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in the partial disagreement of experimental results and
the model predictions. Inspection of Fig. 5 reveals that
the circuit Q, and therefore the equivalent resistance,
are independent of the magnitude of the decaying output
over the upper portion of the decay range. Exact
determination of the field intensity was not possible.
It is obvious, however, that because the Q exceeded 106,
the bulk critical field was not exceeded. As the output
level continues to decrease a sudden break, or change in
the time constant, is observed. This is taken as corre-
sponding to the "effective local critical field" pre-
dicated in the model, and provides it with further sub-
stantiation. The abruptness of the change to lower loss
indicates that most of the trapping centers are very
much alike, a welcome feature but not expected on
the basis of the model. The nature of the loss mechanism
below the local critical field is as yet undetermined.

IX. CONCLUSION

The existence of rf Qux trapping is confirmed through
verification of the predicted model dependences. More
study is required before the nature of the Qux-trapping
center is understood and the magnitude of residual

resistance can be predicted. The direction of the in-

vestigation seems clear from these eftorts. A promising
mechanism for Qux trapping is associated with back-
ground magnetic fields trapped in the superconductor
during the cooling process. This will shortly be re-
ported on by J. M. Victor and the authors. The exist-
ence of an effective local critical field, as demonstrated
by experiment, the abruptness of the Q change as the
circuit energy decays, coupled with the annealing and
impurity experiInents, indicate that the trapping is
dominated by sites with a common nature.
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This paper represents an attempt to estimate the ionic contributions to the ground-state splitting of the
trivalent gadolinium ion in a lanthanum ethyl sulfate lattice. The energy levels of the 4f' configuration are
calculated and compared with those observed experimentally. The calculated ground-state g factor is found
to deviate significantly from its measured value. An attempt has been made to estimate the contributions to
the ground-state splitting for eight, different mechanisms: (1) a fourth-order mechanism that is linear in the
crystal-field strength and cubic in the spin-orbit interaction; (2) fourth-order mechanisms that are gladratic
in both the crystal-field strength and the spin-orbit interaction; (3) a third-order spin-spin mechanism acting
within the 4P configuration; (4) Pryce s second-order spin-spin configuration mixing mechanism; (5) a
second-order relativistic mechanism; (6) mechanisms involving configuration mixing by the crystal field;
(7) mechanisms involving nonlinear electrostatically correlated crystal-Geld interactions; (8) fifth-order
configuration interaction mechanisms. The total contribution due to these mechanisms is found to be twice
the magnitude of the observed splitting and of opposite sign. It is suggested that no purely ionic model can
account for the observed splitting and that the correct explanation must involve the detailed interaction of
the gadolinium ion with its ligands. A semiqualitative explanation of some of the intensity features of the
crystal and solution spectra of trivalent gadolinium is attempted.

I. INTRODUCTION

HE lack of an adequate interpretation of the
ground-state spjittings of ions having a half-

filled shell of electrons has constituted a serious problem
in crystal Geld theory. While considerable progress' '

*Based on work performed under the auspices of the U. S.
Atomic Energy Commission.

t Present address: Physics Department, University of Canter-
bury, Christchurch, New Zealand.' J. H. Van Vleck and %. G. Penney, Phyl. Mag. 19, 961
(1934).

has been made in the interpretation of the splittings
for the transition ions, comparatively little progress

' M. H. L. Pryce, Phys. Rev. 80, 1107 (1950).' H. Vilatanabe, Progr. Theoret. Phys. (Kyoto} 18, 405 (1957).
4 M. J. D. Powell, J. R. Gabriel, and D. F. Johnston, Phys.

Rev. Letters 5, 145 (1960).
~ J. R. Gabriel, D. F. Johnston, and M. J. D. Powell, Proc.

Roy. Soc. (London) 264, 503 {1961).
6 S. Sugano and M. Peter, Phys. Rev. 122, 381 (1961).
7 A. S. Chakravarty, J. Chem. Phys. 39, 1004 {1963).
8 W. Low and G. Rosengarten, J.Mol. Spectry. 12, 319 (1964).' R. M. MacFarlane, J. Chem. Phys. 42, 442 (1965).

M. D. Sturge, J. Chem. Phys. 43, 1826 (1965).
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has been made in obtaining an adequate explanation" '

for the splittings of the fz(sszts) ground-states of
Eu'+, Gd'+, Tb4+, and Cm'+. Experimentalists have
studied the ground-state splittings of divalent eu-
ropium'~' and trivalent gadolinium' in many
crystalline environments using the technique of para-
magnetic resonance. These studies have shown con-
clusively that the ground-state splitting cannot be
explained in terms of any single mechanism but rather
must arise as the result of several different mechanisms.
Thus, to study the ground-state splittings for rare
earths having a half-filled shell we must examine each
mechanism in turn and then attempt to assess the corn-
bined effect of all the mechanisms.

In the present paper we shall concentrate our atten-
tion on the explanation of the ground-state splitting of
Gd'+ in lanthanum ethyl sulfate, La(CsHsSO4)s 9HsO,
as studied experimentally by Bleaney et al.""We shall
first review some of the unique properties of half-filled
shells and then consider the calculation of the energy
levels of the 4fz configuration to obtain a suitable wave-
function for the ground-state. This wave-function will
be used to compute the ground-state magnetic g-factor
and the, as the starting point in our discussion of the
ground-state splitting mechanisms.

"R. J.Elliott and K. W. H. Stevens, Proc, Roy. Soc., (London}
A219, 387 (1953)."B.R. Judd, thesis, University of Oxford, 1955 (unpublished)."C. A. Hutchison B. R. Judd, and D. F. D. Pope, Proc.
Phys. Soc. (London) 7Q, 514 (19S7)."R.Lacroix, Helv. Phys. Acta. , 3Q, 374 (19&7)."R. Lacroix, Arch. Sci. (Geneva) 11, 141 (1958); 14, 149
(1961)."R. Lacroix, Proc. Phys. Soc. (London) 77, 550 (1961).' A. M. Leushin, Fiz. Tverd. Tela 5, 851, 2352, 3373 (1963)
LSoviet Phys. —Solid State 5, 623, 1711, 2477 (1964)j.' C. Ryter, Helv. Phys. Acta. 30, 395 {1957)."J.M. Baker, B. Bleaney, and W. Hayes, Proc. Phys. Soc.
(London) A247, 141 (1958)."M. Dvir and%. Low, Proc. Phys. Soc., (London) A750, 136
{1959)."P. B.Dorain, Phys. Rev. 120, 1190 (1960}.

