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The reciprocity relation in the photopion processes y+XN 2w+ N’ as a possible test of Cy and Ty in-
variances of the electromagnetic interaction is discussed, where IV can be any nucleus or nucleon. The
sensitivity of such a test is estimated for the special case N=# or p in the energy range near the (3, 3)

resonance.

I. INTRODUCTION

T present, there is good experimental evidence
that the strong interaction Hy is separately
invariant under the space inversion Pg, the time-
reversal Ty, and the particle antiparticle conjugation
Cst; there is also strong evidence that the electromag-
netic interaction H, is invariant under the same space-
inversion operation Py and the product (CyiPeTst).
However, it was realized quite recently! that there
exists, as yet, no good evidence that H. is, or is not,
invariant under Cy or T's. Throughout this paper, for
clarity we use the subscript “st” to denote the particular
choices of these discrete symmetry operators that are
determined by the strong interaction alone.

In a previous paper? (hereafter called 1), it was
pointed out that a systematic way to study the question
of T invariance of H,, over a wide range of energy mo-
mentum transfer, is to consider the inelastic scattering
of a charged lepton /%= on a polarized target nucleon
(or nucleus) N:

FE+N— 4T, 1)

where I=e¢, or p and I'>£ N, but otherwise I' can be any
complex of strongly interacting particles. In this paper,
we wish to call attention to a related possible test of T's;
invariance of H,: the reciprocity relation for reactions

v+N—7+N 2
)

where N and N’ can be any two nuclei (or nucleons). As
examples of (2) and (3), we may mention

and
¥Y+N «—7a+N',

vt +p, 4)
vtpreattn, ®)
vy+H3 = +He?, (6)
and
v+He? = -+ H5, )

That time-reversal symmetry implies reciprocity rela-
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tions is, of course, well known.?* The purpose of this
paper is to examine the sensitivity of reciprocity rela-
tions as possible tests of T invariance of H.,, assuming
that the strong interaction is invariant under Tk.
We observe that in photon reactions without meson pro-
duction (or absorption), e.g., y+d & n+p, the nucleons
are, or almost are, on the mass shell. Thus, except for
those processes which actually correspond to a photo-
pion production with the pion subsequently absorbed
by the nucleon, reciprocity relations for these reactions
hold to a good approximation provided that the strong
interaction satisfies time-reversal invariance; such rec-
iprocity relations are relatively insensitive to the
transformation property of H, under time reversal.

Another well-studied reciprocity relation is reaction
(4) at the zero-plon-energy limit.> This relation is
usually expressed in terms of the Panofsky ratio, the
S-wave pion-nucleon scattering lengths and the thresh-
old limit of the photopion-production cross section. As
will be shown in the next section, such a relation can be
derived by using only the Hermiticity property of H.,,
and is independent of the transformation property of
H ., under time reversal, provided all higher order terms
in the fine-structure constant are neglected.

However, at high energy both reactions (4) and (5)
can be used as good tests of T invariance of the electro-
magnetic interactions. Some estimations of the sensi-
tivity of these tests are given in Sec. III. In principle,
reactions (6) and (7) can also be used as tests of T
invariance; but, their cross sections are not known, and
it is difficult to estimate their sensitivities.

It is clear that the matrix elements for reactions (2)
and (3) are closely related to those for reaction (1).
The relations between these two different tests of time
reversal invariance are discussed in Sec. II.

II. GENERAL DISCUSSIONS

In this section, we will consider reactions (2) and (3).
Let k, N and k', N be, respectively, the momentum
and helicity of N and N’ in the center-of-mass system,
and e is the polarization of v. [Helicity is defined to be

3J. A. Wheeler, Phys. Rev. 52, 1107 (1937).

4The application of time reversal to the photopion process
was first discussed by K. M. Watson, Phys. Rev. 95, 228 (1954).
See also other references mentioned in Watson’s paper.

5 For a recent discussion, see V. K. Samaranayake and W. S.
Woolcock, Phys. Rev. Letters 15, 936 (1965).
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the spin component in units of % along the direction
of motion.] The differential cross sections for reactions
(2) and (3) are, respectively, proportional to

Rv»r=xz)\:e {(@N ) v~ e G| N | (8)

and
Rrn= )\% [{(Niale gl (xN ) )2, )

where g is the space component of the electromagnetic
current operator of the hadrons, |Ny,) is a single-
particle eigenstate of He, |(wN')w 1) is the ouigoing
eigenstate of Hy and |(wN')w v~) the corresponding
incoming eigenstate. For definiteness, we choose the co-
ordinate system such that

k || z axis
and
k’ is in the (x,2) plane. (10)
Since H, satisfies Ty invariance, one has
T exp(—imJy) | N )= | N (11)
and
Tyexp(—inJ )| (aN ) pvF)y=| (@N)w v7), (12)

where J, is the y component of the total-angular-
momentum operator.® Following the notations of paper
1, we may decompose the electromagnetic-current
operator g, of the hadrons into a sum

