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In addition to their “Machian” effects on inertial frames, rotating bodies also have “Machian’ effects on
electromagnetic fields. It is well known that a rotating charged shell in flat space exhibits an electromagnetic
field within it. However, if this rotating charged shell is surrounded by a (concentric) slowly rotating mass
shell which rotates with the same angular velocity, the electromagnetic field within the charged shell de-
creases as the mass of the outer shell increases. Finally, as the gravitational radius approaches the radius
of the mass shell, the electromagnetic field within the rotating charged shell vanishes. If in this limit the two
shells rotate with different angular velocities, one cannot distinguish (even with electromagnetic fields
reaching beyond the mass shell) whether the charged shell is rotating or the mass shell is rotating in the op-
posite direction. Therefore, in a certain cosmological model of our universe, the electromagnetic field within
a rotating charged shell vanishes when the latter rotates with the same angular velocity as the bulk of the

matter in the universe.

I. INTRODUCTION

N 1918, Thirring! showed that a slowly rotating mass
shell drags along the inertial frames within it. Since
he used the weak-field approximation to Einstein’s
equations,? Thirring’s result is valid only when the
induced rotation of the inertial frames is small compared
to the rotation rate of the shell. Mach’s principle® sug-
gests that, for mass shells comprising more nearly all
the matter in the universe than those treated by Thir-
ring, the inertial properties of space within the shell are
completely determined by the shell itself. Recently it
has been shown that this is indeed the case. As the
mass of the slowly rotating shell increases, the inertial
frames within it are dragged along more and more until,
in the limit as the Schwarzschild radius approaches the
shell radius, the angular velocity of the inertial frames
approaches that of the shell.

Since the inertial properties of space within the mass
shell are completely determined by the shell in this
limit, it seems natural to ask if properties other than
inertial ones are also completely determined by the
mass shell. To investigate this question, we consider
the electromagnetic field associated with a single
uniformly charged rotating shell of negligible mass
concentric with the outer mass shell. Such a calculation
would also throw light on a conjecture of Schiff5 that
the electromagnetic field outside two concentric uni-
formly charged shells having equal and opposite charge
vanishes when there is no relative rotation between the
charged shells and the distant matter in our universe.
Schiff made this conjecture after re-examining the well-
known result that iz flat space this electromagnetic field
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vanishes when the shells do not rotate relative to a
Galilean coordinate system.

Today it is possible to test this conjecture using a
particular cosmological model of our universe, a rotating
mass shell (with radius approaching its gravitational
radius®) which represents the matter in the universe.
This model has the merit that the inertial frames within
the shell cannot rotate with respect to the shell. This
explains why the “fixed stars” are fixed with respect
to our local inertial frames.”

In the spirit of Schiff’s conjecture one would expect
the electromagnetic field within a charged shell to
vanish when it rotates with the same angular velocity
as the bulk of the matter in the universe. However, if
such an effect exhibits itself, we are faced with a paradox
described below. If the charged shell rotates relative to
an inertial observer (who remains at a constant distance
from the shell) in the asymptotically flat region at
infinity, this observer sees a current represented by the
rotating charged shell. Since a current must be linked
by electromagnetic lines of force, one would expect this
observer to see an electromagnetic field within the
charged shell. (This latter idea is also suggested by the
well-known result that, in flat space, an electromagnetic
field manifests itself within a uniformly charged shell
which rotates relative to the inertial frames at infinity.)
Thus we are left with the question: Does the field
vanish or not?

This paradox is resolved when one takes into account
the differences in the proper times of the various ob-
servers. These proper times are related by the position-
dependent red-shift factor [V in Eq. (5)] of the
Schwarzschild solution. As the Schwarzschild radius is
approached, time advances more and more slowly (e.g.,

61t has been frequently pointed out (see e.g., R. H. Dicke, J.
Wash. Acad. Sci. 48, 1959) that this relation between the mass
and radius appears to hold for the actual universe to within the
accuracy of the observations” (i.e. to within a factor of 100) at
the present epoch. Of course, the mass distribution of the actual
universe is different from that of a shell.

7 For recent observational data see G. M. Clemence (to be
published).
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an operation which takes one second in the proper time
of an observer at infinity may seem to take a thousandth
of a second when seen by an observer at or within the
mass shell). In the cosmological model considered here,
the radius of the mass shell approaches its gravitational
radius. Thus if the charged shell rotates with finite
angular velocity in the proper time of an observer
within the mass shell, it will be nonrotating in the
observer frames which are inertial at infinity. Hence all
observers will agree that the magnetic field vanishes.

