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The semiclassical and quantum theories of the Faraday and Voigt effects due to transitions between two
simple energy bands in the presence of crossed magnetic and electric fields are developed. The dispersive
phenomena are found to complement and augment the information obtained from absorption. The decrease
of instensity of An=0 transitions, the finite probability of transitions with A% >0, and the shift of transitions
to lower energies are found here, as they were in the optical absorption. The absorption constant due to
second-order (forbidden) transitions is calculated and anisotropy with respect to electric-field direction is
predicted. The experimental results of crossed-field Faraday rotation in gemanium are presented, and com-
parison with the theory is carried out, taking into account the degeneracy of the valence band. Good cor-
relation between the theory and the experiment is obtained.

I. INTRODUCTION

AGNETO-optical phenomena in semiconductors

in the presence of a transverse electric field have
recently become a subject of extensive investigation.
Aronov! first formulated a theory of interband optical
absorption due to direct transitions between simple
parabolic nondegenerate energy bands in the presence
of external crossed fields. Experimental works of Vrehen
and Lax? and Vrehen?® confirmed the main predictions of
the theory. Hensel and Peter* and Shindo® investigated
theoretically the Stark shift of Landau levels in the
degenerate valence bands of germanium. Recently
Vrehen® investigated both theoretically and experi-
mentally crossed-field interband optical absorption in
this material. The measurement of crossed-field
absorption can in principle determine separately the
effective masses of carriers in both bands. The aim of the
present work is to extend the investigation of crossed-
field phenomena to dispersive magneto-optical effects,
both theoretically and experimentally.” It turns out
that in some experimental situations, especially in
higher electric fields, the dispersive phenomena can be
more easily investigated and provide more information
than the absorption.® The semiclassical theory gen-
eralizes the approach of Kolodziejczak, Lax, and
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Nishina® (KLN) by taking into account the presence of
dc electric field and avoiding the restriction of low
magnetic-field strengths. This procedure makes implicit
use of the effective-mass approximation for an electron
in crossed fields. Limits of these approximations are
briefly discussed in Sec. ITI, based on a recent treatment
by Zak and Zawadzki.!® Then the quantum theory for
simple bands is developed using the procedure applied
to magneto-optical dispersive phenomena by Boswarva,
Howard, and Lidiard,! Halpern, Lax, and Nishina
(HLN),!?2 and Bennett and Stern.!? In the final section
the experimental results on the crossed-field Faraday
rotation in germanium are presented and the com-
parison with the theory is carried out. A good agreement
is obtained and the results confirm the conclusions of the
crossed-field absorption investigation.

II. SEMICLASSICAL APPROACH

The dispersion of light in solids can be obtained from
the absorption coefficient by use of the Kramers-Kronig
dispersion relations between the real and imaginary
parts of a dielectric-constant tensor. However, the dis-
persion and absorption can also be obtained through the
application of classical equations describing the motion
of a bound electron. In this section we use the equation
of motion generalizing the approach of KLN in order
to take into account the presence of dc electric field
perpendicular to the magnetic field.
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We consider an electron in the valence band as a
classical oscillator!> with the oscillator frequency cor-
responding to that of the energy associated with the
particular interband transition involved. Then in the
presence of magnetic and electric fields the equations of
motion can be written as follows:
d2ra8 1 dr,,,,g dl‘a(g
+waﬁ2rmﬁ+_
dar? Tag 4t dt

Xoe

173 ¢E
=—exp(iw)+—, (1)
m m

where r.s=the displacement vector; w.s=the appro-
priate oscillator frequency; w.=eH/mc=the cyclotron
frequency; m=the free-electron mass; H=the dc
magnetic field; r.57'dr.s/dt=the damping term with
Tap=the relaxation time; &=the electric vector of the
optical radiation; and E=the external dc electric field.
The subscript a8 denotes the initial and final states of
the electron in the valence and conduction bands,
respectively.

One can easily see that the solution of Eq. (1) may
be found in the form

Tap=Tag’ exp(iwt)+eE/mwag?, @

where r,g° as a function of w,g is identical with that ob-
tained in the absence of dc electric field E. Thus, since
the oscillator is bound, the dc electric field simply
shifts the position of equilibrium.

On the other hand we can calculate the current vector
due to all the transitions

J= Z ev,,gNa,g 5 (3)
af

where Vag=drap/dt is the electron velocity, and g
is the number of transitions between the states @ and 3,
which depends on the oscillator strength. The conduc-
tivity we look for is defined by the relation

J=¢8, 4)

where ¢ is the complex conductivity tensor determined
by the velocities vag. Thus the constant term eE/mwag?
in Eq. (2) does not enter explicitly into the expressions
for the conductivities. However the dc electric field
does affect the oscillator frequencies wqs and the num-
ber of transitions Vs .