Ju=Jut Ky, (13)
where
CstS,‘Csf1= _]p+Ku (14)
and
TstguTst_l= —JM+K#' (15)

The question of Ts; (or Css) invariance of H., is to study
whether K,=0 or not.
It is useful to define the asymmetry parameter

a(k,0)=(Rysr—Rrsn/RysrtRrss), (16)

where 6 is the angle between k and K/, and % is the
magnitude of k. From the above expressions (8)-(16),
it is clear that if a(k,0)>%0, then K,50 and, therefore,
H. violates Ty and Cs invariances.

We note that the outgoing and incoming states of
the 7N’ system are related to each other by the strong-
interaction .S matrix:

&N SIK N Y= (N )iwr o | (TN )i ).

For the special case where NV and N’ in reactions (2)
and (3) are both single-nucleon states, since all pion-
nucleon scattering phase shifts — 0 at zero energy, we

¢ Throughout the paper, the relative phase between states of
different helicities, or different z components of the angular mo-
mentum, is chosen according to the convention used in A. R.
Edmonds, Angular Momentum in Quantum M echanics (Princeton
University Press, Princeton, New Jersey, 1957). We also use
Edmonds’ conventions for all Clebsch-Gordan coefficients.
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find, at k'=k”=0
ON'[SION)=dxv, (17)

where 8, is the Kronecker & symbol. Thus, at zero pion
energy, a(k,0)=0 for both reactions (4) and (5) in-
dependently of whether K, is, or is not, zero.

We will now derive the general expression of the
asymmetry function a(%,8) for any nuclei (or nucleons)
N, N’, and at an arbitrary energy. In the collision
(y+N), the final system T can be any one of the many
possible states (called channels) of the strongly inter-
acting particles. It is useful to choose I'=1, 2, 3, --
to denote the various eigenchannels of the strong-
interaction .S matrix; each eigenchannel T has a definite
isospin I, a definite parity ®r and a definite total
angular momentum jr. The precise defintion of eigen-
channel will be given in Appendix A. In terms of these
eigenchannels the S matrix is a diagonal matrix and its
diagonal matrix element is

exp(2idr). (18)

Just as in paper 1, for each of these channels I, we may
select a stationary eigenstate of He, denoted by |\r)
where Ar is the z component of the total angular mo-
mentum. Since the strong interaction is assumed to be
invariant under T, the phase factors of these eigen-
states can always be chosen so that®

Tsf, exp(—ivr],,) I)\r)—“—‘ l>\r>. (19)

The explicit construction of |Ar) and some of its
properties are also given in Appendix A.
Let us consider first the transition:

v+N—-T (20)

in which N can be any nucleus (or nucleon), but its
spin is assumed to be %. For any given final channel T,
there are only two matrix elements [c.f. Eq. (32) of

paper 17:

Fi(D)=F50r=4=£1]4:(0)£igy(0) [ Niea=s).  (21)

Through rotation invariance and space inversion, the
matrix elements for transition from \=—2% to \r=—4%
=1 can be easily related to the same F. given by (21).
If H, satisfies Ty invariance, then all Fo(T") must be
relatively real. The subscript == in F.(T') denotes the
helicity o==-1 of the photon.

From Egs. (12) and (19), it follows that

(N v~ [ Ney={@N ) x| Nr)*

=Qr| @N)w ). (22)

Furthermore, as will be shown in Appendix A, the
phase of the matrix element (22) is related to the
eigenvalue of the S matrix:

(22) =real coefficient X exp(idr).

Here, we have taken advantage of the special co-

(23)
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ordinate system (10). Since the azimuthal angle ¢
of k' is zero, all spherical harmonics ¥;,.(0,¢) are real.

