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A theoretical formula is derived for the free-induction decay of a system of identical particles of spin I.
The exponential terms containing noncommuting operators are expanded by the method used in the paper
by Lowe and Norberg. Only enough terms are kept to make the expansion rigorous through #. The resulting
formula is evaluated for a system of identical particles for which: (1) the spins form a simple cubic lattice,
a face-centered cubic lattice, and a body-centered cubic lattice; (2) there is pure magnetic dipole-dipole
interaction between the spins; (3) the applied magnetic field is along the [100],[110],and [111] axes of the
lattice; (4) I=4, 1, 3, and «. The Fourier transforms of the free-induction decays are also plotted. The
computations show that the free-induction decay shape is remarkably insensitive to the value of 7.

I. INTRODUCTION

NE of the fundamental problems in magnetic reso-
nance is the calculation of the shape of absorption

lines in solids. This shape, for a very general set of
conditions, is the Fourier transform of the relaxation
function F (¢) that describes the decay of the component
of magnetization that is perpendicular to a steady mag-
netic field Bo. A general formula for F(¢), commonly
called the free induction decay (fid), can be readily
derived,!? but even a very crude evaluation of the fid
is difficult. For the case of a set of spins fixed in spatial
position, two attempts have been made to find a general
formula for the line shape without making an assump-
tion about the form of the relaxation function or a
restriction to a special case such as a system of only
two interacting spins. The first of these was by Lowe
and Norberg! (hereafter referred to as LN), and the
second of these was by Clough and McDonald? (here-
after referred to as CM). LN derived a general formula
for F (/) using an expansion technique that was valid
only for spins of angular momentum I'=3} in units of %.
This formula was evaluated for a system of spins for
which (1) the spins formed a simple cubic lattice, (2)
there was pure magnetic dipole-dipole interaction be-
tween the spins, (3) the applied magnetic field was
along the [100], the [110], and the [111] axis of the
simple cubic lattice. CM also considered the case of
I'=73 only and tried to develop a more general expansion
technique. Their formulas were evaluated only for a
system of spins for which (1) the spins formed a simple
cubic lattice, (2) there was pure magnetic dipole-dipole
interaction between the spins, (3) the applied magnetic
field was along the [100] axis of the simple cubic lattice.
The several different formulas of CM were all as com-
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plicated as those of LN and the best agreement between
these formulas and experimental results was about as
good as those of LN.

In this paper, we use the expansion technique of LN
to find the relaxation function F(¢) for the case where
I may take on any value, and there is dipole-dipole
interaction and exchange interaction between the spins.
The resulting formulas are evaluated for the cases in
which (1) the spins form a simple cubic lattice, a face-
centered cubic lattice and a body-centered cubic lattice,
(2) there is pure magnetic dipole-dipole interaction be-
tween the spins, (3) the applied magnetic field is along
the [1007], [110], and [1117] axes of the lattice, (4)I =1,

1,3, and «.

II. CALCULATION OF THE FREE-INDUCTION
DECAY SHAPE

As stated in the Introduction, the system, whose fid
shape we attempt to compute, is a set of N identical
particles fixed in space. Each particle has spin I and
magnetogyric ratio y. We assume that there is both
dipolar interaction and exchange interaction between
the spins. We also assume that this system is in a mag-
netic field Bo2 and that this field is large enough that
only the terms of the truncated interaction Hamiltonian
significantly influence the fid shape.* The truncated
interaction Hamiltonian 3C can be written as follows:

= h(a4+p), (1)
where
N
a=(1/20)3 Al I, (2)
ok
N
B=(1/21)3 Bjl.I}., 3)
k
B]-k= (372h2/21jk3) (1 -3 coszﬁjk) , (4)
Ajp=—%1Bjp—2J ;. 5)

Jjx is the exchange integral between particles 7 and k.
7;x is the distance between particles 7 and k. 6, is the

4J. H. Van Vleck, Phys. Rev. 74, 1168 (1948).
382
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Fi16. 1. Free-induction decay shapes for spins in a simple cubic
lattice. The applied magnetic field is in the [1007] direction and
I=1% and «. The fid shapes for =1 and I=3% lie between the
I=1and I = » fid shapes and are very close to the I = « fid shape.

angle between the vector rj; connecting particles j and
k, and the applied magnetic field B.

