54 G. W. McCLURE

neglect of momentum transfer in the adiabatic theory.
The conclusion that momentum transfer becomes im-
portant in this energy range is consistent with the theo-
retical results of McCarroll.®
t A basic assumption in both the Born and impulse
approximations is that the capture probability is small.
This assumption is not consistent with results of
McCarroll® which indicate for energies of about 25 keV
a high capture probability in a range of impact parame-
ters which contributes heavily to the total charge
transfer cross section.

In conclusion, it appears that no existing theoretical
calculation gives comprehensive agreement with the
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measurement over the entire energy range of this ex-
periment, but several calculations agree over a part of
the energy range.
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The classical cross section oz, for producing a specified energy transfer AE in the collision of two particles
1,2 having arbitrary masses and velocities vi,v; in the laboratory system, is derived. The effective average
(for fixed speeds v1,05) of gag over all directions of the particle velocities v; and/or v is then computed.
These results are required in the classical calculations of atomic-collision cross sections via the procedures
recently proposed by Gryzinski. The method will yield the average of any function F(»,V, cosf) over all
directions of the particle velocities, where v=v;—v,, V is the velocity of the center of mass, and 4 is the

angle between v and V.

I. INTRODUCTION

ECENTLY, Gryzinski has published three papers'—
detailing his procedures for performing classical
(nonquantum) calculations of atomic-collision cross sec-
tions. The utility of these procedures in electron-atom
and electron-molecule collisions has been examined by
Bauer and Bartky.* For such collisions, one requires the
cross section o g(v1,v2) for producing an energy transfer
AE in the collision of two electrons moving with arbi-
trary velocities vy, vy in the laboratory system. There
also is required cag®f(v1,72) the effective average of
oae(v1,ve) over all orientations of v; and/or v, for fixed
speeds v1, v2. Gryzinski has derived expressions for these
quantities, but use of these formulas is complicated by
an extremely awkward notation; moreover Gryzinski’s
expressions involve some subsidiary approximations. For
these reasons, Stabler® has rederived—and obtained in
much simpler form—the exact expressions for oag and

* Supported by the National Aeronautics and Space Ad-
ministration under Contract NGR-39-011-35 and Research Grant
N-s-6-416.
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aaz®f in electron-electron collisions. Similar expressions
have been obtained by Ochkur and Petrun’kin.® How-
ever, these authors®® have rederived oar only for
electron-electron collisions, i.e., for colliding particles
of equal mass, whereas for calculations of, e.g., ion-atom
collisions by Gryzinski’s procedures, one requires cag
and oag®®® for collisions of unequally massive charged
particles.

This paper derives the required exact formulas for
oaz and oag®f in the unequal-mass case. Application of
these formulas to examination of the utility of Gryzin-
ski’s procedures in charge-transfer reactions is under
way (in cooperation with Hsiang Tai and Jean Welker).
This paper obtains the final formula for oaz*™(v1,v2) in
only one case, namely, Coulomb collisions; it will be
clear, however, that the method of performing the
average over all orientations is applicable to arbitrary
interactions, as well as to the averages of quantities
other than g g(vy,vs).

II. CALCULATION OF oz

I consider a collision between particles 1 and 2, whose
initial velocities in the laboratory system are vi=wvin;

8 V. I. Ochkur and A. M. Petrun’kin, Opt. i Spectroskopiya 14,
457 (1963) [English transl.: Opt. Spectry. (USSR) 14, 245 (1963)].
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and va=1sn,, respectively. Their laboratory velocities
after the collision will be vi’=v/n/ and v.'=1vny".
Correspondingly, the velocities of these particles meas-
ured by an observer moving with the center of mass are
D1=Ditt;, Y2="Vomz (initial) and by/=b/ny, B'=vo'n’
(final).” It is presumed that the coordinate axes of the
laboratory and center-of-mass observers are parallel, so
that the components of the vectors defined above are
consistent with

vi=V+4p,, etc., 1

where V is the center-of-mass velocity measured by the
laboratory observer.