We choose the coordinate system to have the mag-
netic field along the z direction and the electric field
along the y direction. This physical situation does not
have the rotational symmetry with respect to z direc-
tion. Thus, even for an isotropic solid in general
o.:%0y,. We shall, however, show later that if the dc
electric field is not very large, i.e., the energy bands are
not distorted by its presence, the allowed transitions

15 Bennett and Stern (Ref. 13) call this model a Hookean solid.

VREHEN,

AND LAX 148
do have the rotational symmetry in respect to the z
axis. This is not true for forbidden (second-order)
transitions. Hence for allowed transition effects in a
cubic solid we may write the conductivity tensor in the
form

Ozz=0yy= % (0'++0'—) ’
”zu=_°'uz=%(“+_‘7—); (5)

Tz2=09,

all the other components being zero. g is the conduc-
tivity in the absence of the magnetic field and oy
are the conductivities for circularly polarized waves.
They are obtained by writing the equation of motion
in component form and then combining the x and y
components to obtain the solutions for J,41iJ,. The
relations

0L =0,F10,y (6)
are fulfilled. Using Egs. (1)-(5), we arrive at
e? 1w\ opE
o= Z ) (7)

M B wagl— Wit wwet10/Tap
¢ iV ag?
Ozz=—

m B wap?— w1/ Tap

, (8)

where N 5% and N .4° denote the number of transitions
for longitudinal (||H) and transverse (1 H) propaga-
tion, respectively. Actually by use of the equation of
motion [Eq. (1)] we get in Eq. (7) wx=w., the cyclotron
frequency. This frequency depends, however, upon the
model applied and we do not specify it now.

The number of transitions is proportional to the
oscillator strength and statistical factors. We assume
for simplicity that the valence band is completely filled
and the conduction band is empty. Then

Nagt= fag*dadB, 9
and similarly for V. The oscillator strength is
given by

fagt=2| Pog*|?/mhcwas™, (10)
where the matrix elements of momentum between the
states a and B, P.s, and the transition frequencies w.g
have to be calculated by use of quantum methods.

The index of refraction #» and the extinction constant

k are connected with the conductivities by the well-
known formula

(n—ik)? =14 (47 /iw)oes;, (11)
where gets stands for oy, o11,1; whatever the case may
be. The magneto-optical phenomena can be expressed
by the optical constants as follows:

a=(2w/c)k, the absorption coefficient,
0= (w/2c)(ny—n_), the Faraday rotation,
A= (w/2c)(ks—k_), the ellipticity,

0= (w/c)(ny—n,), the Voigt phase shift.

(12)
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Using Eqgs. (6)-(12) general formulas for the magneto-
optical phenomena in crossed fields can be written.
In order to proceed further we have to specify our model.

We assume that the transitions take place between
two spherical parabolic energy bands with twofold
spin degeneracy in the absence of the magnetic field.
The selection rules for right and left circularly polarized
light are determined by spin and the frequencies cor-
responding to interband transitions are

(13)

Wapt =i =vH
with
v=1/2h)up(g:tg»),

where up is the Bohr magneton and g, and g, are the
effective spin splitting factors for electrons in the con-
duction and valence bands, respectively. Furthermore
we consider only one nonshifted by spin frequency for
light polarized in the z direction, in analogy to the
classical Lorentz triplet in the atomic Zeeman effect.

(14)

Here & and &’ denote the values of wave vector of an
electron in the wvalence and conduction bands,
respectively.

The conductivities [Eq. (7)] should have maxima
for frequency in the vicinity of w=wir-=vH (the term

Wap® = Wk’ .
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iw/Tap removes the singularities and shifts the maxi-
mum positions toward higher frequencies). In the
approximation to terms wy? this leads to

(15)

The number of transitions [Eq. (9)] for our model is
given by

we=2vH.

NiwE=(4/(27)°) frrtd*kdk’ . (16)

We now assume, following KLN approach, that in the
semiclassical case the oscillator strengths are equal
for all types of transitions.

[Puet|? [Pu=|? |Puw®|? |Puw|?

+

an

Wik z

Wik’ Wrk’ Wik’

By use of Egs. (7)-(17) the magneto-optical effects
in crossed fields take the following form:

1
a=—4Aw Im/

where

Parl

:|d3kd3k' ,  (18)

Wik kak’z’" Qess?