'~ A. J. Shuskus, Phys. Rev. 12?, 2022 (1962)."R.S. Title, Phys. Rev. j.33, A198 (1964).
4 A. J. Shuskus, J. Chem. Phys. 41, 1885 (1964).

2' W. Low and J. T. Suss, Phys. Letters 11, 115 {1964}."R. S. Title, Phys. Rev. 138, A631 (1964).' Q. H. F. Urehen and J. Volger, Physica 31, 845 (1965)."B. Bleaney, R. J. Elliott, H. E. D. Scovil, and R. S. Trenam,
Phil. Mag. (London) 42, 1062 (1951).

'9 B. Bleaney, H. E. D. Scovil, and R. S. Trenarn, Proc. Roy.
Soc. (London) A223, 15(1954)."M. Weger and W. Low, Phys. Rev. 111, 1526 (1958)."W. Low and D. Shaltiel, J. Phys. Chem. Solids 6, 315 (1958)."D. A. Jones, J. M. Baker, and D. F. D. Pope, Proc. Phys.
Soc. (London} 74, 249 (1959)."J.M. Baker and R. S. Rubins, Proc. Phys. Soc. (London)
78, 1340 (1961).

'4 G. S. Bogle and H. F. Symmons, Proc. Phys. Soc. (London)
79, 775 (1962)."J.E. Drumheller, J. Chem. Phys. 38, 970 (1963).

'6 W. Low and A. Zusman, Phys. Rev. 130, 144 (1963}."W. Low and R. S. Rubins, Phys. Rev. 131, 2527 (1963)."J. Sierro, Helv. Phys. Acta 36, 5 (1963).
'9 L V. Vinokurov, Z. N. Zonn, and V. A. EoGe, Fiz. Tverd.

Tela 7, 1012 (1965) I Soviet Phys. —Solid State 7, 814 (1965}g."M. M. Abraham, E. J. Lee, and R. A. Weeks, J. Phys. Chem.
Solids 26, 1249 (1965).

We propose to restrict our discussion to those
mechanisms that could be characteristically termed
ionic as opposed to covalent. Specifically, we shall con-
sider the following splitting mechanisms in detail: (1)
A fourth-order mechanism that is linear in the crystal
field strength and cubic in the spin-orbit interactions;
(2) fourth-order mechanisms that are quadratic in the
crystal field strength and the spin-orbit interaction; (3)
a third-order spin-spin mechanism acting within the
4fz configuration; (4) Pryce's second-order spin-spin
mechanism acting between configurations; (5) a second-
order mechanism that arises from the relativistic nature
of the wave function; (6) mechanisms involving con-
figuration mixing by the crystal field; (7) mechanisms
involving nonlinear electrostatically correlated crystal
field interaction with excited configurations; (8) fifth-
order configuration interaction mechanisms. We have
attempted to obtain numerical estimates of the con-
tributions of each of these mechanisms. These calcula-
tions represent the first detailed attempt to compute
many of these contributions. The total contribution to
the ground-state splitting due to these mechanisms is
found to be approximately twice the size of the observed
splitting and, more importantly, of opposite sign. Thus
we conclude that these mechanisms are inadequate to
account for the observed result. We believe that the
development of a successful theory of the ground-state
splitting of trivalent gadolinium will have to take into
account the more intimate details of the interaction of
the gadolinium ion with its neighboring ligands.

II. PROPERTIES OF HALF-FILLED SHELLS

The 4f' configuration represents an example of a
half-filled shell of equivalent electrons. The possession
of a half-filled shell results in the trivalent gadolinium
ion having several distinctive features that are not
associated with any of the other trivalent lanthanides.

The states of a half-filled shell may be conveniently
divided into two classes, namely those whose zero-
order eigenfunctions change sign under the operation of
charge conjugation and those whose eigenfunctions do
not change sign. "For the f' configuration, states with
seniority v=7 and 3 belong to the former class (I),
whereas those with seniority v=5 and 1 belong to the
latter class (II). A tabulation of the states of f' in
terms of Racah's quantum numbers4' vR'USL has been
given elsewhere. 4'44 The matrix elements of tensor
operators of the type T's'"" =p; t;&"s"connecting two
terms of the same class vanish if ki+ks is even while
matrix elements connecting two terms of differezst
class vanish if ki+ks is odd. ss The matrix elements are
further restricted by the seniority selection rule Av =0,

"G.Racah, Phys. Rev. 63, 367 (1943)."G.Racah, Phys. Rev. 76, 1352 (1949).
43 B, G. Wybourne, J. Chem. Phys. 35, 334 (1961).
44 B. G. Wybourne, Spectroscopic Properties of gare Earths

U. Wiley 8r Sons, Inc. , New York, 1965).
4' G. Racah, Phys. Rev. 62, 438 (1942).
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&1. Thus the matrix elements of the spin-orbit and
crystal field interactions will vanish among states of
the same class. Matrix elements of scalar products of
the type P;»(t ~' tg&"') will be nonzero only within
a class and according to the seniority selection rule
he=0, &2, or &4. Thus the matrix elements of Cou-
lombic, orbit-orbit and spin-spin interaction will be
non-vanishing only for states of the same class. These
types of interaction leave the class designation as a good
quantum number even when ntWU cease to be good
quantum numbers.

As a result of these special properties of half-filled
shells the energy levels of a multiplet will not be split in
the Russell-Saunders approximation of neglecting sec-
ond-order spin-orbit interactions (small splittings due
to first-order spin-spin interactions could occur).
Nevertheless, quite large splittings are observed'~"
and are clearly the result of spin-orbit coupling between
states of diA'erent class. The order in which the levels of
a multiplet occur will be determined by the intermediate
coupling and will be particularly sensitive to the magni-
tude of the Coulombic and spin-orbit parameters and to
the order of approximation to which the energy level
calculations are pursued.

It also follows from our preceding discussion that the
first-order crystal field matrix elements within the P
configuration all vanish and hence any explanation of
the splittings of the ground state, or of the excited
states, must involve second and higher orders, of crystal
field interactions. Furthermore, since the diagonal crys-
tal field matrix elements vanish for the 'S state it is
necessary to consider mechanisms that mix into the
ground state some of the character of certain excited
states to obtain any splitting of the ground state. In a
sense, we might regard the ground state splitting as a
reflection of the splittings of some of the excited states.

the multiplets will depend linearly on the Coulomb
parameters while the multiplet splittings will be a
quadratic function of g4y.