V=Vny=M"Ymvi+mavz), M=mitms. (2)
Also,

vi=moMlv, Vo=—mM v, (3a)
v/ =mMW, v'=—mMWV, (3b)

where
V=vi—Ve=um, V=v/—v'=m’, @)

are the relative velocities before and after the collision.
For given vy, v, the vectors V, v are determined, so
that for given vy, vs the polar axis of a fixed system of
spherical coordinates can be chosen along V; in this
system the polar and azimuth angles of u and n’ are
8, ¢ and &', ¢', respectively. Now suppose 1 is regarded
as the “incident” particle. Then the energy gain AE by
particle 2 (as seen in the laboratory system) is8

AE=3move"*—3mave® = Imv 2 — Fmyvy?
=maV- (92’ —0s) = uvV (cosbd—cosf’), (5)

where u=mmsM~1 is the reduced mass. Equation (5)
shows that for given v, v, the quantity AE is a function
only of ¢'. In fact

d(AE)=pvV sinf'df’. (6)

Let o(vy,vs) be the total cross section for given vy, va.
Then the quantity oag(vi,ve) is defined by

0(V1,V2)=/d(AE)0'AE(V1,V2)- (M

But if #(v;u—n’) is the corresponding differential
cross section for scattering in the center-of-mass system
(wherein the collision can change only the direction but
not the magnitude of the relative velocity), it also is

7 These German symbols have been used here to designate
vectors—and related scalars—measured in the center-of-mass
system because barred boldface Latin symbols were not available.
Where possible, however, the paper follows the customary pro-
cedure of denoting center-of-mass quantities by barred symbols.

8 This result, and some other equations obtained in this paper,
can be found in Gryzinski’s papers (Refs. 1-3), or in the earlier
work of Chandrasekhar. S. Chandrasekhar, Astrophys. J. 93, 285,
%53\53 ((119;)‘;}11)); R. E. Williamson and S. Chandrasekhar, ibid. 93,
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true that

a(vl,vz)=/dn'&(v; n—ow) (8a)

= / dg'dd’ sinf'z(v;n—n') (8b)

1
- f d(AE)d¢'s(v;n—n'),  (8c)
uvV

using (6).
Equations (7) and (8c) imply

1
oarv)=— / @iwnon). ()

o

For fixed vy, vs, i.e., for fixed 8, ¢, the right side of (9)
is a function of § and, therefore, by (6), of AE. For
every value of & the integral in Eq. (9) runs over all
values of ¢’ from 0 to 2, because (for any initial 8, ¢)
the final relative velocity v/ can have any direction in
space. The cross section &(v; 1 — 1), though dependent
only on the angle between n and ', can be a function
of ¢'.

The results so far hold for any . For definiteness,
I now specialize to the Coulomb case

212262

2
a<v;n—>n'>=( )csv(%x), (10)

2uv?

where the center-of-mass-system scattering angle x is
the angle between nt and n’; and Z¢, Zqe are the charges
carried by particles 1, 2. Substituting Eq. (10) in Eq.
(9), and employing
sin*(3x) =%1(1—cosx)? (11a)
cosy = cosf cosf’+sind sind’ cos(¢—¢’), (11b)

one finds

1 /Z1Zse2\? o~ 1
UAE(VI,V2)=*“< ) dp———, (12)
0 (a——b C05¢’)2

wV\  upv?
where
a=1—cosh cosf’, b=sinfsind’ . (13)
When® @22 b2, as is the case for a, b of (13)
x 1 27a
/ dé = . (14)
0 (a—b cosp)? (a?—b2)%/2
Thus,
2w 1 Z17.9e*\2 (1—cosh cosf’)
G’AE<V1,V1)=“——( ) = - . 15)
wV\ uv? | cosf— cosd’ |

®E. T. Whittaker and G. N. Watson, 4 Course of Modern
Analysis (Cambridge University Press, New York, 1940), p. 113.
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Or, using (5),

UAE(V1,V2) =

2r(Z17e2)2V 2 _AE
_—(1— cos29+— cos(i) , (16a)
22| AE|3 woV

with the restriction, also from (5), that

—1<cosb—AE/umV<1, (16b)

which guarantees gag>0. For given vy, vo, if (16b) is
not satisfied, then

(16¢)

O'AE(Vl,Vz) =0 ,

i.e., values of AE for which (16b) fails cannot occur.