In Sec. IT we give the well-known solution for the
electromagnetic field associated with a rotating charged
shell in flat space. This flat-space solution is similar to
the curved-space solution (Secs. IV and VT) since space
within the mass shell is flat. Since the main interest is
the effect of the masses of the universe on the field
rather than vice versa, we consider an electromagnetic
field of negligible stress energy. This condition simplifies
the calculations by reducing the problem of solving the
Einstein-Maxwell equations to that of solving only the
curved-space Maxwell equations, for the metric is
already known.? This metric for a thin slowly rotating
mass shell is given in Sec. III. In Sec. IV, Maxwell’s
equations are solved in the curved space associated with
a rotating mass shell. Boundary conditions are discussed
in Sec. V. The effect of the masses in the universe on the
electromagnetic field associated with a rotating charged
shell is discussed in Sec. VI.

II. CHARGED SHELL IN FLAT SPACE

In flat space, the electromagnetic field (of negligible
stress energy) associated with a rotating charged shell
is well known. However, for completeness and to
facilitate comparison with later results we give this
familiar solution here in the kind of language which we
will be using later in curved space; the components of
the electromagnetic field are given with respect to
orthonormal Cartan frames*® o !, w? «? chosen
parallel to the differential forms di, df, df, dp—Qdi,
respectively. In three-dimensional flat space, com-
ponents relative to these frames are the familiar 7, 6,
and ¢ components of vector analysis (Fig. 1). Here we
are using the metric

3
dt=— @)+ T (@
=t ¢Y)
= — dP+dP+-Pde+ 72 sin0 (dp—Qdi)?,

where @ is the angular velocity of the inertial frames
relative to an observer.

Let % and /3 be the components of the magnetic field
relative to the orthonormal frames ! and w? The
angular dependence of 4, and ks is the same for all 7,

8 E. Cartan, Les Systémes Différentials Extérieurs (Hermann &
Cie., Paris, 1945); see also, e.g., D. Brill and J. Cohen, J. Math.
Phys. 143, 238 (1966) and the references cited there.
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viz.,
hi=n(F) cosf; he=p(F) sinb, (2)

with # and p being functions of 7 only. For a rotating
uniformly charged shell of radius 7., total charge ¢, and
angular velocity @. relative to an observer, the solution
of the Maxwell equations takes the form

61=0 5
n=—p=2q(G,—0) /37, for F<fe; A3)
and
er= Q/fa )

n=2p=(7/7.)*2¢(@2.—Q) /37, for 7>7,. @)

Because of the choice of frames, the above components
are given relative to a nonrotating frame. Note that it is
the relative velocity of the charged shell relative to the
inertial frames (w,—%) which appears in the above
equations. When this relative velocity vanishes, the
electromagnetic field within the charged shell (3)
vanishes also.

III. ROTATING MASS SHELL

In this paper, the main interest is in the effects of a
thin rotating mass shell on the electromagnetic field
rather than vice versa; it is reasonable, therefore, to
consider an electromagnetic field of negligible stress
energy. Since this electromagnetic field does not affect
the geometry, the metric for a weakly charged shell
within a mass shell is the same as that for the mass
shell alone. This metric for a thin slowly rotating mass
shell® of radius 7o was found in Ref. 4

ds? =W dr+r2d*+r sin?(dp—Qd1)2 ] — Ve, (5)
where

V= V()= (70-0[)/(7’0-’-0[) 5 V=¥,=14 (0[/7’0) 5

Q=0 for r<r,, ©)
V=(—a)/(rta), ¥=1+(a/r), o
Q= (ro¥/r¥2)3Q, for 7r>r,.

Here the constants have the values
Qo=w./(1+[3(ro—a)/8(1+50)]), (®)
Bo=a/2(ro—a), ©)
Vo= (ro—a)/(ro+a), (10)
Wo=1+4(a/70), 11

2¢ is the mass of the shell as seen by an observer at
infinity, and w, is the angular velocity of the mass shell;
the elastic stress in the shell is proportional to B,.

9 Comparison of the exterior solution given here with that of
Kerr [R. Kerr, Phys. Rev. Letters, 10, 87 %1963)] shows that when
a is sufficiently small so that terms of higher power than the first
are negligible but m is allowed to be large, Kerr’s exterior solution
can be matched to an interior solution.
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Uniformly charged
spherical shell

¢

F16. 1. Orientation of Cartan’s moving orthonormal frames w#
relative to the uniformly charged shell which rotates with angular
velocity @,

To facilitate the transition (later) to a particular
cosmological model of our universe, it is convenient to
transform the metric (5), which is the same as Eq. (1)
at infinity, into a form which is the same as Eq. (1)
within the mass shell. This is accomplished via the
coordinate transformation

Voi=t; Yr=r. (12)

The transformed metric retains the form of Eq. (5),
ds?=WA[dP+7Pde*+7 sin?0 (dp —Qdi)?]— V2diz, (13)

if we set

a=a¥¢(7o,a) ,

V=Y (7a)/¥("0,d) ,

V= V(ra)/ Vo(Fo,@) ,

@s=ws/Vo(Fo,&),

Qo=a./(1+[3 (Fo—a)/8a(1+B0)]),
= (Fo¥ 2/7¥2)*Qy for 7>,
for 7#<#y,

(14)

ﬁo=&/2(7‘0—&) .