The formula for the fid shape, when transformed into
the reference frame rotating about the applied magnetic
field at a Larmor frequency of yBo/2m, is'2

Tr{l,exp(i3Ct/ k)] , exp(—1i3Ci/h)}
B Tr{I.%) '

F(1)

(6)

Tr{ } signifies that the trace of the operator in the
brackets is to be taken, and

The evaluation of Eq. (6) is hampered by the many
terms in the Hamiltonian 3¢ that do not commute. If
the exchange interaction terms are not particularly
large, all of the terms in 3C are of the same order of
magnitude, making a simple perturbation approach
difficult. It is easily shown that [,I,]=0 for all values
of I. If 3=0, then F(t)=1 and the a term in the Hamil-
tonian cannot alone influence the fid shape. It is shown
in Appendix B that if @=0, then F(¢) can be easily
evaluated exactly. A not unreasonable procedure, there-
fore, might be to evaluate F(¢) exactly for the 8 term
of 3 and to treat the « term of 3C as a correction term.
This is the same technique used by LN for =%, and
its only justification beyond that given above is the
good agreement between these results and the fid shape
of fluorine in CaF,.

With this procedure in mind, we will rewrite Eq. (6) as

F)= Tr{I. exp(iBt)x'(£)I.x(t) exp(—iBt)} -
Trl{.?}
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where
x(t)=exp(iat) exp(—i(a+RB)!) exp(iBl)
= f Cnt*/n! @
n=0
and
Co=0"X()/ 3] 1=o. 9)

Substituting Eq. (8) into Eq. (7) and combining terms
with the same powers of ¢ that derive from X(¢) yields

F)=% Faldr"/n!, (10)
n=0
where
1! Tr{I.exp(iBt)C, I.C,exp(—1BL)}
F= 5 n! Tr{l.exp(: » a an
pta=n plg! Tr{l.%}

The first five coefficients of the power series expansion
for X(1) are

Co=1, C1=0, C.=[eB]=NX\,

Cs= 1[(‘1_3)’)‘] )

Cy= 3)‘2+[(6_a)7[a1)‘]]_ [B:EB:)‘]] .
The power series was cut off at #* because of the tre-
mendous increase in labor required to evaluate any of
the F,(/) for n>4. A comparison of theoretical and
experimental results will indicate the range of ¢ for
which this procedure is valid.

For the case in which =0, all C,=0 except for Co
which is equal to 1. Then

F([)=Fo(1).

The term Fy(¢) is evaluated in Appendix (B) where it is
shown that

1~ sin((21+1)Bjl/2%)
0 = ! . 1
F)=3 211 ((2[+1) Sin(Bjkt/Zh)) (12)

N k=1 j

Equation (12) reduces to the result that LN found for
the case =% and a=0.
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F16. 2. Absorption curves for spins in a simple cubic{lattice. The
applied magnetic field is in the [100] direction and /=% and .
The absorption curves for I=1 and /=% lic between the I=}
and I =« curves.
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Evaluation of the F,, F3 and F, terms is straightforward but tedious. The method of evaluation of a
typical term is shown in Appendix (A). Listed below is the four-term approximation of F(f), that is Fo(t)
+Fo()2/2!4-F5(£)#/3!4-F4()*/4!. The listed solution, Eqs. (13)-(16), is for a lattice in which all the nuclei
occupy equivalent sites.

FO)=U@)V(), (13)
sin((2I+41) Bt/ 2%)

un=T1 . 14

® IJI[(21+1) sin(B,-kl/Zh):|’ (9

V(t) = 1+(t2/2h2){ Z#, Apn(Bpi"BM’)Zip(t)an([)'*'% Zl Aszsznp([)}

+ (13/3 !ha){ Z/ [(B i BM’)A pn(A j 2 23pn>+ (B T Bm’)A pz’(A np—Bnp+Bni)

n#=i

— A:2(Bip—Bnp)+BnpdapAip 1Zip(1)Gnp()+ X" [(Bpi— Bri)(Anp?+ AnpAnit242,Bnp)
nFi

—4 piA m‘(Bnp‘" Bni)+ (Bm‘— Bpn)(3A in2+A inA pn)_ BnpA npA ip]Zip(l)an(l)

