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The attenuation of longitudinal sound waves in a superconductor with a spatially dependent energy gap
is studied by a Green’s-function method. In order that explicit expressions for the ultrasonic loss may be
derived, the calculation is restricted to temperatures T'~T., the transition temperature. The results of the
calculation are used to study ultrasonic attenuation in a type-II superconductor near T, which contains a
low density of flux lines, H~H.,. It is assumed that under these conditions the flux tubes in the material
are fixed, are well separated, and form a periodic array. It is then shown that not only is the attenuation
anisotropic, but anomalous absorption or transmission takes place whenever the sound wavelength matches
the distance between vortices. Although the above theory is only for T~T, and H~H.,, it is expected that
this effect will exist over wider ranges of temperature and magnetic field, and, if accessible to experiment,
will yield a direct measure of the spacing of flux lines in type-II superconductors.

I. INTRODUCTION

YPE-II superconductors are distinguished from
those of type I by the fact that, although flux
penetrates the sample at a magnetic field H=H.,,, it is
not until a much higher field H,>>H. that the material
returns to its normal state. This was first explained by
Abrikosov! who based his arguments on the Landau-
Ginzburg? theory for K>1/V2. Abrikosov predicted
that at H., flux penetrates the material in the form of
flux filaments or vortices having spatial dimensions of
the order of #, the coherence distance. It was later
suggested? that associated with each Abrikosov flux line
is one discrete quantum of flux ck/2e. A further pre-
diction of the theory was that the mixed state of type-11I
superconductivity is characterized by the flux lines in
the material forming a periodic array, the distance
between lines being dependent upon the magnetic field
strength.

Although the Abrikosov theory has stimulated a great
deal of experimental and theoretical work, the informa-
tion available on the structure of the mixed state is
mostly indirect. In this paper we investigate the possi-
bility of obtaining detailed information on the nature of
the mixed state from measurement of ultrasonic attenu-
ation for propagation parallel and perpendicular to the
magnetic field.

Ultrasonic attenuation has proved, in recent years, a
most valuable tool in the study of both normal and
superconducting material. The attenuation character-
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istics in type-I material determined by Morse* et al. are
well described by a theory, based upon the BCS® de-
scription of superconductors, developed by Tsuneto.®
Ultrasonic attenuation in type-II superconductors has
been investigated theoretically by Caroli’ et al. They
show that at very low temperatures 7<KT, where T is
the transition temperature, the ultrasonic loss due to
the quasinormal cores is very small. Among the reasons
ultrasonic attenuation may yield information on the
structure of the mixed state is the fact that the normal
cores form a periodic array in the material. If we restrict
our attention to a superconductor which is near the
transition temperature T~ T, and which contains a low
density of flux lines H&H,,, then the effect of the en-
closed flux is to produce a slow periodic variation in the
energy gap A, with period ~§, the penetration depth.
We also note that in this region the magnetic field is
large in the vortex but drops off to a small value in a
distance 8. In type-II material the coherence distance
£ is always less than 6.

Taking as our starting point the Gorkov® formulation
of superconductivity we determine, in Sec. II, the re-
sponse of a superconductor with a spatially dependent
energy gap to a longitudinal sound wave. It proves con-
venient to use the thermal Green’s-function method to
calculate a temperature response function; the required
causal function is subsequently determined by analytic
continuation. In order to clarify ensuing theory the
main points of the argument underlying this approach
are summarized in Sec. III. Finally, in that section, the
response function is expanded in powers of A(T); terms
to order | A(T)|? are retained. This procedure is justified
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as long as we treat the attenuation near T.. In particular
it can be shown that this approach is valid in a type-I
superconductor if |A(T)|2%/kT (vrg)<<1, where q is the
wave vector of the sound wave.

In Sec. IV we discuss the attenuation using a theory
analogous to that used by Gorkov?® in his derivation of
the Landau-Ginzburg equations. This theory is, strictly
speaking, only valid in the extreme limit of the con-
ditions stated above, and also when the wavelength of
the sound wave Ag<d, the period of the gap. It has,
however, the merit of relative simplicity and illustrates
some of the features to be expected in sound attenuation
under more general conditions. In Sec. V we generalize
the theory in order that a wider range of sound wave-
lengths may be treated; particular attention is paid to
the attenuation when Ag~38.

Finally, in Sec. VI we determine the ultrasonic attenu-
ation in a model type-II superconductor. The model is
determined by choosing an energy gap which varies
periodically in the plane perpendicular to the magnetic
field. The period of oscillation of the gap function is the
distance between flux lines and is determined by the
external magnetic field. It is shown that structure in the
attenuation occurs when the sound wave propagates
perpendicular to the magnetic field and when its wave-
length As~d, the distance between normal cores. Namely
anomalous absorption or transmission takes place when-
ever vr|q+(27/d)u| =w, where q and w are the wave
vector and frequency of the sound wave and u is a unit
vector in the direction of the gap periodicity. If this
effect is accessible to experiment, determination of the
attenuation will yield a direct measurement of the
distance between flux tubes.

II. THE ATTENUATION COEFFICIENT

We consider a pure superconductor in the presence
of a static magnetic field A,, and subject to an impressed
ultrasonic wave. The effect of the sound wave is to
induce in the superconductor longitudinal ¢ and trans-
verse A fields which then drive the system. If we choose
as a model for the superconductor the weakly coupled
electron gas of BCS,® the Hamiltonian of the system in
second-quantized formulation is

H=Hot+H'(f), 1)

where
H=% / 0 el (O)Dho(t)— i alt)
> f 1y (O eV, ()

ho(r)=(1/2m)[ V/i—(e/c)A.], 3

9 L. P. Gor’kov, Zh. Eksperim. i Teor. Fiz. 36, 1918 (1959)
[English transl.: Soviet Phys.—JETP 9, 1364 (1959)].
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and

H ()= / &Er o (O (1,)¢a(1), C))
where

K (1,0) = ep(r)+ (ie/ 2me) {{V — (ie/c)A,(r) ]- A(r, 1)
+A@Y)-[V—(e/0)An]}. (5)

The attenuation constant e is given by the ratio of the
power dissipated by the sound wave per unit volume to
the energy per unit volume contained in the impressed
wave, i.e.

a= Q/%(Pion l ul g) ) (©6)
where
d
Q=<E<H>(1)>“ ™)

is the time-averaged rate of increase of the average
energy of the system at time .

