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First-order and second-order (in strain) magnetoelastic effects in yttrium iron garnet (YIG) have been
studied using a pulsed ultrasonic technique and have been interpreted using finite-deformation magneto-
elastic theory. Small-amplitude plane-wave modes in {100), (110), and (111) directions in uniformly mag-
netized, homogeneously deformed cubic single crystals have been analyzed including first-order and second-
order magnetoelastic coupling. First-order and second-order magnetoelastic constants have been com-
pletely determined for YIG. The second-order “morphic” effect has been analyzed and completely evaluated
for YIG in terms of 8 “morphic” constants. Experimental results are described which agree with finite-
deformation magnetoelastic theory and disagree with small-strain theory.

I. INTRODUCTION

HE acoustic velocities of plane-wave-like modes in
saturated ferromagnetic specimens depend on the
magnetic-field strength and magnetization orienta-
tion.!—% Extensive measurements of these field-strength
and magnetic-orientation dependencies have been made
on single-crystal yttrium iron garnet (YIG) specimens
and have been interpreted using phenomenological
finite-deformation magnetoelastic (ME) theory. Finite-
deformation ME theory is required to analyze second-
order ME effects since the usual small-strain theory is
valid only to first order in small quantities. For ex-
ample, the symmetry of the second-order ‘“morphic”
effect, which results from magnetostrictive distortion
and third-order (in displacement gradients) anelastic
energy terms, is not identical to that of the intrinsic
second-order ME interaction, as is incorrectly pre-
dicted using small-strain theory.

A pulsed ultrasonic technique capable of measuring
small changes (1:10°) in acoustic velocity has been used
to measure the velocity dependence on magnetic field
strength and magnetization orientation. Using these
measurements, first-order ME constants and intrinsic
second-order ME constants have been completely de-
termined for YIG. Second-order morphic constants
which characterize the “morphic” effect have also been
completely determined. This work reports the first
evaluation of intrinsic second-order ME constants and

* Based on a thesis submitted to the Department of Electrical
Engineering, Massachusetts Institute of Technology, Cambridge,
Massachusetts, in partial fulfillment of the Doctor of Philosophy
degree, 1965. This work was sponsored in part by the Advanced
Research Projects Agency under Contract SD-90. A brief summary
of second-order magnetoelastic constants for YIG has been pub-
lished [D. E. Eastman, J. Appl. Phys. 37, 996 (1966)].

{ Present address: IBM Watson Research Center, Yorktown
Heights, New York.

1 W. P. Mason, Phys. Rev. 82, 715 (1951).

2G. A. Alers, J. R. Neighbors, and H. Sato, J. Phys. Chem.
Solids 9, 21 (1958).

3 J. Sakurai, J. Phys. Soc. Japan 19, 311 (1964).
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constants are of interest in parametric magnon-phonon
processes.*—*

In Sec. II, small-amplitude ME plane-wave propaga-
tion in a homogeneously saturated stress-free ferro-
magnetic medium is considered. The “morphic” effect
is described and morphic constants are evaluated.
Nondegenerate ME plane-wave modes in (100), (110),
and (111) cubic crystal directions are determined. In
Sec. III, the experimental technique is described and
experimental results are presented and analyzed.

II. MAGNETOELASTIC PLANE-WAVE
PROPAGATION

A. Basic Description

Small-amplitude plane-wave propagation in a mag-
netically saturated, homogeneously deformed single
crystal is considered. A deformed medium must be
considered in treating second-order (in strain) ME
effects since ferro- and ferrimagnets possess a spon-
taneous magnetostrictive distortion.

It is convenient to describe every material particle
by three positions: the natural reference position with
coordinates @;=(a,b,c) in the undeformed reference
state having density po, the initial deformed equilibrium
position with coordinates X,=(X,¥,Z) at time { in
the initial state having density 5, and the present posi-
tion with coordinates x;= (x,y,2) at time ¢ in the present
state having density p. All three positions are referred
to the same Cartesian system. It is also convenient to
introduce three displacement vectors:

;= x;— X ;= (u,v,w) = displacement from initial

position to present position, (2.1a)

/=X ;—a;= (u',v/,w’)=displacement from natural
position to initial position, (2.1b)

*B. A. Auld, R. E. Tokheim, and D. K. Winslow, J. Appl.
Phys. 34, 2281 (1963).

¢ F. R. Morganthaler, J. Appl. Phys. 34, 1287 (1963).
8 B. A. Auld, Proc. IEEE 53, 1517 (1965).
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¢i=x;—a;= (¢,r,s) =displacement from natural

position to present position. (2.1c)

The deformation of the body is described in the ma-
terial description by
x.i=x,-(a,-,l), (22)
with
xi(di,to) = Xi= Xi(a,-) .

The magnetization per unit volume M is not con-
served in a ferromagnet undergoing dilatational changes.
Following Brown” and Tiersten,® it is assumed that the
magnetic moment per unit mass, m=M/p, is conserved
at fixed temperature.®

2.3)

Equations of Motion

It is assumed that the state of the system is de-
scribed by the temperature 7" or entropy .5, deformation
gradients dx;/da;, magnetic moment per unit mass ;,
magnetic gradients dm;/da;, applied magnetic field H,,
and external surface force per unit area T;. The general
coupled isentropic equations of motion for the mechani-
cal and magnetic systems have been deriveds10.11;

(l2xi aT:L';,' aHi \
ar  dx; dx;
dm;
—_——= ‘Yoéijkijke; (25)
dt
where
6x,- U
1j=p—— ———————=stress tensor, (2.6)
da, d(dx;/day,)
auU 1 9 U
HemHim—t——(p ) 1)
omy  po da; 6(3mk/l3(lj)

= effective magnetic field,
U=U(S,0x./da;,m;,0m/da;)
=local internal energy per unit mass,
Hj=Ho+H)' =Maxwellian magnetic field,
H,=applied magnetic field,
H,'=dipolar magnetic field,
glel

2mec

o= — = gyromagnetic ratio,'?

€;;=unit skew-symmetric tensor.

”W. F. Brown, Jr., J. Appl. Phys. 37, 994 (1963).

8 H. F. Tiersten, J. Math. Phys. 6, 779 (1965).

® This assumption is subject to scrutiny at high temperatures
because of the thermodynamic definition of ;.

' D. E. Eastman, Ph.D. thesis, Electrical Engineering Depart-
ment, MIT, Cambridge, Massachusetts, 1965 (unpublished).

"'H. F. Tiersten, J. Math. Phys. 5, 1298 (1964).

2Tt is assumed in the following that the g factor is constant.

The stress tensor 7; is not symmetric, owing to
magnetic-body couples. The magnetic-body force term
M;(0H;/dx;) in Eq. (2.4) is due to the interaction of
the momentum M ; with the nonuniform field 0H;/dx;.
In Eq. (2.7), dU/dmy is an effective local field which
describes ME and magnetocrystalline anisotropy inter-
actions while the third right-hand-side term is the ex-
change interaction.