T Ay Byl G+ = 7/10)Znn )+ (Dap() 5 9 sin(Buymi/#)]
n m=—1I

+2' 4 noBap [GI(I+ 1) —16)Znp(t) = (Drp()) ! +ZII 2m? Sin(Bnpmt/h)]}

- (t4/41h4){ Z/ ['—'3A annp(Bni_Bpi)z—AnizA annp+A niBniA npz'—'sA ﬂanpA pi2+A nizA an'ip

n#i

- A m'Bm'A pi-4 pn+ ZA pn2BniA ip BinzA inA np+Bz'n2A npz_' 244 inBinA ipBip+A nszip2+2A annpA ipBip
+2A inBinA anip— 2A ananniA ipT 2A np2B niBip]Gip(t)an(l)+ ZI [12A nianiA pi+ 1 lA ni2A annp

nFi

+2A inB'inA np2+4A np2A pz'Bpi— 9A nizA anz'p— 4A inBinA :'pA pnT 3A nszm'A 1p+A annpA ipA ni
—34 ip2A ninn+4A ip2BipA in+ 6Bni2A niA np+ 64 ni2Bnp2+A m'B niA annp_ 64 inanpBip— 84 inBianpA iD
- A annpA M'Bip+Bpi2A npA ni:lan(t)Hip (t)+ ZI [3A ann p(Bni_ Bp'i)z_ 8A ni2BniA pi 4A nizB niA np

i

FAntAnpBnp—114,2Bpid pit24:nBinA np*—S5AinBinA ip? — 240 *BipAiptAnpBnpA ip® + 24224 1 pB pi
F64124:pBnpt+54inBind ipA pnt A pn®Bnidip— Anp?Bpid int A npBupA pid nit4A4:ip*AniBryp
—2A4;pBipA pnAni—4A4:p*BipAin—5Bin?Aind ip+2Bin?A np+3BuidnidnpBnpt4A40iBridipBin
+240p2Bip?—2AnpBapBipAdip—4A4niBnid npBipt4AniBnidipBnp— 441 BniB i
+2A4,2pBrpBnidip—3A4npBrpBipAnitS5Bip*A pnd in—2A4 piBpiAniBup JHnp(1)Gip(t) +% 2" Bap®dnp

X [3I2(I+1)2— (7/10) (T4 1)+ ((6/5) I (I+1)+(11/10))G np() — 5(Dp(£)) ! i‘l m* cos(Bnpmi/#)]
m=—I

+3 27 Anp®Bnp[(32/5)1*(141)*— (33/10)I (I+1)— ((96/3)I (I+1)— (99/10))G (1) ]
+3 2 Anp®Bap®[(18/3)IX(141)*— (17/10)I(I+1)— ((24/5)I(I+1) = 75) G (1)

+2(Dnp(t))? +ZI m* cos(Bapmt/%)]}, (15)

m=—T

where
Zip(t)=7% cot(Biyt/2%)— (I1+3) cot((I+3)(Bipt/%)),
Xip(t)=—2I(I+1)+% cot?®(Biyt/2%)— 3(I+3) cot((I+3)(Bipt/%)) cot(Biyt/2%),
Hip()=3II+1)+5X:p(t), Gip()=3[(I+1)—3X:,(1), (16)
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and ) ,
sin((I+3)(Bipt/ 1))
’ sin(Bipt/2h)

The primes on the summation and product signs denote that the particle subscripts summed over are not to be
taken as equal to the particle subscripts not summed over.

This expression for F(f) yields second and fourth moments that agree with those of Van Vleck’s.* When I is
set equal to %, the above expression reduces to the expression found by LN.