The density matrix p(#) of the system in the presence
of the perturbing electromagnetic fields satisfies the
Von Neumann equation.

idp/dt=[Ho+H'(1), p]. ®)

Using Eq. (8) and the interaction picture for con-
veince, we can now determine the density matrix to
second order in the perturbation H'(f). It is easy to
show that
idpr(t)/0t="[H1 (8),p:(1)], )
where
pr(t) = e'Hotp(t)eiHot (10)

Integrating Eq. (9) and keeping only terms to second
order in H'(f), we get

pi(l)=po—i / AULHL (1) p0]

_ / ar [ A (), LH () 00]], (1)

where po is the density matrix of the system in the
absence of the perturbing field.

po=¢ FHo/Tr(e~FHo)

(12)

The average energy of the system is immediately found

by substituting the approximate expression for p; in
Eq. (7).
t

(H') )= (Ho)+(H ()~ / di([HoH1' () ])

—

_ / dr(CH 1), H'1(¢)])

—

i f ar / d(CHGE () LH (). (13)
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All statistical averages in Eq. (13) are with respect to
po. Taking the time derivative of Eq. (13) and remem-
bering that

dH{' (t)/dt=[0H'(t)/0]r+i[Ho,H1 (t)],

we have

(14)

a H a H' (1))
— =— ,I !
0=

_1/_; dt’<[<alz;(l)>l, H,’(z’)jl>. (15)

Finally, time averaging, the power dissipated per unit
volume is given by
Q= <Q(t) Yov 5

Q)= ——i/—; dl’<l:(aljt(l))1, H/(t’)]> .@an

We now use this general formula for the power dissipa-
tion together with the interaction Hamiltonian given
by Eq. (5) to determine the attenuation of longitudinal
sound waves in a type-II superconductor. Although this
calculation could be carried through in all generality,
we now make approximations which reduce the com-
plexity of the problem, but which will not significantly
affect the general structure of the results.

We choose a gauge in which the magnetic field in-
duced by the sound wave is transverse. For sound fre-
quencies of interest we may neglect any transverse
currents which arise when the longitudinal sound wave
propagates in the presence of the static magnetic field.
It must also be pointed out that, as we do not calculate
in a gauge-invariant manner, we are forced into neglect-
ing the dependence of the energy gap on the perturbing
fields, and consequently the effects of collective modes.
It has been shown® however, that the collective modes
in a superconductor give a negligible contribution to the
ultrasonic attenuation.

When these approximations have been made the
interaction Hamiltonian becomes

I (r) = e¢(r)
and the power dissipated by the ultrasonic wave is
ap(r,1)
a

(16)

where

(18)

0()= f & () (19)

where p°(r,t) is the causal charge response of the super-
conductor, in the presence of a static magnetic field 4,,
to the scalar field ¢(r,?).

pe(r,)=e? f ar / & d(X )Y Gag B (x,r': 1—1')  (20)
— af
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and
Gog"' B(t,x: t— 1) = — 01— ){[na(r),ms(x)]) (21)

is the retarded two-particle Green’s function.
Finally, carrying out the time average in Eq. (16) and
Fourier analyzing we have

1 dw / % (0o
Q—21ri . o (21|-)3wp q7w¢ (q7w .

(22)

To determine Q it is convenient to use the finite-tem-
perature Green’s-function technique to find p°. Although
the prescription for obtaining p° from the two-particle-
temperature Green’s function is given in the literature,°
we will sketch briefly the main features of the argument
in order that later steps in the calculation may be
exhibited clearly.

III. THE RESPONSE FUNCTION

The two-particle Green’s function in the temperature
representation is defined:

Gap,ys"1(12: 34) = — (T Ya()P: B)s(2)05(4)), (23)
where
Vol1) =alr,r) = sy, (e=tirmdr,
Va(l) = eHruNIng, (r)e~Houlr (24)

and
0<r<8.

For our purposes it is only necessary to study the
special case

Gag.ap'(12:12) = —(T (1 )¥a(1)Ps(2)¥5(2))

=—(n(t,r)n(ry,r2)), T1>72. (25)

The density operator n(r,7) is formally considered as a
function of the “time” parameter 7.
Putting in a complete set of states

G'(12,12)= -3 e@HuNu=Enbeonnty,  (1)1,,(2) .

nm

(26)

Fourier analyzing the r dependence of Eq. (25) and
using the boundary condition G'(r)=G"(r48), we
have

GH(I,ZZ w0)= —Z A nm(lyz)/('iwﬂ_wnrn) ’ (27)
where
wo=2mm/B, (m=integer)
and
A nm(1,2) =e (9+“N"_E”‘)'8(1 - 3”"”ﬂ)nmn(l)nnm (2) . (28)

1 See, for example, A. A. Abrikosov, L. P. Gor’kov, and 1. E.
Dzyaloshinski, Methods of Quantum Field T heory in Statistical
Physics (Prentice-Hall, Inc., Englewood Cliffs, New Jersey, 1963).
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Similarly it is easy to show that

Aum(1,2)
GUE(1,2: w)=—lim

§—>0 mn (w+16> —Wpm

(29)

Equations (27) and (29) give a relation between G'1#(w)
which occurs in the power dissipation formula and
G''(12,0), namely:

G (wo) =G"E(iwg) for we>0. (30)
On the other hand from Eq. (26)
G (wo) =G"™*(—wo). (1)

Thus, from a knowledge of G''%(w) which is analytic in
the upper half (v) plane, Egs. (30) and (31) can be used
to construct the temperature Green’s function for all
wo. We are, however, interested in the inverse problem,
namely knowing G''(ws) how do we construct G'®(w).
If G'(wo) is known for all frequencies wy, and if we can
construct a function F(w) which is analytic in the upper
half plane and has the properties

F(WO)=G((.00) for w0>0,

it follows from complex variable theory that F(w)
coincides with G''Z(w) everywhere in the upper half
plane.