Equations (16) are the desired result for oag, in what
proves to be a convenient form for calculating oag®.
In terms of vy, vy, the quantities », V, cosf are, using
Egs. (2) and (4),

v= (012402 — 2010001 m,) /2, (17a)
V= M“‘(m12v12+7n22v22+ 2m1m2vrugn1 . nz) 1/2 , (1 7b)

cosf= (vV)"lv-V=(MoV)"!
X [:’ml'Ulz— mave+ (mr— ml)'vﬂ)zth . n2] . (17C)

It can be shown that in the special case m;=m.=m,
Egs. (16) reduce to the seemingly very different ex-
pression for oaz given by Stabler,? namely,® his Eq. (8).

III. CALCULATION OF oag®f

Suppose the target particle 2 has an isotropic velocity
distribution in the laboratory system. Then for any
actual v; the effective oag is defined by

1
'UIUAEe“=Z_/dn2] V1—1’2n2£UAE(V1,V2). (18)
.

This definition of the effective oag is appropriate when,
e.g., the particles 2 are bound electrons in stationary
atoms being ionized by a beam of protons (particles 1).
If the atoms have velocity v,0 in the laboratory
system, e.g., if the atoms form a beam, the velocity
distribution of 2, though isotropic in a coordinate system
moving with the atoms, is not isotropic in the laboratory
system. In this event, realizing that the total reaction
rate (e.g., the total rate of ionization) is independent
of the observer’s velocity, the simplest procedure is to
compute the total reaction rate in the system where the
velocity of 1 now is vi—v,.

Once, as in (18), the distribution of v is accepted as
isotropic, the value of oaz® obviously cannot depend
on the direction of n;. In other words, oag® now
depends only on the magnitudes of v, vs, and so can
be averaged over mn; as well as n,. For the Coulomb

10 Note that although Stabler regards 1 as the “target’ electron
and 2 as the “incident” electron, his AF, defined by his Eq. (1),
is identical with my AE of Eq. (5).
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case, therefore, using (16)

(212262)2
_— /dlhdlh
87I'l AE[ 3'1)1

|78 . AE
x———( 1—cos20+— cos@) , (19
] urlV

oA (v1,02) =

where v, V, cosf are given by Egs. (17), and the allowed
ranges of m;, n, must be consistent with (16b), i.e., in
(19) appear only those ni, ne for which oag(vy,v2)#0.
Specifically, for given v;, vs, AE the integral (19) runs
only over those directions n;, n; for which

—14+AE/uV<cosf<1, AE20 (20a)
—1<cosB <1+ AE/wV, AESO.  (20b)

Despite its apparent complexity, the integral (19)
can be evaluated in closed form. For any integrand
F(nl,nz,'l}],‘vg)

1
Fdnydn,= v12dn1v22dn2F(nl,n2,z'1,v2)
‘1‘121)22

1
= /1.)12dn1d2.)17}22dﬂ2d7)2

'1)12'022

X 5(1)1-7)1)5(7)2* 1'2)F(n1,n2,?>1,?)2) .

But!! 9,%dn,dv, is the volume element dv, in the space
formed by the components of the vector v;=#;n;. Thus,
Eq. (19) can be replaced by

(212262)2
871'] AEl 31)13022

o eff —

/d\‘ll(l\"ﬁ(?}]— 1’1)5(i’2— ‘l’z)

& _ AE
X—(l—cos%-}-——cos@) (21)

v wrl

with the understanding that under the integral sign
1, 92 now replace 1, v2 in Egs. (17) for v, V, cosf. Con-
sequently, recalling (2) and (4), the equations relating
vi, Vo to v, Vin (21) must be

vi=0m=V+mM-lv, (22)

With (22), the Jacobian of the transformation from
dv1dv, to dvdV is unity. Hence,

(21Z282)2
87['] AEI 37)137)22

Vo=10sNy= V—WhM-IV.