III. CALCULATION OF THE FREE-INDUCTION DECAY FOR PURE DIPOLAR INTERACTIONS
BETWEEN SPINS IN A LATTICE HAVING CUBIC SYMMETRY

For pure dipolar interactions between the spins of the system, 4;:=—%Bji. Equation (15) for V({) can be

reduced to

V(t) =1- tz(/6ﬁ2){(zn’ Bannp(t))2_Zﬂ’ Bnpz(znp(t)y"'% an Bnsznp(t)}
+ (t3/54h3){41(1+1)znl Bnp2 Zi BipZip(t)"s Zn, Bannp(t) Zi, BiP2Xip(t)
20" Bap*[5Znp() X np(O)+((6/3)I(I+1)— (39/10)) Z0p(1) — 3 X up(t) cot(Bayt/2%)]}
=[N EHR) KT+ 1) (X" Bnp?)?—[1612(I+1)*— (15/2)I(I+1)] 24" Bap*—(83/6)I(I+1)
in/ Bnp2 Zi’ Bipaxip(t)+ (17/3)(27&, Bnp2an(t))2_ (17/3)2 n Bnp4(anz(t))2

—[QA3/6)I(I+1)— ®1/4)] 224 Bop* X np()+(51/2)2 0" Brp*Xap(t) cot®(Bnpt/2h)} .

In evaluating Eq. (17) all summations have been
dropped which contain odd functions of Bj;. The justifi-
cation for doing this is that Bj is a function of 6 that
averages to zero when integrated over a sphere. There-
fore, a summation of an odd power of Bjx over a cubic
lattice will be small in comparison to a summation of
an even power of Bj.

Using Egs. (13), (14), (16), and (17), free-induction
decay shapes have been evaluated for the following
combinations of situations: (1) simple cubic lattice,
body-centered cubic lattice, face-centered cubic lattice,
(2) the applied magnetic field is along the [100], [110],
and [1117] axes of the lattice, (3) I=%, 1, 3, and .
The free induction decay for infinite 7 is found by letting
I — and #— 0 in Egs. (14) and (17) in such a way
that #I remains finite. In the next section, this limiting
case is shown to be equivalent to the results obtained

o
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F1c. 3. Free-induction decay shapes for spins in a simple cubic
lattice. The applied magnetic field is in the [110] direction and
=} and ». The fid shapes for =1 and 7=% lie between the
I=}%and I= » fid shapes and are very close to the I = o fid shape.

a7

for a set of magnetic dipoles with angular momentum
that obeys the classical equations of motion.

In the numerical evaluation of Egs. (14) and (17),
the various terms are left intact for near neighbors. For
more distant neighbors, these terms are expanded in a
power series of {, the terms having the same powers of ¢
are combined so that lattice sums can be used. The
number of nearest neighbors considered exactly are 80
for the simple cubic lattice, 168 for the body-centered
cubic lattice, and 200 for the face-centered cubic lattice.
The free-induction decays are evaluated as functions of
{ in units of x, where

x=2d%/3v2 [T (I+1) ],

and d is the lattice parameter of the cubic unit cell.

G(w)

S.C.L.
Bo[110]

w(units of x™')

F1G. 4. Absorption curves for spins in a simple cubic lattice. The
applied magnetic field is in the [110] direction and 7=} and «.
The absorption curves for I=1and I'=4$ lie between the /=4 and
I= o« curves and are very close to the =« curve.
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Therefore, d is equal to the distance between nearest
neighbors in the simple cubic lattice, and to 2/V3 times
the distance between nearest neighbors in the body-
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F16. 6. Absorption curves for spins in a simple cubic lattice.
The applied magnetic field is in the [1117] direction and I=3
and . The I=1 and I=4% absorption curves lies between the
I=1%and I= » curves.
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Fi16. 7. Free-induction decay shapes for spins in a body-centered
cubic lattice. The applied magnetic field is in the [1007] direction
and /=3, 1, and . The =% fid shape lies between the /=1
and = « fid shapes.

centered cubic lattice, and to V2 times the distance
between nearest neighbors in the face-centered cubic
lattice. The numerical evaluation of the free induction
decays F({) and their Fourier transforms G(w) (the
absorption curves) were carried out on an IBM 7090
computer. The results are plotted in Figs. 1 to 18.

Some of the absorption curves have small regions
over which they are slightly negative. The curve in
these regions must be wrong since the absorption curve
is a positive quantity. We think this result is due to
small errors in the free-induction decay shape. When
G (w) is small for small w, small errors in the free-induc-
tion decay shape have a large effect on the value of G (w)
because G(w) is small for small w due to the almost
exact cancelation of /"F () coswid! for only one or two
oscillations of cosw? in the region where F(¢) is large.
In Figs. 2, 4, 6, 8, 10, 12, 14, 16, and 18 the light
horizontal line is the G(w)=0 coordinate. The dark
horizontal line is the G(w)=—0.01 coordinate for
Figs. 2, 4, 6, 8, 10, and 12, and the G(w)= —0.005 line
for Figs. 14, 16, and 18. The numerical tables on which
Figs. 1 to 18 are based can be obtained by writing to
the authors.