Qeﬂ_—'ﬂi for ay

=Q for a,

and for o, the expression in brackets is to be replaced
by

1 1 1
Lo lammas)
2 wkk'2—9_2 wkk,2—-9+2
[P |2 1 1
0= Aw Re/ —_ :Idakdak/, (19)
orer Lwre?— Q22 wppe?— Q42
[ Pr |2 1
A:AwIm// :ldskdsk, (20)
Wik Lo ?— Q2 @ ?— Q42
| Prwe | 2 1 1 2
Wik Lopp?— Q-2 o — Q42 wpp?—Q2

where
Qy=[w(wt2yH—1i/7) ]2,
Q="[w(w—1i/7)]"?,

and
A=e2/8m m2hcny,

no is the index of refraction in the absence of external
fields.

The formulas (18)-(21) are valid for both direct and
indirect allowed transitions and frequencies w<w,
and w>w,, if appropriate matrix elements, densities
of states, and transition frequencies are introduced in
every particular case.

It can easily be verified from the above formulas that
for w&wii (long-wavelength limit), the Faraday rota-

tion § and the ellipticity A are proportional to w?
and the Voigt phase shift to w?.

IOI. HAMILTONIAN AND THE EFFECTIVE-
MASS APPROXIMATION

In the one-electron approximation the Hamiltonian
for an electron in a solid in the presence of dc magnetic
and electric fields and electromagnetic radiation takes
the form

1
Jo=—
2m

e 2
(p+—A) V() +eE-r+
C

4m?3c?

#
><E«x<VV+eE)J(p+fA>+e—o<H+H'), 22)
c 2mc
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where V(r) is a periodic potential of the solid, A is the
vector potential that takes into account the dc magnetic
field and the electric field of the electromagnetic radia-
tion. The fourth term accounts for the spin-orbit in-
teraction, ¢ being the spin-vector operator, and the
fifth term describes the interaction of spin with the dc
magnetic field H and with that of the electromagnetic
wave H’. The Hamiltonian can be conveniently divided
into two parts,

3e=3004-3¢’, (23)
where
P2 /3
300=—+V(r)+eE-1+—0
2m 4m*c? )
c
X(VV+eE)P+———a-H (24)
2mc
with
P=p+(e/2c)(HXTr) (25)
describes the system without radiation, and
3'=(e/c)A'v, (26)
where
A’ = (ic/w) & exp 1(wt—kr)4conjugate 27

vector potential of the electric radiation field, and
v=P/m+ (h/4m?*c?)o X (VV+eE) (28)

the velocity operator. The time-dependent part of the
Hamiltonian, Eq. (26), describes the interaction of the
system with the electromagnetic wave. In Egs. (24)
and (26) we have neglected terms proportional to 4’2
and ¢H’ as small. Practically achievable dc electric
fields that can be applied externally to the solid are
much smaller than the internal atomic electric fields
so that eE can always be neglected in comparison with
Vv V. This is equivalent to the assumption that the ex-
ternal electric field does not distort the energy bands.
Thus the perturbation (time-dependent part of the
Hamiltonian) does not contain the dc electric field
which affects only the transition frequencies and matrix
elements, just as in the semiclassical procedure.

It has been shown recently!® that the Hamiltonian
3¢9 [Eq. (24)] for an electron in a periodic potential in
the presence of crossed electric and magnetic fields
(ELH) can be approximated by the effective-mass
Hamiltonian provided the two following conditions
are satisfied:

(n+1)120/ LK1 (29)

and

eEa/hw 1, (30)

where a is a typical lattice constant and L= (%c/eH)'/?
is the radius of the first cyclotron orbit. # indicates the
principal quantum number of a Landau state that can
still be described by the effective-mass approximation
and w.=eH/m*c is the effective cyclotron frequency
for the electron in a given band. Equation (30) shows
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that for a given electric-field strength the magnetic
field cannot be too small for the effective-mass equation
to be valid. For example in germanium e¢~5X10-%
cm, and for the magnetic fields H~10°% G only the first
few Landau levels may be described by use of the
effective-mass equation. For electric fields of order
5X10* V/cm, both the conduction and light hole bands
can be described by the effective-mass approximation
(m*=0.04m, and eEa/hw.~0.1) whereas for the heavy
holes with the effective mass much larger than that of
the light holes the effective-mass formalism cannot be
applied. With the above restrictions the effective-mass
Hamiltonian for simple parabolic spherical and non-
degenerate (except for the spin) band is

30°=(1/2m*)P24-¢E - r+3pupg*e-H, (31)
where g* is the effective spectroscopic splitting factor.
This Hamiltonian may be used to calculate frequencies
and matrix elements associated with the interband
transitions.