The observed spectra of trivalent gadolinium
salts'~ has revealed only 15 of the 327 SLJ states of
the f' configuration. These 15 states are associated
with just four multiplets, '5 '(PDI), and hence it would
be unrealistic to fix the parameters by the usual least-
squares method. Instead, the parameters have been
interpolated from the other trivalent lanthanides. The
values of the parameters finally adopted were

E'=5480, L"=27.8, E'=565, and f 4r
——1480 cm ')

The spin-orbit coupling constant is somewhat smaller
than previous studies had suggested. """Reducing
$4f appears to give a better representation of the mul-

tiplet splittings. A f4y of 1600 cm ' leads to multiplet
splittings that are too large.

The calculated and experimental energy levels are
compared in Table I. The levels of the '(PDI) multi-
plets are calculated to be in the same order as found by
Hellwege et at."The magnitudes of the multiplet split-
tings are in good accord with the experimentally ob-
served splittings indicating that the choice of the
spin-orbit coupling constant is indeed reasonable. The
positions of the centers of gravity of the multiplets are
only in fair agreement with experiment suggesting that
the Coulomb parameters need some adjustment. The
deviation ( 1500 cm ') is particularly bad in the case
of the 'I multiplet.

Clearly, to reduce this deviation a change in the
electrostatic energies of the multiplets is required.
Hence either the choice of the electrostatic parameters
is inappropriate, or there is appreciable interaction
with other odd-parity configurations. The E" para-

III. ENERGY-LEVEL CALCULATIONS

Nielson and Koster" "have computed the complete
Coulomb and spin-orbit interaction matrices for the fr
configuration. Thus it is now possible to calculate the
energy levels of the 4f' configuration of trivalent
gadolinium by diagonalization of the combined Cou-
lombic and spin-orbit interaction matrices. The
Coulomb interaction matrix elements are expressed in
terms of the radial parameters (E', E', and E') of
Racah4' while the spin-orbit interaction matrix elements
are expressed in terms of a single spin-orbit coupling
constant f4y. To a first approximation, the energies of

"G. H. Dieke and L. Leopold, J. Opt. Soc. Am. 47, 844 (1957).
4' S. P. Cook and G. H. Dieke, J. Chem. Phys. 27, 1213 (1957)."K.H. Hellwege, S. Hufner, and H. Schmidt, Z. Physik 172,

460 (1963)."C. %. Nielson and G. F. Foster, Spectroscopic Coe+cients for
the p", d", and f" Co~ggurations (M.I.T. Press, Cambridge,
1963).

60 C. Ml. Nielson and G. F. Koster, "Energy Matrices for All
Configurations of Equivalent f Electrons" (unpublished). (Avail-
able from M.I.T. Computing Laboratory as a magnetic tape. )

sS, 2

SP

SP

6I
Igi2
I]7,2

111(2
I13i2
Il6!2

6D

D1]2
Dvi2

'DS, 2

SDSi2

Calculated Experimental
energy in energy' in LS coupling

cm ' cm '
g

0
32269
32839
33470

34356
34705
34910
34996
35176
35183

38795
39642
39953
40005
40234

0
32105
32700
33272

35832
36176
36242
36458
36571
36631

39562
40468
40574
40754
40901

2.0023
1.7159
1.8878
2.4032

0.4432
0.8279
1.2948
1.0350
1.1593
1.2398

1.5568
3.3387
1.5887
1.8687
1.6587

Intermediate
coupling g

1.9945
1.6731
1.8304
2.3323

0.4606
0.8357
1.2900
1.0376
1.1588
1.2369

1.5424
3.3060
1.5913
1.9032
1.6794

a Reference 48.

"W. A. Runciman, J. Chem, Phys. 30, 1632 (1959)."K. A. Runciman, J. Chem. Phys. 36, 1481 (1962).

TABLE I. Energies of the 'S and '(PDI) levels of Gd'+.
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meters are simply linear combinations of the Slater
F& radial integrals which should satisfy the inequality"

0.203)F4/Fi) F6/F2&0.0306.

Bearing in mind this inequality, and recognizing that
in general the ratio F4/F2 and F6/F2 are larger than
those of a hydrogenic eigenfunction it does not seem
possible to adjust the parameters so as to significantly
reduce the deviations of the calculated multiplet
energies from their experimental energies.

The electrostatic energy matrix elements of the '5
'(FDFGHI) multiplets of fr are, apart from a constant
term, simply the negatives of those of the corresponding
&(SDGI) '(FFII) multiplets of f'. In Pr?v (4f') the
simple Slater-Condon treatment yields the 'I6 sta, te
below the 'P'i state whereas experimentally it occurs

above 'Pi. Thus there is a resemblance between the
deviations in f' and those of f' R. unciman and
Wybourne'4 have shown that the addition of a term
&&.L(L+1) to the energy matrices of the f' configura-
tion ameliorates the agreement for Priv (4f') placing
the 'I6 level in its correct position with respect to the
'P multiplet. Sugar" has found o.=19+4 cm ' for the
free-ion levels of Priv (4P). Thus the inclusion of a
aL(L+1) term in the energy matrices of the 4f' con-
figuration would undoubtedly help to place the 'I
multiplet in its correct position with respect to the
'P multiplet.

Rajnak and Kybourne" have shown that for a
f~ configuration the second-order effects due to con-
figuration interaction can be represented by the matrix
elements of an eRective operator Y such that

(f~P
I
&

I f~P') = t'&(&k, P') &&aL(L+1)+12PG(G2)+SAG(R&)j+ Q O(k, k', t')(2k"+1)
even

iw jQh

The diagonal matrix elements of the eRective three-
body interactions cancel in pairs for the particular
case of the half-filled shell and hence we may write

(f'Pl Y
I f'&k) =&xL(L+1)+12PG(Ga)+SAG(Rz), (2)

where G(G2) and G(R7) are the eigenvalues of Casimir's
operators for the groups G2 and R7 used to classify the
states of f~ configurations, "44" and &&&, P, and y are
interaction parameters.

Trees" and Rajnak" have studied the role of the
parameters P and y in the Pr rri (4f') configuration and
found them to be of negative sign. The effect of P and

y will be to bring the 'D and 6I multiplets closer to
the 'P multiplet by the same amount while the a cor-
rection will tend to force them apart. The study of the
parameters a, P, and y has not, as yet, progressed suf-
ficiently to permit a reliable estimate of their magni-
tude but it does seem clear that the 4f' configuration
is perturbed by other configurations. The energy levels
of Priv (4f') are known to be perturbed by the 5d'
configuration' "and, therefore, it is most likely that
the 4J configuration is perturbed by the 4f'Sd'
configuration.

"E.U. Condon and G. H. Shortley, Theory of Atomic Spectra
(Cambridge University Press, New York, 1935).