G(w)

-10-9 -8 -7 -6 -5 -4 -3 -2 -I 0 | 2 3 4 5 6 7
w(units of x7!)

8 9 10

F16. 8. Absorption curves for spins in a body-centered cubic
lattice. The applied magnetic field is in the [100] direction and
I=3 and «. The I=1 and 7=% absorption curves lie between
the I=3% and = absorption curves and are very close to the
I= curve.
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Fic. 9. Free-induction decay
shapes for spins in a body-centered
cubic lattice. The applied magnetic
field is in the [110] direction and
I=%and «. The I=1 and I=%}
fid shapes lie between the 7 =} and 3
I= » fid shapes and are very close
to the 7=« fid shape.

E

LINE-SHAPE CALCULATIONS

IV. THE FREE-INDUCTION DECAY
SHAPE FOR INFINITE I

As mentioned in the previous section, the formula for
the free induction decay shape for infinite / was ob-
tained by taking the limits for Egs. (14) and (17) for
I — = and % — 0 such that %/ remained finite. For this
limit, angular momentum behaves classically. In order
to see if there would be some simplification in the line
shape calculations for classical angular momentum,
formulas for line shapes were computed using classical
theory. Several different techniques were attempted and
they all produced answers identical to the above dis-
cussed limiting case without introducing any new
physical insight into the problem.

The simplest of these techniques involved the re-
placing of commutators by Poisson brackets. Regardless
of whether the LN expansion or the moment expansion
is used for the function F (/) the results assume the form
of a series of terms each of which consists of appropriate
spatial variables multiplied by the trace of a commuta-
tor containing angular-momentum operators. The corre-

Glw)

B.C.C.
Bo[110]

I I T L‘ X ——
3 4 5 6 7 8 9 10
w (units of x')

T =
-10-9 -8 -7 -6 -5 -4 -3 -2 -1 0 I 2

F16. 10. Absorption curves for spins in a body-centered cubic
lattice. The applied magnetic field is in the [110] direction and
I=13% and «. The I=1 and /=% absorption curves lie between
the =% and /=« absorption curves and are very close to the
I'= curve.

FOR SPIN SYSTEM 387
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sponding classical solution for the free-induction decay
was obtained by replacing all these commutators with
Poisson brackets, and by replacing the traces over a
complete set of angular-momentum states by a classical
average over all directions of the angular-momentum
vector. As previously stated, these results are identical
to the limiting case of ] — =< and #— 0.

V. DISCUSSION

The most significant feature of the theoretical curves
for the computed free-induction decays in Figs. 1, 3, 3,
7,9,11,13,15, and 17 is the relatively small dependence

B.C.C.
Bo[il1]
___I=|/2
...... I:
—— I:00

el 1

18 20

t (units of x)

T -1

Fic. 11. Free-induction decay shapes for spins in a body-
centered cubic lattice. The applied magnetic field is in the [111]
direction and /=14, 1, and «. The 7=3 fid shape lies between the
I=1and I = » fid shapes.
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F16. 12. Absorption curves for spins
in a body-centered cubic lattice. The
applied magnetic field is in the [111]
direction and =14 and . The I=1
and I=4% absorption curves lie close
to the /= curve.

T D B~ —_ & I I
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w (units of X')

of the shape of the calculated free-induction decays upon
the spin value I for a given crystal symmetry and the
direction of the applied magnetic field. These results
are somewhat unexpected since the free-induction decay
shapes for just two interacting particles is strongly
dependent upon the spin value I.