U'AEe“=

fdvdVé (91— 01)8(d2—v2)

I _ AE
X—(l-—cos%-l—— c050> , (23)
v woV

11 Again the exigencies of the printer have determined the choice
of symbols. As used here, the dot in no way is related to the time
derivative. Instead, the quantities vy, 4, here merely denote dummy
variables to be distinguished from 7y, v,.
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wherein, recalling 8= cos~!(n-ny),
v1= (V2Hm?M 2%+ 2meM "0V cosf)'/?,
dy= (V2t-m 2M—22—

(24a)
2miM—V cos@)'/2. (24b)

Since (20) and the integrand in (23) do not involve ny
or the azimuth angle ¢, Eq. (23) simplifies to

W(Z]Zz€2)2
O'AECH(M,‘L) = / d%/ dV/d() sm0
IAE[ 3113'02

XoV48(iy—11)8(2— 12) [ 1— cos2f+ (AE/uvV) cosf], (25)

where the limits of integration over § are determined
by (20). i
Integrate (25) over the allowed range of cosf, recalling

that
/ dxf(x)8[g(x)]= Z{'(Zif

where x; are the roots of g(x)=0 in the integration
interval. Because of (24a), the quantity 91—v as a
function of cosf vanishes only at

f(x)} . (06)

=14

cosbi= 2moM—V) 1(v,2— Vi—m2M—%?%). (27)
Thus,
1(212282)2
O’AEGM(T)l,vz)“ /d'l)/dV
! AEl 3‘1)13'02
mo P\ "1 . AE
X’uV"(————) (l—cos20.~+————- cos(i,-)
N /.wV
MV? mw? mv®\/?
xa[( -+ ) —vz] (28)
me M me

integrated over that portion of the first quadrant of the
v, V plane for which cosf; from (27) lies within the
limits on cosf specified by (20). These restrictions on
v, V implied by substituting (27) in (20) take the form,
for positive or negative AE,

(V—moM10)2 K 01,2, (29a)

11°S (VAmaM )2, (29b)
where, recalling Eq. (5),

v1,=smaller of vy, v/,

v1,=greater of vy, v;’. (30a)
Of course

=[v’—(2/m:)(AE)]"2, (30b)

vy’ =[v2’+(2/m2) (AE) 2.

Equations (29) imply that (28) is integrated over the
portion of the first quadrant of the v, V plane lying
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i H
0 Nac Va Vbe
“Ma,

(b)/

F1c. 1. Integration region (shaded) in the v, V plane for Eq.
(28). Lines (a), (b), (c) are plots of Egs. (31a), (31b), (31¢c),
respectively. Lines (a), (c) intersect at v=v,.; lines (b), (c) at
v=14.. The ellipse (d) is a plot of Eq. (32), for the case that its
intersections with the boundaries of the shaded region occur on
lines (a), (b), at v=uva, vs, respectively. In this case, the limits
of integration in (33) are 7;=7v, and v,=v;.

below the line [termed line (a)]

V—mMv=10,,; (31a)
lying above the line [termed line (b)]

moMv— V=11, (31b)
and lying above the line [ termed line (c)]

VAmoMv=1,,. 31c)

The shaded region in Fig. 1 is this allowed portion of
the v, V plane.

The § function in (28) vanishes unless
MV Luv=imw i+ imu?=E
= %M17)1,2+%7n27)2’2 y (32)

where E is the total energy in the laboratory system. In
other words, the quantities », V in (28) indeed must
have values consistent with conservation of energy.
Equation (32) is an ellipse in the », V plane. Then,
integrating (28) over V, and again using (26),

7(212262)2

oag®(v1,00) =
I AE, 31)127)2

vu - AE -
X/ dv V¢2<1—cos20,-+—— cos(h) (33)
vy

wVs

integrated in the range v,<v< v, for which points v, V
on the ellipse (32) lie in the shaded region of Fig. 1.
Here, for given vy, v,
Vi(o)=[M'QE—p?) ]2

=[ M (mwt+maw2—p?) 12 (34a)
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and, in (33), V; replaces V in the definition of (27),
i.e., now

cosf;= (2vV ) [vi2— vo2+ M~ (m1—m2)v?],
as one expects from Egs. (17a) and (17¢).