By using (22), the rate R,.. can be expressed as a
sum of four terms, corresponding respectively to the
initial helicities (e,\)=(1,3), (—1,3), (—1,—%) and
(1)'— %) :

2 4:: { PZ (@N" ) p~ | Ar=3)F(T)|?
| T (Ve s Ihe= = HFD)]?
[ T (N e w o= §meF (1))

+| 2 (N v~ [Ae=3)nrF(T)[%},  (24)

where
nr=CnC®r exp[i(jy—jr)],

@y is the parity of N and jy=4% is its spin. By using
reflection symmetry with respect to the (x,z) plane,
it can be readily verified that in (24) the first and the
second terms are, respectively, identical with the third
and the fourth terms. Hence,

Reermd T (| Z (Ve p e= (D]
1 (@ e~ Pe= =303 @9

By using (22), one finds

R._.,=same expression as (25), except changing

Fy(T)— F X(T). (26)

It is convenient to introduce two real functions
7+(T)\") and 7_(T',\") which represent the magnitudes
of the two matrix elements in (25):

(@ N v~ A= $)F(T) =7 exp[i(dr+£r) ]
and
(N e = e=—DF_(T) =7 expliCor+-£7)], (21)

where 7,=7,(T,\') also depends on the momentum k’
(e=+ or —). In terms of 7, and ¢r°, Ry, and R,
are given by
(RV—*TF"'RW-W) =—8 er(rvkl)rV(FIJ\,)

XSiI’l(ar—-ap) Sin(Er"‘— EI"“) (28)

and

(‘R’Y—vr—i—Rw—-‘Y) =8 Z rv(rx)\')’v(rl’kl)

Xcos(6p—8r) cos(Er’— £r?), (29)

where the sum extends over all T', TV, N/, and o=4.
The asymmetry function «(k,6) is given by the ratio
of these two expressions. In this derivation, all higher
order terms in the fine-structure constant are neglected.
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Remarks

(i) If H, satisfies Ty invariance, then £pt=0, or
7; therefore, a(k,0)=0.

(i) As already mentioned, for the zero-energy pion-
nucleon system all phase shifts 6r=0. Thus, inde-
pendent of whether £r¥=0 or not, the asymmetry
function a(k,0)=0.

(i) As discussed in Paper 1, the same functions
F.(T), but at different (four-momentum transfer),?
also appear in the various tests of Ty invariance for
reaction (1). The introduction of these stationery
states |Ar) makes it possible to give a relatively clean
separation of the effects of T invariance of the strong
interaction from those of the electromagnetic inter-
action. Although (28) and (29) are derived for the
special case jy=4%, it is clear that almost identical
expressions can be obtained for any arbitrary jy.

(iv) If in the sum (28), only one particular state T,
say the (£,2) pion-nucleon resonant state, contributes,
then a(%,0) is also zero. It is important to note that in
terms of the usual multipole moments there are two
matrix elements E1.3/? and M ;%2 for the transition
from a <vy-nucleon system to the (,3) resonance,
where Ey,%/2 and M1,%/? are, respectively, the electric
quadrupole and the magnetic dipole matrix elements.
[The explicit relations between these multipole mo-
ments and F.(T) are given by Eq. (37) in the next
section.] These two matrix elements are relatively real,
if H, satisfies T invariance. However, Eq. (28) shows
that even though E;,%2 and M1,%/? may be relatively
complex (which violates Ty invariance), their relative
phase does not contribute to any violation of the
reciprocity relation, provided one averages over the
polarization of the photon. The same result also applies
to the Ty-symmetry-violating relative phase between
either E;_f and M 1, or Ey.f and M7, for any orbital
angular moment !/ and isospin I of the pion-nucleon
system.

It will be shown in the next section that for the
actual case of reactions (4) and (5) near the (3,3)
resonance, a magnitude of |a(k,0) |~109%, is quite
compatible with our present knowledge of these transi-
tion amplitudes.

(v) Reactions (4) and (5), or reactions (6) and (7),
are related to each other by the charge symmetry
operators exp(irl,) where I, is the y component of the
total isospin operator. In order to derive the relations
between the matrix elements Fy of such related re-
actions, we may decompose

Iu= (3u)even+ ((gu)odd , (30)

where
EXP(i‘l"Iy) (9u)even €xp(—imL) = (Jp)even
and
exp(’iﬂy) (5 u)odd CXP(— i”rly) = (3M)odd .

For example, the usual isoscalar current belongs to



148

(9u)even and the isovector current belongs to (Ju)oda-
Similarly, the matrix elements F.(T') can be decom-
posed into two terms:

F:i:(P) = [F:i:(r)]even+ [F;}:(F)]odd ’ (31)

where [F.(T)Jeven and [F4(T)Joaa are given by Eq.
(21), but replacing g, by, respectively, (Ju)even and
(gu)oaa-

To study the relations between a transition
¥+N— T and its charge symmetrical transition

v+N¢— T, (32)

where N¢ and T are related to N and T by exp(irl,),
it is convenient to first fix the relative phase between
the two state vectors |I,I,) and |I,—I,) within any
isospin multiplet. Here, I(I+1) and I, denote the
eigenvalues of the operators I2 and I.. We choose

exp(irl,) | I,I.)=explir(I+1.)]|1,—I).