IV. CONDUCTIVITY-TENSOR RELATIONS

Time-dependent perturbation theory can be applied
to the Hamiltonian [Eq. (23)] in order to carry out a
quantum-mechanical calculation of the conductivity
tensor. There are two methods that may be used to find
the imaginary and real parts of the tensor. The first
method incorporates the calculation of the absorptive
(imaginary) part of the conductivity, which is pro-
portional to the probability per unit time for the ab-
sorption processes to occur, and the application of the
Kramers-Kronig dispersion relations in order to find
the dispersive (real) part of the tensor. In the second
method, one explicitly evaluates the expression for the
current density when charged particles move in an
electromagnetic field, and the conductivity tensor is
given by the Kramers-Heisenberg formulas. This is in
analogy to the semiclassical treatment given in Sec. II
and we proceed using the second approach.!6

The conductivity tensor for a solid having cubic
symmetry [Eq. (5)] takes the form

ie2 1 1ragi7rg.," 7raﬁi1r3ai
Op=——"" '—“' } y (32)
m2h o8 wap |l 0t wag W—wap
1e? ragirﬂaj Taﬂjﬂ'pai
0= { ] ’ (33)
m?hw o8 | w+weg W—wap

where
"aﬂ=<a|mv|ﬂ>,

and the velocity operator v is given by Eq. (28). By
use of Eq. (6) .. can be calculated and then applying
Egs. (11) and (12) the Faraday rotation is obtained in

16 Both methods lead to identical results.
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quency corresponding to the energy of the transition
between two modified Landau levels in different bands
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the form
7‘.262 l 7ra5+| 2 | Tuﬂ‘l 2 7l'282 is
0=— { - w?
michng a8 | wap? wap? m2chnyg

|’ﬂ'aﬂ+|2 “”aﬂ—lz

" L o
af waﬂz("’aﬂ?'—wz) ‘*’aﬁz(“’aﬂz""wz)

where mast=1,s°+imp%. Bennet and Stern!? showed
recently that the first term on the right-hand side is
identically equal to zero in the general case if only the
interband transitions are taken into account. In other
words the Faraday rotation for w<wag goes to zero like
w? if no free carriers are present. Thus we are left only
with the second term.

Similarly the Voigt phase shift by use of Egs. (6)
(11), and (12) can be obtained in the form

W

471’82 I ‘lragzl 2
af

| Tag?| 2 4me?
|+
mhcng

Wep® Wap? mhcn

z|2 I,raﬂle

£
XX {
w,,,gz

} . (3%)
aB (Wap?—0?)  wap*(Wap®—w?)

We have not been able to prove that the term propor-
tional to w is equal to zero. However, we assume this in
order to simplify the final formulas and to make the
quantum treatment consistent with the semiclassical
approach.

V. TRANSITION FREQUENCIES AND
MATRIX ELEMENTS

For the ideal model of two spherical parabolic non-
degenerate bands (except for twofold spin degeneracy)
the eigenfunctions of the problem are given in first
approximation by a product of a periodic part of the
Bloch functions (with the spin parts included) and the
solutions of the effective-mass Hamiltonian [Eq. (31)].
In the Landau gauge

A=(—Hy,0,0) and E=(0,E)0)
the spatial envelope functions for the valence band are

F,,(I') =C exp ’L(kzx'*“kzz)\&n(y/ll_ Lk.— eEL/hch)y (36)

where L is the radius of first cyclotron orbit defined be-
fore, C the normalization coefficeint, and

Wea= eH/M2G

is the effective cyclotron frequency, m. being the effec-
tive mass of holes. y,(£) is the harmonic-oscillator func-
tion. For electrons in the conduction band the solutions
are given by similar functions, the argument being
different however: y..(y/L—Lk,+eEL/hw.). Fre-

Wap=wgtwei(n'+3)twca(n+3)+ bk 2mi+ k. 2m.
+#1eEL%, — b e EL%k ,— (my+ma)c*E?/2hH?

+usm g H—upmig.H, (37)

where w, is the frequency corresponding to the energy
gap, and m;, m;’ are magnetic quantum numbers, which
for our ideal model can take two values =3.

It is convenient to use the cylindrical coordinate in
the momentum space with variables #, ¢, k. instead of
kz, ky, k.. In this system

k.=L(2n+1)"2 cosp;

kS =L7'2n'+1)"2cos¢’, (38)
and the density of states
d*k=L-%dnd ¢dk., (39)

and similarly for the conduction band.