A more simple and convenient form of the mechanical
equations of motion is obtained when all derivatives
are transformed to natural-state variables. Using the

identity
6 1 axk
_—-<— _—> - 0 ’
9%y, J aa,,

Po a(xl,x2,x3)

with

=——————=Jacobian,
p 0 (01,02,(13)

the mechanical equations of motion become

d"’x,- aP.;k day aHi
po = +” 7 ) (2'8)
dl2 aak 6x_,- 6dk
with
U
Pi=p——-.
9(0x,/day)

Py is the first Piola-Kirchoff stress tensor.!

The energy function U(S,0x./da;,m:dm,/da;) cannot
be an arbitrary function of dx:/da;, m;, etc., because it
must be invariant under all rigid motions of the de-
formed and magnetized body.”* As shown by
Tiersten,®! this invariance requirement can be satisfied
by using variables of the form!®

U= U(Sy771'j>ai'*7Gif) ) (2'9)
with
1/0x;, dxy
m,l=~<— ——~—8¢J~)=strain tensor (2.10a)
2 adi 3(lj
17/8q; 9q; i dgs
=—<— el ———>, (2.10b)
2\da; da; Ja;da;
axk
(Ii*:“"“ak ) (2.11)
(9(11'
day. Ay
=, (2.12)
3(1,' Ga,-
my
a=— (2.13)
|m|

18 Physical Acoustics, edited by W. P. Mason (Academic Press
Inc., New York, 1964), Vol. I-A, p. 91-92.

“R. A. Toupin, J. Rational Mech. Anal. 5, 849 (1956).

15 The set of variables n;, as*, and G;; in Egs. (2.9)-(2.12) can
be shown to be equivalent to Brown’s (Ref. 7) E 4B, a*=arR;x,
and (8m:/dX.)(dmi/0Xa). The a;*s in Eq. (2.11) are used in
preference to Brown’s a;*’s as the latter are difficult to evaluate
beyond first order in x;/da;.
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Expanding U in the usual manner, one obtains
polU = poUo(S)
+g(ap*,5)
+gii(e®,S)ni;

1
+2—:gu‘u(ap*,5)mmkz 2.14)

1
+;gijklmn (ap*;s)"]ijnklnm n

+- .-
+>\1']Gij+>\z'jkmi; ‘kl
+---,

with!6
g (C!p*,S) = szal*aj*

1
*
+-2~'Kuual afata*+ -,

(2.15)

215 (p*,S) =Bij+bijrar*ar
1

+7_bijklmnak*al*am*an*+ Tty
'

(2.16)

gijkl(all*ys) = C"jkl+Bijklﬂlllalll*aIL*+ Y
gijklmn(ap*ys) = Cijklmn+ Y

o1 <32(P0U)> i
Kij=—|——— ,
2N\da*da;*/ s, 4.6

l == G=0
1 3*(pol)

Bij/.-lmn:_ _‘(
2!

i
am;'anklaam*aan*> 5,1, Gl a*mg= G0

(2.17)
(2.18)

In the spirit of Brugger,”” thermodynamic definitions
of the phenomenological constants K, - - -, Bijiimn, * * -
are used in Eqgs. (2.14)-(2.18). These definitions mini-
mize numerical complexity in actual calculations.

The various terms in Egs. (2.14)-(2.18) are identified
as follows: (1) poU, is the internal energy at zero
o*, 9, G. (2) Equation (2.15) describes the magneto-
crystalline anisotropy energy. It contains terms in
dx:/da; due to the a,*’s and, in principle, contributes to
first-order and second-order ME effects. Usually a,*
can be replaced by a,, i.e., deformation effects can be
ignored, because Kij, K:ji, etc., are numerically very
small compared to b;jxi, Bijtima, etc. This is true for
YIG and is expected to be true for nearly all ferro- and
ferrimagnetic materials. (3) In Eq. (2.16), 8;; is related
to entropy-dependent strains which arise when the

18 Only terms having even powers in a,* are allowed because U
must be invariant under time reversal.
7 K. Brugger, Phys. Rev. 133, A1611 (1964).
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initial-state entropy S differs from the natural-state
reference entropy. In the analogous expansion of the
Helmboltz free energy, the corresponding 8;; is related
to thermal strains. The ME constants b;;x; are the usual
first-order magnetostrictive constants,!® and the d;jximna’s
are Becker-Doring constants. The latter are usually
much smaller than the former. They are unimportant
in the present study of ME wave propagation and are
henceforth neglected. (4) In Eq. (2.17), the ciji’s are
the usual adiabatic elastic moduli. The Bijima’s are
second-order ME constants and are of principal interest
in the present study. (5) In Eq. (2.18), the Cijiuma’s are
third-order elastic moduli. They are of interest because
they are involved in the “morphic” effect. (6) In Eq.
(2.14), the \;’s and A;jx’s are exchange and exchange-
striction constants.

In Appendix I, the energy function U for the cubic
point groups O, Oy, and T is given correct to second
order in dx;/da; in ME energy terms and to third order
in dx;/da; in mechanical-energy terms.

B. Morphic Effect

All ferromagnets with magnetostrictive coupling have
a spontaneous magnetic-orientation-dependent distor-
tion. In a uniformly magnetized stress-free cubic
specimen this distortion is described to lowest order
by the homogeneous static displacement gradients!®:

u =ha2, v’/=wy="haas,

'L‘b’ = k1&22, uc, = wa’ = hod1&3 y (219)

W, =hag, uy =1v=h:@,

with
bll b~14
111= —_ , /12_—" _,
C11—C2 2c44
ou’ 6141' 6’142,
n/=—=—", 1v/=—— etc.
da 0da, da;

The bars, @, etc., denote initial-state values.

Upon expanding the energy about the initial state
and taking this deformation into account, both second-
order and third-order (in strain) mechanical energies
lead to energy terms of the form

' fou\? du\?
) o (G)
da \da da
with C and D being constants. This second-order ME
effect, which is due to static magnetostrictive distor-
tion and anelastic energy interactions, is called the
“morphic” effect.! It is similar in form to the dominant

18 The b;;x1 reduce to by and bs, in the usual notation, for mag-
netically saturated cubic crystals.

19 See W. F. Brown, Micromagnetics, (Interscience Publishers,
Inc., New York, 1963), p. 124. The infinitesimal rotations
$(w —14"), etc., were set equal to zero in arriving at Eq. (2.19).
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TABLE 1. Morphic constants Dagc.

Values
Definition (X106 erg/cc)
Din =hiBcii—cio+Ciii—Cui2) = 204 +44
D1y =M (—c1a—cas—Cr2+Cios) =—11.3 +48
Diuss =In(c1a—c1a+2C1a4) = 123 £20
Diss® = hy(cr2+3c4s+2Crss) = 135 £1.5
Dlss(z)=h2(6u+644+2C155) = 13.1 1.5
Dy ® =1 (—2644+Cras— Cis5) =— 03 £1.7
Dya1® =hy(cr1—c12—2¢44) =— 0.18+0.01
Diss = ha(2c44+2Cas6) 22 +18
with
—bn
= =— 2.2440.12 (X107%)
cii—¢e2
—bas
2= =— 4.6140.13
2c44

Use c4p and byp data®:
en=2.69 (X102 dyn/cm?)
c12=1.077 (X102 dyn/cm?)
c1a=0.764 (X102 dyn/cm?)

by = (3.620.2) X108 dyn/cm?
baa=(7.2+0.2) X108 dyn/cm?

a Elastic moduli c4 data taken from Clark and Strakna (Ref. 22);
b1 and b taken from Sec. I11; Casc taken from Sec. II. All data are evalu-
ated at room temperature.