The matrix elements F, of transitions (20) and (32)
are, then, related by

I:Fj:(r)]even=§EFi(FC)]evcn

33)

(34)
and

[Fi(T)Joaa= —¢[F+(T%) Joaa, (33)

where { is a phase factor depending on the isospin
eigenvalues Iy, (I.)n, It, (I.)r of the states N and T,

¢=exp{ir[Ir+ (L) r—In—(.)x]}- (36)

III. SPECIAL CASE: N=nor p

In this section, we discuss reactions (4) and (5)
within an energy range below the 27 threshold. The
channel T denotes, then, only the pion-nucleon system
in various jr, ®r, and It states. Let / be the orbital
angular momentum of the pion-nucleon system. One
has jr=I43% and ®r=—(—1)}, assuming that Py=1.
Reactions (4) and (5) have been extensively studied in
the literature,”® and it is customary to express the
differential cross sections in terms of the electric and
magnetic multipole moments E;.7 and M.l As will
be shown in Appendix B, these multipole moments are
simply related to the form factors Fo(T):

F4(T) exp(idr) = (R/m)"/***(2m)
XD L0+ (+1F1) IV EL]
FUCHIED) MY, Of jr=143
XUHLI—-D)(£D ] PETE[(+D)FD M}
if jr=I1—3 (@7)

where the superscript I=Ir and the factor (R/w)1/2

7 G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu,
Phys. Rev. 106, 1345 (1957). For other references, see, e.g., M.
L. Goldberger and K. M. Watson, Collision Theory (John Wiley &
Sons Inc., 1964), Chap. 9.

8 A more recent theoretical analysis has been made by A. Don-
nachie and G. Shaw, University College, London (unpublished).
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are due to our convention that all state vectors are
normalized to unity.®

For clarity, we will assume first that only the states
1=0, 1 and jr=% or £ contribute; i.e., there are six
pion-nucleon states: I'=sr, pr3, and pr3, where the
subscript I is the isospin (=% or %), and the second
subscript in pr; and pr; denotes the total angular
momentum jr. It follows from definition (21) that
F.(I)=0 for jr=%. Thus, we have althgether eight
functions F.(T"), which can be expressed in terms of
the usual two electric dipole moments Eo!, four
magnetic dipole moments M1, and two electric
quadrupole moments FEy.f. By using (27)-(29) and
(37), a(k,6) can be expressed in terms of My !, Ei7
and the T, symmetry violating phases ¢r+. The deriva-
tion of these expressions is straightforward but tedious.
We may write

(A—A4")+(B— B’)cosf+(C—C")cos?0
(A+A")+(B+B")cosb+(C+C")cos®6’
where (4B cosf+C cos?0) is proportional to Ry.x

and (4’+ B’ cosf+C’ cos?d) is proportional to Ri.,.
The coefficients A, B and C are given by

A=4] Eoy 9 VIE 12| 3] (Buy 2= M)
TV 2 M3y |
+3| GEn o Mo, 304 2M 1 19)

a(k,0)=

FV2ZREL 24+ M 124 2M1 1) |2, (39)
B=%[:E(H_SIZ:F\/Z—E(H.1/2]*[3E1+3/2+M1+3/2—M1_3/2
FVZRE V24 M 1 12— My V%) ]4cc., (40)
and
C=%|3Ey 32+ M1, 32— M, 312
FVIQBEw Y2 Mo V2= My 2|2
= 3| Eay 82— Moy V2 (B o= My M) |2
-1 1 3E1+3/2—|-M1+3’2—|—2M1_3’2
FV2GBEL V24 M Y2 4-2M 1 1?) [ 2 (41)

where the upper sign is for reaction (4) and the lower
sign is for reaction (5). The coefficients 4’, B, and C’
are, respectively, given by the same expressions (39),
(40), and (41), provided that E; ! and M,;.! are re-
placed by E./T and M7, respectively, where

Ey'T exp(—idr)=[Ewn" exp(—idr)]*,

My ' exp(—idr)=[M " exp(—idr)]*, (42)

9 In order to conform to the notations of Paper 1, the physical
system is assumed to be in a large volume £, and all state vectors
are normalized to unity; e.g., (Ar|Ar)=1 and (N[N )
= (V)| iV )r ) = {(eN)en™ | (rV )i v ) =dxerdan where
8 and 8y are the usual Kronecker § symbol. For states of defi-
nite angular momentum, it is convenient to assume Q to be a sphere
of radius R. By using the familiar expressions }eim (R/7)orpr —

-+

8(k—k') and éim (2/87%)dxxr — 83(k—K’), it is easy to change the

normalizations of these state vectors to the various Dirac &
functions, instead of unity.
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and T' denotes the pion-nucleon state with quantum
numbers jr=I41 and Ir=1I. The matrix elements
Ey T and M7 for reactions (4) and (5) are related
to each other by the charge symmetry operator
exp(irl,); the explicit expressions are given by Egs.
(34)-(37).