The theory of interband optical transitions in the
presence of the magnetic field can be directly adopted
to the crossed-fields case. Boswarve and Lidiard!?
showed that the matrix elements of P=mv (with spin-
orbit interaction neglected) for direct allowed transi-
tions between valence and conduction bands are given

by

Paﬂ:h= (l:twco/wﬂ)<uv [ Pi[ uc>/Fv* ch3r 4 (40)

Pog?=(u,| p?| uc)/F.,* F.d?r, (40a)

where . is the free-electron cyclotron frequency,
pEr=p*xip¥, and u,, u. are the periodic parts of the
Bloch functions with spin parts included. As noted by
Aronov! the envelope functions (36) in conduction and
valence bands are not orthogonal for #n>4n’ because of
the different arguments for electrons and holes; taking
into account the selection rules determined by the spin
parts we finally get

| Pag®|*= (12£0."/w)*| pue| *L?| (n,n") |*

Xa(ﬂan_ San’/)a(kz_kz,)ami.mj’q:ly (41)
| Pag®| 2= L?| peo | 2| @(n,n") | 26(on— on'")
Xﬁ(k;-kzl)aw'.mj’ ’ (413)

where ¢, and ¢, ' satisfy the relation
2n+1)12 cosp,= (2n'+1)12 cos .,

which is equivalent to the conservation of k, in the
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transition, and!?
n+l
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q><n+l,n/) — (2n’+nnl In I)—-l/Z exp(__ 02/4) Z (_ 1)n+l—n’+man+l—-n’+2m2n’—m
m=0

n’

—_ (2n'+nnl n !)—1/2 exp(_a2/4) Z (._ l)man’—n—H-?m 2n+l—m

m=0

where a=¢EL/h». and w,=eH/c(mi+ms). For the
electric field equal to zero

l ¢(n’nl) ] 26(¢ﬂ— ¢"’/) - 6nn'6(§0— ¢,) 5

the matrix-elements properties reduce to those in the
magnetic-field case.

When the direct optical transitions between the
two bands are only allowed to second order one has to
include the first-order corrections in the wave functions.

The matrix elements for second-order (forbidden)
transitions are!®

aP.,=—itM.,- | F*VF,dr
—(eH/c)M ;,* | F*yF.dr, (43)
where
Mcvz_l_ Z [:pcl(aplv) (apd)plv] .
m 1 8.—&; 81— 8.

The sum is over all bands excluding the conduction
band. « is a polarization vector of the radiation. All
the matrix elements and the energies are taken at
k=0. Using the envelope functions (36) the matrix
element for the forbidden direct transition between
levels # and 7’ becomes

a Pcv= hkzLMc,,’@(n,n')rS(k,—kz') (kz-kll)
— (M . ®(n+1,n")+ M., *®(n—1,n")
+(eEL/ o)) M .,*®(n,n’)}
Xs(kz—kz,)a(kz_kzl) ) (44')
where M. =M .,*+iM Y. For E=0 the result (44)
reduces to
- Pcv= hkzLMcvza(kz_kz’)a(kz_kl,)
- (h/\/f)(Mcn—(n'i'l)lman-{—l,n’+Mcv+nl/26n—l,n’)
X8(ko—k)o(k.—k.) (45)

7 For =0 Eq. (42) is equivalent to Aronov’s result (with a
few corrections, as indicated in Ref. 6).

18 We follow the notation of R. J. Elliott, T. P. McLean, and
G. G. Macfarlane, Proc. Phys. Soc. (London) 72, 553 (1958).

W (nt-1)!
X for »w'<n+l
(n+1—n"+m)(n—m)'m!
n'(n+10)!
for w'>n+l, (42)

X
(0 —n—I+m)\(n+l—m)!m!

which is equivalent to Elliott’s result!” (we use a
different gauge).

For a cubic solid pe®=pc?=pcr?, Mc=M ¥
=M.,? and M, is parallel to «. When the light is prop-
agated along the magnetic-field direction 2z, only
pe” and p.,¥ come into play. It can be seen then from
Eq. (41) that for the allowed transitions in crossed fields
the square of the matrix elements does not depend on
the orientation of polarization with respect to the dc
electric field. For example, for polarization in the x
direction (eLE) and in the y direction (¢||E) the
squares of the matrix elements are the same, i.e., the
absorption constant is the same. This is of course also
the case in the absence of the electric field. For the for-
bidden transitions in the presence of the magnetic field
alone the same symmetry is valid, as it can be seen from
Eq. (45). [The mixed term M. M.t in Eq. (45)
vanishes because of the delta functions, and |M.,*|?
and |M.,~|? do not depend on orientation.] The for-
bidden transitions in crossed fields [Eq. (44)], however,
depend upon the orientation of the polarization in
respect to the electric field, i.e., | Pco?| Zorb # | Peo?| Ztorb.
Thus the symmetry of the conductivity tensor [Eq.
(5)] does not hold for the forbidden transitions in
crossed fields.