(@)?(0u/0a)? terms in the intrinsic second-order ME
energy.

The symmetry of the morphic effect on small-
amplitude wave propagation is not identical to that of
the linearized second-order ME energy because of
contributions from %c4pnang; if the symmetries were
identical, one would need only to define new ME
constants B®e") = B4 Bmor) and proceed®? [see Egs.
(A2)-(A4)]. This is due to the fact that third-order
dq/da terms in 3capnamp cannot be rewritten in the
form of a linearized third-order energy $C’45cSaSnSc,
where S, is the infinitesimal strain,

9¢: g5\
SA=(1—%BH)<—+—), ij~A, A=1---6. (2.20)
a; 601‘

The morphic effect on small-amplitude wave prop-
agation in cubic crystals is described by inserting the
displacement gradients [Eq. (2.19)] in the general
linearized equations obtained from the wave equations
(2.4) or (2.8) and (2.5). This lengthy calculation is
summarized in Eq. (A2) in Appendix I, where simi-
larities and differences of the morphic and intrinsic
second-order ME effects are clearly shown. It is ob-
served that eight morphic constants D4p¢ are needed
to describe the morphic effect in cubic crystals (Table I).
In the case of elastic isotropy (ciui=cia+2¢4s), Diss®
=D15® and Dyn® =0 and the remaining six morphic
constants have a one-to-one relation with the six in-
trinsic Bapc constants, i.e., the symmetries of the

* Earlier work on the morphic effect neglected these $Capnans
contributions because of the use of small-strain theory (Refs. 1, 4).
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morphic and intrinsic second-order ME effects on wave
propagation are identical [see Eq. (A3)].

The morphic constants Dsc can be determined if
can,? bag, and C4pc are known. The third-order elastic
moduli C45c have been determined for YIG.?? In units
of 102 dyn/cm? and at 28°C, they are (in the Brugger'?
notation) :

Cin=—23.3 £0.8, Ciu=—1.481+0.29,
Cra=— 7.14+0.6, Cis5=—3.06£0.14,
Croz=— 0.33%£1.3, Ciss=—0.97£0.16.

Morphic constants for YIG are evaluated in Table I.
A different set of constants results if the equations of
motion are written in terms of initial state derivatives
9/9X ; instead of natural state derivatives d/da..

The morphic effect is static in nature and conse-
quently will not occur in high-frequency processes that
use a time-varying magnetization a;(f).** The general
linearized equations (A2) and (AS) can be used to
study such processes by simply setting the morphic
constants equal to zero. A straightforward investigation
of the morphic effect for time-varying o.(f) indicates
that it will retain its static character for frequencies
well below the characteristic frequency fe=~V /2L, where
V is the acoustic velocity and L is a sample dimension.
Near and above f, sample resonances are expected.
These gradually diminish in amplitude with increasing
frequency and damping and should have no practical
effect for frequencies much higher than f.

C. Nondegenerate Plane-Wave Modes

The velocities and polarizations of small amplitude
plane waves propagating in (100), (110), and (111)
crystal directions are now considered. These modes
have nearly pure shear or longitudinal elastic polariza-
tions which permit individual modes to be excited using
transducers. Modes are dominantly elastic in the low-
frequency region of interest (w~108 rad/sec, Ho=1-10
kOe for experiments), with the ME interaction being a
small perturbation, and will be characterized by their
elastic polarizations.

The two shear modes in (100) and (111) propagation
directions are degenerate in the unperturbed (pure
elastic) approximation and consequently are sensitive
to all perturbations, including small rod misalignment.
While these nearly degenerate shear modes have inter-
esting properties, such as magnetic-dependent acoustic
Faraday rotation, and birefringence, they are difficult
to use in determining ME constants because of this
sensitivity to perturbations. Consequently, only the
five nondegenerate modes in (100), (110), and (111)
oriented rods are considered in this study.?® These con-

2t AL E. Clark and R. E. Strakna, J. Appl. Phys. 32, 1172 (1961).

2 D. E. Eastman, J. Appl. Phys. 37, 2312 (1966). This work is
also contained in Ref. 10.

% Rod misalignment effects on these nondegenerate modes add
only a small constant perturbation to the velocity and do not
affect the elastic polarizations.
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TaBLE II. Nondegenerate mode velocities in [001], [101], and [111] oriented rods.

Rod, orientation,

mode Natural velocity*
[001] I‘Od, 2bu 2 .
long. excit. (1) poW2=cn~+[Bin+5b11+Din+4rM 2] cos?d—| — —4rM, ) sin’ cos™¥xn
[101] rod, entciet2c44 . .y
long. excit. (2) pouw=——'——‘—‘+%([—‘B1|1+ZBL'ZK+4B“1“6[711—-4b44—D11+2D123+4D441(” —Duu(ﬂ] sin% sin 0]
1
+[4B1ss+4b11+6b4s+2 D155 42Dy 55 J(cos?d—sin?f cos’op) } —FZ{ (b F1+baaF2)2X11
+ (bu—b44)2F32X22} —%{ 167 (b11F1+b4sF2) sind C050X11+2[(4’n'M, sinf cosf)2x —4nrM 2 COS%)]}
sin26 sin26 sin2¢
with Ffy=— sin?p, Fo=———(1+cos?p), Fz=— sinf
2
[101] rod, (3) poW2=cuu+3{ (Bass+bss+ Dasg) (cos?@ —sin?d cos?p) — (Bann+b11— 34034+ Daat O+ Dy @) sin? sin?e}

shgar excit.,
ul6’([010])

¥l g

bas\?
- (——) [cos?26 sin%¢pX 11+ cos?0 cos?pXas ]

+3{—[Bin+2B123+6b11+ D111 +2D12;] sin®d sin?¢+[2b414—4b11+2D15:0 —2D155® ]

2
X (cos?—sin®d cos?¢) } — (——) (cos226 cos?pX11+Cc0s%0 sinpXas)
M

47 M 242D1550 +2D155® +2 D14 +4Dase ] cos?— (

[101] rod, cu—cu
shear excit., (4) pW2=
u([@’([101])
b
8
[111] rod, cut2c12+4c4s
long. excit. (5) poWt=——-v--—r
(237
with xy~~—r-—--—
4 (wir+wy sin?f)
@M
Xogo>z
drwy

+35(4B155s+2B1as+4Byss+4b11+11b4s

2b44

2
— 47 M, ) sin%9 cos?0X,;
M,

wy = —yodrM,

wr=—vo(Ho+H')

2 The constants Dagc are summarized in Table I.

sist of longitudinal modes with (100), (110), and (111)
propagation directions and two shear modes with a
(110) propagation direction. All first-order and second-
order ME constants can be evaluated using these five
modes.