'4 W. A. Runciman and B. G. Wybourne, J. Chem. Phys. 31,
1149 (1959}."J.Sugar, Phys. Rev. Letters 14, 731 (1964)."K. Rajnak and B.G. Wybourne, Phys. Rev. 132, 280 (1963)."B. R. Judd, Operator Techniques in Atomic Spectroscopy
(McGraw-Hill Book Company, inc. , New York, 1963)."R. Trees, J. Opt. Soc. Am. 54, 651 (1964).

'~ K. Rajnak, J. Opt. Soc. Am. 55, 126 (1965)."K. Rajnak, University of California Lawrence Radiation
Laboratory Report UCRL-10460, 1962 (unpublished)."E.Y. Wong, J. Chem. Phys. 38, 976 (1963).

The principal components of the eigenvectors ob-
tained for the levels of the '5 '(FDI) multiplets are
listed in Table II. The '(PDI) multiplets show moderate
departures from pure LS coupling as would be expected.
There is a gap of ~8000 cm ' between the 'D multiplet
and the levels of the next highest multiplets. Above
this energy the density of states becomes quite high
and there is a considerable breakdown of LS coupling
with the result that only J remains a good quantum
number for the free Gd'+ ion. The states of a given J
follow the Wigner statistical distribution" quite closely.

IV. GROUND-STATE t"-FACTOR

The measurement of the g-factor for the ground-state
of trivalent gadolinium in various host crystals has
been the subject of numerous paramagnetic resonance
experiments. In particular, Hutchison et a/. "have found

g = 1.991~0.001 in GdC13 diluted in LaC13 while Bleaney
et at. '8 i' find g= 1.990&0.002 for Gd(C2HiSO4)» 9HiO
diluted in La(CiH&SO4) 8 9HiO. In both cases the Gd'+
ion was presumed to be at a site of C» symmetry and
the g factor was found to be highly isostropic.

Theoretically we find g=1.99454 which is substan-
tially larger than the experimental value. Increasing
the magnitude of the spin-orbit coupling constant g
decrea, ses the discrepancy as is evident from Table III.
However, complete agreement can only be attained by
adapting an unrealistically large value of I'. Judd and

6' C. E. Porter, Statistical Theories of Spectral F/uctuations
(Academic Press, Inc., New York, 1965}.
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TABLE II. Eigenvectors obtained for the 'S
and s(PDI) levels of Gd'+.

SI.J
Designation

Sz/2
sp

p5/2

P3/2

Iz/2

IS/2

I17/2

I11/2

'I15/2

DQ/2

D1/2

'Dz/2

Ds/2

D5/2

Eigenvector"

0 98661'7S)+0 1618
I
'5P) 0.0123 i '7D)

0.8514
I sp) 0.1503 I' S) 0 4038

I D)+0.0713
I
' F)

+0.1799
i 4sD20)+0. 1936

~
47Dg2)

0.8911
~
s5P }—0.4176

I
'7D }+0.0638

~

'5F )
+0.1002

~
4sD20)+0. 1088

~
'zD22}

0.9341
~

5P)—0.3231
~
'7D) —0.1088

~
'7522)

—0 9644
~
ezI) —0.1884

~
4sHmg) —0.15'/9

~

4r H3p)
—0.9738('zI) —0.1563 ('~2() —0.1316(':Hso)

+0.0604~ s,II}
0.9800

~
'7I) —0.1448

~
45K21 }—0.1312

~
4sE30)

—o 9811
I
szI) —0 1197

I '5'») —o 0996
l '5JIsp)

+0.0685
~
ssH)

—0.9855
~
'7I)+0.0695 (

'II) —0.0769
~
'5H21)—0.0613 [

4,e„}
—0 9862

~
szI)+0 1033 ) 4sK2&)+0 0952

I sEso}
+0 06021s5H

604l zD) 0.1938
l
ssF)+0 0660 j szG}

+0.1742
I '5Fso)

0.9929
~

7D)—0.0681
~

5F)—0.0752 j 5P11}
—0.8696

(
'7D) —0.3940 ( s5P}+0.1974

)
' F)

+0.1142
~
'gDgg)+0. 0559

~
'zS)

0.9287
~
'zD)+0.3237

~
'5F) —0.1262

~
'+)

0 8755
i
ezD)+0 4208 [s+) 0 1708

i
s,F)—0.1175

)
'5D21)

a The left-hand subscript associated with the SL quantum numbers is the
seniority number. The right-hand subscripts were used in Racah's (Ref. 42)
U designation for distinguish1ng states having the same SL quantum
numbers.

"B.R. Judd and I. Lindgren, Phys. Rev. 122, 1802 (1961).
'4 J. Fidone and K. K. H. Stevens, Proc. Phys. Soc. (London)

73, 116 (1959)."%'.Low and R. S. Rubins, Phys. Rev. 131, 2527 (1963)."J.M. Baker, J. R. Chadwick, G. Garton, and J. P. Hurrell,
Proc. Roy. Soc. (London} A286, 352 (1965).

I.indgren63 have estimated the relativistic and dia-
magnetic corrections to the 87/2 ground state of the
neutral europium atom and found the Schwinger cor-
rected g factor to be reduced by 0.00175. The inclusion
of the relativistic and diamagnetic corrections should
likewise have the eRect of reducing the g factor in Gd~.
The actual correction should be somewhat larger than
for neutral europium since relativistic corrections will

certainly be larger in an ion of higher atomic number
and nuclear charge. It is difficult to obtain a reliable
estimate of the relativistic and diamagnetic corrections
without having relativistic Hartree-Fock wave functions
to compute the necessary integrals.

Fidone and Stevens'4 have noted that the presence
of covalent bonding can lead to additional contribu-
tions, of either sign, to the g-factor. Low and Rubins"
have found rather convincing evidence for changes in
the g-factors attributable to covalent eRects for several
rare earths. Title" has noticed similar eRects for 'S7/2
ions in CdSe and CdTe while Baker et a/. "have found
the g-factor of Tb~ 4f'('Sz/2) in ThO& single crystals

TABLE III. Eigenvectors and g factors for the 'S7/2 ground state
for &= 1480, 1520, 1560, and 1600 cm '.