The procedure for determining the power absorption
is now apparent, the response function G''(wo) in the
temperature representation will be determined for the
superconducting system in a magnetic field. Then, by
continuing this function off the set of points wo, G''%(w)
and hence Q can be determined.

The two-particle-temperature Green’s function for
the superconductor is decomposed using the Gorkov?®
factorization procedure:

Gap.ap''(12,12) = —Gaa(1,1)Gs(2,2)

+Gas(1,2)Gpa(2,1)+ Fas(1,2)F05(1,2).  (32)

The term Gao(1,1)Ggs(2,2) is irrelevant in our calcu-
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lation of the response as it only contributes at precisely
zero frequency, the remaining part of the right-hand
side of Eq. (32) is exactly the two-particle correlation
function we need for our calculation of Q.

Formally regarding the charge response p(1,7) and
the external field ¢(1,7) as functions of the ‘“time”
parameter 7, the charge response in the temperature
representation is given after summing over spins by

B
o(1,7)=2¢° / drs / 052 9(2,72)
0

X[G(1,2)G(2,1)—F(1,2)F(1,2)], (33)

where G and F are defined by Gorkov’s® equations in
the temperature representation

B
FQ1,2)= / drs / d33 A*(3)G(3,2)G°(3,1),

8
F(1,2)= / drs / d33 A(3)G(2,3)G°(1,3), (34)
B8
G(1,2)=G(1,2)— / drs / d33 A(3)F(3,2)G°(1,3),
and
A(3)=12i_r2 F(3,2: 73— 19). (35)

Note that all the Green’s functions in Eq. (34) are
functions of the external static magnetic field 4, the
field dependence of the energy gap A manifests itself
via a spatial dependence of the gap function.

We have now derived formally an expression for the
power absorption by a superconductor in a static mag-
netic field. To make explicit calculation possible Egs.
(34) are iterated keeping terms to lowest order in A,
an approach which is valid when T'~T,; these expres-
sions are substituted in Eq. (33) and terms to order
A? are retained giving

8 B B
p(1,7)=2e? / drs [ d32I:G°(1,2)G°(2,1)— / drs / drs / a3 / d*4A*(3)A(4)

><[G"(l,2)G°(4,1)G"(4,3)G“(2,3)+G°(4,2)G°(4,3)G"(1,3)G"(2,1)+G°(2,3)G"(1,3)G°(4,1)G°(4,2)]:|¢(2,72), (36)

The problem is now how to use this expression such that the absorption is typical of a type-II superconductor:
we take the attitude that although the magnetic field penetrates the sample in the form of a periodic array of flux
lines, the effect of the presence of such flux lines near T'~ T, and for H&H.,,, is to induce a slow periodic variation
in the energy gap and an associated slow variation in the field inside the sample. Making these assumptions it is
reasonable to proceed using a method analogous to that used by Gorkov® in his derivation of the Landau-Ginzburg?
equations. An outline of this (local) theory is given in the next section.
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IV. LOCAL APPROXIMATION

The normal-metal Green’s functions, e.g. G°(1,2) occurring in Eq. (36) decay exponentially for distances
(1—2)> ¢, where ¢ is the coherence distance. Therefore, as the pentration depth & of the magnetic field HKH., is
such that §> ¢, then, in integrals such as (35), the magnetic field and the energy gap may be treated as slowly
varying functions. To be more precise, the magnetic field varies over a distance of the order of &; however, when
H<KH,, the energy gap in the intervortex regions is essentially constant, but in the neighborhood of the vortices
it may vary over distances less than 8. We assume then that 6> ¢ (definition of type IT) and 6> \s, the wavelength
of the external field. This treatment will give some indication of the effects to be expected in the more interesting
case, when Ag~ 4§, which will be treated in the next section.

All slowly varying quantities will then be expanded about the point (1), for example,

6A(1 dA*(1
AG)A*(4)= | A(L) |4 (3— 1)-[3(1—))-A*<1>]+<4—1>-[ a(l() ) -A<1>} , 37)

keeping terms only to first order in the derivation of the gap.
Secondly, if the magnetic field is sufficiently weak, H&H.,,, that (the Larmor radius) epr/H>>¢, i.¢., pr>>eH3,
then a semiclassical method can be used to determine

G'(12,H)=¢*1-DG'(1—-2), (38)
where
n-d¢(1,2)/9(1)=en-A(1). (39)
As the field 4(1) is slowly varying, the phase ¢(1,2) can be written
¢(1,2)=eA(1)-(1-2) (40)

and as near 7',

A~Hé~[1-T/T.]"?,
the phase is small, and the exponential can be expanded with respect to 4 giving to first order in the static field
G°(12,H)=G"(1-2)[1+4eA(1)- (1-2)+-- -], (41)

where G°(1—2) is the normal metal Green’s function in the absence of the external field.
Substituting Egs. (37) and (40) into Eq. (36) and expanding all quantities near (1) up to first-order terms, we have

B8 8 B
p(1,71)=262[p‘v— / dry / drs f drs / 32 f %3 / B4G'(1—2)GO(4—1)GO(4— 3)G°(2—3)

+G%(4—2)G°(4—3)G°(1—3)G°(2— 1)+ G°(2—3)G°(1—3)G*(4—1)G*(4— 2)]]

dA(1
a(l)

aA*(1)
a(1)

, )
X { |A(L)] 2+(3—1)~[ 'A*(l):|+(4—1)- A1)+ }[1+2feA(1)-(4—3)+ cJo(2,m0) . (42)

The leading superconducting term is then the term proportional to | A(1)|? which would, if A(1) were independent
of position, give the charge response of a type-I superconductor in the small gap region. It is also immediately
obvious, because the kernel [G°(1—2)G*(4—1)G°(4—3)G*(2—3)+-- - - ] is symmetric under interchange of 3 and 4,
that the term proportional to [A(1)-(4—3)|A(1)|2] vanishes. Thus there is no correction to the charge density
due to the magnetic-field dependence of the Green’s functions to the order considered here. The only remaining
terms are those proportional to the gradient of the energy gap. We will now exhibit the gross features of such terms
saving a detailed calculation for the next section where this term can be picked out as a special case of a more
general calculation.