ME waves propagating in [0017, [1017], and [111]
directions vary as

[001]: 2, ui~exp[i(Kc—wi)], (2.21a)
K

[1017]: u{,pi~exp[i<5(a+c)—wl>:l, (2.21b)
K

[117]: w, #£~exp|:i<v—3(a+b+c)——wt)] . (2.210)

with @, b, c=natural position coordinates, u;=a;—a;
=magnetic wave vector, K=w/W =wave number, W
=natural velocity. The natural velocity W is the wave
speed referred to natural dimensions,
W=Ly/Tys, (2.22)
where L, is the acoustic path length in the natural
undeformed state and 7'z is the acoustic transit time.
Thurston and Brugger?* give an excellent description
of the natural velocity. It is advantageous to use the
natural velocity instead of the actual velocity V,

V=W(L/Ly), (2.23)

#R. N. Thurston and K. Brugger, Phys. Rev. 133, A1604
(1964).
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where L is the initial-deformed-state path length, as
length changes and propagation direction changes due
to magnetostrictive distortion are then automatically
taken into account.?*

Nondegenerate small-amplitude wave velocities?® and
polarizations are obtained by substituting #; and u; of
Eq. (2.21) into Egs. (A2) and (AS5) and solving the
resulting linearized equations. Results are summarized
in Table II. The polar angles 6, ¢ denote the static
magnetization direction in the laboratory coordinate
system (&',0',¢’) defined in Fig. 1 (f=polar angle
measured from ¢&’, ¢=aximuthal angle measured from
d"). The ¢’ axis is taken parallel to the rod axes of rod
specimens. Velocity expressions in Table II are inde-
pendent of K and are valid in the low frequency region.
The approximations w<w; and AK%»y<Kwy have been
made, where w; is the spin-wave frequency.

More general dispersion relations valid in the cross-
over region can easily be obtained from those in Table
II by substituting

W= (w/K)?,
and
Wl yr
Xgpg=—"71,
A (w2 —w?)
W pr
Xp=—"""-,
A (w2 —w?)
with

we= w1+wM sin%0 y
wex=AK%wyr,
w=wws,

W1=WH+ Wex

and solving for w versus K.

Various features of the modes in Table II are dis-
cussed in context with the experimental results. The
magnetic body force [see Eq. (2.4)] affects only longi-
tudinal modes to lowest order and results in bup
appearing in the form (bap—2wM,2)? in longitudinal
wave velocities, while appearing in the form (b4s)? in
shear wave velocities.

% Equations (A2) and (AS) have been derived for a homo-
geneously saturated ferromagnet. Only ellipsoidal bodies can
possess a uniform magnetization when placed in a finite uniform
field and specimens of interest are cylindrical rods; however, the
approximation of uniform M, is a reasonable one in the high dc
field region of interest Ho>2|H'|, where H' is the static demag-
netizing field. The applicability in practice of the assumption of
free mechanical boundary conditions is also subject to scrutiny,
since nonspherical bodies oriented in a magnetic field experience
a net torque exerted by the field which must be balanced by ex-
ternal surface forces from the specimen positioning apparatus.
FFor YIG, a straightforward estimate of the average strain due to
these forces yields 9#'/da=~=108, which is two orders of magnitude
smaller than the static strains due to magnetostriction,
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Fic. 1. Crystal coordinate system (a,b,c) and laboratory co-
ordinate system (a’,b’,¢’). The crystal directions of the laboratory
system axes are as follows (rod axes along ¢'):

Specimen R
orientation 4 b’ e’
[001] [100] [010] [oo1]
[101] [10i] [010] [101]
[111] [112] [i10] [111]

III. EXPERIMENTAL METHODS AND RESULTS
A. Experimental Methods

First-order and second-order ME interactions have
been studied by measuring the velocity dependence on
field strength and magnetization orientation in mag-
netically saturated single YIG crystals. A pulsed ultra-
sonic system has been constructed? that is capable of
measuring acoustic velocity changes of 1:10° for 25-50
usec acoustic delay times, which are readily available
in high-Q YIG. In this system, which uses a phase-
comparison technique, changes in the one-way acoustic
transit time 7', are measured as changes in the carrier
frequency f of the input pulse,

Af/f=—ATL/Ty. (3.1)

The carrier frequency f was adjustable in 20-cps steps
over the 304=1.5-Mc/sec frequency range used.

The temperature was regulated to =0.02°C near
room temperature using a water jacket and circulator
(Haake model Fe, Brinkmann Instruments, New York).
Specimens were mounted in an orientation apparatus
having two orthogonal rotational degrees of freedom
with an angular resolution of 4-3°. The apparatus was
positioned in a magnet supplying a 0-10 kOe field.
X-cut and AC-cut quartz transducers (coaxial plated,
$-in. diam) were used to generate longitudinal and
linearly polarized shear excitations. Salol (phenyl sali-
cylate) was used to bond transducers.

TasLe III. YIG specimens.®

Specimen Rod Dimensions
number orientations (mm)
1 (100) 10.54X3.14 diam
2 (100) 8.47X3.63
3 (110) 10.47%3.20
4 (110) 13.63X3.125
5b (111) 7.08 2.5

& Specimens 1 and 3 are from the Microwave Chemicals Laboratory,
Inc., New York, New York; specimens 2 and 4 are from the Airtron Divi-
sion of Litton Industries, Morris Plains, New Jersey and specimen 5 is
from the_IBM. Watson Research Center, Yorktown Heights, New York.

b Specimen is approximately circular in cross section and has 1-x finish.
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F1c. 2. Frequency change (kc/sec) versus field 4o (kOe). [101]
YIG rod (specimen No. 4). 7=28.8°C. Shear excitation.

(@ ull§'([0107), M,|K(6=0), 7=29.76 Mc/sec,
measure by ="7.3X108 erg/cc.

(b) u||’'([010]), M,||u(@=1/2), /=29.76 Mc/sec,
measure byy="7.2 X108 erg/cc.

(c) ullé’([1017), M,|K(®6=0), f=30.15 Mc/sec,
measure b;; =3.8 X10¢ erg/cc.

(d) ullg’(C101]), M,J[u(@=/2), f=30.15 Mc/sec,
measure b= 3.6 X105 erg/cc.

The cylindrical rod specimens which were used are
described in Table III. The rod ends are optically
polished and parallel and rod orientations are within
=+2° of specified directions.

B. Experimental Results and Discussion
1. First-Order M E Constants by and by

Examination of mode velocities in Table II shows
that perturbation terms which are an explicit function
of the magnetic field (those containing Xi; or Xss) in-
volve by or bss. These perturbations are due to small
spin-wave admixtures in the ME modes. They are
linear in X;; or X2 and result in velocity changes AV
o (Ho+const)™! at fixed M,. This field dependence
occurs because an increasing dc field lifts the spin wave
manifold farther above the operating frequency, thereby

TaBLE 1V. Determination of &;; and bu4.