1480

1520

1560

Intermediate
coupling gKigenvector

0 98655 jszS)+.0 f6176' s5P) 0 01232
I
szD

+0.0010
I
'5F) 0 00014

I
'7G 1.99454

0.98581
~

',S}+0.16604
~
'5F)—0.01299

~
'zD)

+0.0011
I
'5F) 0.00015

l 7G) 1.99410
0.98505

~
'7S)+0.17032

~
'5P) —0.01368 ( '7D)

+0.0012
(
'5F)—0.00017 ( '7G) 1.99365

0.98426 ( 8zS)+0.17459
(
'j')—0.01438

(
'zD)

+0.0013 ('gF) —0.00019 ['zG) 1.99319

to be larger than the spin only value showing clearly
the existence covalent bonding or configuration mixing.
Unfortunately, it is extremely difficult to estimate the
magnitude of covalent eRects without a detailed knowl-

edge of the interaction of the Gd'+ ion with the lattice.
Changes in the ground-state g factor can also arise as
a result of configuration mixing either via the electro-
static interaction or by the crystal field interaction.
These mechanisms may be represented schematically as

('S»z
I
I'~

I

'X.
I
I+2S

I
'X~&('X~

I
V

I
'Sz/z&, (3)

where VE is the configuration mixing interaction and
'Xg is a state of the excited configuration. The elec-
trostatic interactions will only couple states of the
same 5 and L and hence will not change the magnitude
of the g factor unless there is also spin-orbit interaction.
Crystal field mixing of configurations will result in the
coupling of states of diRerent L and hence may lead to
changes in the g factor. Octets with g(8Xg))g(~Sz/2)
will lead to an increase in the ground-state g factor
while those with g('X~)(g('Sz/~) will result in a
decrease in the ground-state g factor. Actually, there
can only be four octets ('P5/2 D5/2 D3/2 and 'Fl/2),
with g(Xq)) g( Sz/. ), all other octets have smaller

g factors. Thus we might well expect this mechanism to
decrease the calculated g factor for the ground state
of Gd'+. Again, there is considerable difficulty in ob-
taining a reliable estimate for the corrections to the

g factor due to a lack of knowledge of the necessary
radial integrals.

We have indicated four mechanisms that can lead to
departures from the LS coupling ground-state g factor
of 2.00232. To recapitulate, they are (1) spin-orbit
interaction with excited states; (2) relativistic and
diamagnetic effects; (3) covalency effects; (4) configura-
tion mixing. It seems most unlikely that (1) can, by
itself, explain the observed values of g=1.991. Further-
more, the relativistic and diamagnetic corrections
appear to be somewhat too small to completely over-
come the discrepancy. Thus it appears inevitable that a
complete theory of the ground-state g factor must give
cognizance to mechanisms (3) and (4). We might note
note that mechanism (4) would be essentially contained



in the complete molecula. r orbital treatment of mech-
anisrn (3).

ThsLE IV. Intermediate coupling reduced matrix elements
for the '57j2 ground state using (=1480, 1520, 1560, and 1600
crn '.

V. GROUND-STATE SPLITTING CONTRI-
BUTIONS FROM WITHIN 4f'

Bleaney et al.26 27 have measured the ground-state
splitting of gadolinium ethyl sulfate at 20'K by the
technique of paramagnetic resonance. They find that
at zero field the four Kramers pairs lie at 0, 0.049, 0.132,
and 0.245 cm ', the &-,' pair being uppermost. The
crystal structure studies of Ketelaar" indicate that the
4d'+ ion is in a local crystal field of D3p, symmetry.

It. we assume that the entire crystal field splitting
comes from interactions within the f' configura. tion we

may write the crystal field potential for D3& symmetry
as an expansion in tensor operators of the type C, (~)

to give4'

2C (2)+B 4C (4)+B 6C (6)

+g3 (C (6)+C (Ii)) (4)

The quantities B,~ are the crystal field pa, ra, meters.
The tensor operators appearing in Eq. (4) are of even

rank and hence can only couple states of the f' con-
figuration that are of diferent class. Thus if the ground-
state splitting arises from interactions within the f'
configura, tion the mechanism must in most cases in-
volve at least fourth-order perturbations.

The simplest fourth-order perturbation to consider
ma, y be schematically represented as"

&'~r t i I
i~

I
'~r t2&("I'r t2 I

i~
I

'Dr t~&&'Dr t2 I
V ~ I

'f'» i&

x&'r, lxl'st), (5)

where A represents the spin-orbit interaction. The
crystal field matrix elements will. va, nish except for the
term in Bp2. If we write the ground-state eigenvector as

I
"grt )=nI'~it &+bl "f'rt )+ei'Drt. ) (6)

then we have for the mecha, nism of Eq. (5) that, ""'

( SrtiM I
V

I
Srt2M )= b(M M )(5 t /210)

X L4M' —21jbc8o2. (7)

Comparison with other rare-earth ethylsulfates in-
dicates that Bp' is positive and 200 cm ' while con-
siderations of perturbation theory lead to the conclusion
that the product bc is necessarily negati~)e. Thus this
mechanism, while correctly predicting highly isotropic
g values, gives the &-', Kramers pair as lowest', in con-
trast to the experimental result"" that it is upper-
most. Using the values of b and c from Table II we
calculate the ground-state splittings to be

0(a-,'), 0.102(a-', ), 0.170(a3),
and 0.203(&-', ) cm '. (g)

6' J. A. A. Ketelaar, Physica 4, 619 (1937)."%'e note that the phase factor of Eq. (6—5) of Ref. 44 should
be ( 1)8+L'+J+Ie

1480
1520
1560
1600

64 II
U'" Ilk')

0.0018617
0.0020185
0.0021840
0.0023585

(~f. ll 0"'llk. )

0.0000544
0.0000623
0.0000710
0.0000806

0.0000021
0.0000026
0.0000031
0.0000037

where b is the 'E'7/'& component of the ground-sta, te
eigenvector. The detailed computation of Eq. (11) is a
formidable problem unless some simplifying approxima-
tions are made. Since the spin-orbit a,nd crystal field
splittings of the excited states are sm &Ll conipared with
their energy separations from the ground state, and
the crystal field splittings are small compared to the
sextet separations, it is a reasonable assumption to
perform a closure over the J"M" states of the 'I multi-

Considering the pa, rameters Bp' and t f are not opti-
mized, the over-all splitting, and the relative spacings
of the Kramers pairs, would be in reasonable agree-
ment with the observed values were it not for the dis-
crepancy in sign.

The calculation of the ground-state splitting produced
by the mechanism of Eq. (5) was refined by using the
complete intermediate coupling eigenvectors (all 50
components) to compute the crystal field matrix ele-
ments for the ground sta. te using the results of Table IV.
As would be expected, the contributions from the Bp'
and B6 terms are wholly negligible. Assuming the in-
terpolated value of Bp'=550 cm ' and 1~=1480 cnl
we obtained the ground-state splitting as

0(&-,'), 0.114(&25), 0.180(&32), and 0.120(&2r). (9)

Again the wrong sign is obtained. It is apparent that
the observed ground-state splitting cannot be explained
by simply considering the reAection of the splittings of
excited states of fr into the ground state via, the spin-
orbit interaction.