The relative insensitivity of the calculated free in-
duction decay shape upon the value of I can be ex-
plained in the following way. The free-induction decay
shape F(t) can be expressed in terms of the moments
of the absorption line'2 by the relationship

F(t)=2 (—=1)"(Man/Mo)t*",

n=0

(18)

where M, is the 2nth moment of the absorption line.
M,, contains terms which involve 2, 3, 4, ---, n41
particles. For the case of pure dipolar interaction be-
tween the particles, it is conjectured that terms in-
volving interactions between n4-1 particles constitute
the largest part of the 2nth moment.® These terms con-

F.C.C.
Bo [100]
——=1=%
Izo0
ST === o
t (units of x)
-2F
=3

F16. 13. Free-induction decay shapes for spins in a face-centered
cubic lattice. The applied magnetic field is in the [100] direction
and I=4% and «. The I=1 and I=4% fid shapes lie between the
I'=3%and I= » fid shapes and are very close to the I = « fid shape.

tain traces of products like® 7,21 %I+ - -, which when
evaluated are proportional to (I (I+1))* Thus, to a
first approximation one may write

F()= 3 (— D) &l LU+ 1) T 2020,

n=0

(19)

where ¢ is independent of I and depends only upon
spatial variables and v. Therefore, the plot of F (/) ver-
sus {,where ¢ is taken in units of x=2d3/3yk2(I (I41))'/2,
is quite insensitive to the value of /.

This analysis may be pushed a little bit further. By
expanding Eq. (13) for F(¢) in powers of /, we find for
pure dipolar interaction between spins, that

M/ Mo= {3 x Bu?)*—(1/3N) 2 Bj*(Bji—Bwu)?

pome)
—3 2k Bi[8+Q/2I(I+ 1) U (I+1)/34%)%. (20)

The most important terms for determining the shape
of F(¢) for smalltare M and M 4. The M, term is propor-
tional to I(I+1) and the only term in M, that is not

G(w)

14 -12-10-8 -6 -4 -2 0 2 4 6 8 10 12 14
w(units of x7!)

F16. 14. Absorption curves for spins in a face-centered cubic
lattice. The applied magnetic field is in the [100] direction and
I=%}and ».The I=1and I =% absorption curves lie between the
I=3%and I = « absorption curves and are close to the /=« curve.

5 R. Bersohn and T. P. Das, Phys. Rev. 130, 98 (1963).
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F16. 15. Free-induction decay
shapes for spins in a face-centered
cubic lattice. The applied magnetic
field is in the [110] direction and
I=4.1,and «. TheI=4 fid shape
lies between the I=1 and I=x
fid shapes.
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FOR SPIN SYSTEM 389
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Bo[I110]
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...... I-=
— I=z00

F.C.C.
Bo [110]

Fi16. 16. Absorption curves for spins
in a face-centered cubic lattice. The
applied magnetic field is in the [110]
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L 1 1 1
ST T8 19 20

t (units of x)

-18 -16 -14

® © O
T

F(t): F.C.C.

Bo [111]

-—=1:
— ]z 00

R -

1 L ) I L 1 I :

NXe==="=_7 8 9 10 '

t (units of x)

-2r

=3F

F16. 17. Free-induction decay shapes for spins in a face-centered
cubic lattice. The applied magnetic field is in the [111] direction
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the 7=} and I= » fid shapes and are close to the 7= o fid shape.
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F1c. 18. Absorption curves for spins in a face-centered cubic
lattice. The applied magnetic field is in the [1117] direction and
I=}and . T]I:I)e absorption curves for /=1 and I=4 lie between
the /=14 and I= » absorption curves.

proportional to (Z (I+1))? is 3’ B,*. Terms with the
form (324 Bji?)? make the most important contribution
to the fourth moment. Therefore, o, where

o= Bi?)*/ (¥ Bixt), (21)
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TasiE 1. Listing of the crystal symmetry and applied magnetic
field direction in order of increasing dependence of the free-
induction decay shape upon I. In the third column is the corre-
sponding value of o= ( Z;’ B;?)?/ Z;’ Bij*.

Crystal Direction of applied
symmetry magnetic field 7
scl [111] 19.1
foc [1117 14.8
fee [100] 14.4
bee [110] 13.0
scl [110] 89
bee [100] 6.3
scl [100] 4.6
fce [110] 44
bee [111] 41

should be a good indicator of whether or not F(¢) is
sensitive to the spin value 7 for small ¢, and possibly
for large ¢. Using this same argument, it can be seen
from Eq. (20) that the largest change in line shape for
a change in I should come when [ is changed from  to 1.