II. Prolate III. Uni-

I. Curve fitting® spheroid form M,
C1 (X10¢ b1, bay approx.®  approx.c
Expt. kOe/sec) Ce (kOe) (10ﬁ Cl’g/CC) bu, byg bu, Im
(a) 7.5 —0.05 7. 7.3 7.4
(b) 7.25 1.24 7.2 6.8 6.7
(c) 1.9 —0.05 3.8 3.7 3.8
(d) 1.8 1.24 3.0 3.3 33
s Values of c4p in Table I and 47M,=1.76 kOe were used. H@)' = —0.05

kOe and H @) = —0.52 kQe. It is well known (Ref. 26) that b1 and b
are positive.

b H@' = —0.12 kOe and H @)’ = —0.82 kOe.
__°H@)'=—0.68 kOe at Ho=10 kOe and = —0.21 kOe at Ho=2 kOe;
H@py' = —0.79 kOe at Ho=10 kOe and = —0.78 kOe at Ho =2 kOe.
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pinning the magnetization more strongly and diminish-
ing the spin wave admixture in the ME mode.

As seen from Table II, the shear modes (3) and (4)
are most suitable for determining &1; and b4 as they
have the strongest field dependence and involve b1 and
b separately. The following four experiments were per-
formed using sample No. 4:

Experiment

(a) [101] rod, ul|®’,M,|| K

AW 1 /bu\* M,
—_— -] —->——:—“, (3.2a)
w 244 Ma Ho+H(a)’
(b) [101] rod, ul|b’,M,||u
AW 1 /bu\? M,
e ___<__) L R (3.2)
T’V 2644 Ms H0+H(b)l+47rMs
(c) [101] rod, u)|é’,M,||K
AW 1 /bu : M,
—_— ——) — , (32&)
w (611-‘612)\Ma Ho+H o'
(d) [101] rod, ul|d’,M,||u
AW 1 /bu 2 M,
_—— ——) - , (3.2d)
w (611"-612)\Me Ho+Hy'+47M

where H,' and H)' are average demagnetizing fields
and AW is the natural velocity change due to the field-
dependent M E interaction. Measured data (Af versus
H,) is presented in Fig. 2. All frequency changes are
measured relative to Af=0 at Ho=10 kOe. Measured
frequency changes and natural velocity changes are
related, using Eqgs. (2.22) and (3.1), according to

Af/ f=AW/W. (3.3)

It is seen in Fig. 2 that measured and predicted fre-
quency responses, Af« (Ho+const)™, are in excellent
agreement in the high-field region Ho247M ,=1760 Oe.
The dashed curves in Fig. 2 are calculated using the
theoretical expression

—A =C - , 3.4
Jlcps) <H0+C2 10+c2> 34

with H, in kOe and C4, C; chosen for best fit to experi-
mental data. The experimentally-determined constants
C, are easily related to by and by using Egs. (3.2), (3.3),
and (3.4). Table IV summarizes experimental values of
Ciand C; and determined values of b1; and b44. Excellent
agreement between experiments (a) and (b) and be-
tween (c) and (d) is obtained. In experiments (a) and
(c), z-directed (M,|K) spin waves are involved while
x-y directed (M,_L K) spin waves are involved in experi-
ments (b) and (d).

An alternative way to determine b;; and b4 from
data in Fig. 2 is to use Eq. (3.2) and calculated average
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demagnetizing fields H ;' and H )’ rather than curve-
fitted values. This calculation has been performed for
two approximations. In the first, the demagnetizing
field of an inscribed prolate spheroid was used. In the
second, assuming M, is constant everywhere, the field
H'(z) along the rod axis due to surface poles was
evaluated and the average group velocity W was
calculated,

W=1Wo+const{{I),,,
where W, is the uncoupled (infinite field) velocity and

1 [l
<H"1>av=—L— (Ho+H' (z)+47M , sin26)"ds.

0/ 0

The average demagnetizing fields /7" in Eq. (3.2) are
then given in terms of (H~'),, by

1
= 4,7‘__,_._;,,__11“—- 4w M sin%.
(H™)av

Results for these two approximate methods are sum-
marized in Table IV. In the second method, data were
evaluated using the field points Ho¢=2 and 10 kOe,
since the effective demagnetizing fields H )" and H )’
in (H'),y are functions of H,. Values for H,’ and
Hgy' in (H),, were calculated to approximately 19,.
It is seen from Table IV that the agreement of curve-
fitted and calculated values of ;1 and by4 is fairly good
even though curve-fitted and calculated internal fields
differ considerably. The above experiments (a), (b), (c),
and (d) were repeated using sample No. 3 and all
determined values of by; and d44 agreed to =40.1X10°
erg/cc with corresponding values in Table IV except
experiment (c), for which the calculated value by,
=4.0X10% erg/cc was obtained.

The ME constant b4 was also determined using a
longitudinally excited [1117] rod with 6 fixed at 45°
(see Table II). Using a prolate-spheroid demagnetizing
field approximation, 44 was found to be 7.0X 108 erg/cc.

Referring to Fig. 2, the curve marked (d) shows a
distinct deviation from Afe« (Hy+const)~! at low field
strengths. This is a demagnetizing effect. The saturated-
state internal demagnetizing field is about 900 Oe with
H, perpendicular to K. This field strength corresponds
quite closely to the point of abrupt change. Similar
data on a transversely excited [001] rod showed an
even more pronounced effect.

The shear velocities (3) and (4) in Table II indicate
that no field dependence should be measured with M,
orthogonal to K and u. This behavior was experi-
mentally confirmed. With u parallel to 4’ or #, a fre-
quency change less than 40 cps in 30 Mc/sec was ob-
tained when H, was varied from 10 to 2 kOe. A com-
parably small frequency change was also measured for
longitudinal modes in the [001], [101], and [111]
directions with 6=0 or 7/2. This is expected from the
formulas in Table IT.

The constants &1 and 44 (b; and b, in the literature)
have been determined at room temperature by other
investigators using various techniques. Smith and
Jones? used a ferromagnetic-resonance technique and
determined 6;;=3.5X10°% erg/cc and b4=7.0X10°
erg/cc. Clark et al.?” used a strain-gauge technique and
determined 6;;=3.4X10° erg/cc and byu=6.6X10°
erg/cc [their %y and k; are given by Eq. (2.22)]. Mat-
thews and LeCraw?® measured acoustic Faraday rota-
tion in a (100) YIG rod and determined b4s= 7.4 X108
erg/cc. Olson? measured the ME interaction effect on
a microwave parallel pump threshold curve and de-
termined b4s=4.7X 108 erg/cc. Comstock® has reviewed
these various techniques.