Judd"" has proposed an additional fourth-order
mechanism that may be schematically represented a,s

&8~rt2I~I'I'»~)&67'»2I V
I

V'I' &('I'
I

V I'corti&

x'&&»iI&1'&»~). (1o)

Restricting ourselves to sta, tes within 4f' we see that I.
is limited to the states D, 6, and I and that the total
contribution from this mechanism will be obtained by
summing up the contributions from all of them. Equation
(10) may be rewritten as

b' P —Q &'~r i'vl73e'Ce"'I ~'I ~-~")
Ic, q, qt I,J",.hI"

x ('I-j"ilt"
I
73@'"cq' "

I
f 7/2. 'rt')/'

1-'("Jz" rt '5'r, ) (11)'. —
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plets. This summation may be readily performed using
the identity:

Q(M, M') = Q (SLJM
~
U, (~'

~

SL"J"M")

)&(SL"J"M"
~

Ug'") ~SLJM')

= (—1)s+~"+~(2J+1)(SLIIU"'IISL')' P
~ ~J J x kkx

X(2.r+1)
2v —2(' —(v+ v'))Cvv' —(v+v'))

f Lx LI x
(—1)' " (l2)

kkl. ' IJ5

For the case of immediate interest A= 1 and we have
2&x&0 and hence for D» symmetry q+q'=0 and
M =M'. The term with x=0 is independent of M and
thus will not contribute to the relative separation of the
ground-state Kramers' pairs. Furthermore, when we
consider the summation of q and q' in Eq. (11) it is
apparent that the odd terms in x will cancel out in
pairs. Hence as long as we are only interested in rela-
tive separations we may write for the case of interest.

51'(M)= Q ( P2, 22r( Uy ( ) [(SL"J'M")

X(SI."J"M"~„U&
~

I-, , „)
2 k k2)

=40( J II
«i)

lf k)
I

'
kM —M 0 ka(J %(I 02

kk2 r'-,.'2
( 1),)i+(,'2 (13)11k 11-,'

where we omit a constant term. Upon explicitly
evaluating the 3—j and 6—j symbols, noting that

this expression has the same M-dependence as Eq. (7)
and hence the ratios of the spacings of the successive
Kramers' pairs remains the same. Whereas the con-
tribution from the mechanism of Eq. (5) are linear in

the crystal field parameters the mechanism of Eq. (5)
is linear in the crystal field parameters the mechanism
of Eq. (10) is a quadratic function of the parameters.
The quadratic term is dominated by the sixth-order
terms of the crystal field potential and since we generally
have 22(B()')'&7(BO')' the net quadratic contribution
has the opposite sign to the linear contribution.

To obtain a semiquantitative estimate of the com-
bined mechanisms let us assume that ED=40320,
A'g=5000, and Eq=36360 cm ' and that Bo'=200,
Bo'———550, Bo'= —550, and B6'= 550 cm '. Using
these values in Eq. (16) we obtain

T(M) = (bM'/21) $178.89c+1.3151b], (17)

where c is negative with respect to b. The combination
of these two mechanisms will only yield the + ~7 Kramers
pair uppermost if b/c& 144. However, this requirement
cannot be satisfied by any reasonable choice of i' as is
apparent from Table III. Thus we are forced to con-
clude that the zero-held splitting of Gd'+ in the ethyl
sulfate cannot be accounted for by the combination of
the linear and quadratic mechanisms of Eqs. (5) and
(10) as long as we restrict our attention to states within
the 4f' configuration. Using the values of b and c from
Table II in Eq. (17) we obtain the ground-state splitting
as

0(&-,'), 0.091(&-',), 0.153(&-'),
0.183(a-',) cm-'. (l8)

VI. CONTRIBUTIONS FROM SPIN-SPIN
INTERACTIONS WITHIN f'

('PIIU"'I "k)'=k(k+1)/28 for f',
and dropping a further constant term we obtain

(14) There is a third-order mechanism involving the spin-
spin interaction (V.,) which may be schematically
represented as

M'53q' —k(k+1)jr 3—4k(k+1)]
022'(M) = (15)

1176(2k—1)(2k+ 1)(2k+3)

Using this expression in Eq. (11) and noting Eq. (7)
we obtain the total ground-state splitting T(M) from
the combined effect of the mechanisms of Eq. (5) and
(10) as

bM' 2(5)"' ()I2(2)'-' 5(ao')'-'
cB)'—h +

21 5 25K'D 99Kc;

T(M) =

2~L7(8()")2—22(8,') 2]—
+ — — (16)

1859J'.g

where I'D, I'g, and J'I are the average energies of the
'D, 'G, and 'I multiplets, respectively. We note that

(19)

The spin-spin interaction matrix element may be
evaluated using Eq. (2-135) of Ref. 44 to give

("S. IV-I'D )

2D= —(2(42)'v v22)(2V'+ 222'+ —2V'), (2tl)
11

where the M"'s are the Marvin radial integrals. "These
integrals have been computed by Blume et al. v' using

6' The last 6—j symbol appearing in Eq. (2-135) of Ref. 44L' L 2should be p 1 p+
"H. Marvi&, Phys. Rev. 71, 1Q2 (1947).' M. Blume, A. J. I'reeman, and R. E. Watson, Phys. Rev. 134,

A32Q (1964).
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Hartree-Pock wave functions. Using their values in
Eq. (20), and evaluating the matrix elements of Eq.
(19) we find that the spin-spin mechanism contribution
to the ground-state splitting has the right sign but is
only 10 ' cm ' and hence cannot explain the observed
splitting.

VII. PRYCE'S SECOND-ORDER
SPIN-SPIN MECHANISM

Pryce' has proposed a second-order spin-spin mech-
anism involving interaction with the 4f'6p configura-
tion. His mechanism may be schematically represented
as

(4yv ssi/2M
I
v I4f ( F)6psDi/iM&

x&4f'('F)6p'D /~I V, I4f' s7/JIB'& (21)

Dieke and Crosswhiter' have indicated that the 4f6p
configuration is 150000 cm ' above the 4fr con-
figuration and hence this mechanism will only be im-

portant if the M-dependent portion of the product of
the two matrix elements of Eq. (21) is 50000 cm '.
The crystal field matrix elements may be evaluated to
give
&4f'('F)6p'»/HAMI

v. I4f Ss»i&

=((105)'/'/700)[4M' —21jBO'(&r'&/f6@/(r'&4f r). (22)

Rajnak60 has calculated the ratio ((r')4r6„/(r')4 f4/) to be
0.7. Using her result in Eq. (22), together with

80' ——200 cm ', we find the M-dependent part of Eq.
(22) to be only 8M' cm '. Thus for Pryce's mechanism
to be dominant we would require that the spin-spin
matrix element between 4f'('S7/i) and 4f'('F)6p'D7/i
be 500 cm '. This is considerably larger than even
the typical electrostatic matrix elements which connect
the two configurations and which are necessarily con-
siderably larger than the spin-spin matrix elements.
Unfortunately, the relevant Marvin integrals are not
available and hence it is not possible to make a detailed
numerical estimate of the contribution from Pryce's
mechanism. An additional contribution would arise
from spin-spin interaction with the Sp'4f' configura-
tion, but again this contribution can be expected to be
negligible.