To illustrate the procedure let us assume for simplicity a real energy gap; then on carrying out the Fourier trans-
forms and some straightforward but tedious algebra we have

1e?

P (L wn) = / d*k 2 / @*p[B(1)-pJo(k,wn) expik-1{G u—u,(P— k)G~ (w—wm)(P— k) [G"—(p) ]GO, (p)

(27)Bm
F[Gu(p) PLC-u(P) J*Giom(P— )+ 2[G0u(p) PG uim (P~ K)G—u()F ..}, (43)
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where

B(1)=[oa(l)/a(1)Ja*(1). (44)

Equation (43) demonstrates, as B(1)-p=(B(1)-k)(k-p) apart from terms which vanish on averaging over angles,
that if the sound wave propagates in a direction perpendicular to B(1), i.e., parallel to the magnetic field, then there
will be no contribution to the absorption from p#2d(1,w,). Thus we see immediately that there will be anisotropy
in the ultrasonic attenuation arising because of the presence of the magnetic field. The theory developed in thissection
is only capable of describing the attenuation when the sound wavelength Ag<4, the distance over which the
magnetic field and energy gap vary. In the next section we will generalize the theory in order that a wider range
of sound wavelengths may be studied, we will be interested in particular in the effects which arise when Ag~ .

V. NONLOCAL THEORY

It was shown in Sec. II that the power absorbed by a type-1I superconductor on applying a compressional
wave is given by

1 dw d’q
O=— [ — / ———wp(q,w)p*(qw), (45)
2riJ 2wm ) (27)3

where in the temperature representation

p(Lwn) =32 /d32 $(2,0m)[Gan(1,2)Go (2 1) = Fo,(L2)F o, (1,2)]= f p>*(Lwn), (46)

where
p**(Lwn) « [A]2?
and
W T =wp—wn.
Again making the assumption that we are sufficiently close to the critical temperature T,: we cut off the series

expansion at order |A|% A consideration of higher order terms shows, that in the case of type-I superconductor,
this procedure is valid if

[A(T) | 2/kT (vrg)<<1.
We now have
p(1,wm) = po(Lwm)+p2(1,0m) , 47

where
2¢?
Po(lywm)=_'8“ 2 [ a2 #(2,0n)G%,(1,2)G%,(2,1) (48)

and
2e?
pllon) === % / @2 / &3 / 04 $(2,0,) (G (3,1)GPn(3,2)A(3)

X Go~wn = )(472) A* (4)60‘4" (v)(411) +Gown(1;3)Go—wn(4)3)A(3)Gown(4)2) A* (4)60‘”75 . )(2) 1)
HG%4(1,2)G%, (2,3)A(3)G -0, (4,3) A*(4) G0, > (4,1)]. (49)

As before both the functions A(1) and G.,(1,2) are subject to the static magnetic field 4,(1).

The magnetic-field dependence of the normal-state Green’s function is separated out using Eq. (38). We will
again assume that the magnetic field is weak and slowly varying so that the results of Sec. IV are valid. As we have
remarked previously, the magnetic field dependence of the energy gap manifests itself in a spatial variation of A.
The functional form of A should be determined self-consistently. In this paper we will choose a physically reasonable
form for A(1) emphasizing the fact that if in a type-II superconductor, where H<H.,, the magnetic field penetrates
the sample in the form of a periodic array of flux tubes, then the energy gap must vary periodically in the plane

perpendicular to H. It will be assumed that the flux tubes remain stationary under the influence of the perturbing
fields.
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Fourier transforming Eqs. (48) and (49) we have:

Po(qywm) = 2e2¢(qaw‘m)RN (q)wm) (50)
and
2 2/ % i k k’)A(k)A*(k’)fj R;(q,k k', wnm) (51)
p2(qywm)_ —z€ (21r)3 (2‘”)3(25((]— - = QKK wn),
where .
RN(q,wm)=§ > f d*p G0, (p)G’, - (p—0q), (52)
1
Ro(q,k,k',w,,,)=5 z /dsp Go—wn(p)GOwn(p—*_k)GO—wn(—)(p-l-q— k,)Gown"’(P'*“I) ) (53)
1
R1<q,k,k',wm>=;; z f 4% G0u(9)G"—an(p+ K) G (P—k— k)G, 2 (p—0) (54)
and )
R2(q,k,k',wm)=52 / @3p G0, (P)Gun - (p—q+k+k)G o, -(p—gq+k')G0, - (p—q). (53)

Since only electrons with energy 8~ from the Fermi surface contribute and as A(r), A*(r), and ¢(r,wn) are slowly
varying functions of 7 over a Fermi wavelength, then the contributions of Ry, Ro: - - Rs to the response function
p(q,wn) will arise from %, &', and ¢ which are negligibly small compared to kz. Thus

G, (p+k)=[iw,—e—T: ], (56)
where
e=(p*—pr?)/2m (57)
and
Tv=0rk(p-k)+0(k*/2m). (58)

We will first determine the normal state contribution po(q,w-): this will serve as a check on the validity of the
formalism and as an illustration of the technique to be used in determining R;.

N(0) aQ,
=% [ [ teouwnci-o. (59)
B »J 4w J_o
Under the conditions stated above Eq. (59) becomes
woyss [ (2 [ 1
Ry=[N()/B / — f € . 60
nJo1 2 ) o (iwn—e)[i(wn—wm)—et+T,] (60)

To carry the calculation further we must bear in mind that for large w. and ¢, Ry behaves like w2 for w,>>¢
and like €72 for €>w,. Therefore, strictly speaking, the integral over e and the sum over frequencies wy, diverges.
It has been shown, however, that the correct result is obtained by performing the sum over w, first.1® The reason
being that the sum is only nonzero in a very narrow energy region near the Fermi surface of the order Ty In this
region, the integral with respect to the momentum is rapidly convergent, and it is only for this reason we can write
the energy of the excitations measured from the Fermi surface in the form

e=(p*—pr®)/2m~vp(| p| — pr). (61)