2. Second-Order M I Constants Bapc

Examination of mode velocities in Table II indicates
somewhat complicated orientation-dependent perturba-
tions involving second-order ME constants Bggc,
morphic constants Dagc, and first-order ME constants
bap. The angular dependence of these perturbations
becomes simplified for orientation changes in the planes
normal to @', &, and ¢. By measuring the velocity
change as a function of orientation in these three planes
for each of the five modes in Table II, the seven dif-
ferent linear equations involving the Bag¢’s listed in
Table V can be evaluated. Maximum accuracy is
obtained when all data are evaluated between the three
@, b, and ¢’ orientations, i.e., (8,¢)= (0,0), (v/2,0) and
(w/2,m/2), using the largest possible dc field so as to
minimize field-dependent perturbations.

12¢-~ -
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N
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Fic. 3. Frequency change versus M, orientation. [2=6 for
(a) and (c), =4 for (b).] Dashed lines are predicted curves using
experimental constants. Ho=10 kOe. (a) [001] rod (specimen
No. 1), long. excit., f=30.60 Mc/sec. (b) [101] rod (specimen
No. 4), long. excit., ==/2, vary ¢, f=29.22 Mc/sec. (c;)) [101]
rod (specimen No. 4), shear excit., u[d’([010]), M, Léd (p=7/2),
vary 6.

¢ A. B. Smith and R. V. Jones, J. Appl. Phys. 34, 1283 (1963).
7 A. E. Clark, B. DeSavage, W. Coleman, and E. R. Callen,
J. Appl. Phys. 34, 1296 (1963).
(1<2)86§I). Matthews and R. C. LeCraw, Phys. Rev. Letters 8, 397
2 F. A. Olson, J. Appl. Phys. 34, 1281 (1963).
% R. L. Comstock, Proc. IEEE 53, 1508 (1965).
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TaBLE V. Experiments and formulas for evaluating the magnetoelastic constants Bagc:-
Rod Orientation Afl2 Afl  Af
orientation, change? Formulas for Bapc® —| =—| ——
Expt. mode 6,0)1 — (6,4)2 v Sl fh
1. [001] rod, T } Af|?
: 10ng. excit. - ¢ | (O, d)) (1) 3111+3bll+1)|11=2611—f1
2 I
[101] rod, T s _ N bu\? :
2. shear excit. -=}—=1-0 (2) ¥(Biti4+2B1as+2(3011—b1) 4+ Dinn+2D1s3+2(Dis;® — Dy W) ]—{ — Xin|
ul|é¢’ ([101]) 22 2 M, I
c11—C12 L\f‘ 2
=2 —
2 S
[101] rod, T m ™ bas \? A_/“2
3. shear excit. —-=]— <—, 0 (3) 3[Binn—Bass+b11—Sbss+DiatV+Daan® — Dysg ]4+{ — ) Xu1| =2¢40—
ul|3’ ([0107]) 22 2 M, 1 I
[101] rod, T bas\? | Afi?
4. shear excit. (—, 0)— (0, ¢o) (4) Bussg+bis+Dysg—{ — X11 =2C44——-’
ul[$’'([010]) 2 M, 2 fh
< [101]rod, T cutcit2eu\Af|2
- long‘ excit. (-—, 0) — (/O, @) (5) 23155+2bu+3b44+0|55(“+D15.‘.(2) =2 5 7
2 1
6 [111] rod, T
" long. excit. — ¢ | — (0,¢) (6) 3[4Biss+2Bras+4Buss+4b11+ 11045+ 2D1550 +2D155® +2 Diag+4D s ]
2
(Cu+26x2+4644)Af 2
=2 — )
3 fh
7 [101] rod, T
* long. excit. - -) — (0, ¢) (7) ¥[Bi11—2Bi2s+4B15s—4Bia1+10(b114bas) + D1t —2D1a3+2 D155V +2D15:® — 4Dy V]
22

(611+612+2€44
2

)

Af

/

2

1

s The subscripts 1 and 2 denote initial and final state.

b The Dagc's are defined in Table I. 47}, terms have been dropped in Egs. (1), (5), and (6).

Three representative measurements of frequency
change versus orientation are shown in Fig. 3. Curve
(a) gives Af versus 6 for a longitudinally excited [001]
oriented rod (sample No. 1). The dashed line is the
function cos? predicted from formula (1) in Table II.
(The b1X11 term is negligible at Ho=10 kOe.) The
experimental resolution is Af/f~1.0X10"¢ and the
total frequency change is Af/f=40X1075.

Curve (b) in Fig. 3 gives frequency change versus
orientation as M, is rotated in the transverse plane
(6=7/2,¢9=0—7/2) of a [101] oriented rod. An iso-
tropic material should show no frequency change under
this rotation. Longitudinally excited [001] and [111]
oriented rods exhibited no frequency change as M,
was rotated in the transverse plane; this is expected
from formulas (1) and (5) in Table II.

Curve (c) in Fig. 3 exhibits more complicated be-
havior: Af(f) varies approximately as Af;cos®
+Af,sin?20, where Af; and Af, are constants. The
sin?20 term is due to the field-dependent term o X;; in
formula (3) of Table II, which is still significant at

Hy=10 kOe. (The difference in direction between H,
and M, due to the demagnetizing field has been taken
into account.) The disagreement between measured and
predicted (dashed line) values is probably due to the
variation of the demagnetizing field. An inscribed pro-
late ellipsoid demagnetizing factor was used in plotting
the dashed line. Effects of such field-dependent terms
on the determination of B4p¢ constants are minimized
by evaluating all data between (8,¢)=4d’, &', and &
orientation directions.

Experimental frequency change versus orientation
data were taken for all five' modes in Table II using the
samples listed in Table III. A summary appears in
Table VI. Average data for specimens 1 and 2 and
3 and 4 are given in lines 1-10. The general angular
dependence of Af-versus-orientation curves predicted
by formulas in Table II was observed in all experiments.
The tolerances are estimated from the experimental
frequency-change resolution and bracket experimental
data on specimens 1 and 2 and 3 and 4. The sum of the
three frequency changes corresponding to orientation
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TABLE VI. Summary of frequency-change-
versus-orientation data.

Af|?
Speci-  Rod Orientation 10— =
men  orient. Excit. change 1-»2 fh

1 tand2 [001] long. ( > (0, ¢) 39341

T m™
2 3and 4 [101] long. - - - ) 17. 141
22
™
3 3and4 [101] long. |-, O)—»(O ) — 3.8+1
2
mm
4 3and4 [101] long. (0,6) — |-, 12r> —14.141
2
T s
5 3and4 [101] shears (- —)—{ -, ()) 11.340.7
22 2
™
6 3and4 [101] shearr | - 0)—» (0, ¢) —36.0+1.7
2
T
7 3and4 [101] shear* (0,¢) — |-, ) 24441
22
T om ™
8 3and4 [101] shear® (- -)1—{-0 30941
22 2
™
9 3Jand4 [101] sheart | - 0) — (0, ¢) — 1.0+0.7
2
T
10 3and 4 [101] shear® (0,¢) —|{ -, ~») —31.031
22
™
1 5 [111] long. -, ¢)—> (0, ¢) — 37413
2

- ulb Af|2_Af £l
B

el = T

2
T =29=+1°C, Hn 10 kOe.

changes of (6,¢) of (r/2,7/2)— (x/2,0), (x/2,0) —
(0,¢), and (0,¢) — (x/2,m/2) provides a check on ex-
perimental accuracy.