If H, satisfies Ts invariance then E; /T=FE;/,
M 'T=M 1, and therefore a(k,0)=0. We note that
the amplitudes F(I") and F_(T) refer to photon states
of definite helicities =41 and —1, but the multipole
moments E; ! and M7 refer to photon states of
definite parities. For unpolarized photons, such as the
case considered in the present paper, there is no inter-
ference term between F,(T') and F_(T), although, as
is evident from Egs. (39)-(41), there are interference
terms between photon states of different parities (i.e.,
between E; ! and M f). In this connection, it is
relevant to recall remark (iv) of the preceding section.
By using either Egs. (25) and (26), or Eq. (37), the
coefficients 4, B, C, and 4/, B/, C’ can be easily ex-
pressible in terms of the helicity amplitudes F.(T);
such expressions are somewhat simpler than Egs.
(39)-(41).

We will now estimate the sensitivity of a(k,6) to a
violation of time reversal invariance, fr¥#0, for
energies in the region of the (£,%) resonance. In order
to do this we must know the magnitudes of the multi-
pole moments appearing in Egs. (39)-(41). These
cannot be uniquely determined from presently available
experimental information and therefore our estimate of
a(k,0) must be based on a theoretical model for pion
photoproduction.

So far, we have considered only the /=0, 1 states of
the pion-nucleon system. Equation (38) can be easily
modified to include other higher angular momentum
states. The />1 states will also be taken into account
in the following.

Let us first consider the case that the time-reversal
noninvariant current K, satisfies the'

|All =0 (43)
rule; i.e., K, transforms like an isoscalar. In this case,
a maximal violation of time reversal invariance pre-
sumably means that the matrix elements of K, are
comparable in magnitude to the corresponding ele-
ments of the isoscalar part (J,)s of the time-reversal
invariant current J,. Now, in the energy range near
the (3,3) resonance, the photopion processes are
dominated by the matrix elements of the isovector part
(J ) » of the current. Thus, even for a maximal violation
of T invariance we should expect the matrix elements
of K, to be, in general, small compared to those of
Ju= s+ L), provided (43) holds for K, If e

10T, D. Lee. Phys. Rev. 140, B959 (1965).
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is defined by
(N )i v~ |e- K[ N
=€
((WLV’)k/,)\'_I [N J I Nk,)\>

(44)

then we will retain terms proportional to e and neglect
¢2. Consequently, to first order in ¢ the presence of
the time reversal violating K, affects only the phase
and not the magnitude of the multipoles M;.7, Ei,7;
the magnitudes of M ;. ! and Ei! can be calculated
from the usual T-invariant theory.

In the following, we will adopt a phenomenonogical
approach, and use the results of Donnachie and Shaw?
for the magnitudes (and signs) of the large multipole
moments having /<1. For all the magnitudes (and
signs) of other amplitudes, /2> 2, only the contribution
of the Born terms, represented in Fig. 3, is included.
[Further details will be given in Appendix C.] How-
ever, we allow the phase of each multipole to be different
from that required by T4 invariance. These time-
reversal symmetry-violating phase differences ¢(Fi..7)
and ¢(M,.7) are defined by

Byl = (En))* exp{2i[ 81+ (En)) ]}
and (45)

M =M D)* exp{2i[6r+¢(E]) ]},

where dr is the 7-N scattering phase shifts for the
state T, characterized by a total isotopic spin I, an
orbital angular momentum / and a total angular mo-
mentum j=I4%. The phases ¢(E; f) and ¢(M;.0)