VI. MAGNETO-OPTICAL EFFECTS

Now we apply the general expressions given in Sec.
IV to calculate the interband magneto-optical effects
using the idealized model of two spherical, parabolic,
nondegenerate energy bands. We mentioned already
that in formula (34) for the Faraday rotation the first
(independent of w) term can be shown to be identically
zero.!® Halpern, Lax, and Nishina!? (HLN) assumed,
moreover, that every term in the sum is equal to zero.
To examine this assumption we notice that by use of
Egs. (37) and (41) the assumption can be rewritten in
the form

(1+twl/w,)/ A+vH/wir)
=(1—w/w,)/(1—vH/ww), (46)

where v is defined in Eq. (13). For completely free
electrons (g.=g,=2) this relation is indeed true,
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especially for lower transitions with wir=w, Thus
making this assumption we neglect terms of higher
order due to spin-orbit interaction which result in
anomalous values of g factors. Hence we assume after
HLN

(Piwt/wiw™)2= P~/ wri™) 2= (Prr/wrr)?.

(47)

For light polarized parallel to a magnetic field we have
the selection rule Am;=0 [Eq. (41a)]. If the g factors
differ for electrons in the conduction and valence band
we have in general two transitions with frequencies
wir®E. The difference wir*r—wiir~ is, however, again
different from zero due to spin-orbit interaction and we
neglect this assuming wir*r=wiw?". Furthermore, if
we assume that in the first term on the right-hand side
of Eq. (35) Pus™/wap™=2P 45" /wag®" for all transitions
aB, this can be most easily satisfied by the HLN
assumption:

2| Prw®| ¥ wii= | Pi |2 /wrr’ (48)
and
(49)

wkk132=wkk:2— (’YH)2 .

Using the above simplifying assumptions the con-
ductivities can be written in the form
1€%w

g Pl ).

mA kR \wkk’z—ﬂefi2

(50)

where for oi: Qess=Q, for o.,=01: Qesr=1, and for
0z:=0) the expression in the parentheses is to be sub-
stituted by

FL(wrrr 2= 2 2) 714 (wpp 2= Q-2 1]
Here

Q=wxyH, P=w’+(vH)? (51)

and the matrix elements for allowed direct transitions
are
| Pri | %aie=L2| poo| 2| D(n,n') |2

Xa(‘Pn— €9n”)6(kz‘kz’) . (52)

For direct-transition, terms linear in %, and %,/ in a
transition frequency Eq. (37) cancel out. Using density
of states (39) the absorption coefficient can be calculated
to give
Qeff= 4BHwQeff—2 Z [ <I>(n,n’) | 2((.0,",'— Qeff)_l/2,
nn’ (53)
where the transition frequencies between the modified
Landau levels are
Wnn =Wyt wea(n+3)Fwea(n'+3)
— (m1+ms)c2E2/20H?  (54)
and
B=es(2#)1/2|p”| 2/8m2%2mh5 20,

1/u=1/mi+1/m, is the reduced effective mass.
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If spin effects are neglected (y=0) the absorption
(53) reduces to Aronov’s result. To avoid the singu-
larities in the vicinity of the transition frequencies
wnn & relaxation time can be introduced in analogy to
the semiclassical approach by putting ©— w—i/7
and taking a real part of the resulting expression.

The absorption due to forbidden transitions can also
be calculated using the matrix elements given by Eq.
(44). For linearly polarized light propagating along the
magnetic field (81 H) we get (spin effects are omitted)

1(2u)l2 H?
O — 2 { }2("’%’_"’)—1/2:

2m23mhd 2y w nn’

(53)

CQforb. =

where the expression in the braces is defined in Eq.
(44). As we mentioned before, this absorption constant
depends on the angle between the dc electric field and
the polarization vector. For light propagating per-
pendicularly to the magnetic field and polarized with
&||H the absorption constant does not show the oscilla-
tory behavior because of the %, term in the matrix
element (44).