The metric takes the same form as that of Eq. (1) in the
entire space enclosed by the mass shell since space is
flat there.

For the metric (13), a convenient set of orthonormal
frames is

*=Vdi,

w!=V2dF,

w?=702d0 ,

w3=7T?2 sinf (dp—Qdi).

(15)

IV. CURVED-SPACE MAXWELL EQUATIONS
A. Formulation and Solution

By analogy with the flat-space solution of Maxwe}l’s
equations (2-4), we assume that the nonvanishing
components of the electromagnetic field relative to the
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frames (15) are es, k1, and /s. Hence the electromagnetic-
field tensor can be expressed as the differential form?*

J=5fwwt A’

=¢10 A w' /1002 A 03— Fgo! A w3

(16)

in Cartan’s notation.’1

¢ To write the curved-space Maxwell equations in the
language of exterior differential forms the electric-
current vector must be expressed as an exterior dif-
ferential form

J=J b, (17

The tensor expression for this vector is well known

Je=olUs, (18)

where o denotes the electric charge density and U*
denotes the four-velocity of an element of charge.
Relative to the vectors dual to the above orthonormal
frames, the nonvanishing components of the four-
velocity are

Ur=(1,0,0,7¥2 sinf (@0, —0)/V) (19)
to first order in @.—{. Here @, is the angular velocity
of the charged shell relative to an observer. Hence the
electric-current vector can be expressed as the one form

J=0[ — 472 sinb (0. — D)/ TV ]. (20)
The source-free set of Maxwell equations'®:*
af=0, (21)
takes the form
0=[(7¥%)2hy 7 sinf+7F* (%2 sinf),. (22)

Here the subscripts 7 and 6 denote partial differentiation
with respect to # and 6. The other set of Maxwell
equations!®!

6f=J or dxf=xJ, (23)
contains two nontrivial equations,
[(#8%)%, Jr= o728, (24)
and
(F2V o) s— VE2h1g+e1 (FI2) %05 sind
=070 (0o,—0) sind. (25)
Integration of Eq. (24) wit{ respect to 7,
/ Lo Trdr= / ogedr, (26)
0 0

10 D. Brill, Phys. Rev. 133, 3845 (1964). The definitions of the
de Rham d and 6 operators used here are the same as those used
by C. Misner and ]. Wheeler, Ann. of Phys. 2, 525 (1957).

11 G. de Rham, Variétés Différentiables (Herman & Cie., Paris,
1960).
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yields the electric field

e1=0 for 7<fe, (27a)
e1=q/7 for 7, <F<fo, (27b)
e1=q/(FP)* for To<F. (27¢)

Here the total electric charge ¢ is defined by
+
g= f oF2Wsdr

the limits of the region containing the charge are
denoted by — and 4.

Using the definitions (2), we can put Eq. (22) in the
form

0=[ (7922 ]+ 27T (28)
and Eq. (25) in the form
(f\TﬂVp);—I— V‘T’27L+61 (f‘i/.z)z(l;:UfZ‘—I—/e ((I)O—Q) . (29)

Elimination of p by substitution of Eq. (28) into
Eq. (29) yields

(V#8230 5= 2e1 (F82) 40— 20 (P22 (0, — Q). (30)
For #<# and 77, Eq. (30) takes the form
[7_'41’L;];= 0 ’ (31)
since
o=0 and {&=0. (32)
Equation (31) admits the general solution
n=Il+Ur3 for O<F<7?,, (33)
n=hL+UlL'T3 for 7, <F<Fo. (34)

Here I, I/, I;, and I\’ are integration constants. When
7> 79, we obtain

1’L=lz+l2'F(7_‘)+Kl (T'\Tﬂ)~3, (35)

where
K’ = [qui“o“\I/oZ/Za:ng 5 (36)
F(7)=2a(F¥?) '+ 4a2 (7¥2?)2+InV; 37)

I, and Iy’ are constants of integration.