VIII. SECOND-ORDER RELATIVISTIC
CONTRIBUTION

The crystal field matrix element between states of
different spin vanish in the nonrelativistic limit and
hence the matrix element coupling the 'Sv/2 state to the
P7/i state of the 4fi configuration is normally assumed

to vanish. It has recently been pointed out that if
relativistic eft'ects are taken into account this matrix
element is no longer zero. v' Thus we can obtain a second-

"G. H. Dieke and H. M. Crosswhite, Appl. Optics 2, 675
(1963}."Q. G. Kybourne, J. Chem. Phys. 43, 4506 (1965).

order contribution to the ground-state splitting of
Gd'+ which may be written as

S(M) = 2A—
2'1"4f&"S7/HAMI

p (s l),
I
'Pi/iM&

X&'Pr gM
I
bp(11)+0&'"'I'Si/2M&/gE (23)

where AE=
I
E('S)—E('P)

I
and

b2(11)=4(21)""[—5R/. +'+3R+ '+2R ']/245. (24)

with R++', R+ ', and R 2 being relativistic radial
integrals. " Upon evaluating the matrix elements
Eq. (23) reduces to

S(M) = SAio fir( 5R+—+'+3R+ '+2R ')M'/
2456E. (25)

Using the radial integrals of %aber and Cromer'4"
we find the contribution to be"

0(&—'), 0.156(&—), 0.260(&—'), 0.312(+-') cm ' (26)

This mechanism produces a calculated splitting which
is larger than the observed splitting and of the opposite
sign.

IX. CRYSTAL FIELD CONFIGURATION MIXING

The crystal field operators C"' are one-particle
operators and hence they can only couple to f' configur-
ations differing by at most one particle. It is natural to
consider second-order mechanisms of the type

P.&f'SI J—M
I
v. I x&&x I v. I

f'sl-'x'M'&l/&R. , (27)

where X is a state belonging to an excited configuration
and hF, is the positive excitation energy. However,
Rajnak and Kybournev' have shown that the averaged
effect of Eq. (27) is simply proprotional to the matrix
elements

and also gives rise to a uniform shift of the crystal Geld
levels without changing the zero-order spacings. Thus
this mechanism will, at the best, correspond to a linear
shielding of the B,~ parameters and since we are al-
ready using empirically derived parameters we may re-
gard these contributions as already incorporated in the
mechanisms discussed in Sec. V.

X. ELECTROSTATICALLY CORRELATED
CRYSTAL FIELD CONTRIBUTIONS

Rajnak and Wybourne" have discussed the eGects
produced by electrostatically correlated crystal Geld
interactions that may be represented as

(—2/~R -)2*&«"Pl v Ix)(xl vslf"0'&, (»)
74 J.T. Waber and D. T. Cromer, J. Chem. Phys. 42, 4116 (1965}."J.T. %'aber (private communication).
76 K. Rajnak and B. G. Kybourne, J. Chem. Phys. 41, 565

(1964).
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where V, and VE are the crystal field and Coulomb

potentials, respectively, X is an excited state of a
perturbing configuration of parity (—1)zn, and hE„„
is positzz/e average energy of excitation. Since AE&„ is
greater than 10' cm ' for the lowest connected con-
figuration (4f'6p) we can expect conventional pertur-
bation to give a reasonable representation. Rajnak and

%'ybourne have shown that excitations of the type
n'L' '+'nl ~n'l"'+'nl +' or nP~eP 'n'I'areof special
interest because even in the case of a half-filled shell

they lead to an eGective interaction between states of
the same class. We are particularly interested in the
eAective interaction, V,zz, for the zP state of f'. Follow-

ing Eq. (13) of Rajank and Wybourne we may writezz

2 ~&k
(nf"'Pl V,zzlnf P)= — P 2 z(nf"'Pllr C II'P')('P'll P Q (C„~ ' C, "')Ilnf' P)

AEA k ~Pk+1 t)~.

2(5) 1/2 (zz'l'I r'I nf) kk2
E I:kj &f"Pll Z (u""'u/"') "'llf"P&

58EA (nflr Inf) i 3l'3

X&3IIC'"'ll3&&3IIC"'ill'&R&(n fn fnfn'1'), (29)

where 'I" belongs to the perturbing configuration
(n'l'"'+'nf' or nf'n l'), the R"(nfnfnfn'l')'s are the
usual Slater radial integrals and the JM dependence
of the matrix elements of V,ff has been removed.

Ke may obtain a fourth-order contribution to the
ground state splitting of the form

( fn''S zl/zg;=z (s l), Inf"Pz/z&

E('S) E('P)—
X(nf''P7/zMI U «Inf"P»z~) (3o)

Evaluating the spin-orbit matrix element, extracting
the JM dependence and retaining only the M dependent
part of the resultant expression we obtain the
contribution

Rajnak" has estimated the magnitude of the in-

tegrals and energy denominators appearing in Eqs.
(32a) and (32b) for 4f~ 6p and 4f~ 5f excitations
by interpolation from her results for Pr'+ and Tm'+.
Using her results we find

&4f"Pll U.«114f"zP&4r-zn=+1 026 cm-. ',
&4f"PIIU.«II4f"P)4f zf +3.850 cm-'.

Putting these values in Eq. (31) we find a total contribu-
tion to the ground state splitting of 0.05 cm ' with
the &-,' level highest. The excitations Sp~4f should
yield a contribution of opposite sign to those just con-
sidered and probably more than annul them.