Equations (34) reduce (33) to a simple integral over
v, yielding finally

7r(21Z262)2
4[ AE[ 37,‘12'1)2
F (@2 4ve2 4012402 (ru— ) — (v — )], (33)

where v/, v’ are given by (30b). The integration limits
v, v, in (33) and (35) remain to be determined. Other-
wise, (35) is the desired result for oag°"".

(34b)

U'AEc“(Z‘l,'L’g) — [(’012— 1,22) (1,2/2_ 1‘,2) (m—l_ Tu—l)

IV. DETERMINATION OF v, v,

Evidently, v;, v, are the values of v at which the ellipse
(32) intersects the boundaries of the shaded region in
Fig. 1. From Egs. (31¢) and (32) one sees that the ellipse
always has two real intersections with line (c), of which
both, or only one, or neither may lie on the boundary
of the shaded region, depending on the values of vy, v..
These intersections occur at v=1, and v=u1;, given by

Py= T, AE 2 0 ’ ie. y Vig=11, (364)
=010z,

NN
PYERTR G AELO, ie., w,=v, (36b)

’ !
v5=01+2y,

where v, < v;. Similarly, in the first quadrant of the v, V
plane, lines (a) and (b) each have at most one inter-
section with the ellipse, at v=1v, and v=1;, respectively,
given by

Ta=12'— 11,

va=1v'+2/’, AE20, ie, we=v', (37a)
Va=V2— 71, .

AELO0, ie., v,=1,. (3
1}5:1)2.*_1)1, NV y U1 U1 ( 7b)

Because the ellipse (32) is everywhere concave down-
ward in the first quadrant, it must intersect the boundary
of the shaded region no more than twice; it may not
intersect the boundary of the shaded region at all. Thus,
referring to Fig. 1, it is clear that the only possible limits
of integration in (33) are

() v1=va, v,=vg,

(i) v1=%a, v,=0u;,
(i) vi=v,, v.=1s, (38)
(iv) =1y, v,=1v3,

(v) no intersections, oag®f(1,2:)=0.

The conditions for the above cases to occur are!?

2 See Sec. V of E. Gerjuoy, University of Pittsburgh Space
Research Coordination Center Report No. 25, 1965 (unpublished).
The present paper is a condensed version of this report.
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(again referring to Fig. 1)
(D) vyS%ac, V6o Vs;
or equivalently, v,,<%, v.Svs (39a)
(ll) v"/évacs ngvbc;
or equivalently, 2,.<%, v8Svs (39b)
(i) 22e<0y, 25K Vpe (39¢)
(iv)  02c S0, <05 S,
or equivalently, 9a<v., v5.S25 (39d)
(v) either ;<% or vp:.<7y, (39)

where v, is the value of v at the intersection of lines
(a) and (c); vee is the value of v at the intersection
of lines (b) and (c). These values are, for positive or
negative AE,

Vac= (2m2) M (v1,— v15) = 2ma)~ M | v1—2/'| , (40a)
Vpe= (2m2)—1M(7)lg+ 'Uls) = (ZMQ)—IM('Url— 7)1/) . (40b)

Equations (36) and (40) imply!? that cases (i)—(v) of
(38) correspond to the following limits in Eq. (35), and
occur under the following circumstances:

() w=v'—v', =04, AE20  (4la)
n=v—01, v,=01+7v2, AEZK0 (41b)
when
dmims ) 21|
AEZ <E1—E2+ El— _— Eg— ) , (-11(3)
AMZ ’ 1 Vo
provided also 2mvs 2> |m1—ma|v,  AE20 only (41d)
(ll) 'Uz='l)2’—'l)1’, 1’"=‘L‘1+‘Z)2, AE;O (423)
N=02— 71, vu=v1’+v2', AE<O (42b)
when m;>m» and
dmams 2 21
<E1—Ez— E1—-—+Er—)
M2 71 Vg
dmaime V9 0
SAEL ——(El- Ey+E—— Ez-) . (420)
1‘42 1 Ve
(lll) N=01—"72, vu=v1+v2, AE?O (4321)
n= 1)1,— 'Z)z’ y Uy= 1)1,+ '1)2, , AE S 0 (43b)
when
AF <4mlm2(E Fae B — E ml) (43¢)
E 1— Lo— | Ey— — Eo— 43¢
Some 71 201/’
provided also
2mqvy 2 I mi—ms | V2, AELO only. (43d)
(iv) w=v1—v2, wv.=v/+v’/, AE20 (44a)
n= '1)1,— 1)2’ , U= 21+ , AE < 0 (44b)
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when m;<m» and

- dmame 1 T2
< AE < <L1— ILQ+E2~ —_ 1'41‘—> . (44(3)
M2 Vo 71

v) aar®tt (v1,02) =0 (45a)

when Eq. (41c) holds and Eq. (41d) fails, provided
AEZ0; (45b)

when Eq. (43c) holds and Eq. (43d) fails, provided
AEXO. (45¢)

Of course, because vy, v’ in (30b) must be real, Eq.
(45a) holds unless

—Imw2 SAE S Smyn?, (45d)

which expresses the fact that the particle losing energy
in the collision cannot lose more than its initial kinetic
energy.

The above conditions for the occurrence of cases
(1)-(v) can be expressed in a variety of alternative
forms. For example, when AE> 0, each of the following
conditions is implied by and implies!? (i.e., is equivalent
to) the pair (41c), (41d):

(2ma) Y (Mvy'+ | mi—m2|v1) <o, (46a)
@ma) "X Moy | m1—ma|v)) <oy, (46b)
0 S ’01' < (2’”21)_1(11[‘1)2‘~ l ml*‘ﬁlz‘ ‘Uzl) . (46(:)

The equivalence of (46a) and the pair (41c), (41d) when
AE20 is easily demonstrated.’? Actually, (46a) is the
condition which follows directly from the first set of
conditions for case (i) in (39a), namely, from 2, < v,
1< vs; Eq. (46b) is obtained from the equivalent set
Vac S Vay Vbe S5 Thus, Eqgs. (46a) and (46b) must be
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equivalent statements of the same restriction on the
values of v1, 93, AE, i.e., if either of (46a), (46b) holds
for given v1, v2, AE then both of them must hold. Indeed,
the equivalence of (46a) and (46b) can be demon-
strated!? directly, without reference to their common
genesis in (39a). Conditions (46a) and (46b) arose from
the use of (26) to eliminate first the §(91—v,) factor in
(25); eliminating first the 8(9,—vs) factor in (25) leads!?
to the condition (46¢). Similarly—via the procedures
which have just been described—one obtains alternative
equivalent conditions for the remaining cases (ii)-(v),
as well as for case (i) when AEXO.

Equations (35) and (41)-(45) complete the specifica-
tion of oag®™(v1,v2) for Coulomb collisions. However,
comparing Egs. (19) and (33), it is clear that the calcu-
lation of a4 ¢ (v1,7) for any (central) interaction would
not be essentially difference from the Coulomb case.
Whenever, as in (10), the angular variation of ¢ depends
solely on the angle x between n and w, car(vi,vse)
defined by (9) will depend only on cosf and cosf’. But
cosf’ then can be eliminated in favor of AE via (5), so
that oaz°"(v1,2) defined by (18) will be an average over
all ny, ny of a 6ag(v1,v2) depending only on ¥V, v and cosé,
where Eqgs. (17) and (20) continue to hold. Thus, one
will be led to a single integral involving oa g of form (33),
between upper and lower limits v;, v, given by precisely
the formulas developed in this section. Similar remarks
pertain to an average over all ny, n; of any function of
v, V, cosf, where these quantities obey Eqgs. (17). Of
course, only in special cases, such as the Coulomb case,
will the aforementioned integral from v; to », be doable
in closed form.

I mention that the result (35) does reduce to
Stabler’s®10 when m;=m..
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