V. BOUNDARY CONDITIONS

To determine the constants of integration, boundary
conditions must be imposed. Regularity at the origin
requires that

r=0. (38)

In the asymptotically flat region far from the source,
the electromagnetic field must decrease as the distance
from the source increases. Thus we set

1,=0. (39)

Integration of Eq. (30) across the surface =7, yields
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the boundary condition
et
Ny = Zq (‘:’c—ﬁﬂ)/fcz . (40)
Te

Here 7;t and 7;~ denote the limit #— 7, taken from
above and below, respectively. The integration of Eq.
(28) across this surface (F=f,) yields

(41

To obtain Eq. (41) we assumed that p is a regular
distribution (i.e., it corresponds to a function). If p
were not regular (e.g. if it contained Dirac-§ functions
or derivatives of & functions), Eq. (41) might not hold.
In the calculations which follow, we find that this
assumption is justified.

Integration of Eq. (30) across the surface 7=, yields
the condition

Fot
nr = 0 ’ (42}
To~
while integration of Eq. (28) yields
ot
n| =0, 43)
T

We thus have four boundary conditions and four un-
determined constants J, Iy, I1/, and Iy’

Matching of the solutions (33), (34), and (35) across
the boundaries determines these constants. Thus # is
determined. One can obtain p from Eq. (28); 41 and ks
are determined by Eq. (2). If m approaches zero, there
results the flat-space solution given in Egs. (3) and (4),
as expected.

VI. ROTATING UNIVERSE

A shell of matter with radius approaching its
Schwarzschild radius has often been taken to represent
the bulk of the matter in an idealized cosmological
model of our universe. In this cosmological model the
motion of the local inertial frames is completely deter-
mined by the matter, i.e., there cannot be a rotation of
the local inertial frames within the shell relative to the
“fixed stars” (the mass shell).t

If Mach’s principle applies to more than just local
inertial properties, it suggests that ‘“nonlocal’”’ phe-
nomena which may not even be inertial are also com-
pletely determined by the bulk of the matter in the
universe (if matter makes the chief contribution to the
stress energy). The “nonlocal” field considered here is
the electromagnetic field associated with a rotating
charged shell within the mass shell; its electric field,
for example, extends beyond the mass shell to the
asymptotically flat region at infinity. If the masses of
the universe determine not only inertial properties but
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Fi1c. 2. Radial component of magnetic field versus radius for a
rotating charged shell in flat space and in the curved space gen-
erated by a thin rotating mass shell with gravitational radius
approaching its actual radius. For both curves, the difference
between the angular velocity of the charged shell @, and the

angular velocity of the inertial frames within the mass shell @
is the same.

also the electromagnetic field within the charged shell,
one might expect this field to vanish when the charged
shell rotates with the same angular velocity as that of
the bulk of matter in the universe w,.

A rotating charged shell, in this universe, generates
the following components of the electromagnetic field:

1= O ,
n= _—PZ (29/37;0) (‘I’c"'d’S)[l - ('flc/i'ﬂ)sj
for 0<#<?,, (44)
1= Q/fz )
n=(2g7%/37%) (@.—a:)[1— (7/70)"], s)
P = (qfcz/sfs) (‘;’c - 5)&)[1 + 2 (7_'/7"0)3]
for 7. <F<Fo,
and
er=g/ (F¥?)?,
n=p=0 for Fo<F. (46)

The above are the solutions given in Egs. (33), (34),
and (35) in the limit & approaches 7.

We see that the electromagnetic field within the
charged shell depends on the angular velocity of
the charged shell relative to the bulk of matter in the
universe. If this angular velocity vanishes, so does the
electromagnetic field within the shell.
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Outside the mass shell, the magnetic field vanishes
(Fig. 2) independent of &.—,. This is because the
observer outside the mass shell (using the frames w*)
sees nonrotating shells if an observer within the mass
shell sees the shells rotating with a finite angular
velocity.

VII. DISCUSSION

In flat space we are used to having a magnetic field
within a rotating charged shell. However, if there is
enough mass around, this is not necessarily so. Namely,
if a rotating charged shell is surrounded by a concentric
mass shell which rotates (slowly) with the same angular
velocity, the magnetic field within the charged shell
decreases as the mass of the outer shell increases. This
magnetic field vanishes when the mass becomes so large
that the gravitational radius approaches the actual
radius of the mass shell.

If, in this limit, the two shells rotate with different
angular velocities, we get the “Machian” results that
one cannot distinguish whether the charged shell is
rotating or the mass shell is rotating in the opposite
direction. This is so, despite the fact that the electro-
magnetic field reaches beyond the mass shell to the
asymptotically flat region at infinity.

A shell of matter with radius approaching its
Schwarzschild radius has often been taken to represent
the bulk of the matter in an idealized cosmological
model of our universe. In this cosmological model the
local inertial frames are completely determined by the
matter, i.e., there cannot be rotation of the local inertial
frames relative to the “fixed stars” (the mass shell).
Since the discussion of the preceding paragraphs applies
to this cosmological model, we see that the results
obtained here via the standard Einstein-Maxwell theory
are consistent with Mach’s principle.
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