ME constants Bspc have been evaluated using the
formulas in Table VI, and experimental data in Table
VI, and cag, bas, and morphic constants in Table I. In
units of 108 erg/cc, they are as follows:

Bapc constants
Bin= 173412

Experiment 7 check

Bigz= 22419 1/4(B111—2B123+4B1ss—4Bsa)
Bigy=— 5+41 =19+433 (calc)
Bigs=—37+ 5 24412 (meas)
Biun=-—244+14

Byge=—27%+ 7

AW

539

Experiments 1 through 6 have been used to evaluate
the B4pc’s and experiment 7 has been used as a con-
sistency check.

Experimental error tolerances on the Bipc’s are
large, percentage-wise, but are relatively small ener-
getically, as the Bapc’s are small:

2erg/cc,
3Bapc|nalnsllacfad | ~107|n4 |2

Ycan I nA”"]B ‘ :10”] N4 |

erg/cc.
Parametric spin-wave—-phonon processes involving
the second-order ME energy are expected to have high

thresholds in YIG. According to Morgenthaler,® a
spin-wave-phonon process can dominate the second-

order spin-wave process if
dwM N\
Q(ZAH,) ’

Blll 1544]
Q=acoustic quality factor,

ten

¢y
with
AH = spin-wave linewidth.

For YIG, assuming Q=10> and AH;=1 OQe,
requires

this

Blll 8441
—] or |[—|>8X10,
11 Ca4

or | Bi11| 22000 10° erg/cc,

| Bya1| 2 500X 108 erg/cc.

Measured values are Biy= (173£12)X 10 erg/cc and
By = (—24314)X 108 erg/cc. The threshold equations
in Ref. 5 effectively neglect b4p and 47M 2 terms com-
pared with B,pc because small-strain theory was used.
This is a reasonable approximation in view of the small
values of bap (=25X10° erg/cc) compared with Bagc
~+bap values (=~2000 or 500X 10%) that are required for
interesting spin wave-phonon thresholds. Finite-de-
formation theory enables one to ascertain the validity
of such approximations.

J. Experimental Check on Finite-
Deformation M E Theory

This section describes an experiment that agrees with
finite-deformation ME theory and disagrees with small-
strain theory.

Referring to Eq. (4) in Table II, a [101] rod with a
shear excitation ul|d@’([101]) sub]ected to a 90° ori-
entation change at constant H, in the a/c’ plane, i.e.,
0:6)1— (0,6)2 is (7/2,0)— (0,¢), will undergo a
natural velocity change

_2b11+b44+D155(1)—D155(2)

_ 1
1— (611—612) {

bll 2
—(E) (X11| 6m0—X116=rs2) | . (3.5)
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It is convenient to rewrite Eq. (3.5) in terms of the
actual velocity V=W (L/L,) using the relation
2 ALZ AW

cLhwl

2

AV
vV

(3.6)

with the magnetostrictive length change determined as

2 b

AL

L

=hy=——r.
1 2¢44

Upon substituting Eq. (3.6) in Eq. (3.5) and using the
definitions of D;55® and D155® in Eq. (A4), one obtains

AV |2 1

b1 \?
—_— —————{—21)11—(——) (X1 om0—X11| b=rs2) |
Vi (611"612) M, (3.7)

The term —2b;; within the brackets is neglected in
small-strain theory. It is due to the antisymmetric
part of the stress tensor 7';; which originates from
MXH body couples and which is accounted for by the
use of the a;* rather than the direction cosines a; in
the ME energy.

The above experiment has been performed using
specimens No. 3 and No. 4 with a 10-kOe dc field (see
line 9 in Table VI). The measured velocity change is

AV2 Af)2 ALP
—| =—| +—| =(—5.6£0.8)X10-5, (3.8)
v 1 f 1 <11
with )
—| = (=1.040.7) X105,
1
AL

=(—4.62£0.13) X106,

1
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The calculated velocity change using finite deformation
theory, i.e., Eq. (3.7), with b1; and b44 given in Table I,

18
2

=(—5.140.2)X 1075,

AV

3.9

1

The calculated velocity change using small-strain
theory [the —2b;; term in Eq. (3.7) is set equal to
zero | is

o

= (—0.6=£0.06) X 10-5.

1

Comparison of Eq. (3.8) with Eq. (3.9) and Eq. (3.10)
indicates good experimeutal agreement with finite de-
formation theory and an order of magnitude disagree-
ment with small-strain theory. This experiment demon-
strates the validity of finite deformation ME theory
and illustrates the inexactness of small-strain theory
in the treatment of second-order ME effects.

(3.10)
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APPENDIX: ENERGY FUNCTION U AND
LINEARIZED EQUATIONS OF MOTION

A. Internal Energy U

The energy function U [Egs. (2.14)-(2.18)] for the
cubic point groups O, Oy, and Tq has the following form
(Mason! and Hearman® have done work on the deter-
mination of independent coefficients bsjx1, Cijkimn, €tC.):

¢ ¢
poU=poUo(S)4B (?71+112+173)+—2u(77 2nd4nd)+cian 1772+7)27)3+773171)+§(7742+115?+7Ie2>

Clll C112 C144
+~g—(111“4-1123-{~71:s3)~I—7(m2 (naetn3)+n2* (nat-11) 403 ("71+7)2))+C1237717)2"13+2_("717742+"727’52+7737762)

C
+2L55( (m+n2)n6*+ (2tn3)n~+ (n3tn1)ns?)+Casenamsneb11 (n10r*2+nacs*2+nas*?)

Blll
+bu4 (mae*aa*-!—nsas*al*+nea1*az*)+—2—(n12a1*2+n22a2*2+n32a3*2)+Bm(n M2as* 2 namser ¥ 24 nmias*?)

+3144(7)1114a2*aa*+772’75<11*¢13*+773716011*012*)‘!"Bma( (771+712)ﬂsa1*a2*+ (172-}-113)7)4012*0:3*-{- (773+771)7)5¢¥3*a1*))

441
+ T (7)4201*2+7152a2*2+776203*2)+B456 (ﬂ4715&1*a2*+7157lea2*¢13*+170")403*01*)

4\
+K1(al*eaz*z'i‘02*203*2+0!3*201*2)+‘2—(I Vaml | 2+ l V,,mzl2+ | Vams | 2) ’ (Al)

3L R. F. S. Hearman, Acta Cryst. 6, 331 (1953).
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where
na= (2—8:;)nij, ij~4,
K,=magnetocrystalline anisotropy constant,
A=exchange constant,

bAB'\'b,','kz, etc.