i T 1 1
y+p— 7*t+n
8(c.m.)=135°

20

372 200
# £y O

150 250 350
E,{lab}

450 MeV

F1c. 1. Differential cross section for y+p — n"-n at the center-
of-mass angle 135°. The theoretical curves are calculated by
assuming ¢(Eo;3/2)=20° 0°, —20° while all other 7-violating
phases are zero. Quite similar theoretical curves would also result
for different choices of ¢(E1.7), or ¢(M;.7), =20° 0°, and —20°.
¥ indicates data taken from M. Bazin and J. Pine, Phys. Rev. 132,
830 (1963); v indicates data taken from M. I. Adamovich et al.,
Proceedings of the 1962 International Conference on High Energy
Plysics, CERN (CERN, Geneva, 1962), pp. 207; ¢ indicates
data taken from M. Heinberg et al., Phys. Rev. 110, 1211 (1958);
O indicates data taken from M. Beneventano et al., Nuovo
Cimento 4, 323 (1956); O indicates data taken from D. Freytag,
W. J. Schwille and R. J. Wedemeyer, Z. Physik 186, 1 (1965);
and M indicates data taken from K. Althoff, H. Fisher and W.
Paul, Z. Physik 175, 19 (1963).
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a) b)
L ' ] Joomv 0.12— ! | ] i
y+p=r'en y#pgr.ﬁn
L #(EGH 2200 (M%) 0 200
0.08, 390MeV|
0.10]
0,041—
0.08—
0
! s
®-0.04 ® o.os}-—
- 0.08> —/—/—300Mev
0.04 —/——350Mev
fa—f/——390MeV
-0.12
Fic. 2. The asym-
metry function a(%,6) 0.02
for v+ 2attn -0.16
a(k,0) is displayed for
(a) é(EtH-i;:) = 20:: -0.20 | o
(b) #1109 =207, o° 45° 90° 135° 180° 0° 45° 90° 135° 180°
(c) ¢ (Eoy )=20°, 8 (c.m.) 8(c.m)
@) (1) =207 o) d)
while all other T 0.24 I I
violating phases are set ] . I | I
equal to zero. Each y+p=w +n  390Mev y+p = x'+n
curve is labeled by the 0.20— $LEYD =20° (MY =20° ]
y-ray energy in the rest 0.32)— 300MeV
system of the proton.
~\—350MeV
0.16
el S\ 390Mev |
0.12 — 430MeV
— 220 MaV 220MeV
-~ 0 s
- 0.08— ;_
- ]
K] 300 MeV
0.04 -016— —
o]
-0.32f—
-0.04
> 300MeV -0.48—
-0.08+— —
| | | | I |
0° 45° 90° 135° 180° 0° 45° 90° 135¢ 180°
8 (c.m.) 8 (c.m.)

can be related by Eq. (37) to the £p” defined before.
If the selection rule (43) is valid, then only the phases
o(E1.V?) and ¢(M 1. 1/?) can be different from zero.
From a phenomenological point of view, a possible
violation of the selection rule (43) can be easily taken
into account by including also the phases ¢(E.%/?)
and ¢(M1.3/?), provided €2 remains small compared to
1. If any one of these phases ¢(Eir?) and ¢(M1.7) are
different from zero, then-time-reversal symmetry is
violated. It is the sensitivity of «(%,0) to the presence
of such phases ¢ that we wish to investigate.

Using these calculated magnitudes for Ei ! and
M, but assuming T invariance, one obtains dif-

ferential cross sections for (2) in fair agreement with
experiment. The size of the time reversal violating
phases is restricted by the requirement that this
agreement with experiment be preserved. Figure 1
compares with experiment the computed differential
cross section with and without 7' violation for y+p —
n+mt at a typical angle. One sees that Ty-violating
phases of ~==20° can be allowed. Similar comparisons
at other angles also lead to the same conclusion. This
suggests €50.3 and €2<50.1, consistent with our as-
sumption that e? can be neglected with respect to 1.

Figures 2 and 3 diplay «(k,8) for reactions (4) and
(5), at five values of &, and for four possible assign-
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ments of T-violating phase. If the selection rule (43)
holds, then only figures 2(a), 2(b), 3(a), and 3(b) are ap-
plicable. The presence of the factor sin(6r—dr+) in Eq.
(28) is revealed by the small values of a(%,6) found for
energies appreciably below the (4,3) m-N resonance,
where 6r=20. In our model the large multipole mo-
ments are Fo'/% FEo 32 and M1,%% Consequently, if
we add a T violating phase of 20° to EoV/?, or Eg 32
or M 1,3 the behavior of « is dominated by the (B— B’)
Xcosf term in Eq. (38). Hence Figs. 2(a), 2(c), 2(d),
3(a), 3(c), and 3(d) show a similar behavior. Figures
2(b) and 3(b) differ from these because of the large
cross term between M1,.1/2 and M 1,3/ which does not

involve an interference between s and p waves. From
an examination of Fig. 2 one sees that for a time-
reversal violating phase ¢=¢(Eyl) or oM7),
a(k,0) can be as large as ~0.5sing. We conclude that
a(k,0), for appropriate 0, is quiet sensitive to T
violation in the energy region of the (%,5) resonance.
Specifically, the asymmetry is most reliably large for
6<45° or 62135° where 6 is the angle between the v
and = momenta in the center of mass system and for v
laboratory energies in reaction (2) between 300 and
390 MeV. [See, however, Figs. 2(b) and 3(b).]

