seen from Fig. 3, HM used a much-expanded (by more
than a factor of 2) scale for the abscissa T; this can be
easily seen from the graph of the experimental work of
KBS shown in Fig. 1, where the scale is of the more
conventional log-log variety. Bearing this unusual fea-
ture of Fig. 3 in mind, it is evident that HM s curve for
0, does not deviate particularly signi6cantly from that
of the original theory of Lax. Had the graphs derived
by HM been plotted in the conventional manner, the
discrepancy of their results with regard to a comparison
with experiment would have shown up quite dramati-
cally; as seen from Fig. 1, the experimental curves of
K and of KBS have already reached a T ' dependence
of o.„in the range from about 3 to 4'K.

Further, HM discuss electron-donor recombination
as a steady-state process, in order to simplify their
treatment. In this case, as was mentioned earlier, a
consideration of hot electrons may be important, de-
pending upon the particular experimental conditions
involved in each experiment. Unless one is careful about
the interpretation of the experimental results, a mean-
ingful comparison of theory with experiment is pre-
cluded. Hamann and Mc%horter failed to consider
sufficiently carefully the previously mentioned (see Secs.
2, 3.A) experimental qualifications, or whether their
assumed choice of a steady-state recombination process
was meaningful, when comparing their results to specific
experiments in which certain experimental difhculties
may arise; these difficulties (hot electrons, etc.) may
becloud an interpretation of the experimental results
(see Sec. 3.B, especially). They also failed to recognize
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that the theory of AR assumes thermal equilibrium in
the absence of an exciting field, so that the two theories
should not necessarily agree, anyway.

F. The Proyer Use of the Classical Theory

On the basis of the above (and yet other) consider-
ations, it appears that a purely classical theory is in-
adequate if one desires to meaningfully and accurately
predict, or interpret, the results of experiments con-
cerned with electron-donor recombination in n-type Ge
and Si at liquid-helium temperatures. The theory of
HM can yield no more than a rough qualitative under-
standing of electron capture processes at low temper-
atures. However, the classical theory (with suitable
modifications) can and should be used under conditions
where a classical treatment is justified. For example,
D'Angelo'4 has given a classical discussion of the Auger
(impact) recombination of electrons and ions in a
plasma. D'Angelo's theory stems from the original clas-
sical derivations of Thomson" in his research concerning
gaseous discharges. The work of Lax, upon which the
theory of HM is based, is also traced back to Thomson' s
work. Since the results predicted by D'Angelo agree
with experiment in the classical range, it is not unreason-
able to expect that the theory of HM will also be valid
under the proper classical conditions.

S. SUMMARY

It is predicted that the capture probability of a con-
duction electron and an ionized donor impurity, in n-

~ N. D'Angelo, Phys, Rev. 140, A1488 (1965)."J.J. Thomson, Phil. Nag. 47, 337 (1924}.

type Ge and Si, will become independent of temperature
for T& T„where T, is primarily a function of the donor
concentration. This effect has not yet been conclusively
established, either because the temperature range of the
experiments did not extend to a su%ciently low value
or because of defects within the experiments themselves.
In the latter case, suggestions are offered to offset the
difhculties, and the results of future experiments are
awaited. The author has recently learned that new ex-
periments designed to test the above hypothesis are
being undertaken. "

On the basis of a number of varied considerations,
the classical theory of Hamann and Mc'Whorter appears
to give an invalid picture of the electron-donor recom-
bination process in n-type Ge and Si at liquid-helium
temperatures. On the other hand, the quantum-mechan-
ical theory of Ascarelli and Rodriguez is free of most
of the objections which have been raised against the
classical theory and the work of AR is in reasonable
agreement with experiment. The work of AR, however,
may require suitable modification in order to take ac-
count of impurity conduction, as suggested in the pres-
ent paper.
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