Thus in integrals of the above type we must always calculate the sum first, and only afterwards integrate with
respect to e. Otherwise, the integral with respect to e will include the region ||p| — pr|~ pr and then it is no longer
appropriate to write all quantities as expansions near the Fermi surface. With these remarks in mind, we carry

out the sum over #:
N(@©) [!dx 1

/ déz )
B a2/ n (g-n—e)[(g'n_z)—f'*‘rqj

Ry= (62)

where

fu=QuAD)i/8, 2=2mri/B.
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The summation is performed by noting that x
tanh(8¢/2) has poles at {»=(2n-+1)7ri/B, with residue
2/B at these points, and integrating around the contour
of Fig. 1. [
+€ -T,
N(0) [ dy tanh(8¢/2) | P
RN= X / -——/ . (63) C
drwi J 1 2 Jor §—€[(—2)—et+T,] ) :
We now transform the integral along the contour c, x

C: into an integral along the two contours Cy and Cs;.
It is easily seen that the integral along Cs, regarded f\
formally as a function of 2, has singularities at the uc
points z=(2n+1)mi/B—e+T,, since the contour of 2
integration goes through the points {=(2n+1)7i/8B, \/— ‘\
where the function tanh(8¢/2) becomes infinite.

Therefore as the causal charge response is obtained

only when z — (w+18) we need the branch of the

function Ry(z), which is analytic in the upper half z

plane. To obtain this we transform the expression (63) I}
for the special values z=2mmi/B8 in such a way that
the contour of integration does not go through singu-

larities of the integrand when we later extend (63) to ’I‘
arbitrary values of z. ]
We make a change of variable in the integral along Cs, Fic. 1. Contour for 2y, the E’Ointls Of’/the imaginary ¢
and let {'={—z, then as tanh[8(¢{’+2)/2]=tanh(B8¢’/2), axis are {n=(2n+1)mi/p.
(63) becomes
N() [!dx tanh(B8¢/2) tanh(B8¢/2)
B ) w
dmi J 1 2L e, =L —2)—e+Te] Jeoy ((+2—e)(§—et+Ty)
which reduces to
N() [t r,
RN= -_ / d.L‘ . (65)
2 Jua (Pg—3)

If we now analytically continue z — (w-18), integrate over angles and expand in powers of vs/vp, where g
is the velocity of sound, we have:
Ry=—N(0)[14irw/vrq—2(w/vpq)>+- - - ] (66)
and therefore

P (q,w) = —2¢*N (0)[1+3Fir(w/vrq) — O(w/vrg)2+ - - - ]. 67)

This is the result obtained by conventional methods: see for example Tsuneto® Eq. (3.27).

The remaining terms Ry, Ry, and R: can also be evaluated using the method illustrated above. These contributions
to the charge response are dependent on the system being in the superconducting state vanishing when the energy
gap goes to zero. If we consider Ro(q,2) as an example, then converting the sum into an integral around the contour

C1 of Fig. 1 and taking care that the resulting expression is an analytic function of z in the upper half z plane
we obtain:

dQ, 1 -
Ry(q,2)=—N(0) | — de tanh(Be/2
' O ) ettt Ty ) )
2z 2e+2 2e 2z+¢
x[ + ] (68)
(202—Tx? (2e+2)*—T2 (26)—Tw? (2e+3)—T,2

where
Fg=T¢—Ti—Te, (69)

which is an analytic function of z for values of z in the upper half z plane.
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The e integral is evaluated by noticing that if we close the contour in the upper half e plane in such a way as
to avoid the poles of tanh(8e/2), then the analyticity of Ro(q,z) as a function of z is preserved. Further noting that
poles on the real axis have zero residue, we have

dre [dQ, 1
Ro(g,5)=—N(0)— [—
B 4 (34 Tpw—Tg)(z+T—T%)
[ Zg-n ] 2§‘n 2(7;,'*‘2 2§‘,.+z ] (70)
n=0 L(2{n)2— T2 I (2¢2)2=Tw? (2fnt+2)*—Tg (2{nt+32)*—Tg? ’

where

tn=Qu+1)7i/B.

If we now remember that in the case of interest the minimum value of {,~£T, and that the wavelength of a typical
ultrasonic wave is such that gup<<kT., then we may expand Eq. (70) in powers of 8T, for example,

© 26n Br=- 1 o /BTE\2? w 1
et > +>:(-.) y— 1)
n=0 (2{n)2—=T4% 2wiln=02n+41 »=1\27i/ n=0(2n+41)2"+!

Now using the fact that

> 1m0, (12)
where {(v) is the Riemann zeta function, we have
© 20 Blre 1 o BTk\?* 1
> —————=—,[ > +Z(~'€) (1———)((2v+1)]. (73)
=0 (20n)?—T42 2milamo 2041 o1\ 2mi 220+1
Similarly
) 20n+2 BT = 1 o (BL\2* 1 Bz
e (). o
n=0 (2{n+2)*—T 2 2mi nY;O (2n+1)+B2/2xni ’ ?51 2wt A 2 27 )
where
tlr)=3 (ko). (75)
n=0
Substituting Egs. (74) and (73) in Eq. (70) we have
a9, 2 e 1 1
Ro(a2)=280) [ =2 = ( )
dr (35— Dyt Tiw) s+ Ty— T)Lamo\2n - 14-82/20i  2n+1

_.i<_ﬂ_)hpzv I‘ 29 1 1 2 1 B 20 29 2 1 BZ 7
(T2 T >( —2—;)« v+1)+5(4—) (24T, )s‘<2v+1,5+4—)]- (76)

=1\271 T T

Further, as we may now analytically continue z— (w+18) and as w=vs|¢’|<Kvr|q'| KB, we can expand
§(2v+1, 3+B2/4mi) in powers of |Bz| to leading orders. We find

7¢(3) B\? [dQ (Ty—Tp)(TymTe)+22 B2\ [d2,
Ru<q,z>=—~sv<0)(—) 4 (LT T 3“2)“0)(1_[33) / e ! ()
2 21/ ) dr (Dg=Tw—2)(Ty—Tutz) 2r /) 4x (Dy=Tp—2)(Ty=Tut2)