In order to test time reversal by reciprocity at
higher energy, these considerations would suggest
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that one always look near a resonant energy of the
m-N system.
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APPENDIX A

In this appendix, we will review some elementary
properties of the stationary states |Ar) introduced in
Sec. II.

Let us consider the strong-interaction scattering
process

7+ N = various channels ¢, (A1)

and also the reaction between these channels

(A2)

ced,

where N can be any nucleus, ¢ (or ¢')=1, 2, :--n
denotes all possible channels (z may be infinite). For
definiteness, we will assume that the system has zero
total momentum, a definite, but arbitrary, energy E,
a definite parity ®, a definite total angular mo-
mentum j and its z component j,. Let |¢(4,7.,#)*) and
|¢(4,7:®)") be, respectively, the usual outgoing and in-
coming eigenstates of the strong-interaction Hg;. The
elements of the strong-interaction S matrix are given by

(c'[S]e)=(c"(4:4®) | ¢(§,5x®)"). (A3)

In (A1) and (A2), the choice of these channels is
arbitrary, provided

(4,70 ¢(4,7:0) )= 8cer

and likewise for the states |c(4,7.,®)7).
Since H; satisfies T, invariance, the phases of these
states can be chosen to satisfy®

(A4)

Tstl c(j;jz;@)i>=exp[iﬂ'(j"_jZ)] I C(]',—]'z,(P):F> . (AS)
Consequently, we have the well-known result!!
('|Sle)=(c|S¢"). (A6)

Thus, in the subspace of these » channels, the strong
interaction .S matrix becomes an #X#n symmetric and
unitary matrix. Let ¢/(I') be its eigencector (I'=1, 2,
.. an).

2o (| S|epe(T) = exp(2idr)yo (T). (A7)

Each of these eigenvectors is an #X 1 matrix; they can
be chosen to form a set of # real orthonormal vectors.
From these eigenvectors and the arbitrarily chosen
channels ¢, we can construct the eigenchannels T'=1, 2,
---n of the S matrix; the corresponding incoming and

11 See M. L. Goldberger and K. M. Watson, Collision Theory
(John Wiley & Sons, Inc., New York, 1964), pp. 375.
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outgoing states are given by
IT(,j®) )= ¥e(D) |c(4,7:®)%).  (A8)
The stationary state |Ar) used in the text is defined by

[Ar)=3Lexp(—id1r) | T(7,j-®)*)
+exp(+idr) | T(4,5.,0)7)], (A9)
where

(A10)

These stationary states satisfy Eq. (19), and they
form an orthonormal set of state vectors. Furthermore,
by using (A3), (A7), and (A9), it can be easily verified
that

)\r=j:, jr=j and CPr=0.

(c(4,J®)% | r)=exp(Fi dr)fe(T) (All)

for any arbitrarily chosen set of channels c=1, 2, - - 5.
Thus, Eq. (23) follows.

APPENDIX B

For completeness, the definitions of the usual
multipole moments will be given in this appendix. Let
us consider the reaction

v+ N> r+N' (B1)

in the center-of-mass system, where N and N’ are both
nucleons. Let J be the total angular momentum
operator. For the initial state (yN)

J=j,+in, (B2)

where jy is the nucleon-spin operator and j, is the
angular-momentum operator of the photon (including
that due to the relative momentum between y and N).
Let J(J41) and j(j+1) be the eigenvalues of J?
and j,? respectively. For any given N=# or p, the
initial state |yN(J,J.,7,®)) is characterized by J,
J. j and @ where J, is the 2 component of J and @
is the parity. The final (xN’) state is characterized by
the total isospin I and the total orbital angular mo-
mentum /, besides J, J,, and @. Let |7N'(J,J,},®,I)~)
be the corresponding incoming eigenstate of the strong
interaction. The multipole moments E;! and M !
used in the text are given by

(N’ (T T o,,®,0)~| §u(0)Au(0) | YN (J,] 1,5,))
=[jG+DIX(XELD) i @=(—1)/
XMy! if @=—(—1)i, (B3)
where the subscript 4 or — in E;,f and M .7 depends
on whether J=1I43 or I—3%, A.(x) is the electromag-

netic field operator, and J,(x) is the current operator.
By using the normalization convention®