The Faraday rotation for allowed transitions can
be calculated on the basis of Egs. (34), (37), (39), (42),
and (50) to give

0=BHw Z |<I>(n,n')[2(an'+—an'_) ) (56)
where
F,mr:!:= Q:i:—zl:_ Zw,.,./‘”z-l- (wnn’+9d:)—1/2
+(wnn'_ﬂﬂ:)_1/2.]; (57)

wan are defined by Eq. (54), and Q4 by Eq. (51).
The Voigt phase shift given by the second term of
Eq. (35) becomes

8=—BHw Y |®(n,n')|(Funt+Fun=—2F ), (58)

where Fy. is defined by Eq. (57) with @ replaced by
Q. The third term in Eq. (57) is singular whenever
wan =y, so that all the effects, as in the case of mag-
netic field alone exhibit oscillatory behavior. If a
phenomenological relaxation time is introduced the
singularities go to line shapes characteristic of Landau
transitions and the dominant term near the singularity
is given by

er,i_'_ [(Xnn,i)Z_l_ 1]1/2 1/2
(er’i)z'l‘ 1

where Xnn¥=(w.n—Qy)7. Thus the dispersive mag-
neto-optical effects in crossed fields exhibit behavior
similar to that of absorption. Namely, with increasing
electric field the transitions with Az=0 decrease in
intensity and transitions with A#>£0 become possible.
Moreover the frequencies of transitions are shifted to
lower energies by the amount m*c2E?/2H?,

Grm’i=

’
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For small electric fields the obtained formulas can
be expanded, similarly to the procedure of Vrehen and
Lax.2 The shift of transitions to lower energies is
negligible in this case and for the formerly allowed
transitions (Az=0) the main terms in the differential
spectrum of the Faraday rotation are

B (M1+MQ)263 E2
w  4V2he H2
X ¥ 2204+1)(Gunt—Gan™)  (59)

n=0

and for formerly forbidden transitions (Arn=z1)
B (m1+m2)*c?E? E?
) NIhe H?
X X

n=0

Ag=+—

Tl/zm(Gnn‘-'-_ Grm’”) ’ (60)

where

m=n+1 for »n'=n+1
=n for n'=n—1.

It can be seen from these expressions that in the dif-

ferential-spectrum transitions with An=0 correspond

to negative peaks, whereas the transitions with An=41

correspond to the positive ones as related to the spec-

trum without an electric field.

VII. EXPERIMENTAL RESULTS FOR CROSSED-
FIELD FARADAY ROTATION

The measurements of the crossed-field Faraday rota-
tion were made on a sample of intrinsic germanium 7 u
thick, freely mounted, the same one that had been used
by Vrehen in the crossed-field absorption investigation.
The experimental techniques are described in Ref. 6.
The basic procedure is to investigate the differential
spectra. In the presence of a strong external magnetic
field a transverse electric field is applied. The electric
field consists of two parts: a dc field and a smaller ac
modulation. The differential spectra are then obtained
by measuring the modulation in the transmitted in-
tensity Al due to the oscillating component. This
method proved to be very sensitive in the crossed-field
absorption investigation.

To determine the usual Faraday rotation in the
absence of an electric field one has to measure two
transmission intensities: J; with a linear analyzer form-
ing an angle of 445° (counterclockwise) to linear
polarizer, and I, with an angle of —45° to the polarizer,
(looking in a direction opposite to that of the magnetic
field). Then, if ellipticity is neglected, the Faraday rota-
tion @ is given by the simple formula

sin20y= (11— 1)/ (I1+1). (61)

VREHEN, AND LAX

148

301
(a)
588 1o /\"\
b L
< g
5}5; [o] L L L /\ 1 1 / 1 ]
g3 —~J900 920 | 940/ 960 \/ \/mo \_—1040 1060 1080
oy &1 I ) ] 1
|"§ | | | ‘
L g
gzE e | Pl I S 114
35%%1 T F T
20k = .
Sz _ || =
% (c) Epc =1000 Wem
Eac * 400 V/em
AVANVAN

A6(DEG)
Q-7
>

CALCULATED
INTENSITIES

RELATIVE

IR
=1r 1o
-2 20

“~FOR HEAVY HOLE TRANSITIONS (a- b )

“FOR LIGHT HOLE TRANSITIONS (a+,b+)
GERMANIUM SAMPLE 7u THICK ¢ (a+) LADDER
H =96000 OERSTED ° (a—) LADDER
H7 110 x (b+) LADDER
T=77K e (b-) ‘LADDER

" ! 1
€20 920 960 1000 1040
PHOTON ENERGY (meV)

L

]
1080

Fic. 1. The Faraday rotation and cross-field differential rota-
tion in “strain-free” germanium at 77°K and 96-kG, H||[110].
(a) The Faraday rotation, (b) calculated transmons (c) cross-
field differential spectrum " measured with E4.= 1000 V/cm and
E..=400 V/cm (rms) and, (d) calculated differential spectrum.
The solid lines denote the formerly allowed transitions, the
dashed line corresponds to formerly forbidden transitions (only
those below 930 meV are indicated). Note the difference in scale
for light- and heavy-hole transitions in the calculated differential
spectrum (d).