Similarly it can be shown that

7¢(3) <,8 )2 dQp T Ty +22F2(Te—T's) 1 3¢(2) V(o (iﬂz) dQ, 1

Ry(a.2)=———x(0) + =
? 4 47 (Ty—2)(Ty—2) 2 27 4r (Ty—3)(Ty—2) 78)

™

and therefore

YT
2 3)=— e2 //7 A N . N7 k, ,,’ ,
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where
7{(3) B 2 aQ (F +I‘k~)(I‘ —Pk)+22
Rk =——vo(2) | —p “
2 2r 47 L(Tp+ T —2)(T—

qukn+22 ]
I‘,,-{—z) (I‘q—z)(I‘ku——z)

B2\ [dQy 1 1
—3§(2)(——) / —[ ] . (80)
2T 4 L(Tp+Thr—2)(T—Tx+32) (Tg—2)(Thr—2)

In the case of a homogeneous or type-I superconductor A(k)=§3(k)A and Eq. (80) reduces to

i palal [7;(3)N0 B\? /dnp[ T 2422
p?(q,2)=—2¢*| A|*p(q,2) 5 ‘()<*) 4r L(Ty—2)(Tytz) (Tg—2)?

2w 4

I‘q2+22]

322
(27)

/ %[(Fq—z)l(r'q-{-Z)—(Pqiz)"’]]' ®D

Carrying out the integrals and expanding in powers of (vs/vr) we have:

3¢(2)
piaw)=—— N O)eklae)

S )]

(82)

Combining Eq. (82) with the expression for p¥(q,w) given by Eq. (67) we find the response function for a type-I

superconductor at a temperature T~ T is

p(q,w)=—2e2N(0)¢(q,w) | 1+

Irq

VI. ATTENUATION IN A MODEL
TYPE-II SUPERCONDUCTOR

In Sec. V we have derived a general expression for the
absorption of a longitudinal sound wave by a super-
conductor in the region where T~T, and H~H,,. The
formalism is adapted to take into account explicitly a
spatial variation of the energy gap.

To make further progress we must now construct a
model for a type-II superconductor in a magnetic field
H> H.,. The choice of model is based upon Abrikosov’s
suggestion that when H> H,, magnetic flux penetrates
a type-1I superconductor in the form of flux filaments
which form a periodic array inside the material. We
visualize the type-II superconductor as superconducting
material threaded by a periodic net of tubes of normal
material; the periodicity is represented mathematically
by choosing an energy gap A(x,y) which varies periodi-
cally in the plane perpendicular to the magnetic field.

A(x,y) =3A(T)[1+cos(ax) cos(ay)]. (84)

This representation of A(x) specifies a body-centered-
cubic array of flux tubes of spacing (d), ¢=2r/d. The
parameter A(T) is the energy gap attained at the center
of the superconducting region at the particular tem-
perature of interest. This parameter A(Z") will be equal
to the energy gap in bulk material provided the typical
distance over which the energy gap varies is greater
than the coherence distance.

%@ |AM)]*

T W 20(2) |A(T)|2fvs\?
T R C NGy 5\ [T
2 vpq w2 w UF

We find it convenient to consider the case of an
energy gap which varies one-dimensionally over the
system

A(x)=%$A(T)[1+cos(ax)] (85)

or
A(k)=1(2r)*A(T)[25(k)+6(k—au)+é(k+au)], (86)

where u is a unit vector in the « direction. This choice
simplified considerably the ensuing mathematics, and
the results obtained when the energy gap given by
Eq. (84) is used can be readily deduced from it. The
gap of Eq. (85) could also be realized by periodically
superimposing laminae of normal and superconducting
material.

The charge response in this two-dimensional array
is given by

a%k a’k”
PH(q,w) = —2¢? / o(k"w)
(2x)3J (2m)®
XA(k)A*(q—k—k")R(q,kk"w), (87)
where R(q,k,k",w) is given by Eq. (80).
Integrating over k and k’” we have
p*(q,w) =—2¢*[(| A(T)|*/4)$(a) R(q,0,9,) (88a)
+ (‘ A(T) } 2/8)¢(q_(lu)R(q, 07 q—au, w) (88b)

+(]A(T)|%/8)¢(q+au)R(q, 0, q-+au, w) (88¢)
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+(|A(T)|?/8)¢(q— au)R(q, au, q—au, ) (88d)

+(1A(7)|*/8)¢(a+au)R(q, —au, g+au, ) (88e)
+(1A(T)]%/16)¢(q— 2au)R(q, au, q—2au, )  (88f)
+(]A(T)|2/16)¢(q+2au)R(q, —au, q+2au, w) (882)
+(1A(D)|*/16)¢(a)R(q, —au, q, ©) (88h)

+(|A(T)]%/16)¢(q) R(q,au,q,0)].

Note that Eq. (88) reduces to the type-I limit, constant
gap when ¢ — 0, ie., the distance between flux lines
becomes very large. The local approximation is obtained
from Eq. (80) by expanding the Kernel R(g,k,k") in
powers of k/k".

(88i)
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Explicit expressions are given for R in the Appendix.
Inspection of Eq. (88) shows that the dominant terms
in the power absorption will come from

pHaw)=—2[(|A(T)[*/4)¢(9)R(q,0,q0)  (89a)
+(1A(T)|*/16)¢(9)R(g, —au, q, w) (89D)
+(A(T)]*/16)¢(9)R(q,0u,q.0)].  (89c)

The remaining terms in Eq. (88) will give only a small
contribution to the power absorption: because of overlap
integrals of the form f¢*(q)¢(q=au)d’q and the fact
that ¢(q) is peaked around g~ gexs. We also note that
the term (89a) looks like the charge response of a type-I
superconductor except that the role of the energy gap
is now played by the average A(T)/2.

Using the results of the Appendix Eq. (89) becomes

pA(quw) =pteveree—ge?| A(T) | H 75 (3)N (0)w (8/2m)*{ 1L | q—au| I+ J1[ | a+au| J— 21| q] 1—20/1(q,0)}

+3¢(2)(iBw/ 2m) { I[ (q— au), — (q+au) ]+ I1[ (q+au), — (q—au) +21:1(q,q)}} .