Figures 1, 3, 5, 7, 9, 11, 13, 15, 17 all show that the
difference between the free induction decay shapes for
I=1 and I=1 is much greater than between /=1 and
I= . Listed in Table I are the crystal symmetry and
direction of applied magnetic field for the computed
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free induction decay shapes. The ranking is from the
least spin-dependent (at the top) to the most spin-
dependent (at the bottom) free-induction decay shape
as determined by visual inspection. The third column
of the table lists the corresponding values of ¢ which
are in a monotonically decreasing sequence; therefore
the smaller the dependence of F () upon I, the larger
the value of .

All the calculated free-induction decay curves exhibit
a beat structure, some to such an extent that the corre-
sponding calculated absorption curve is double-peaked.
For the symmetries and field directions where the ab-
sorption curve is double peaked, the peaking is more
pronounced for large I than for I=3%. This is contrary
to the results obtained for two particle systems and
emphasizes the importance of the many particle inter-
action in line shape calculations.

Up to the present time there has not been published
a detailed line-shape measurement or a free-induction
decay measurement for a spin system in which /=% and
the lattice is not simple cubic, or in which 7>3. The
measurements for > 3 will be complicated by the quad-
rupole moment of the nucleus unless the crvstal is
extremely strain free.

APPENDIX A: EVALUATION OF Tr{0,0,0; exp(—iBt) I, exp(i3t)}

Let O, Om, and Oy, be operators for the different particles j, 7, and #. The three operators are not necessarily

the same. Let

¢I>=Tr{OmOan exp(— (IIIZh)Z Bkl[k;[[;)ljl exp((il/Zh)Z Bkllkzllz)} .
k=l k=l

(A1)

All the terms in the exponents in Eq. (A1) commute with each other, and

exp((il/Zh)Z Bkllkz]l;) = II exp((il/ZIz)B“Ile,) .
k#l

(A2)

Equation (A1) may be simplified by applying Eq. (A2) and passing all the exponential operators that do not contain
an I;, operator through the I;, operator and cancelling them with the corresponding terms having the same

exponent of opposite sign. Then

—1itl;, itl;,
&=Tr {OmOan exp( >/ Bjklkz)ljz exp( > Bkjlkz>} . (A3)
ok ook
Treating the exponential operator, operating on I;,, as a simple rotation operator
®="Tr{0n0+0,{1;z cos((t/2) &’ Bl )+ 1, sin((t/2) " Bjxdr:)]} . (A4)

All the traces in this paper can be reduced to this form. Two characteristic examples for the specific evaluation

of ® are given below.
For O,,=0,=unit operator and O,;,=1;,

b= TI‘{Ija,2 COS((t/h)Zkl Bjklkz)-}-lj,[jy sin((t/h)zk' Bjklkz)}

(A5)

=Tr;{I,:*} Tri{cos((t/#)2_+" Bjrlr:)} .

The §econd term.in Eq..(AS) drops out because Tr{l,.I;,} =0. Tr;{ } represents a trace only over the wave
functions for the jth particle. Tr;{ } represents a trace over all wave functions for all the particles except 7. Thus.

1 , 1Bji] k. — il Bjrl k.
&=1 Tr;{I;,2} Try/ I’ exp< )-}—H’ exp(-—h——)]
k k

1

1t Bjrd k. — Byl
v o) 27 ).
k . k 7

(A6)
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Using the result that I
Tri{l;:2)= > e=II+1)(2I4+1)/3,

and 1
Trif{exp(itBxl e/ 1) }y= 3 exp(iteBji/h)=sin((2I+1) Bt/ 2k)/sin(B;xt/2h) ,
e=—1
Eq. (A6) reduces to sin((2741) Bt/ 2%)
#= G+ (7 ).
& sin(Bjit/2%)

For Om=1n,% On,=unit operator and O;=1;,
S="Tr{I,*[1;:2 cos((t/m)>_«" Bjilk:)+1;zljy sin((t/ )2 «" Birlk:)]}

iB il ke — 1Bl k.
k k '