The abbreviated notation of Brugger!” has been used. The expression for the energy poU in Eq. (Al) is valid
to second order in d¢;/da; in ME terms and to third order in mechanical terms. The lowest order magnetocrystal-
line anisotropy energy is included in Eq. (A1) for generality. It is not considered in this paper. To second order in
dq:/0a;, a;* may be replaced by «; and 74 by Sa [Eq. (2.20)] in the second-order ME energy. In the first-order
ME energy, the a* lead to antisymmetric terms in the stress tensor.

B. Linearized Mechanical Equations of Motion

Mechanical equations of motion for a uniformly magnetized ferromagnet in a uniform external field free from
applied forces are obtained using Eq. (2.8) and the energy function in Eq. (A1). The morphic effect is included
by linearizing Eq. (2.8) about the initial deformed state having the displacement gradients of Eq. (2.19). Upon
defining morphic constants D 4gc which are as analogous as possible to the intrinsic second-order constants B4z,
the following equations of motion are obtained:

Ouso O dus aﬂl)

0#1
poti= C11%aatC12(Vap+Wae) +Cas (Uap+theottaptwae) +20n8—+ b44(&r—+a2—'“+541—+&3_—
da ab ab ac ac

6H1 6H1 aHl

+M«<&1a—+a2‘5b—+&s—a—‘)+A 102U a0t A 231 @sUpa+ A 28183 cat (A 382+ A 4@ e
a c

+ A s@stister+ (A s@l+ A G2 theet A 6@re (Vaat )+ A 1852000+ A sGobisvcat A 881830 cp+ A 9@1 Tl c

+ A 63133 (Waatwcc) + A sGadswrat A 18550 cat A 9@r@swp+ A sdsdowes, (A2)

where caB, Capc, and b4p according to
Uap=0%1/0a,0a2=0u/dadb, etc., u;=a;,— d;, Dinn=k1(3ci—c12+C111—Cira) ,
d;=initial state value. Dioz=hi(—c12—cas—Cr12+Cras) ,
The constants A;-4, are defined in terms of bgp, Dyys=ho(c12—Caa+2C14s)
Bysge, and D 4p¢ according to Diss® = ha(cro+3cas+2C1s5)
Ay=Bu+5bu+Du, Di5s® = ha(c11tcas+2Cs5) (A8
Ag=2(Biss+2bss+D1ss®) Dy ®=h1(—2¢44+Cras—C1s5)

Dy®=hy (611—612—2644) ;
D ygs=h2(2c44+2C156) ,
with %3 and % defined in Eq. (2.19). Equations for pei

A3=Bu— 2b44+D441(1) )
As=Dyy®+b11—2bas,

A5=2(Buss+bsstDass) , (A3) " and pow are obtained from Eq. (A2) by cyclic permuta-
Ag=Buss+2b11+bss+D1ss @, tion of the components of @i, %;, u;, &, and H;.
A7=Biss+Bu1—bss+Dios+Daa, C. Linearized Magnetic Equations of Motion
Ag=Bus+ Buss+bust Diss+Dase, Magnetic equations of motion are obtained for a uni-
Ao=Bass+2bsstDiss. formly magnetized ferromagnet in a uniform external

. field free from applied forces using Eq. (2.5). In the
The morphic constants D4p¢ are defined in terms of magnetostatic approximation (VXH=0) and with #;
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and u; assumed to vary as
Wy, i~ el KN ia—atl
H e is given to first order as
Hy=Ho+H/'
1
—"——[2b11a1ua+b44(&2(llb+1"a)+a3('ltr+u‘u)]
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Equations for H»¢ and Hj* are obtained from Eq. (AS)
by cyclic permutation. The third right-hand-side term
in Eq. (AS) is the effective magnetoelastic coupling
field linear in du./da;. A similar term of the form
wi(0u;/dax) has been dropped from Eq. (AS5) because
it is quite small. The fourth and fifth right-hand-side
terms in Eq. (AS) are the dipolar (including the dilata-

) ) (A3) tional dipolar field) and exchange fields. Using Eq. (2.5),
=AM NALV (=& (nateotwe) ] the linearized equations of motion are
+ 41r)\Va2m1 ,
with . ) ) ) ) ) }lvi=70€[jk(ajhke+#j}_1ke); (A6)
N,;=unit vector in propagation direction,
H ;= external field, with &i¢ and H,* defined as the spatially varying and
H /=static dipolar field. spatially nonvarying portions of Hy® in Eq. (AS).
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Possible Experimental Test of the Band Theory of Magnetism

P. LEpERER AND D. L. MiLLs*
Faculté des Sciences de Paris-Orsay, Service de Physique des Solides, Orsay, France
(Received 4 February 1966)

We suggest an experiment which may allow the band theory of ferromagnetism to be tested in a direct way.
If a dc electric field is applied to a sample, the magnetic electrons will drift. The frequency of a spin wave
of given wave vector, when viewed in the laboratory frame, will suffer a Doppler shift when compared with
the case when the electric field is zero. This Doppler shift, although small, is considerably larger for the band
model than the electric field dependence of the spin-wave dispersion relation for a localized spin model.
We discuss the possibility of detecting the Doppler shift by measuring the phase velocity of a coupled spin-
transverse-phonon wave. Similar measurements have been performed on insulators doped with paramagnetic
impurities. In these measurements, high precision has been obtained by employing an interference technique

which allows a null experiment to be performed.

I. INTRODUCTION

ARIOUS models have been proposed to describe
the magnetic properties of transition metals.
While these models assume very different mechanisms
are responsible for the magnetically ordered state, they
nonetheless predict elementary excitation spectra and
thermodynamic properties which are qualitatively
similar. As a consequence, it is difficult to decide from
experimental measurements which of the models is most
suited to describe the magnetism of the transition
metals.

Historically, the first approach to the problem was
by Heisenberg,! who employed a model of localized
spins, each coupled to its nearest-neighbor spins by
means of the exchange interaction which results from
the overlap of atomic orbitals. If the exchange integral
has the appropriate sign, the ground state of the system

* National Science Foundation Postdoctoral Fellow.
1 We refer the reader to the review article by J. H. Van Vleck,
Rev. Mod. Phys. 17, 27 (1945).

is ferromagnetic. The elementary excitations of the
system are spin waves,? and one finds that as the tem-
perature is increased from zero, the change in mag-
netization varies as 7%? in agreement with experi-
mental observations. This model has been studied
extensively. A number of other magnetic properties of
transition metals, such as the variation of the magnetic
susceptibility with temperature just above the Curie
point,® and the magnetic critical scattering observed in
neutron diffraction experiments* may be accounted for
with this theory. In the Heisenberg model, the inter-
action between the localized spins is short-ranged, since
the wave function of a given spin overlaps appreciably
only with its nearest neighbors. The conduction elec-
trons (s electrons) play no role, as far as the magnetic
properties of the system are concerned.

2 F. Bloch, Z. Physik 61, 206 (1930).

® See for instance, M. E. Fisher, in Proceedings of the Inter-
natwna{ Conference on Magnetism, Nottingham, 1964 (Institute
of Physics and the Physical Society, London 1965), p. 79.

*R. J. Elliott and W. Marshall, Rev. Mod. Phys. 30, 75 (1958).