(90)

We now use the fact mentioned in the Appendix that if 7, is written I1=1,+I1;, then I1; does not contribute
to Eq. (90) and I, contributes only to the terms proportional to {(2). Therefore

p(g,w) = praveree—ge | A(T) [H{ T )N (0)w(8/2m)*{J1[ | q—au| I+ J1[|q+eu| ] 271 |q| ]}

+3¢(2)(Bw/2m) { I1,[ (q—au), — (g+au) ]+ I1,[ (q+au), — (q—au)}+27:(q,q)+even function of w]}, (91)
where .
mO[1—w/(vr|q—
Jl[lq—au{]=L [1—w/(vr|q—aul)] ©2)
2vp|q—aul|
and 2 4vp%(q—au)-q 4vr%(q+au)-q
I,[(q—au), —(q+au)]=11,[(q+an), (q—au)]= ( \/L)Ltan”( D) )+tan"l<—m'—)} (93)
where
L=16vp —w/vs?| q+au|2)—[(q+au)-qJ2} . 94)

The terms of Eq. (93) give rise to an attenuation which is critically dependent on the direction of the acoustic
wave. In fact from the discussion in the Appendix it can be seen that the two terms of Eq. (91) become singular

when vp|q=au| =v5q, respectively.

We then expect anomalous attenuation whenever |q=au| =vs/vr|q|, that is the component of q perpendicular
to the magnetic field is of the order of ¢, and when the component of q parallel to the magnetic field is of the order
of (vs/vr)a. It can also be seen that the terms proportional to {(3) namely J1(|q+au|) and J1(|q—au|) also
become very large when vz | g=-au| ~vs/vp, although these terms actually vanish in the type-I limit.

To complete this section we analyze in more detail the {(2) terms for sound propagation perpendicular and

parallel to u.

(1) qLu: It is easily seen in this case that the anomalous absorption mentioned above does not occur for any

value of q.

(2) gllu. In this case there is a possibility of structure: for reasons of comparision we will first examine the

type-I limit.

We call I(q,au)=2[I[(q—au), — (q+cu)]+1(q,q)]. Using Eq. (93) this becomes

2
I{q,au)= /ln

(W L)+i4vr*(q—au)-q

(VL

which becomes, in type-I limit,

(v L)—i4vp*(q—an)-q

ling I(q,au)=

] 1l(\/L)+i4vpz(q+a")'q!)+zl( ) (95)
n ) b
WD) —idor(q—auwy-ql) " P
(V/L)+idvp2g?
)+21 (a,9), (96)

In I
WELN (VL) —idverg?
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where -
lim L= —16v4%%w>. (97)
a0
Thus
[wtorg
lim I(q,qu)= In|———|+2I(q,q), (98)
a0 vrlgle lo—org
where
1(q,9)= — (v,%¢*)~'[1— (w/vr@)* 1" (99)

This yields the result obtained previously in Sec. V. The leading term in I(g, —¢) is cancelled by the leading term
in I(g,q) leaving

lim I(g,qu) = — 3(vs/vr) [ 1/ (vrg)*]- (100)
We now examine Eq. (96) when q|au. In this case L= —16vr%¢%? and the first term in I(q,au) is
1 w+or(g—a)
I'(q,au)= In . (101)
2vpqw  lw—uvp(g—a)

The function I’(q,au) decreases for increasing ¢ until ¢=a—w/vp, where it becomes negative and infinite; at
q=qa the logarithm is zero and when ¢=a+-w/vr, I’(q,an) is infinite and positive. That is when g||u the absorption
is first of all drastically reduced and then immediately shows a sharp increase. It is also noticed that the terms in
Eq. (91) proportional to {(3) become very large when q|lu and ¢=a+w/vr leading to a consequent increase in
absorption.

To summarize, it has been shown that ultrasonic attenuation in a type-II superconductor, in the mixed state,
depends on the direction of propagation of the sound wave. It has also been shown that when a sound wave propa-
gates perpendicular to the magnetic field, the attenuation will show structure whenever the sound wavelength
matches the distance between flux lines. Because of this fact it might be expected that the effect should be present
over wider ranges of temperature and magnetic field than can be treated by present theory. If this effect is accessible
to experiment, it should provide a direct measure of the distribution of the flux lines in a type-II superconductor.

APPENDIX: ANGULAR INTEGRALS

From Eq. (87) the pure superconducting part of the charge response can be written:

2( )_ /' d3k Z;;E// ( ) )
p(q,3)= —2¢? "——d) k”,b A k A —k_k” R ,k,k”,/.- y Al
where

7¢(3) B2 [ dQ, (DetTw)(Ty— i) +22 A
R(z)=———;\'(0)< ) f *_[ ]
2 41r (Pk+Fk1'—Z)(Pq—Fk+Z) (Fq—Z)(Pk/r—Z)

™

Bz\ [ dQy 1 1
——3_(‘(2)N(0)<—-> —‘I: - ] . (A2)
2 dr LTt Ter—2)(Tg—Ti+2) (Fy—2)(Tpr—2)
Equation (A2) can be written:

R(z) =3 ()N (0)2(8/2m)°[J1(k+ k") — To(k) — J1(q) — J1(K"") — 221 1(q, k") ]
+3¢ Q)N (0)(iz/2m) [ I1(k+ k", k—q)+ (g, k)], (A3)

where
aQ, 1
Ji(s)= | — ) (A4)
4 (Fs_‘z) z2=w+418
aQ, 1
Jao(s)= | — =—Ji(s), (AS5)
4 Pa+z z=w+14
and
aQ, 1
Lss)= [ — (A6)

4r (Ty—3z)(Ty—2) .
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In what follows, as we are interested in the power absorption, only terms in R which are odd functions of z will

give a contribution.
Irom Eq. (A4)

(A7)

O(1—a/vps) 1—w/vps
(s)=——— |:i1r+ln
14w/vps

21‘[:‘8

O(1—wvps,w)  |1—vps/w
]+ 1111 .
14vps/w

2'b‘pS

Thus as far as the power absorption is concerned
Ji(s)=irO(1—w/vps)/2ups, (A8)

where 6(1—x) is the Heavyside step function.