We assume now that the Faraday rotation and the
intensities I are functions of the electric field. Then the
change in the rotation due to the electric field is

1 /AIl Al, A11+A12
sin26y > . (62)
2 cos200\ I +1, L+,

Af=

I, and I are transmitted intensities for zero electric
field, AI; and A, are the modulations in the intensities
due to the oscillating component of the electric field.

Figures 1(a) and 1(c) present the interband Faraday
rotation and the differential-rotation spectrum as
measured in germanium in a magnetic field of 96 kG
for a strain-free sample and H||[110] at 77°K. The
differential curve was measured with E4.=1000 V/cm
and E,.=400 V/cm (rms).

The general theory presented in Sec. VI cannot be
applied directly to interpretation of the experimental
results because the valence band of germanium is
degenerate. However, the main features of the spectra
are in agreement with the theoretical predictions. First,
the peaks in the Faraday rotation are observed in the
vicinity of the frequencies corresponding to the inter-
band transition energies. Secondly, the differential
spectrum [Fig. 1(c)] is, save for a few details, a mirror
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reflection of the normal rotation [Fig. 1(a)], which is
predicted by the general theory if we assume that the
differential rotation is dominated by the decrease of
intensity of the allowed (An=0) transitions [Egs.
(56) and (59)7.

To carry out a more detailed comparison of the ex-
periment with the theory the actual band structure of
Ge in a magnetic field has to be considered. Figure 1(b)
presents the energies and the strengths of the transitions
for o and o_ radiation calculated by Vrehen® for a
magnetic field of 96 kG along the [110] direction, on
the basis of Roth’s theory,? including effects of higher
than second order in % in the effective-mass Hamil-
tonian. These are allowed transitions with the selection
rules An=0 and An=—2. In an electric field the in-
tensity of those transitions is decreased whereas for-
merly forbidden transitions with An=-—3, —1, +1
now have a finite transition probability. The decrease
in the intensity of allowed transitions gives rise to peaks
in the differential spectrum in the direction opposite
to those in the £=0 rotation, similar to the results of
the theory for simple bands. The formerly forbidden
transitions give rise to positive or negative peaks in the
differential spectrum according to whether they occur
for o4 or o_ radiation, respectively. In Fig. 1(d) we
present intensities due to decrease of formerly allowed
transitions (solid lines) as calculated in Ref. 6 by use
of perturbation theory. For the electric field used (1000
V/cm) the shift of the transition energy can be shown
to be negligible. The forbidden transitions for energies
lower than 930 meV are also shown (dashed lines).

The interband Faraday rotation presented in Fig.
1(a) is in agreement with results of Nishina et al.20
and Mitchell and Wallis.?! All the main peaks in the
rotation can be well understood in terms of Landau
transitions given in Fig. 1(b). An origin of a broad

1 Laura M. Roth, B. Lax, and S. Zwerdling, Phys. Rev. 114,
90 (1959).

20'Y. Nishina, J. Kolodziejczak, and B. Lax, Phys. Rev. Letters
9, 55 (1962).

2 D. L. Mitchell and R. F. Wallis, Phys. Rev. 131, 1965 (1963).
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shoulder of the first positive peak is not clear, but it
presumably is due to the group of four close transitions
in the vicinity of 900 meV. The main feature of the
differential spectrum Fig. 1(c) is that it resembles
the mirror reflection of the rotation 1(a). As we have
already mentioned this indicates that the main effects
are due to electric-field-induced decrease of the intensity
of the formerly allowed transitions. This is confirmed
by a more detailed comparison with intensities due to
the formerly allowed transitions plotted in Fig. 1(d).
Furthermore, it can be seen that the differential
spectrum is primarily governed by the heavy-hole
transitions. This is due to the fact that allowed heavy-
hole transitions are relatively stronger in the dif-
ferential spectrum than in the normal-relation spec-
trum, when compared with the allowed light-hole
transitions. For example in the normal rotation the
predominance of light-hole transitions (especially &%)
at the energy just above 900 meV results in the large
positive peak. In the differential spectrum, however,
the heavy-hole transitions are much stronger than the
light-hole ones (note the difference in the scale), and
again the positive peak is produced, which at first seems
to be in contradiction with the general reflection
character of this spectrum. In the energy region 903-
932 meV there are no formerly allowed transitions
and it can be seen that two negative peaks in the
differential curve are due to two pairs of forbidden
heavy-hole transitions in the vicinity of 905 and 926
meV, respectively. These forbidden transitions can
also be quite clearly visible in the differential absorp-
tion spectrum of o_ radiation.® In general all the main
features of the differential dispersion spectrum are in
agreement with the crossed-field absorption data.
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