XI. FIFTH-ORDER CONFIGURATION
INTERACTION MECHANISM

(30)I/21. 23/12

S(M) = (n fz "Pll U.zzlln f"P).
15

I
E('S)—E('P)

I

'

For nf ~ n'p excitations we find

—2(30)'/ (n'p
I
r'I n f)

&nf'zPIIV, «llnf''P)= 8 '

9R' R'(n fn fn fn'p)
X (n frzfn fn'p)+

25 2
(32a)

b= —(210)"'$2Gz(4f5d)+3Gz(4fSd)
33Gz(4fSd) j/—Wz,

and

The 4f'('Sz/z) ground state of Gdz+ is Perturbed by
(31) electrostatic interaction with the two 'Sz/z levels of

the 4f'Sd' configuration. The unnormalized perturbed
ground-state wave function may be written as

gz/z& =
I 4f Sz/z&+l/I 4f

+cl4fz eFSdz, sSz/z&,
where

and for nf ~ n'f
+(30)"' (n'fl r'I nf&

&"f' 'Pll U'«llnf"P) = Bo'
15AE~ &nfl r'I rzf)

11R (n fn fn fn' f) R4(n fn fn fn f)
X

75 11

875
R'(n fn fn fzz'f) —. —(32b)

429

c= —(105)' "L3Gz(4fSd) —8Gz(4f5d)
—11Gz(4fSd) j/Wzr.

Rajnak" has obtained estimates of the G/, (4f5d)
integrals and the energy denominators 5 6 and

"Note that in the above reference the quantity

$l l l'
should be replaced by

k
l l'
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1t 6, Using her values we find the coefficients b and c
to be 0.08. Bearing in mind these admixtures we may
obtain a fifth-order contribution to the ground-state
splitting which may be schematically represented as

(f7 sg
~

V@
~

fs 6+5d2 8/)(f 5 6X5d2 85'
~

tt
~

f5 6+ 5d2 2s+lP)

x (f& 6/'5(p 2 s+ 'p
~

go~
~ f& 6~"5d2 2s+ 'p)

X (f' 'Y"5d-' "'+'I'
~

A-~ f"X5d' '5)
X(PX5d-"S~ V, if S). (53)

These contributions will be approximately proportional
to the inverse fourth power of W6x. We may infer from
the work of Dieke et al.72 that Wex is 200000 cm '
while the matrix elements of spin-orbit and crystal
field interaction are less than 10000 cm '. It is

apparent that this mechanism could not account for
more than a few percent of the observed splitting.
This would appear to be generally the case for high-
order perturbations produced by excited configurations.
The energy denominators involved are much too large
to give any significant contributions to the ground-state
splitting.

XII. SUMMARY OF CONTRIBUTIONS TO THE
GROUND-STATE SPLITTING

In the course of this paper we have examined several
mechanisms that can lead to a splitting of the ground-
state of the Gd'+ ion in the ethyl sulfate crystal. It ap-
pears that none of these mechanisms, or any combina-
tion of them, can give an adequate explanation of the
result of Bleaney et al.""that the & 2 Kramers doublet
is uppermost. It might be objected that we have made
an unfortunate choice of Bp', especially since the value
computed from a point charge model is 10 times
larger than the value used here. However, changing the
value of Bp' will mainly just scale the different contribu-
tions and not alter the sign of the over-all splitting.
There appears to be no valid reason for supposing that
Bp' changes sign between Eu'+ and Tb~.

Several of the mechanisms discussed can be regarded
as simply mechanisms that reflect a, portion of the
splitting of the 'P7~2 excited state into the 'S7&~ ground
state. Dieke and Leopold" have shown that in the
hydrated trichloride the arrangement of the Kramers
doublets for the excited 'P7~2 state is &~, &» &» &-',
with the &~ doublet &zest. A similar situation appears
in the ethylsulfate. " However, any mechanism that
rejects the 'P7~2 splitting into the ground state must
yield the &-,' Kramers doublet of the ground state
lozvest in contradiction to the experimental result of
Bleaney et cl. Thus we are forced to conclude that
mechanisms that are, in effect, simply a reflection of a
portion of the 'P7~2 excited state crystal field splitting
cannot explain the observed splitting in the ground-
state. There appears to be no difhculty in explaining the

'g A. Piksis {private communication).

major part of the crystal field splitting of the 'P ex-

cited states using a positive value of Bv'.
If the crystal field were to be over-shielded in the

excited states of Gd'+ we would expect the Bp' deduced
from the excited state splittings to be negative. The
degree of shielding in the ground state could be expected
to be smaller than in the excited states due to the larger
energy denominators. Since Bo' is positive in the ex-

cited states we conclude that Bp' should also be positive
in the ground state.

The relativistic, spin-spin, and configuration mixing
mechanisms do not depend directly on the splitting of
the 'P7/Q excited state and hence might have been ex-

pected to be the important mechanisms. However, it is
clear that these mechanisms, important as they are,
cannot account for the observed splitting. Ke note that
for Cm'+ the ground state Sf'('S~t~) also has the +-',
Kramers doublet lowest" and we might at first think
that the mechanisms discussed here would again yield
the wrong sign giving the &~7 Kramers doublet lowest.
However, the splitting of the ground state of Cm'+
should be'P 3—5 cm ' and the sign of Bp, for the
actinides, is apparently negative, "and hence, the major
portion of the ground-state splitting can probably be
accounted for by the mechanisms discussed herein.
That fact that Bp' is negative probably means that the
screening in the actinides produced by 6s~6d ex-
citations is larger than that produced by the Ss ~ 5d
excitations in the corresponding lanthanides.

Our major conclusion concerning the origin of the
ground-state splitting of Gd'+ in lanthanum ethyl
sulfate is simply that the basically ionic mechanisms
that have been frequently mentioned in the literature
in a qualitative manner do not yield the correct quanti-
tative agreement with experiment even when the
numerical calculation is carried out in considerable
detail. Thus it would appear that mechanisms that
separate the Gd'+ ion from the host crystal cannot ex-
plane the observation of Bleaney et al."'-'

Future developments in the theory of the ground-
state splitting of gadolinium in lanthanum ethyl
sulfate will probably require the detailed molecular
orbital treatment of the Gd(H20) g'+ complex. It should
be noted that while our discussion has been entirely
devoted to the ground-state splitting of Gd'+ in the
lanthanum ethyl sulfate, for most of the host crystals
that have been studied, especially the lanthanum
trihalides, the sign of the splitting is calculated to be
opposite to the experimental measurements. The
marked sensitivity of the splitting in LaC13 to tempera-
ture" would seem to indicate that the mechanisms we
have discussed a,re closely competing with another

"M. Abraham, B. R. Judd, and H. H. Kickham, Phys. Rev.
130, 611 (1963}.

'W. T. Carnall and B. G. Wybourne, J. Chem. Phys. 40,
3428 {1965}."J. G. Conway (private communication).