The terms involving the integral I, are complicated to evaluate in all generality: we will just pick up those
points which are significant for our computation.

Using a trick due to Feynman, I(s,s’) can be written:

1 dQ, 1
Il(s,s')=/ dw | ——, (A9)
0 41 (Tg—2)*
where
Po=vp|s+(s—s)u|x=1|Q|x. (A10)
Thus
1 ! i} ‘L dx 19
]1=—/ du[—l’/ +I7I'/ —B(Pq—w)d\] if w/wiQf<1, (All)
2 0 ow —1 (FQ—w) —1 ow
1/‘(1 J /1 dx
S u—~P i w0l >1.
2 0 aw —1 I‘Q—w ! IV‘QI
A. The Principal Part
1 du
Ilp=_/ T T . (AIZ)
o et Q) 2—w?

We have then an integral of the type
A=vp?s—5¢'|2,

1 du
]1,,=/ ————————, where B=yp?2s"-(s—5s’), (A13)
o Adu?+Bu+4C
C=1p%""—w?,
and

L=4AC—B*=4vp*{(s'—8)*"*[1 —w?/(vps) ][5  (s—s') ]2}
=404 (s —5) % 1 —w?/(vps)2]—[s- (s—s") ]2} . (A14)

2 l: 20p?s- (s—s’) 20p2 - (s—5s')
an~! n—! :l

Thus

I,p=———| tan —

N WL T WD

Properties of I1,. I1, can only have singularities when (1)L=0, (2)L<0.
1)

(A15)

1 1 1
lim 7, =~—[ — :| . Al6
Lo g s (s—s') s§-(s—¢) (19

fI‘he pre-I limit vyhich gorresponds to s=s"=q can be extracted from Eq. (A16) as a special case. We see in fact
in this case there is no singularity other than the trivial s=s'=0 which is not allowed by the theorv.

lim 71,"=0= — (26221 1~a? (vp5)7]". (A17)

hThe important singularities arise when in the first term of Eq. (A16) s||(s—s’) is consistent with L=0, namely
when ’

1—w?/(vps)?=0. (A18)
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Similarly the second term is singular when s'[|(s—s’) and

1—w¥/(vps’)*=0.

OF LONGITUDINAL
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(A19)

(2) L<0. Inspection of I1, when L<0 shows that again the first term is singular when 1—w?/(vps)*=0, and

the second term when 1—w?/(vps’)2=0.

Finally we note that Iy, is an even function of w and therefore will only contribute to the £(2) terms of R(z).

B. The 6 Function

ie.,

fym / [5(er| Q| —w)— (or | Q| +a) Jdur.

215 Q

0

ir !9
[52——/ Aé(rq—w)({.\‘,

-1 ow

(A20)

We see by inspection that 7, is an odd function of w and therefore will contribute only to the {(3) terms of R(2).
We may also easily check that 7;(q,q), the only term arising in the power absorption, is identically zero.
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Mossbauer Hyperfine Spectra of Fe®*+ in Corundum : Magnetic-
and Crystal-Field Effects

H. H. WickMaN aND G. K. WERTHEIM
Bell Telephone Laboratories, Murray Hill, New Jersey
(Received 16 February 1966)

The Mossbauer technique was employed to study the paramagnetic hfs of Fe®’-doped corundum (a-Al:O3)
in the presence of an external magnetic field. Experiments were performed with an oriented single crystal
and with external field strengths to 41 kOe parallel to the trigonal axis of the crystal field at the iron site.
The results showed noticeable field-dependent features. Several of these effects were analyzed by detailed
calculations of theoretical hfs from the ground-term electronic levels of Fedt. Effects of small local fields
and of mixing of electronic states by crystal-field terms and by the hyperfine interaction are shown to produce
gross changes in the Méssbauer spectra. Some of these features were observed ; others which require a more
homogeneous magnetic field were not observed because major changes in the Mgssbauer spectra occur over

relatively small ranges of external field strengths.

I. INTRODUCTION

N previous work, the well-resolved, low-temperature
paramagnetic hyperfine spectra of trivalent Fe®

in corundum (Al;O;) have been investigated by Moss-
bauer effect, primarily in the absence of an external
magnetic field.!~® The major features of the Mdssbauer
absorption spectrum in zero field were explained on the
basis of the “superposition” of three essentially inde-
pendent hfs from the three Kramers doublets of the
ground term of Fe¥t:3d% 85;,2. However, the observed
and predicted spectra for the ground doublet were not

(1;&) K. Wertheim and J. P. Remeika, Phys. Letters 10, 14

2 G. K. Wertheim and J. P. Remeika, in Proceedings of the X111
Collogue Ampere, Louvain, Belgium, 1964 (North-Holland Publish-
ing Company, Amsterdam, 1965), pp. 147-161.

3C. E. Johnson, T. E. Cranshaw, and M. S. Ridout, in Pro-
ceedings of the International Conference on Magnetism, Nottingham,
1964 (The Institute of Physics and the Physical Society, L.ondon
1964), pp. 459-461.

in complete agreement. Since the spin-Hamiltonian
parameters of Fe’* in Al;O; are known to high ac-
curacy?~® so that theoretical hfs are readily calculated,
we have extended these measurements to study mag-
netic-field-dependent features of the hfs and to obtain
further comparisons of experiment with theory.

It is known from ESR work that a relatively small
cubic term in the spin Hamiltonian causes a large
mixing of electronic wave functions for certain critical-
field strengths. It is shown below that this leads to
dramatic changes in the hfs for small changes of the
externally applied magnetic field. The magnetic field
also causes certain levels to cross. At these points equally

4L. S. Kornienko and A. M. Prokhorov, Zh. Eksperim. i
Teor. Fiz. 36, 919 (1959); 40, 1594 (1961) [English transls.:
Soviet Phys.—JETP 9, 649 (1959); 13, 1120 (1961)%.

5 H. F. Symmons and G. S. Bogle, Proc. Phys. Soc. (London)
79, 468 (1962).

¢ J. H. Pace, D. F. Sampson, and J. S. Thorp, Proc. Phys. Soc.
(London) 78, 257 (1961).