(WN'(J,JZ,Z,(P,I)"i WN,(J)JMZ}(P:I)_>= 1,
N J 55, YN J.,5,0))=1 (B4)
and the relative-phase convention given by Ref. 6,
together with Eqs. (21) and (A11), the matrix elements

F.(T) can be easily expressed in terms of E; 7 and
M ;7. The result is Eq. (37).
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N' F16. 4. Feynman dia-
8Tams representing the
Born terms. These were
used to compute the
magnitude (and sign) of
the />2 photopion pro-
duction amplitudes used
in our model of T viola-
tion. They were also used
to obtain Ey 2 Ep4372
and those amplitudes aris-
ing from the isoscalar
part of the electromag-
netic current.

APPENDIX C

We will now discuss in detail the model for photo-
pion production used in Sec. IIT to estimate the sen-
sitivity of reactions (4) and (5) to T non-invariance.
Let the electromagnetic current be split into two parts
(9.)» and (g,)s, the first transforming under isospin
rotation as an isovector and the second as an isoscalar,

9= (Su) ot (5#)8 .

We define E; f(v), M1 I(v), and Eil(s), M1 I(s) by
replacing J, in Eq. (B3) by (9,)» and (J,)s, respectively.
For Eo,'2(2), Eoi*/2(v), M1-12(v), M121%(v), M14'(v),
and M1,3%(v) we use the magnitudes (and signs) ob-
tained by the fully relativistic calculation of Don-
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nachie and Shaw? using the dispersion theory of Chew,
Low, Goldberger, and Nambu.”

The magnitudes (and signs) of the other amplitudes
are assumed to be that obtained from Eq. (B3) if
only the contribution of the diagrams appearing in
Fig. 4 is included. These multipole moments of the
Born terms have been calculated previously by Schmidt
and Guigay.'?

The phases of the multipole moments in our model
of T violation are given by Eq. (45), where the =N
scattering phase shifts dr are set equal to O for I>1
and are assumed to be those obtained by Roper et al.®
for I< 1.

It should be noted that in the limit of T invariance
the photopion production differential cross section we
obtain differs somewhat from that of Donnachie and
Shaw. This is primarily because we have given Ei,!/?
and E1.%? the phase dr, where I'=p1/2,3/2 and psy2,3/2,
respectively (as is required by T invariance); Don-
nachie and Shaw omitted these phases. Also we do not
include any approximation to the dispersion integral
in the /2> 2 amplitudes, but keep only the contribution
of the Born terms.

12W. Schmidt and J. P. Guigay (unpublished). See Appendix
IT of Donnachie and Shaw, Ref. 8.

13 L. D. Roper, R. Wright, and B. Feld, Phys. Rev. 138, B190
(1965), Table IX on p. B203.

PHYSICAL REVIEW VOLUME

148,

NUMBER 4 26 AUGUST 1966

Long-Range Perturbations of Bound States and Resonances™

Jurian V. NoBLE
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey
(Received 22 March 1966)

We consider the modification of the scattering matrix in multichannel potential-scattering theory by a
long-range perturbation. The perturbation of “single-particle” energy levels (bound states or resonances) is
discussed by means of Weinberg’s eigenvalue analysis of potential scattering. A straightforward distinction
between ‘‘single-particle” and ‘“‘compound” states appears in this formalism, and it leads to a proof that
there are no bound states embedded in the continuum. A simple approximation for the eigenvalues cor-
responding to single-particle levels is developed and applied to the calculation of the energy difference be-
tween the (3%) first excited states of the C1¥-N mirror pair.

HE purpose of this paper is to elucidate the

problem of long-range perturbations in multi-
channel potential-scattering theory. Within this frame-
work we discuss the modification of energy levels
(bound states and resonances) by such perturbations;
while doing so we evolve a novel viewpoint toward the
relation between single-particle and compound reso-

* Work supported by the U. S. Atomic Energy Commission and
made use of computer facilities supported in part by NSF Grant
No. NSF-GPS79.

nances,! as well as convenient methods for doing prac-
tical calculations.

In Sec. I, we manipulate the Lippmann-Schwinger
equations for multichannel scattering into a form con-
venient for our discussion of long-range perturbations.
We treat such perturbations by formally summing an
infinite (divergent) subset of the terms arising from ex-
pansion in powers of the perturbation. Section II deals
with the extension of Weinberg’s? eigenvalue analysis of

! Appendix A.
2 S. Weinberg, Phys. Rev. 131, 440 (1963).