1Bl mz — UBjmIm, By, l
i (o 2o ) 2]
# it k5 (j,m) h l

Since Imz=3(Ims+1Im-),
Trm{ ([m,x2 eVp(lfB]m]mz/h)} = i‘ Trm{ (Im+2+1m+lm—+Im—-Im++Im—2) eXp(ItB]mlmz/h)}
= i Tl'm{ (]m+Im—+Im—Im+) eXp(itBijmz/h)}

—1 S U4+1)— ) exp(itBme/ )

e=—1I

di? e=1

I(I+1) sin((2141)Bjit/2h) 1( h )2 d? 1 (ilB,-me>
= -+ ex ,

2 sin(But/24) "o\B;., %

sm((2[+ 1)B;1J/2h) COSZ(Bjkt/Zh) (21+ 1) COS((2I+ I)B]kt/2h) COS(Bjkfl_./Z;l)

4 sin3(B,-kt,/2h) 4 sin2(B,~kt,/2h)
Using the results of Egs. (A7), (A8), and (A11), ® reduces to

I(I4+1)Q21+1) Bjul B (2I+1)Byt sin((27+1) Bjst/24)
<I>=———~—(cot2( >-(2[+1) cot( )cot(———-—>)n’(
12 2h 2h 2h 2 sin(Bi,xt/2h)

APPENDIX (B): CALCULATION OF F((?)
Using the result Co=1, the formula for Fo(f) from Eq. (11) reduces to

Tr{l. exp(iBt)I . exp(—iBt)}
Tr{l,2)

Fo(t)=

NN
Z Tr{I,-x exp((z’l/Zh) Z Blmllzlmz)lkx exp((— 21/2h) Z Blmlzzlmz)}
7.k Is%m Im

NN
2 Tr{l:l}
ik
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(A7)

(A8)

(A9)

(A10)

A11)

) . (A12)

(B1)

The only nonzero traces in Eq. (B1) are those where 7=£. Since all the operators in the exponential commute,

this expression reduces to

N

2 Tr{l;. exp((it/ )1 20 Bl )]z exp((—it/0) ;. 3/ Bali2)}
j=1

Fo(/)=

N
2 Trl{;.*)
=1

(B2)
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Using the results of Appendix A, Eq. (B2) reduces to
N sin[(2I+1)Bjxt/2%] o
woo= £ sta+verorr( 2N G D@ DRI )
i=1 k sin(Bjit/2h)
N =k \(2I+1) sin(Bjt/2k)
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Effects of Nonmagnetic Impurities upon Anisotropy of the
Superconducting Energy Gap*
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The influence of the presence of nonmagnetic impurities upon the anisotropy of the superconducting
energy-gap parameter is considered. Using a factorable BCS-like model for the effective electron-electron
matrix element, Vp,’= (14a,)V (14a,’), within the context of an earlier theory by Markowitz and Kada-
noff, it is shown that when impurities are present the wave-vector-dependent gap parameter A, is replaced
by a complex, wave-vector- and energy-dependent gap parameter A(p,w)=A;(w)+ap Aq(w). The behavior
of A;(w) and A, (w) is extensively examined as a function of impurity concentration; it is found, for ex-
ample, that the magnitude of the anisotropic part A, (w) of the gap parameter tends to zero in the limit of
large impurity concentration. A model calculation, assuming a rectangular shape for the anisotropy dis-
tribution function P(a), illustrates the behavior for small and moderate impurity concentrations. The
behavior for large impurity concentrations is found to depend, to lowest order, only upon the mean-squared
anisotropy (a?). The behavior of the effective density of states is also examined; it is shown to become
isotropic as the impurity concentration increases. The precise shape of the effective density of states for
energies near the gap is obtained for the large-impurity-concentration limit. Experimental manifestations

of the reduction of the anisotropy by impurity scattering are briefly discussed.

I. INTRODUCTION

HE presence of impurities in a superconductor has

an interesting influence upon the effects of
anisotropy of the superconducting energy gap. An
important result of the addition of ordinary non-
magnetic chemical or physical impurities is the reduc-
tion—or ‘‘washing out”—of the anisotropy of the
energy gap. Such a reduction of the anisotropy has been
observed in specific heat,'~3 nuclear spin-lattice relaxa-
tion,* tunneling,’ infrared absorption,® and surface re-
sistance’ experiments. Similarly, the observed initial
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